Experimental Approaches to Kuttner’s Problem

Tilmann Gneiting, Kjell Konis, and Donald Richards

CONTENTS

1. Introduction 2. Upper Estimates of Kuttner’s Function 3. Lower Estimates of Kuttner’s Function Appendix References

At the time of his contribution to the paper, Konis was an undergraduate student at the University of Washington. His research was funded by the University of Washington through the Office of Undergraduate Education, and by the National Science Foundation under grant DMS-9810726, Integration of Research and Education in the Applied and Computational Mathematical Sciences. Richards’ research was supported in part by National Science Foundation grant DMS-9703705, and by a grant from the Bell Fund to the Institute for Advanced Study.

For λ ∈ (0, 2), let k(λ) denote the smallest positive value of κ so that the truncated power function φ_{λ,κ}(t) = (1−|t|^λ)^κ_+ is positive de�nite. We give lower and upper estimates of Kuttner’s function k(λ) through detailed numerical and symbolic computations, and we show analytically that k

�_{4n+1}

2n+1 � ≤ 2n+1 for n ∈ IN.

1. INTRODUCTION

A complex-valued function φ is said to be positive definite if the matrix ( φ(t_i − t_j ) )_k i,j=1 is nonnegative definite for all finite systems of real numbers t_1, . . . , t_k. Positive definite functions have significant applications in probability theory, statistics, and approximation theory, where they occur as characteristic functions, covariance functions, and radial basis functions, respectively. The celebrated theorem of Bochner [1933] characterizes continuous, positive definite functions as the Fourier transforms of nonnegative finite measures.

Wintner [1942] raised the question for which values of λ > 0 and κ > 0 the truncated power function φ_{λ,κ}(t) = ( 1 − |t|^λ )_κ + = { (1 − |t|^λ)^κ if |t| ≤ 1,

0 if |t| ≥ 1,

is positive definite (see [Gneiting 2000] for an extensive discussion of, and corrections to, Wintner’s results). The question is an appealing special case of a recent problem of Bisgaard and Sasvári [1997]. By Bochner’s theorem and Fourier inversion, φ_{λ,κ} is positive definite if and only if

∫_1 0 (1 − t^λ)^κ cos(ωt) dt ≥ 0 for ω ≥ 0. (1Ű1)

Rephrased this way, the problem superficially looks simple, but it is not. Kuttner [1944] showed that φ_{λ,κ} is not positive definite if λ ≥ 2, regardless of

cfl A K Peters, Ltd.

1058-6458/2001 $0.50 per page Experimental Mathematics 10:1, page 117

the value of κ. For each λ ∈ (0, 2), there exists a positive number k(λ) such that φ_{λ,κ} is positive definite if and only if κ ≥ k(λ). The function k(λ), for λ ∈ (0, 2), is known as Kuttner’s function. It is continuous and strictly increasing, and satisfies

lim_{λ→0} k(λ) > 0,

k(1) = 1, lim_{λ→2} k(λ) = ∞, k(λ) > λ if λ ≠ 1. Almost 60 years after Wintner’s and Kuttner’s contributions, exact values of k(λ), for λ ≠ 1, are still out of reach. Here we provide estimates of Kuttner’s function based on extensive experimentation. In Section 2 we find upper bounds through an application of a criterion of Pólya type. Specifically, we prove that k ( 4n+1 2n+1 ) ≤ 2n+1 for n = 0, 1, . . . ; (1Ű2)

this provides upper bounds for all λ ∈ (0, 2) and settles a problem of Zastavnyi [2000, p. 79]. The estimate implies similar inequalities and Pólya-type criteria for norm-dependent positive definite functions in R^d. In Section 3 we apply a numerical approach to find lower bounds on Kuttner’s function; in particular, we show that

lim_{λ→0} k(λ) > 0.4279. (1Ű3)

Our findings are illustrated in Figure 1. The estimates divide the (λ, κ) plane into three regions; for parameter values on or above the upper estimate, φ_{λ,κ} is positive definite; for parameter values on or beneath the lower estimate, it is not. Between the two bounds, rigorous results are not available, but we expect the lower estimates in Table 2 to be sharp within an accuracy of 10^{−4}.

2. UPPER ESTIMATES OF KUTTNER’S FUNCTION

As mentioned, Zastavnyi [2000, p. 79] called for explicit upper bounds on Kuttner’s function. We address the problem through criteria of Pólya type, an approach suggested by [Gneiting 2000; 2001]. In particular, we prove the crucial estimate (1–2).

0 1 2 3 4 5 6 7 κ

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 λ FIGURE 1. Lower and upper bounds of Kuttner’s function.

Whenever convenient, we identify a symmetric function φ(|t|), t ∈ R , with its restriction φ(t), t ≥ 0. We can then formulate a classical criterion ([Pólya 1949]; see also [Sasvári 1998]):

Criterion 1 (Pťolya). If φ : [0, ∞) → R is a continuous and convex function that satisfies φ(0) = 1 and lim_{t→∞} φ(t) = 0, then φ(|t|), where t ∈ R , is positive definite.

This criterion applies to the truncated power function φ_{λ,κ} if and only if λ ≤ 1 and κ ≥ 1. This does not go beyond the results of [Kuttner 1944]; Kuttner knew that k(λ) is an increasing function with k(1) = 1. To proceed, we rely on an analogue of the criterion of [Gneiting 2001].

Criterion 2 (Gneiting). Let φ : [0, ∞) → R be a continuous function with φ(0) = 1 and lim_{t→∞} φ(t) = 0. Let n be a positive integer, and suppose that φ(t) posesses derivatives of all orders up to 2n for t > 0. Put η_1(t) = ( d du )_n φ(u^{1/2}) | |_{u=t2} , η_2(t) = ( d dt )_{n−1} η^′_1(t^{1/2}).

(2Ű1)

If η_2(t) is convex for t > 0, then φ(|t|), t ∈ R , is positive definite.

De^nition 3. Let n be a positive integer. If a function φ : [0, ∞) → R satisfies the conditions of Criterion 2, we call it a function of type P_n.

According to [Gneiting 2001, Proposition 2.1], φ is of type P_n if and only if it is a scale mixture of a certain basis function φ_n, that is, the representation φ(t) = ∫ (0,∞) φ_n(rt) dF (r) for t ≥ 0 (2Ű2)

holds, where F is a probability measure on (0, ∞). Furthermore, the even continuation φ_n(|t|), t ∈ R , of the basis function is precisely 2n-times differentiable at t = 0. We return to these observations when we subsequently check whether the truncated power function φ_{λ,κ} is of type P_n, for n = 1, 2, . . . A positive answer will evidently provide an upper estimate of Kuttner’s function. Figure 2 summarizes the results of extensive calculations with Maple. For n = 1, 2, 3, and 4, the graph of the function k_n(λ) divides the (λ, κ) plane into two regions; for parameter values above the graph, φ_{λ,κ} is of type P_n; for parameter values below the graph, it is not.

The figure and similar experiments for higher values of n suggest a clear pattern, and Theorem 4 summarizes the results that we have been able to show.

Theorem 4. Let n be a positive integer.

(a) There exists a function k_n(λ), λ ∈ (0, 2), such that φ_{λ,κ} is of type P_n if and only if κ ≥ k_n(λ).

(b) If k_n(λ) ≤ κ and κ is an integer, then k_n(λ^′) ≤ κ for all λ^′ ≤ λ.

(c) k_n(λ) = 2n+1 if λ ≤ λ_{(n)} = (4n+1)/(2n+1).

(d) There exists a number λ^{(n)} satisfying λ_{(n)} ≤ λ^{(n)} and λ^{(n)} ≤ sup { λ ∈ (0, 2) : exp(−t^λ) is of type P_n } < 2. (2Ű3)

Furthermore, k_n(λ) < ∞ if λ < λ^{(n)}, and k_n(λ) = ∞ if λ > λ^{(n)}.

We conjecture, but do not know how to prove, that λ_{(n)} < λ^{(n)}, that k_n(λ) is continuous and strictly increasing for λ ∈ (λ_{(n)}, λ^{(n)}), and that lim λ→λ(n) k_n(λ) = ∞. We believe furthermore that the first relation in (2–3) is an equality, and that λ^{(n)} increases with n.

2 3 4 5 6 7 8 9 10 11 κ

1.65 1.70 1.75 1.80 1.85 1.90 1.95 λ n = 1 n = 2 n = 3 n = 4

FIGURE 2. The graphs of the function k_n(λ) for n = 1, 2, 3, and 4 indicate whether φ_{λ,κ} is of type P_n (above the graph) or not (below it). The vertical tick marks correspond to λ_{(n)} = (4n+1)/(2n+1), and the thick line illustrates the upper estimate (2–7) for Kuttner’s function.

The crucial estimate (1–2) is immediate from part (c). The first inequality in (2–3) allows us to compute upper bounds on λ^{(n)}; for example,

λ^{(1)} < 1.8418, λ^{(3)} < 1.9789, λ^{(2)} < 1.9489, λ^{(4)} < 1.9902.

Proof of Theorem 4. (a) For λ ∈ (0, 2), let k_n(λ) = inf{κ > 0 : φ_{λ,κ} is of type P_n} if the infimum exists; if not, let k_n(λ) = ∞. Then φ_{λ,κ} is not of type P_n if κ < k_n(λ), and it is of type P_n if κ = k_n(λ), by a continuity argument. A corollary of [Williamson 1956, p. 198] shows that φ_{λ,κ}0 is a scale mixture of φ_{λ,κ} whenever κ^′ ≥ κ. In other words, the representation φ_{λ,κ}0 (t) = ∫ (0,∞) φ_{λ,κ}(st) dG(s) for t ≥ 0 (2Ű4)

holds, where G is a probability measure on (0, ∞). We know from the representation (2–2) that a function φ is of type P_n if and only if it is a scale mixture of the basis function φ_n. If we insert (2–4) into (2–2) we see that φ_{λ,κ}0 is of type P_n, because it is a scale mixture of φ_n.

(b) Suppose that k_n(λ) ≤ κ where κ is an integer. By [Gneiting 1999, Proposition 4.5], φ_λ0_{,κ} is a scale mixture of φ_{λ,κ} whenever λ^′ ≤ λ. An argument in analogy to that in part (a) shows that k_n(λ^′) ≤ κ.

(c) For t ∈ (0, 1), expand

φ_{(4n+1)/(2n+1), 2n+1}(t) = ( 1 − t^{(4n+1)/(2n+1)}

)_{2n+1}

= 2n+1∑

j=0 (−1)^j (2n+1 j ) t^{j(4n+1)/(2n+1)}, (2Ű5)

and differentiate termwise to find η_2(t). The chain rule for higher derivatives of composite functions [Gradshteyn and Ryzhik 1994, Eq. 0.430.2] shows that η_2(t) is continuous but not differentiable at t = 1. Nevertheless, η_2(t) will be convex if we can prove that η^{′′}(t) exists and is positive for t ∈ (0, 1). Direct calculation based on (2–1) and (2–5) yields

η^{′′}_2 (t) = 2 2n∑ j=1 ( (−1)^j (2n+1 j )(4n+1 4n+2 j )_{(n)}

× (4n+1 4n+2 j − n − 1 2 )_{(n)} t^{j(4n+1)/(4n+2)−2n−3/2} ) , (2Ű6)

where m^{(k)} = m(m−1) · · · (m−k). Notice that we can write

η^{′′}_2 (t) = t^{−2n−3/2}p(t^{(4n+1)/(4n+2)}),

where p is a polynomial of degree 2n. The first n+1 coefficients of p are nonnegative and its final n coefficients are negative. By Descartes’ rule of signs (see [Albert 1943], for example), p has at most one positive root. Furthermore, we show in the appendix that the expression on the right-hand side of (2–6) has a root at t = 1. Thus, the unique positive root of the polynomial p(t) is at t = 1 and p(t) is positive for t ∈ (0, 1). We conclude that η^{′′}_2 (t) is positive for t ∈ (0, 1), too, and that η_2(t) is convex for t ∈ (0, ∞). In view of part (b), we have shown that k_n(λ) ≤ 2n+1 if λ ≤ (4n+1)/(2n+1).

It remains to prove that k_n(λ) ≥ 2n+1. If κ ≤ 2n, φ_{λ,κ} is not sufficiently smooth at t = 1 and therefore not of type P_n. For κ ∈ (2n, 2n+1), we apply the chain rule for higher derivatives of composite functions to find η^′_2(t). The argument is analogous to the reasoning in the appendix, and we merely note that η^′_2(t) involves derivatives (d^j/dt^j ) ((1 − t)^κ) of order j = 1, . . . , 2n+1. The first 2n derivatives and the associated terms are bounded at t = 1, but the derivative of order 2n+1 and the associated term in the sum for η^′_2(t) have a singularity at t = 1. Thus, η_2(t) is not convex and φ_{λ,κ} is not of type P_n.

(d) Let λ^{(n)} = sup{λ ∈ (0, 2) : k_n(λ) < ∞}; then λ_{(n)} ≤ λ^{(n)}, k_n(λ) = ∞ if λ > λ^{(n)}, and k_n(λ) < ∞ if λ < λ^{(n)}, by part (b). To prove the first inequality in (2–3), recall from the results of Williamson [1956] that exp(−t^λ) is a scale mixture of (1 − t^λ)^κ_+ for all κ > 0. Similarly to the argument in part (a), we see that exp(−t^λ) is of type P_n whenever k_n(λ) is finite. To prove the third inequality, assume that exp(−t^{λj} ) is of type P_n for a sequence λ_j , j = 1, 2, . . . , which tends to 2 as j → ∞. A continuity argument implies that exp(−t^2) is of type P_n, too. This contradicts the representation (2–2) for functions of type P_n, because exp(−t^2) is analytic and does not admit a scale mixture representation in terms of a basis function φ_n(|t|) whose derivative of order 2n+1 does not exist. �

We now apply Criterion 3 and Theorem 4 to find upper bounds on Kuttner’s function k(λ), λ ∈ (0, 2). If λ ≤ 1, k(λ) ≤ 1 by Pólya’s criterion; if λ ≤^3_2 , k(λ) ≤ 2 by [Gneiting 2001, Proposition 3.1]; and if λ ≤^5_3 , k(λ) ≤ 3 by the estimate (1–2). Part (c) of Theorem 4 shows that these estimates are best possible with the present tools. For λ >^5_3 , let l_λ be the smallest positive integer n such that λ ≤ λ^{(n)}; and let u_λ ≥ l_λ be the smallest positive integer n such that λ ≤ λ_{(n)}. The upper estimates of Kuttner’s function k(λ), for λ = 1.71, 1.72, . . . , 1.99, in Table 1 have been found as k(λ) ≤ min_{lλ≤n≤uλ} k_n(λ) (2Ű7) and complement the results in [Gneiting 2000; 2001]. Theorem 4 shows that they are best possible with the given tools.

Finally, we note that the estimates in Table 1 and Eq. (1–2) lead to similar inequalities and criteria of Pólya type for norm-dependent positive definite

λ u.b. λ u.b. λ u.b. λ u.b.

1 1 1.76 3.3534 1.84 5.0763 1.92 7.4897 3/2 2 1.77 3.4930 1.85 5.1317 1.93 7.8008 5/3 3 1.78 3.6884 1.86 5.2123 1.94 8.3116 1.71 3.0481 1.79 3.9718 1.87 5.3277 1.95 9.2243 1.72 3.0784 1.80 4.4063 1.88 5.4936 1.96 10.5621 1.73 3.1199 1.81 5.0038 1.89 5.7357 1.97 12.0171 1.74 3.1760 1.82 5.0161 1.90 6.1004 1.98 14.5770 1.75 3.2514 1.83 5.0392 1.91 6.6814 1.99 19.7466

TABLE 1. Upper bounds for Kuttner’s function.

functions in R^d. Let ‖x‖_α = (|x_1|^α + · · · + |x_d|^α)^{1/α} denote the l_α (quasi)norm of x ∈ R^d, and let n = 0, 1, 2, . . . Then we may combine results of Zastavnyi [2000] with the estimate (1–2) to show that the norm-dependent function φ(x) = ( 1 − ‖x‖^λ_α )_κ + for x ∈ R^d

is positive definite whenever 0 < λ ≤ α ≤ 4n+1 2n+1 and κ ≥ 2d (n+1) − 1.

This settles a problem of Richards [1986], gives explicit upper bounds on the Richards–Askey function [Gneiting 1998, Section 3], and provides criteria of Pólya type for ‖ · ‖_α-dependent function. We refer to [Gneiting 2001, Section 4] and leave details to the reader.

3. LOWER ESTIMATES OF KUTTNER’S FUNCTION

Our approach in this section is based on the following criterion of Kuttner [1944]. We note the connection to nonnegative trigonometric sums [Askey 1975, Lecture 9], to the Fourier integral (1–1), and to nonnegative integrals of Bessel functions [Misiewicz and Richards 1994].

Criterion 5 (Kuttner). The truncated power function φ_{λ,κ} is positive definite if and only if ψ_{λ,κ; n}(ω) = 1 2 + n∑ j=1 ( 1 − ( j n )_λ)κ cos(ωj) ≥ 0

for ω ∈ [0, π], n = 1, 2, . . .

The criterion suggests numerical tests for positive definiteness. If, for a given λ ∈ (0, 2), we can find values of κ, n, and ω such that ψ_{λ,κ; n}(ω) < 0, then we have shown that k(λ) > κ. We developed and implemented the following algorithm, which uses a number λ ∈ (0, 2), λ ≠ 1, and a positive integer n as input.

1. Put κ = λ and δ = max ( λ,^1_4 ) . 2. Minimize ψ_{λ,κ+δ; n}(ω) over ω ∈ [0, π]. This is done in a golden section search, and facilitated by the empirical observation that the first local minimum of the trigonometric sum is also the global minimum. If the minimum is negative, then κ+δ is a lower bound for k(λ); put κ = κ+δ. Otherwise, put δ = δ/2.

3. Repeat until δ < 10^{−10}.

For given λ and n, the algorithm returns the lower bound κ and the location of the minimum of the associated trigonometric sum. We repeat this for increasing values of n, and use the asymptotic relationship 1 n ψ_{λ,κ; n} (ω n ) −→ ∫_1 0 (1 − t^λ)^κ cos(ωt) dt

for ω ≥ 0, n → ∞, to locate the minimum efficiently as n increases. Table 2 and the lower graph in Figure 1 summarize our results. We used values of n between 10^4 and 10^7, with smaller values of λ calling for larger values of n. Extensive experimentation suggests that the lower estimates for λ = 0.01, 0.02, . . . , 1.99 cannot be improved within the numerical precision of Table 2. In other words, we conjecture that the difference between the true value of k(λ) and our lower estimate is less than 10^{−4}.

λ l.b. λ l.b. λ l.b. λ l.b.

0.01 0.4312 0.40 0.5853 1.00 1.0000 1.60 2.1313 0.02 0.4344 0.45 0.6098 1.05 1.0519 1.65 2.3324 0.03 0.4377 0.50 0.6357 1.10 1.1081 1.70 2.5759 0.04 0.4410 0.55 0.6630 1.15 1.1691 1.75 2.8794 0.05 0.4444 0.60 0.6918 1.20 1.1235 1.80 3.2733 · · · · · · 0.65 0.7224 1.25 1.3086 1.85 3.8162 0.10 0.4617 0.70 0.7548 1.30 1.3889 1.90 4.6443 0.15 0.4798 0.75 0.7893 1.35 1.4779 1.95 6.2097 0.20 0.4989 0.80 0.8260 1.40 1.5772 · · · · · · 0.25 0.5189 0.85 0.8651 1.45 1.6889 1.97 7.4633 0.30 0.5399 0.90 0.9069 1.50 1.8158 1.98 8.5063 0.35 0.5620 0.95 0.9518 1.55 1.9615 1.99 10.3650

TABLE 2. Lower bounds for Kuttner’s function. (The dots indicate a transition in the λ increment.)

More accurate estimates for small values of λ suggest that lim_{λ→0} k(λ) = 0.4279 . . . Kuttner [1944, p. 84] shows that

∫_1 0 (− log t)^κ cos(ωt) dt ≥ 0 for ω ≥ 0

if κ ≥ lim_{λ→0} k(λ). The integral becomes numerically tractable if we change coordinates to u = − log t and approximate the tail integral by the incomplete gamma function. The inequality is violated if κ = 0.4279 and ω = 5.40324, which proves the estimate (1–3), lim_{λ→0} k(λ) > 0.4279.

APPENDIX

In this appendix we provide a technical detail in the proof of Theorem 4(c). We denote the right-hand side of (2–6) by η^{′′}_2 (t), which we consider as a function of t ∈ (0, ∞). Our goal is to show that this function has a root at t = 1. Toward this end, we recall the construction of η^{′′}_2 (t) through Eq. (2–1), where φ(t) is given by (2–5), so that

φ(u^{1/2}) = ( 1 − u^{(4n+1)/(4n+2)}

)_{2n+1} . The chain rule for higher derivatives of composite functions [Gradshteyn and Ryzhik 1994, Eq. 0.430.2] shows that ( d du )_n φ(u^{1/2}) = ∑ (−1)^{j1+···+jn} n! j_1! · · · j_n! (2n+1)^{(j1+···+jn−1)} ( 1 − u^{(4n+1)/(4n+2)} )_{2n+1−(j1+···+jn)}

× ( 4n+1 4n+2 u 4n+1 4n+2 −1 )j_1 ( 1 2! (4n+1 4n+2

)_{(1)} u 4n+1 2n+1 −2 )_{j2} · · · ( 1 n! (4n+1 4n+2 )_{(n−1)} u 4n+1 2n+1 −n )_{jn}

= ∑ c_{j1,...,jn} u^{(j1+···+jn)(4n+1)/(4n+2)−(j1+2j2+···+njn)} ( 1 − u^{(4n+1)/(4n+2)} )_{2n+1−(j1+···+jn)} , where m^{(k)} = m(m−1) · · · (m−k), and where the sum extends over all n-tuples (j_1, j_2, . . . , j_n) of nonnegative integers for which j_1 + 2j_2 + · · · + nj_n = n. Thus, we can write

η_1(t) = ( d du )_n φ(u^{1/2}) | |_{u=t2} = n∑ k=1 c_k t^{k(4n+1)/(2n+1)−2n} ( 1 − t^{(4n+1)/(2n+1)} )_{2n+1−k} , where c_k = ∑ j1+···+jn=k cj1,...,jn for k = 1, . . . , n; in particular, c_n = (−1)^n

(2n+1)! (n+1)! (4n+1 4n+2 )_n , c_{n−1} = (−1)^n n(n − 1)(2n)!

4(n+2)! (4n+1 4n+2 )_{n−1} . (AŰ1)

It is then immediate that

η^′_1(t) = n∑ k=1 c_k ( 4n+1 2n+1 k − 2n ) t^{k(4n+1)/(2n+1)−2n−1} ( 1 − t^{(4n+1)/(2n+1)} )_{2n+1−k} − n∑ k=1 c_k (2n+1 − k)

4n+1 2n+1 t^{(k+1)(4n+1)/(2n+1)−2n−1} ( 1 − t^{(4n+1)/(2n+1)} )_{2n−k}

and η^′_1(t^{1/2}) = n∑ k=1 c_k f_k(t) ( 1 − t^{(4n+1)/(4n+2)} )_{2n+1−k} − n∑ k=1 c_k g_k(t) ( 1 − t^{(4n+1)/(4n+2)} )_{2n−k} , (AŰ2)

where

f_k(t) = ( 4n+1 2n+1 k − 2n ) t^{k(4n+1)/(4n+2)−n−1/2}, g_k(t) = (2n+1 − k)

4n+1 2n+1 t^{(k+1)(4n+1)/(4n+2)−n−1/2}, (AŰ3)

for k = 1, . . . , n. Finally, we recall that

η^{′′}_2 (t) = ( d dt )_{n+1}( η^′_1(t^{1/2}) ) . To show that η^{′′}_2 (1) = 0, we apply Leibniz’s rule to each term in the representation (A–2) for η^′_1(t^{1/2}). There are 2n terms in the representation, and taking the derivative of order n+1 splits each into n+1 terms.

Notice that all but four of the resulting 2n(n+1) terms in the sum for η^{′′}_2 (t) vanish at t = 1. We combine the exceptional terms in a remainder

ρ(t) = c_n f_n(t) ( d dt )_{n+1}( 1 − t^{(4n+1)/(4n+2)} )_{n+1} − c_{n−1} g_{n−1}(t) ( d dt )_{n+1}( 1 − t^{(4n+1)/(4n+2)} )_{n+1}

− c_n g_n(t) ( d dt )_{n+1}( 1 − t^{(4n+1)/(4n+2)} )_n − c_n (n+1) d dt ( g_n(t) )( d dt )_n( 1 − t^{(4n+1)/(4n+2)} )_n (AŰ4)

and proceed to show that ρ(t) vanishes at t = 1, too. Expanding the higher order derivatives by the chain rule yields ( d dt )_{n+1}( 1 − t^{(4n+1)/(4n+2)} )_n| |_{t=1} = (−1)^{n+1} n(n+1)! 4(2n+1) (4n+1 4n+2 )_n , ( d dt )_{n+j} ( 1 − t^{(4n+1)/(4n+2)} )_{n+j} | |_{t=1} = (−1)^{n+j} (n + j)! (4n+1 4n+2 )_{n+j} for j = 0, 1.

(AŰ5)

If we insert (A–1), (A–3), and (A–5) in (A–4), we find that ρ(1) = 0. We have shown that η^{′′}_2 (t) has a root at t = 1.

REFERENCES

[Albert 1943] A. A. Albert, “An inductive proof of Descartes’ rule of signs”, Amer. Math. Monthly 50 (1943), 178–180.

[Askey 1975] R. Askey, Orthogonal polynomials and special functions, SIAM, Philadelphia, 1975.

[Bisgaard and Sasvári 1997] “On the positive definiteness of certain functions”, Math. Nachrichten 186 (1997), 81–99.

[Bochner 1933] S. Bochner, “Monotone Funktionen, Stieltjessche Integrale und harmonische Analyse”, Math. Annalen 108 (1933), 378–410.

[Gneiting 1998] T. Gneiting, “On α-symmetric multivariate characteristic functions”, J. Multivariate Analysis 64 (1998), 131–147.

[Gneiting 1999] T. Gneiting, “Radial positive definite functions generated by Euclid’s hat”, J. Multivariate Analysis 69 (1999), 88–119.

[Gneiting 2000] T. Gneiting, “Kuttner’s problem and a Pólya type criterion for characteristic functions”, Proc. Amer. Math. Soc. 128 (2000), 1721–1728.

[Gneiting 2001] T. Gneiting, “Criteria of Pólya type for radial positive definite functions”, Proc. Amer. Math. Soc. posted on January 17, 2001, PII S 0002- 9939(01)05839-7 (to appear in print).

[Gradshteyn and Ryzhik 1994] I. S. Gradshteyn and I. M. Ryzhik, 5th ed., Table of integrals, series, and products, Academic Press, Boston, 1994.

[Kuttner 1944] B. Kuttner, “On the Riesz means of a Fourier series II”, J. London Math. Soc. 19 (1944), 77–84.

[Misiewicz and Richards 1994] J. K. Misiewicz and D. St. P. Richards, “Positivity of integrals of Bessel functions”, SIAM Journal on Mathematical Analysis 25 (1994), 596–601.

[Pólya 1949] G. Pólya, “Remarks on characteristic functions”, pp. 115–123 in Proceedings of the Berkeley Symposium on Mathematical Statistics and Probability, edited by J. Neyman, University of California Press, Berkeley, 1949.

[Richards 1986] D. St. P. Richards, “Positive definite symmetric functions on finite dimensional spaces, I: Applications of the Radon transform”, J. Multivariate Analysis 19 (1986), 280–298.

[Sasvári 1998] Z. Sasvári, “On a classical theorem in the theory of Fourier integrals”, Proc. Amer. Math. Soc. 126 (1998), 711–713.

[Williamson 1956] R. E. Williamson, “Multiply monotone functions and their Laplace transforms”, Duke Math. J. 23 (1956), 189–207.

[Wintner 1942] A. Wintner, On a family of Fourier transforms, Bull. Amer. Math. Soc. 48 (1942), 304– 308.

[Zastavnyi 2000] V. P. Zastavnyi, On positive definiteness of some functions, J. Multivariate Analysis 73 (2000), 55–81.

Tilmann Gneiting, Department of Statistics, University of Washington, Box 354322, Seattle, WA 98195-4322, United States (tilmann@stat.washington.edu)

Kjell Konis, Insightful Corporation, Data Analysis Products Division, 1700 Westlake Ave. N. #500, Seattle, WA 98109-9891, United States (kkonis@insightful.com)

Donald Richards, Department of Statistics, University of Virginia, Halsey Hall, Charlottesville, VA 22903, United States (drichards@virginia.edu) and School of Mathematics, Institute for Advanced Study, Einstein Drive, Princeton, NJ 08540, United States

Received June 23, 2000; accepted in revised form November 5, 2000