Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 50 (2009), No. 1, 81-99.

Linear ∞-Harmonic Maps between Riemannian Manifolds

Ze-Ping Wang

Department of Mathematics & Physics Yunnan Wenshan Teachers’ College, No. 2 Xuefu Road, Wenshan County Wenshan, Yunnan 653000, People’s Republic of China e-mail: zeping.wang@gmail.com

Abstract. In this paper, we give complete classifications of linear ∞- harmonic maps between Euclidean and Heisenberg spaces, between Nil and Sol spaces. We also classify all ∞-harmonic linear endomorphisms of Sol space and show that there is a subgroup of ∞-harmonic linear automorphisms in the group of linear automorphisms of Sol space. MSC 2000: 58E20, 53C12 Keywords: ∞-harmonic maps, Nil space, Sol space, Heisenberg space

1. Introduction

In this paper, all objects including manifolds, metrics, maps, and vector fields are assumed to be smooth unless it is stated otherwise.

∞-harmonic functions are solutions of the so-called ∞-Laplace equation:

Δ_∞u := 1 2 ⟨∇ u, ∇ |∇u|^2⟩ = m∑ i,j=1

u_{ij}u_iu_j = 0,

where u : Ω ⊂ R^m −→ R, u_i =^{∂u}_{∂xi} and u_{ij} =^{∂2u}_{∂xi∂xj} . The ∞-Laplace equation was first found by G. Aronsson ([1], [2]) in his study of “optimal” Lipschitz extension of functions in the late 1960s.

0138-4821/93 $ 2.50 © 2009 Heldermann Verlag

82 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds

The ∞-Laplace equation can be obtained as the formal limit, as p → ∞, of p-Laplace equation

Δ_p u := |∇ u|^{p−2} ( Δ u + p − 2 |∇ u|^2

Δ_∞ u ) = 0. (1)

In recent years, there has been a growing research work in the study of the ∞- Laplace equation. For more history and developments see e.g. [14], [3], [4], [5], [6], [7], [8], [9], [12], [13], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24]. For interesting applications of the ∞-Laplace equation in image processing see [10], [29], in mass transfer problems see e.g. [16], and in the study of shape metamorphism see e.g. [11].

Very recently, Ou, Troutman, and Wilhelm [28] introduced and studied ∞- harmonic maps between Riemannian manifolds as a natural generalization of ∞- harmonic functions and as a map between Riemannian manifolds that satisfies a system of PDE obtained as the formal limit, as p → ∞, of p-harmonic map equation: |dφ|^2 τ_2 (φ) (p − 2) + 1 2 dφ ( grad |dφ|^2 ) = 0.

According to [28], a map φ : (M, g) −→ (N, h) between Riemannian manifolds is called an ∞-harmonic map if the gradient of its energy density is in the kernel of its tangent map, i.e., φ is a solution of the PDEs

τ_∞ (φ) = 1 2 dφ ( grad |dφ|^2 ) = 0, (2)

where |dφ|^2 = Trace_gφ^∗h is the energy density of φ.

Corollary 1.1. (see [28]) In local coordinates, a map φ : (M, g) −→ (N, h) with φ(x) = (φ^1(x), φ^2(x), . . . , φ^n(x)) is ∞-harmonic if and only if g ( gradφ^i, grad |dφ|^2 ) = 0, i = 1, 2, . . . , n. (3)

Example 1. (see [28]) Many important and familiar families of maps between Riemannian manifolds turn out to be ∞-harmonic maps. In particular, all maps of the following classes are ∞-harmonic:

• ∞-harmonic functions, • totally geodesic maps, • isometric immersions, • Riemannian submersions, • eigenmaps between spheres, • projections of multiply warped products (e.g., the projection of the generalized Kasner spacetimes), • equator maps, and

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 83

• radial projections.

For more details of the above and other examples, methods of constructing ∞- harmonic maps into Euclidean spaces and into spheres, study of a subclass of ∞-harmonic maps called ∞-harmonic morphisms, study of the conformal change of ∞-Laplacian on Riemannian manifolds and other results we refer the readers to [28].

For some classifications of linear and quadratic ∞-harmonic maps from and into a sphere, quadratic ∞-harmonic maps between Euclidean spaces, linear and quadratic ∞-harmonic maps between Nil and Euclidean spaces and between Sol and Euclidean spaces see [30].

In this paper, we give complete classifications of linear ∞-harmonic maps between Euclidean and Heisenberg spaces, between Nil and Sol spaces. We also classify all ∞-harmonic linear automorphisms of Sol space and show that there is a subgroup of ∞-harmonic linear automorphisms in the group of linear automorphisms of Sol space.

2. Linear ∞-harmonic maps between Euclidean and Heisenberg spaces

2.1. Linear ∞-harmonic maps from Heisenberg space into a Euclidean space Let H_3=(R^3, g) denote Heisenberg space, a 3-dimensional homogeneous space with a left invariant metric whose group of isometries has dimension 4. With respect to the standard coordinates (x, y, z) in R^3, the metric can be written as g = dx^2 + dy^2 + (dz +^y_2 dx −^x_2 dy)^2 whose components are given by:

g_{11} = 1 + y^2 4 , g_{12} = − xy 4 , g_{13} = y 2 , g_{22} = 1 + x^2 4 , g_{23} = − x 2 , g_{33} = 1; (4)

g^{11} = 1, g^{12} = 0, g^{13} = − y 2 , g^{22} = 1, g^{23} = x 2 , g^{33} = 1 + x^2 + y^2 4 . (5)

Now, let φ : H_3 −→ R^n with

φ(X) = a_{11} a_{12} a_{13} a_{21} a_{22} a_{23} . . . . . . . . . a_{n1} a_{n2} a_{n3} x y z (6)

be a linear map from Heisenberg space into a Euclidean space. Then, we have

Theorem 2.1. A linear map φ : H_3 −→ R^n with φ(X) = AX, where A is the representation matrix with column vectors A_1, A_2, A_3, is ∞-harmonic if and only if A_3 = 0, or A_1, A_2, and A_3 are proportional to each other.

Proof. A straightforward computation using (5) gives:

∇φ^i = g^{αβ ∂φi}_{∂xβ}^∂_{∂xα} = (a_{i1} −^1_2 a_{i3}y, a_{i2} +^1_2 a_{i3}x,^1_4 a_{i3}(x^2 + y^2) +^1_2 a_{i2}x −^1_2 a_{i1}y + a_{i3}), i = 1, 2, ..., n,

84 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds

|dφ|^2 = g^{αβ}φ_α^iφ_β^jδ_{ij}

=^1_4^n ∑ i=1 a^2_{i3}x^2 +^n ∑ i=1 a_{i2}a_{i3}x +^1_4^n ∑ i=1 a^2_{i3}y^2 −^n ∑ i=1 a_{i1}a_{i3}y +^3 ∑ j=1 n∑ i=1 a^2_{ij},

and_{∂|dφ|2}

∂x_1 =

∂|dφ|^2

∂x =^1_2^n ∑ i=1 a^2_{i3}x +^n ∑ i=1 a_{i2}a_{i3},

∂|dφ|^2 ∂x_2 =

∂|dφ|^2

∂y =^1_2^n ∑ i=1 a^2_{i3}y −^n ∑ i=1 a_{i1}a_{i3},

∂|dφ|^2 ∂x_3 =

∂|dφ|^2

∂z = 0. (7)

It follows from Corollary 1.1 that φ is ∞-harmonic if and only if

g(∇ φ^i, ∇ |dφ|^2) = 0, i = 1, 2, . . . , n, (8)

which is equivalent to 1 2 (a_{i1}^n ∑ j=1 a^2_{j3} − a_{i3}^n ∑ j=1 a_{j1}a_{j3})x +^1_2 (a_{i2}^n ∑ j=1 a^2_{j3} − a_{i3}^n ∑ j=1 a_{j2}a_{j3})y

+a_{i1}^n ∑ j=1 a_{j2}a_{j3} − a_{i2}^n ∑ j=1 a_{j1}a_{j3} = 0 (9)

for i = 1, 2, . . . , n and for any x, y. By comparing the coefficients of the polynomial identity we have

a_{i1} n∑ j=1 a^2_{j3} − a_{i3} n∑ j=1 a_{j1}a_{j3} = 0, i = 1, 2, . . . , n, (10)

a_{i2} n∑ j=1 a^2_{j3} − a_{i3} n∑ j=1 a_{j2}a_{j3} = 0, i = 1, 2, . . . , n, (11)

a_{i1} n∑ j=1 a_{j2}a_{j3} − a_{i2} n∑ j=1 a_{j1}a_{j3} = 0, i = 1, 2, . . . , n. (12)

Noting that A_i = (a_{1i}, . . . , a_{ni})^t for i = 1, 2, 3 are the column vectors of A we conclude that the system of equations (10), (11), (12) is equivalent to A_1//A_3, A_2//A_3, and A_1//A_2, or, A_3 = 0, from which the theorem follows. □

Remark 1. It follows from our theorem that the maximum rank of the linear ∞-harmonic map from Heisenberg space into a Euclidean space is 2.

Example 2. Let φ : H_3 −→ R^n, with

φ(X) =

1 1 1 2 2 2 . . . . . . . . . n n n x y z . (13)

Then, by our theorem, φ is an ∞-harmonic map with non-constant energy density |dφ|^2 =^1_4 |A_3|^2(x^2 + y^2) + |A_3|^2(x − y) + 3|A_3|^2, where |A_3|^2 =^{n(n+1)(2n+1)}_6 .

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 85

2.2. Linear ∞-harmonic maps from a Euclidean space into Heisenberg space Theorem 2.2. Let φ : R^m −→ H_3 with

φ(X) = a_{11} a_{12} . . . a_{1m} a_{21} a_{22} . . . a_{2m} a_{31} a_{32} . . . a_{3m} x_1 x_2 . . x_m

(14)

be a linear map from a Euclidean space into Heisenberg space. Then, φ is ∞- harmonic if and only if the row vectors A^1, A^2 are proportional to each other. Proof. A straightforward computation gives:

∇φ^i = A^i, i = 1, 2, 3, (15)

|dφ|^2 = δ^{αβ}φ^i_αφ^j_βg_{ij} = 1 4 |A^2|^2x^2 + 1 4 |A^1|^2y^2 − 1 2 A^1 · A^2xy (16)

−A^2 · A^3x + A^1 · A^3y + (|A^1|^2 + |A^2|^2 + |A^3|^2),

∂ |dφ|^2 ∂x_k

=^1_2 (a_{1k}|A^2|^2 − a_{2k}A^1 · A^2)x +^1_2 (a_{2k}|A^1|^2 − a_{1k}A^1 · A^2)y (17)

+a_{2k}A^1 · A^3 − a_{1k}A^2 · A^3, k = 1, 2, . . . , m.

It follows from Corollary 1.1 that φ is ∞-harmonic if and only if

g(∇ φ^i, ∇ |dφ|^2) = 0, i = 1, 2, 3, (18)

which is equivalent to 1 2 (A^i · A^1|A^2|^2 − A^i · A^2A^1 · A^2)x +^1_2 (A^i · A^2|A^1|^2 − A^i · A^1A^1 · A^2)y +A^i · A^2A^1 · A^3 − A^i · A^1A^2 · A^3 = 0, i = 1, 2, . . . , 3. (19)

Substituting x = A^1X, y = A^2X into (19) we have, for any X ∈ R^m,

(c_1A^1 + c_2A^2)X + c_3 = 0, (20)

where c_1 = 1 2 (A^i · A^1|A^2|^2 − A^i · A^2A^1 · A^2),

c_2 = 1 2 (A^i · A^2|A^1|^2 − A^i · A^1A^1 · A^2),

c_3 = A^i · A^2A^1 · A^3 − A^i · A^1A^2 · A^3, i = 1, 2, 3. (21)

Since equation (20) holds for any X ∈ R^m it can be viewed as an identity of polynomials. It follows that φ is ∞-harmonic if and only if A^1 and A^2 are proportional to each other and c_3 = 0. One can check that c_3 = 0 is a consequence of A^1 being proportional to A^2. Therefore, we conclude that linear map φ from a Euclidean space into Heisenberg space is ∞-harmonic if and only if A^1 is proportional to A^2. □

86 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds

Remark 2. It follows from our theorem that the maximum possible rank of a linear ∞-harmonic map from a Euclidean space into Heisenberg space is 2 and a rank 2 linear ∞-harmonic map from a Euclidean space into Heisenberg space always has non-constant energy density. We would also like to point out that in [30] a complete classification of linear ∞-harmonic maps between Euclidean and Nil spaces is given. It is well known that Nil space is isometric to Heisenberg space. However, as the linearity of maps that we study depends on the (local) coordinates used in R^3 and since the isometry between Nil and Heisenberg spaces is given by a quadratic polynomial map, the linear maps between Euclidean and Nil spaces and the linear maps between Euclidean and Heisenberg spaces are not isometric invariant and should be treated differently as the following examples show.

Example 3. We can check that σ : (H_3, g) −→ (R^3, g_{Nil}) with σ(X, Y, Z) = (X, Y, Z + XY/2) is an isometry from Heisenberg space onto Nil space. If we identify these two spaces through this isometry, then the linear map φ : R^m −→ H_3 with

φ(X) =

1 −1 0 . . . 0 2 −2 0 . . . 0 0 0 0 . . . 0 x_1 x_2 . . x_m

(22)

becomes a quadratic map R^m −→ (R^3, g_{Nil}) with σ ∘ φ(X) = (x_1 − x_2, 2(x_1 − x_2), (x_1 − x_2)^2). It is interesting to note that the composition σ ∘ φ of φ (which is ∞-harmonic by Theorem 2.2) with an isometry σ is also ∞-harmonic. This follows from a general result in [28] that the ∞-harmonicity of a map is invariant under an isometric immersion of the target space of the map into another manifold.

Example 4. It is proved in [28] that any isometry is an ∞-harmonic morphism which preserves ∞-harmonicity in the sense that it pulls back ∞-harmonic functions to ∞-harmonic functions. One can also check that an ∞-harmonic morphism pulls back ∞-harmonic maps to ∞-harmonic maps. It follows that the isometry σ : (H_3, g) −→ (R^3, g_{Nil}) with σ(X, Y, Z) = (X, Y, Z + XY/2) is an ∞-harmonic morphism. By [30], the linear map φ : (R^3, g_{Nil}) −→ R^n (n ≥ 2)

φ(X) =

0 a_{12} a_{13} 0 a_{22} a_{23} . . . . . . . . . 0 a_{n2} a_{n3} x y z , (23)

is ∞-harmonic. Therefore, the composition φ ∘ σ : (H_3, g) −→ R^n given by

φ ∘ σ(X) =

0 a_{12} a_{13} 0 a_{22} a_{23} . . . . . . . . . 0 a_{n2} a_{n3} x y z +^1_2 xy

(24)

gives an ∞-harmonic map defined by polynomials of degree 2 from Heisenberg space into a Euclidean space with constant energy density.

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 87

3. Linear ∞-harmonic maps between Nil and Sol spaces

In this section we give a complete classification of linear ∞-harmonic maps between Nil and Sol spaces. It turns out that the maximum possible rank of linear ∞-harmonic maps between Nil and Sol spaces is 2 and some of them have constant energy density while others may have non-constant energy density.

3.1. Linear ∞-harmonic maps from Nil space into Sol space Let (R^3, g_{Nil}) and (R^3, g_{Sol}) denote Nil and Sol spaces, where the metrics with respect to the standard coordinates (x, y, z) in R^3 are given by g_{Nil} = dx^2 + dy^2 + (dz − xdy)^2 and g_{Sol} = e^{2z}dx^2 + e^{−2z}dy^2 + dz^2 respectively. In the following, we use the notations g = g_{Nil}, h = g_{Sol}, the coordinates {x, y, z} in (R^3, g_{Nil}) and the coordinates {x́, ý, z´} in (R^3, g_{Sol}), then one can easily compute the following components of Nil and Sol metrics:

g_{11} = 1, g_{12} = g_{13} = 0, g_{22} = 1 + x^2, g_{23} = −x, g_{33} = 1;

g^{11} = 1, g^{12} = g^{13} = 0, g^{22} = 1, g^{23} = x, g^{33} = 1 + x^2.

h_{11} =e^{2ź}, h_{22} = e^{−2ź}, h_{33} = 1, all other h_{ij} = 0; h^{11} =e^{−2ź}, h^{22} = e^{2ź}, h^{33} = 1, all other h^{ij} = 0.

Now we study the ∞-harmonicity of linear maps between Nil and Sol spaces. First, we give the following classification of linear ∞-harmonic maps from Nil space into Sol space.

Theorem 3.1. A linear map φ : (R^3, g_{Nil}) −→ (R^3, g_{Sol}) from Nil space into Sol space with

φ(X) = a_{11} a_{12} a_{13} a_{21} a_{22} a_{23} a_{31} a_{32} a_{33} x y z (25)

is ∞-harmonic if and only if φ takes one of the following forms:

φ(X) =

0 a_{12} a_{13} 0 a_{22} a_{23} 0 0 0 x y z , (26)

φ(X) = a_{11} a_{12} 0 a_{21} a_{22} 0 0 0 0 x y z , (27)

φ(X) =

0 0 0 0 0 0 0 a_{32} a_{33} x y z , or (28)

φ(X) =

0 0 0 0 0 0 a_{31} a_{32} 0 x y z . (29)

88 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds Proof. A straightforward computation gives: ∇φ^i = g^{αβ ∂φi}_{∂xβ}^∂_{∂xα} = (a_{i1}, a_{i3}x + a_{i2}, a_{i3}x^2 + a_{i2}x + a_{i3}), i = 1, 2, 3, and |dφ|^2 = g^{αβ}φ_α^iφ_β^jh_{ij} ∘ φ = (a^2_{13}x^2 + 2a_{12}a_{13}x + 3∑ j=1 a^2_{1j})e^{2ź}

+ (a^2_3x^2 + 2a_{22}a_{23}x + 3∑ j=1 a^2_j)e^{−2ź} + (a^2_{33}x^2 + 2a_{32}a_{33}x + 3∑ j=1 a^2_{3j}),

(30)

where z´= a_{31}x + a_{32}y + a_{33}z. Also, one can check that

∂|dφ|^2 ∂x_1 =

∂|dφ|^2

∂x = 2{a_{31}a^2_{13}x^2 + (a^2_{13} + 2a_{31}a_{12}a_{13})x + a_{12}a_{13} + a_{31}^3 ∑ j=1 a^2_{1j}}e^{2ź}

−2{a_{31}a^2_3x^2 +(2a_{31}a_{22}a_{23} −a^2_3)x+a_{31}^3 ∑ j=1 a^2_j −a_{22}a_{23}}e^{−2ź} +2(a^2_{33}x+a_{32}a_{33}),

∂|dφ|^2 ∂x_2 =

∂|dφ|^2 ∂y = 2a_{32}(a^2_{13}x^2 + 2a_{12}a_{13}x +^3 ∑ j=1 a^2_{1j})e^{2ź} − 2a_{32}(a^2_3x^2 + 2a_{22}a_{23}x +^3 ∑ j=1 a^2_j)e^{−2ź},

∂|dφ|^2 ∂x_3

∂|dφ|^2 ∂z = 2a_{33}(a^2_{13}x^2 + 2a_{12}a_{13}x +^3 ∑ j=1 a^2_{1j})e^{2ź} − 2a_{33}(a^2_3x^2 + 2a_{22}a_{23}x +^3 ∑ j=1 a^2_j)e^{−2ź}.

(31) It follows from Corollary 1.1 that φ is an ∞-harmonic map if and only if g(∇ φ^i, ∇ |dφ|^2) = 0, i = 1, 2, 3, (32) which is equivalent to

2{a_{i3}a_{33}a^2_{13}x^4 + [(a_{i3}a_{32} + a_{i2}a_{33})a^2_{13} + 2a_{i3}a_{33}a_{12}a_{13}]x^3 +[^3 ∑ k=1 a_{ik}a_{3k}a^2_{13} + 2(a_{i3}a_{32} + a_{i2}a_{33})a_{12}a_{13} + a_{i3}a_{33}^3 ∑ j=1 a^2_{1j}]x^2 +[(a_{i3}a_{32} + a_{i2}a_{33})^3 ∑ j=1 a^2_{1j} + 2^3 ∑ k=1 a_{ik}a_{3k}a_{12}a_{13} + a_{i1}a^2_{13}]x

+[^3 ∑ k=1 a_{ik}a_{3k}^3 ∑ j=1 a^2_{1j} + a_{i1}a_{12}a_{13}]}e^{2ź} −2{a_{i3}a_{33}a^2_3x^4 + [(a_{i3}a_{32} + a_{i2}a_{33})a^2_3 + 2a_{i3}a_{33}a_{22}a_{23}]x^3 +[^3 ∑ k=1 a_{ik}a_{3k}a^2_3 + 2(a_{i3}a_{32} + a_{i2}a_{33})a_{22}a_{23} + a_{i3}a_{33}^3 ∑ j=1 a^2_j]x^2

+[(a_{i3}a_{32} + a_{i2}a_{33})^3 ∑ j=1 a^2_j + 2^3 ∑ k=1 a_{ik}a_{3k}a_{22}a_{23} − a_{i1}a^2_3]x

+[^3 ∑ k=1 a_{ik}a_{3k}^3 ∑ j=1 a^2_j − a_{i1}a_{22}a_{23}]}e^{−2ź} + 2a_{i1}(a^2_{33}x + a_{32}a_{33}) = 0, i = 1, 2, 3.

(33)

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 89

Case (A):^3 ∑ j=1 a^2_{3j} = 0. In this case, (33) becomes

2a_{i1}(a^2_{13} + a^2_3)x + 2a_{i1}(a_{12}a_{13} + a_{22}a_{23}) = 0, i = 1, 2, 3. (34) Solving equation (34), we have a_{i1} = 0 for i = 1, 2, 3, or a_{13} = a_{23} = 0. These give the classes of linear ∞-harmonic maps corresponding to (26) and (27). Case (B):^3 ∑ j=1 a^2_{3j} ≠ 0. In this case, we use the fact that the functions 1, x, xe^{2x}, x^2e^{2x}, x^3e^{2x}, x^4e^{2x}; xe^{−2x}, x^2e^{−2x}, x^3e^{−2x}, x^4e^{−2x} are linearly independent to conclude that (33) is equivalent to a_{i1}a^2_{33} = 0, ⟨1⟩ a_{i1}a_{32}a_{33} = 0, ⟨2⟩ a_{i3}a_{33}a^2_{13} = 0, ⟨3⟩ (a_{i3}a_{32} + a_{i2}a_{33})a^2_{13} + 2a_{i3}a_{33}a_{12}a_{13} = 0, ⟨4⟩ 3∑ k=1 a_{ik}a_{3k}a^2_{13} + 2(a_{i3}a_{32} + a_{i2}a_{33})a_{12}a_{13} + a_{i3}a_{33}^3 ∑ j=1 a^2_{1j} = 0, ⟨5⟩

(a_{i3}a_{32} + a_{i2}a_{33})^3 ∑ j=1 a^2_{1j} + 2^3 ∑ k=1 a_{ik}a_{3k}a_{12}a_{13} + a_{i1}a^2_{13} = 0, ⟨6⟩ 3∑ k=1 a_{ik}a_{3k}^3 ∑ j=1 a^2_{1j} + a_{i1}a_{12}a_{13} = 0, ⟨7⟩ a_{i3}a_{33}a^2_3 = 0, ⟨8⟩ (a_{i3}a_{32} + a_{i2}a_{33})a^2_3 + 2a_{i3}a_{33}a_{22}a_{23} = 0, ⟨9⟩ 3∑ k=1 a_{ik}a_{3k}a^2_3 + 2(a_{i3}a_{32} + a_{i2}a_{33})a_{22}a_{23} + a_{i3}a_{33}^3 ∑ j=1 a^2_j = 0, ⟨10⟩

(a_{i3}a_{32} + a_{i2}a_{33})^3 ∑ j=1 a^2_j + 2^3 ∑ k=1 a_{ik}a_{3k}a_{22}a_{23} − a_{i1}a^2_3 = 0. ⟨11⟩ 3∑ k=1 a_{ik}a_{3k}^3 ∑ j=1 a^2_j − a_{i1}a_{22}a_{23} = 0. ⟨12⟩

(35)

It follows from ⟨1⟩ of (35) that either a_{i1} = 0 for i = 1, 2, 3, or a_{33} = 0. Case (B_1):^3 ∑ i=1 a^2_{i1} = 0. In this case, we have a^2_{32} + a^2_{33} ≠ 0 since we are in Case (B). It follows that the equations ⟨7⟩ and ⟨12⟩ of (35) reduce to be

(a_{i3}a_{33} + a_{i2}a_{32})^3 ∑ j=1 a^2_{1j} = 0

(a_{i3}a_{33} + a_{i2}a_{32})^3 ∑ j=1 a^2_j = 0, i = 1, 2, 3.

(36)

Writing out the equation (36) with i = 3 we have that a_{1j} = a_{2j} = 0 for j = 1, 2, 3 and we can check that these, together with a_{j1} = 0, are solutions of the equations (35). These correspond to the class of linear ∞-harmonic maps given by (28).

90 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds

Case (B_2): a_{33} = 0 and hence a^2_{31} + a^2_{32} ≠ 0 since we are in Case (B). In this case, equation (35) reduces to

a_{i3}a_{32}a^2_{13} = 0, (a_{i2}a_{32} + a_{i1}a_{31})a^2_{13} + 2a_{i3}a_{32}a_{12}a_{13} = 0,

a_{i3}a_{32}^3 ∑ j=1 a^2_{1j} + 2(a_{i2}a_{32} + a_{i1}a_{31})a_{12}a_{13} + a_{i1}a^2_{13} = 0,

(a_{i2}a_{32} + a_{i1}a_{31})^3 ∑ j=1 a^2_{1j} + a_{i1}a_{12}a_{13} = 0,

a_{i3}a_{32}a^2_3 = 0, (a_{i2}a_{32} + a_{i1}a_{31})a^2_3 + 2a_{i3}a_{32}a_{22}a_{23} = 0,

a_{i3}a_{32}^3 ∑ j=1 a^2_j + 2(a_{i2}a_{32} + a_{i1}a_{31})a_{22}a_{23} − a_{i1}a^2_3 = 0,

(a_{i2}a_{32} + a_{i1}a_{31})^3 ∑ j=1 a^2_j − a_{i1}a_{22}a_{23} = 0, i = 1, 2, 3. (37)

It follows from the first equation of (37) that we have either a_{13} = 0 or a_{32} = 0. By considering following cases:

(I) a_{13} = 0, a_{32} ≠ 0, (II) a_{13} ≠ 0, a_{32} = 0, hence, a_{31} ≠ 0, (III) a_{13} = 0, a_{32} = 0, hence, a_{31} ≠ 0, we obtain that a_{i3} = 0, a_{1i} = a_{2i} = 0, for i = 1, 2, 3, are solution of the equations (35), which give the class of linear ∞-harmonic maps corresponding to (29). Thus, we obtain the theorem. □

Remark 3. It follows from our theorem that the maximum possible rank of linear ∞-harmonic maps from Nil into Sol is 2. Using the energy density formula (30) we can check that some of them have non-constant energy density while others have constant energy density.

3.2. Linear ∞-harmonic maps from Sol space into Nil space The linear ∞-harmonic maps from Sol space into Nil space can be completely described by the following theorem.

Theorem 3.2. A linear map φ : (R^3, g_{Sol}) −→ (R^3, g_{Nil}) from Sol space into Nil space with

φ(X) = a_{11} a_{12} a_{13} a_{21} a_{22} a_{23} a_{31} a_{32} a_{33} x y z (38)

is ∞-harmonic if and only if φ takes one of the following forms:

φ(X) =

0 0 0 a_{21} a_{22} 0 a_{31} a_{32} 0 x_1 x_2 x_3

, (39)

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 91

φ(X) = a_{11} a_{12} 0 0 0 0 a_{31} a_{32} 0 x_1 x_2 x_3

, (40)

φ(X) =

0 0 0 0 0 a_{23} 0 0 a_{33} x_1 x_2 x_3

, or (41)

φ(X) =

0 0 a_{13} 0 0 0 0 0 a_{33} x_1 x_2 x_3

. (42)

Proof. Using the notations g = g_{Sol}, h = g_{Nil}, and the coordinates {x_1, x_2, x_3} in (R^3, g_{Sol}) and {y_1, y_2, y_3} in (R^3, g_{Nil}) we compute the following components of Nil and Sol metric:

g_{11} = e^{2x3} , g_{22} = e^{−2x3} , g_{33} = 1, all other g_{ij} = 0;

g^{11} = e^{−2x3} , g^{22} = e^{2x3} , g^{33} = 1, all other g^{ij} = 0. (43) h_{11} = 1, h_{12} = g_{13} = 0, h_{22} = 1 + y^2_1, h_{23} = −y_1, h_{33} = 1; h^{11} = 1, h^{12} = h^{13} = 0, h^{22} = 1, h^{23} = y_1, h^{33} = 1 + y^2_1.

A straightforward computation gives:

∇φ^i = g^{αβ ∂φi}_{∂xβ}^∂_{∂xα} = (a_{i1}e^{−2x3} , a_{i2}e^{2x3} , a_{i3}), i = 1, 2, 3,

(44) and |dφ|^2 = g^{αβ}φ_α^iφ_β^jh_{ij} ∘ φ = (e^{−2x3} a^2_1 + e^{2x3} a^2_2 + a^2_3)y^2_1 − 2(e^{−2x3} a_{21}a_{31} + e^{2x3} a_{22}a_{32} + a_{23}a_{33})y_1

+^3 ∑ i=1 a^2_{i1}e^{−2x3} +^3 ∑ i=1 a^2_{i2}e^{2x3} +^3 ∑ i=1 a^2_{i3},

(45)

where y_1 = a_{11}x_1 + a_{12}x_2 + a_{13}x_3. Also, we can check that

∂|dφ|^2 ∂x_1 =

2(a_{11}a^2_1e^{−2x3} + a_{11}a^2_2e^{2x3} + a_{11}a^2_3)y_1 −2(a_{11}a_{21}a_{31}e^{−2x3} + a_{11}a_{22}a_{32}e^{2x3} + a_{11}a_{23}a_{33}),

∂|dφ|^2 ∂x_2 =

2(a_{12}a^2_1e^{−2x3} + a_{12}a^2_2e^{2x3} + a_{12}a^2_3)y_1 −2(a_{12}a_{21}a_{31}e^{−2x3} + a_{12}a_{22}a_{32}e^{2x3} + a_{12}a_{23}a_{33}), and ∂|dφ|^2 ∂x_3 =

2(a^2_2e^{2x3} − a^2_1e^{−2x3} )y^2_1 +2{(a_{13}a^2_1 + 2a_{21}a_{31})e^{−2x3} + (a_{13}a^2_2 − 2a_{22}a_{32})e^{2x3} + a_{13}a^2_3}y_1

−2{(^3 ∑ i=1 a^2_{i1} + a_{13}a_{21}a_{31})e^{−2x3} + (a_{13}a_{22}a_{32} −^3 ∑ i=1 a^2_{i2})e^{2x3} + a_{13}a_{23}a_{33})}.

92 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds

Using Corollary 1.1 we conclude that φ is ∞-harmonic if and only if

2(a_{i3}a^2_2e^{2x3} − a_{i3}a^2_1e^{−2x3} )y^2_1 +2{a_{i1}a_{11}a^2_1e^{−4x3} + a_{i2}a_{12}a^2_2e^{4x3} +(a_{i1}a_{11}a^2_3 + a_{i3}a_{13}a^2_1 + 2a_{i3}a_{21}a^2_{31})e^{−2x3} +(a_{i2}a_{12}a^2_3 + a_{i3}a_{13}a^2_2 − 2a_{i3}a_{22}a^2_{32})e^{2x3} +(a_{i1}a_{11}a^2_2 + a_{i2}a_{12}a^2_1 + a_{i3}a_{13}a^2_3)y_1 (46) −2{a_{i1}a_{11}a_{21}a_{31}e^{−4x3} + a_{i2}a_{12}a_{22}a_{32}e^{4x3}

+(a_{i1}a_{11}a_{23}a_{33} + a_{i3}a_{13}a_{21}a_{31} + a_{i3} 3∑ j=1 a^2_{j1})e^{−2x3}

+(a_{i2}a_{12}a_{23}a_{33} + a_{i3}a_{13}a_{22}a_{32} − a_{i3} 3∑ j=1 a^2_{j2})e^{2x3}

+a_{i1}a_{11}a_{22}a_{32} + a_{i2}a_{12}a_{21}a_{31} + a_{i3}a_{13}a_{23}a_{33}} = 0, i = 1, 2, 3.

Case (A):^3 ∑ j=1 a^2_{1j} = 0.

It follows that y_1 = a_{11}x_1 + a_{12}x_2 + a_{13}x_3 = 0 and equation (46) reduces to

a_{i3}^3 ∑ j=1 a^2_{j1}e^{−2x3} = 0,

a_{i3}^3 ∑ j=1 a^2_{j2}e^{2x3} = 0, i = 1, 2, 3, (47)

which has solutions a_{i3} = 0, or a_{i1} = a_{i2} = 0, for i = 1, 2, 3. These give the linear ∞-harmonic maps defined by (39) and (41).

Case (B):^3 ∑ j=1 a^2_{1j} ≠ 0.

In this case, we use equation (46) and the fact that the functions 1, te^{2t}, t^2e^{2t}; te^{−2t}, t^2e^{−2t}; te^{4t}, t^2e^{4t}; te^{−4t}, t^2e^{−4t} are linearly independent to conclude that φ is ∞- harmonic if and only if

a_{i3}a^2_2 = 0 a_{i3}a^2_1 = 0, } i = 1, 2, 3, (48)

a_{i1}a_{11}a^2_1 = 0, a_{i2}a_{12}a^2_2 = 0, a_{i1}a_{11}a^2_3 + a_{i3}a_{13}a^2_1 + 2a_{i3}a_{21}a^2_{31} = 0, a_{i2}a_{12}a^2_3 + a_{i3}a_{13}a^2_2 − 2a_{i3}a_{22}a^2_{32} = 0, a_{i1}a_{11}a^2_2 − a_{i2}a_{12}a^2_1 + a_{i3}a_{13}a^2_3 = 0, i = 1, 2, 3, (49)

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 93 and a_{i1}a_{11}a_{21}a_{31} = 0, a_{i2}a_{12}a_{22}a_{32} = 0,

a_{i1}a_{11}a_{23}a_{33} + a_{i3}a_{13}a_{21}a_{31} + a_{i3}^3 ∑ j=1 a^2_{j1} = 0,

a_{i2}a_{12}a_{23}a_{33} + a_{i3}a_{13}a_{22}a_{32} − a_{i3}^3 ∑ j=1 a^2_{j2} = 0,

a_{i1}a_{11}a_{22}a_{32} + a_{i2}a_{12}a_{21}a_{31} + a_{i3}a_{13}a_{23}a_{33} = 0, i = 1, 2, 3. (50)

In this case, it is easy to check that a_{2i} = a_{i3} = 0 or a_{i1} = a_{i2} = a_{2i} = 0, for i = 1, 2, 3, are solutions of system (48), (49) and (50). These give the linear ∞-harmonic maps defined by (40) and (42). Thus, we obtain the theorem. □

Remark 4. Again, we remark that the maximum possible rank of linear ∞- harmonic maps from Sol into Nil is 2. Using the energy density formula (45) we can check that all rank 2 linear ∞-harmonic maps from Sol into Nil have non-constant energy density.

4. ∞-Harmonic linear endomorphisms of Sol space

In this final section, we study the ∞-harmonicity of linear endomorphisms of Sol space. We give a complete classification of ∞-harmonic linear endomorphisms of Sol space. It turns out that an ∞-harmonic linear endomorphism of Sol space can have maximum rank, i.e., there are ∞-harmonic linear diffeomorphisms from Sol space onto itself which have constant energy density and which are not isometries. We also show that there is a subgroup of ∞-harmonic linear automorphisms in the group of linear isomorphisms.

Theorem 4.1. A linear endomorphism φ : (R^3, g_{Sol}) −→ (R^3, g_{Sol}) of Sol space with

φ(X) = a_{11} a_{12} a_{13} a_{21} a_{22} a_{23} a_{31} a_{32} a_{33} x y z (51)

is ∞-harmonic if and only if φ takes one of the following forms:

φ(X) = a_{11} 0 0 0 a_{22} 0 0 0 1 x y z , (52)

φ(X) =

0 a_{12} 0 a_{21} 0 0 0 0 −1 x y z , (53)

φ(X) = a_{11} a_{12} 0 a_{21} a_{22} 0 0 0 0 x y z , (54)

94 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds

φ(X) =

0 0 0 0 0 0 0 0 a_{33} x y z , (55)

φ(X) =

0 0 0 0 0 0 a_{31} a_{32} 0 x y z , or (56)

φ(X) =

0 0 a_{13} 0 0 a_{23} 0 0 0 x y z . (57)

Proof. We use g and h to denote the metrics in the domain and the target manifolds respectively. With respect to the coordinates {x, y, z} in the domain and {x́, ý, z´ } in the target manifold, we can easily write down the following components of metrics:

g_{11} = e^{2z}, g_{22} = e^{−2z}, g_{33} = 1, all other g_{ij} = 0; g^{11} = e^{−2z}, g^{22} = e^{2z}, g^{33} = 1, all other g^{ij} = 0. h_{11} = e^{2ź}, h_{22} = e^{−2ź}, h_{33} = 1, all other h_{ij} = 0; h^{11} = e^{−2ź}, h^{22} = e^{2ź}, h^{33} = 1, all other h^{ij} = 0.

A direct computation gives:

∇φ^i = g^{αβ ∂φi}_{∂xβ}^∂_{∂xα} = (a_{i1}e^{−2z}, a_{i2}e^{2z}, a_{i3}), i = 1, 2, 3, and |dφ|^2 = g^{αβ}φ_α^iφ_β^jh_{ij} ∘ φ = g^{αα}(

∂φ^i ∂x_α

)^2h_{ii} ∘ φ (58)

= (a^2_{12}e^{2z} + a^2_{11}e^{−2z} + a^2_{13})e^{2ź} +(a^2_2e^{2z} + a^2_1e^{−2z} + a^2_3)e^{−2ź} + (a^2_{32}e^{2z} + a^2_{31}e^{−2z} + a^2_{33}),

where z´= a_{31}x + a_{32}y + a_{33}z. Furthermore, we compute that

∂|dφ|^2 ∂x_1 =

∂|dφ|^2 ∂x = 2a_{31}(a^2_{12}e^{2z} + a^2_{11}e^{−2z} + a^2_{13})e^{2ź} − 2a_{31}(a^2_2e^{2z} + a^2_1e^{−2z} + a^2_3)e^{−2ź},

∂|dφ|^2 ∂x_2 =

∂|dφ|^2 ∂y = 2a_{32}(a^2_{12}e^{2z} + a^2_{11}e^{−2z} + a^2_{13})e^{2ź} − 2a_{32}(a^2_2e^{2z} + a^2_1e^{−2z} + a^2_3)e^{−2ź},

∂|dφ|^2 ∂x_3 =

∂|dφ|^2 ∂z = 2{(a^2_{12} + a_{33}a^2_{12})e^{2z} + (a_{33}a^2_{11} − a^2_{11})e^{−2z} + a_{33}a^2_{13}}e^{2ź} −2{(a_{33}a^2_2 − a^2_2)e^{2z} + (a_{33}a^2_1 + a^2_1)e^{−2z} + a_{33}a^2_3}e^{−2ź} +2(a^2_{32}e^{2z} − a^2_{31}e^{−2z}).

(59)

By Corollary 1.1 φ is ∞-harmonic if and only if

g(∇ φ^i, ∇ |dφ|^2) = 0, i = 1, 2, 3, (60)

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 95

which is equivalent to

0 = {a_{i2}a_{32}a^2_{12}e^{4z} + a_{i1}a_{31}a^2_{11}e^{−4z}

+(a_{i2}a_{32}a^2_{13} + a_{i3}a^2_{12} + a_{i3}a_{33}a^2_{12})e^{2z} +(a_{i1}a_{31}a^2_{13} − a_{i3}a^2_{11} + a_{i3}a_{33}a^2_{11})e^{−2z} +a_{i1}a_{31}a^2_{12} + a_{i2}a_{32}a^2_{11} + a_{i3}a_{33}a^2_{13}}e^{2ź} −{a_{i2}a_{32}a^2_2e^{4z} + a_{i1}a_{31}a^2_1e^{−4z} (61) +(a_{i2}a_{32}a^2_3 − a_{i3}a^2_2 + a_{i3}a_{33}a^2_2)e^{2z} +(a_{i1}a_{31}a^2_3 + a_{i3}a^2_1 + a_{i3}a_{33}a^2_1)e^{−2z} +a_{i1}a_{31}a^2_2 + a_{i2}a_{32}a^2_1 + a_{i3}a_{33}a^2_3}e^{−2ź} +a_{i3}(a^2_{32}e^{2z} − a^2_{31}e^{−2z}), i = 1, 2, 3.

Case (A): a^2_{31} + a^2_{32} + a^2_{33} = 0. It follows that z´= a_{31}x + a_{32}y + a_{33}z = 0, and the equation (61) becomes

a_{i3}{(a^2_{12} + a^2_2)e^{2z} − (a^2_{11} + a^2_1)e^{−2z}} = 0, i = 1, 2, 3, (62)

which gives the solutions a_{11} = a_{12} = a_{21} = a_{22} = 0, or, a_{i3} = 0, for i = 1, 2, 3. These give the linear ∞-harmonic maps of the form (54) and (57). Case (B): a^2_{31} +a^2_{32} +a^2_{33} ≠ 0. We use equation (61) and the fact that the functions e^{k1t}; e^{−k1t}; e^{k2t}, e^{−k2t}; e^{k3t}, e^{−k3t}; e^{k4t}, e^{−k4t}; e^{k5t}, e^{−k5t} with k_1, . . . , k_5 distinctive are linearly independent to conclude that φ is ∞-harmonic if and only if

a_{i3}a^2_{32} = 0, ⟨1⟩ a_{i3}a^2_{31} = 0, ⟨2⟩ a_{i2}a_{32}a^2_{12} = 0, ⟨3⟩ a_{i1}a_{31}a^2_{11} = 0, ⟨4⟩ a_{i2}a_{32}a^2_{13} + a_{i3}a^2_{12} + a_{i3}a_{33}a^2_{12} = 0, ⟨5⟩ a_{i1}a_{31}a^2_{13} − a_{i3}a^2_{11} + a_{i3}a_{33}a^2_{11} = 0, ⟨6⟩ a_{i1}a_{31}a^2_{12} + a_{i2}a_{32}a^2_{11} + a_{i3}a_{33}a^2_{13} = 0, ⟨7⟩ a_{i2}a_{32}a^2_2 = 0, ⟨8⟩ a_{i1}a_{31}a^2_1 = 0, ⟨9⟩ a_{i2}a_{32}a^2_3 − a_{i3}a^2_2 + a_{i3}a_{33}a^2_2 = 0, ⟨10⟩ a_{i1}a_{31}a^2_3 + a_{i3}a^2_1 + a_{i3}a_{33}a^2_1 = 0, ⟨11⟩ a_{i1}a_{31}a^2_2 + a_{i2}a_{32}a^2_1 + a_{i3}a_{33}a^2_3 = 0. ⟨12⟩

(63)

It follows from ⟨1⟩ and ⟨2⟩ of (63) that

a_{i3} = 0, or, a_{31} = a_{32} = 0, i = 1, 2, 3. (64)

Case (B_1): a_{i3} = 0, i = 1, 2, 3 and hence a^2_{31} + a^2_{32} ≠ 0.

Performing ⟨3⟩ + ⟨4⟩ + ⟨7⟩, ⟨8⟩ + ⟨9⟩ + ⟨12⟩ separatively yields

(a^2_{11} + a^2_{12})(a_{i1}a_{31} + a_{i2}a_{32}) = 0 (a^2_1 + a^2_2)(a_{i1}a_{31} + a_{i2}a_{32}) = 0, } i = 1, 2, 3, (65)

96 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds

which gives us solutions a_{11} = a_{21} = a_{12} = a_{22} = 0. These give ∞-harmonic linear automorphisms of the form defined in (56). Case (B_2): a_{31} = a_{32} = 0, and hence a_{33} ≠ 0. In this case, equation (63) reduces to

a_{i3}a^2_{12}(1 + a_{33}) = 0, a_{i3}a^2_{11}(a_{33} − 1) = 0, a_{i3}a_{33}a^2_{13} = 0, a_{i3}a^2_2(a_{33} − 1) = 0, a_{i3}a^2_1(1 + a_{33}) = 0, a_{i3}a_{33}a^2_3 = 0, i = 1, 2, 3. (66)

We solve this system by considering the following three case: (I) a_{33} = 1. By (66), we have

a_{i3}a^2_{12} = 0, a_{i3}a^2_{13} = 0, a_{i3}a^2_1 = 0, a_{i3}a^2_3 = 0, i = 1, 2, 3. (67)

Letting i = 3 we conclude that a_{12} = a_{13} = a_{21} = a_{23} = 0, which give the solutions of the form (52).

(II) a_{33} = −1. In this case, (66) reduces to

a_{i3}a^2_{11} = 0, a_{i3}a^2_{13} = 0, a_{i3}a^2_2 = 0, a_{i3}a^2_3 = 0, i = 1, 2, 3. (68)

Letting i = 3 we conclude that a_{11} = a_{22} = a_{13} = a_{23} = 0, which give the solutions of the form (53).

(III) a_{33} ≠ ±1, 0. Then, (66) becomes

a_{i3}a^2_{12} = 0, a_{i3}a^2_{11} = 0, a_{i3}a^2_{13} = 0, a_{i3}a^2_2 = 0, a_{i3}a^2_1 = 0, a_{i3}a^2_3 = 0, i = 1, 2, 3. (69)

Letting i = 3 we get a_{11} = a_{12} = a_{13} = a_{21} = a_{22} = a_{23} = 0, which give the solutions of the form (55).

Summarizing all results in the above cases we obtain the theorem. □

Corollary 4.2. Every element of the subgroup

φ ∈ GL(R^3) : φ(X) = λ 0 0 0 μ 0 0 0 1 x y z , λμ ≠ 0 (70)

of the linear automorphism group of Sol space is ∞-harmonic.

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 97

Proof. It follows from Theorem 4.1 that every element of the subgroup is an ∞-harmonic map. A straightforward checking shows that the inverse elements and the products of elements of the subgroup are also ∞-harmonic. □

Remark 5. It follows from our theorem that the maximum possible rank of linear ∞-harmonic endomorphisms of Sol space is 3, so we can have linear ∞-harmonic diffeomorphisms which have constant energy density and which are not isometries. Using the energy density formula (58) we can check that all rank 2 linear ∞- harmonic maps from Sol into itself have non-constant energy density.

Acknowledgments. I would like to thank my adviser Prof. Dr. Ye-Lin Ou for his guidance, help, and encouragement through many invaluable discussions, suggestions, and stimulating questions during the preparation of this work.

References

[1] Aronsson, G.: Extension of functions satisfying Lipschitz conditions. Ark.

Mat. 6 (1967), 551–561. Zbl 0158.05001 [2] Aronsson, G.: On the partial differential equation u^2_xu_{xx} +2u_xu_yu_{xy} +u^2_yu_{yy} = 0. Ark. Mat. 7 (1968), 395–425. Zbl 0162.42201 [3] Aronsson, G.; Crandall, M. G.; Juutinen, P.: A tour of the theory of absolutely minimizing functions. Bull. Am. Math. Soc., New Ser. 41(4) (2004), 439–505. Zbl pre02108961 [4] Barles, G.; Busca, J.: Existence and comparison results for fully nonlinear degenerate elliptic equations without zeroth-order term. Commun. Partial Differ. Equations 26 (2001), 2323–2337. Zbl 0997.35023 [5] Barron, E. N.: Viscosity solutions and analysis in L^∞. In: Clarke, F. H.

(ed.) et al.: Nonlinear Analysis, Differential Equations and Control. Kluwer Academic Publishers. NATO ASI Ser., Ser. C, Math. Phys. Sci. 528 (1999), 1–60. Zbl 0973.49024 [6] Barron, E. N.; Jensen, R.; Wang, C. Y.: Lower Semicontinuity of L^∞ functionals. cf. Ann. Inst. Henri Poincaré, Anal. Non Linéaire 18(4) (2001), 495– 517. Zbl 1034.49008 [7] Barron, E. N.; Jensen, R.; Wang, C. Y.: The Euler equation and absolute minimizers of L^∞ functionals. Arch. Ration. Mech. Anal. 157(4) (2001), 255– 283. Zbl 0979.49003 [8] Barron, E. N.; Evans, L. C.; Jensen, R.: The infinity Laplacian, Aronsson’s equation and their generalizations. Preprint.

[9] Bhattacharya, T.: A note on non-negative singular infinity-harmonic functions in the half-space. Rev. Mat. Complut. 18(2) (2005), 377–385. Zbl pre02234413 [10] Caselles, V.; Morel, J.-M.; Sbert, C.: An axiomatic approach to image interpolation. IEEE Trans. Image Process. 7(3) (1998), 376–386. Zbl 0993.94504

98 Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds

[11] Cong, G.; Esser, M.; Parvin, B.; Bebis, G.: Shape metamorphism using p-Laplacian equation. Proceedings of the 17th International Conference on Pattern Recognition 2004, Vol. 4, 15–18.

[12] Crandall, M. G.; Evans, L. C.: A remark on infinity harmonic functions.

Proceedings of the USA-Chile Workshop on Nonlinear Analysis (Viña del Mar-Valparaiso, 2000), 123–129. cf. Electron. J. Differ. Equ. 2001, Conf. 06, 123-129, electronic only (2001). Zbl 0964.35061 [13] Crandall, M. G.; Evans, L. C.; Gariepy, R. F.: Optimal Lipschitz extensions and the infinity Laplacian. Calc. Var. Partial Differ. Equ. 13(2) (2001), 123– 139. Zbl 0996.49019 [14] Crandall, M. G.; Ishii, H.; Lions, P.-L.: User’s guide to viscosity solutions of second order partial differential equations. Bull. Am. Math. Soc., New Ser. 27(1) (1992), 1–67. Zbl 0755.35015 [15] Crandall, M. G.; Zhang, J.: Another way to say harmonic. Trans. Am. Math.

Soc. 355 (2003), 241–263. Zbl 1112.35319 [16] Evans, L. C.; Gangbo, W.: Differential equations methods for the Monge- Kantorovich mass transfer problem. Mem. Am. Math. Soc. 137(653) (1999). Zbl 0920.49004 [17] Evans, L. C.; Yu, Y.: Various properties of solutions of the infinity-Laplace equation. Preprint.

[18] Jensen, R.: Uniqueness of Lipschitz extensions: minimizing the sup norm of the gradient. Arch. Ration. Mech. Anal. 123 (1993), 51–74. Zbl 0789.35008 [19] Juutinen, P.; Kawohl, B.: On the evolution governed by the infinity Laplacian.

Preprint.

[20] Juutinen, P.; Lindqvist, P.; Manfredi, J.: The infinity Laplacian: examples and observations. Heinonen, J. (ed.) et al.: Papers on analysis. Univ. Jyväskylä Dep. Math. Stat. 83 (2001), 207–217. Zbl 1016.35029 [21] Juutinen, P.; Lindqvist, P.; Manfredi, J.: The ∞-eigenvalue problem. Arch.

Ration. Mech. Anal. 148(2) (1999), 89–105. Zbl 0947.35104 [22] Lindqvist, P.; Manfredi, J.: The Harnack inequality for ∞-harmonic functions. Electron. J. Differ. Equ. 1995(4) (1995), 1–5. Zbl 0818.35033 [23] Lindqvist, P.; Manfredi, J.: Note on ∞-superharmonic functions. Rev. Mat.

Univ. Complutense Madr. 10(2) (1997), 471–480. Zbl 0891.35043 [24] Oberman, A. M.: A convergent difference scheme for the infinity Laplacian:

construction of absolutely minimizing Lipschitz extensions. Math. Comput. 74(251) (2005), 1217–1230. (electronic). Zbl 1094.65110 [25] Ou, Y.-L.: p-Harmonic morphisms, minimal foliations, and rigidity of metrics. J. Geom. Phys. 52(4) (2004), 365–381. Zbl 1077.58008 [26] Ou, Y.-L.: p-harmonic functions and the minimal graph equation in a Riemannian manifold. Ill. J. Math. 49(3) 2005, 911–927. Zbl 1089.58010 [27] Ou, Y.-L.: Personal communication.

Z.-P. Wang: Linear ∞-Harmonic Maps between Riemannian Manifolds 99

[28] Ou, Y.-L.; Troutman, T.; Wilhelm, F.: ∞-harmonic maps and morphisms between Riemannian manifolds. Preprint, 2007.

[29] Sapiro, G.: Geometric partial differential equations and image analysis. Cambridge University Press, Cambridge 2001. Zbl 0968.35001 [30] Wang, Z.-P.; Ou, Y.-L.: Some classifications of ∞-harmonic maps between Riemannian manifolds. Preprint, 2006.

Received September 21, 2007