<

A+G L −2

By L > G this refines Carlson’s inequality (1), since by L + G < 2L one has 2(L − G)/(L + G) > 1 − G/L, so by (11) one can derive

(12) 0 <

(L − G)^2 L(L + G) < A + 2G L − 3

3. Inequality (6) and (1) improves also the right side of (4). This follows by

(13) I > 2A + G 3 > 2L − G where the second relation is exactly (1). We note that √ G · I >^3 √ G^2 · A follows by (5), so from the left side of (4) one can write:

(14) L > √ G · I >^3 √ G^2 · A

improving inequality (2). The left side of (4) can be sharpened also, if we use the second inequality of (3). Indeed, by the identity ln^I_G =^A�^L_L and ln x < (x−1)/ √ x applied with x =^I_G > 1 one can deduce

(15) √ IG < I − G A − L · L < L

Remark. Identity ln^I_G =^A�^L_L is due to H.-J. Seiffert [9]. For this and similar identities with applications, see [8].

4. Inequality (6) with (1) can be written also as

(16) I > 2A + G 3 > A + L 2 Relation

(17) I > A + L 2 appears also in [6], inequality (9). Since^{A+L}_2 > √ AL, one has

(18) I > √ AL For a simple method of proof of (18), see [7]. As an application of (18) we note that in a recent paper M. K. Vamanamurthy and M. Vuorinen [11] have proved, among other results, that for the arithmetic-geometric men M of Gauss we have M < √ AL (19) M < I (20)

Now, by (18), relation (20) is a consequence of (19). In the above mentioned paper [11] the following open problem is stated:

Is it true that I <

ı_{at+bt} 2 ȷ_{1/t} = S(t) for some t ∈ (0, 1) ?

We note here that by a result of A. O. Pittinger [5] this is true for t = ln 2. The reversed inequality I > S(t) is valid for t =^2_3 as has been proved by K. B. Stolarsky [10]. The values given by Pittinger and Stolarsky are best possible, so I and S(t) are not comparable for t < ln 2 and t >^2_3 , respectively.

References

Ungleichungen für Mittelwerte 47 Two inequalities for means 9 The logarithmic mean 79 Extended mean values II 92 Inequalities between arithmetic and logarithmic means 680 On the identric and logarithmic means 40 A note on some inequalities for means 56 On certain identities for means 38 Comment to Problem 1365 65 The power and generalized logarithmic means 87 Inequalities for means 183

J. Sándor 4160 Forteni Nr.79 R-Jud. Harghita ROMANIA