ELECTRONIC RESEARCH ANNOUNCEMENTS OF THE AMERICAN MATHEMATICAL SOCIETY Volume 6, Pages 45–49 (July 17, 2000) S 1079-6762(00)00079-2

PROOF OF THE DOUBLE BUBBLE CONJECTURE

MICHAEL HUTCHINGS, FRANK MORGAN, MANUEL RITORÉ, AND ANTONIO ROS

(Communicated by Richard Schoen)

Abstract. We prove that the standard double bubble provides the least-area way to enclose and separate two regions of prescribed volume in R^3.

1. History

Archimedes and Zenodorus (see [K, p. 273]) claimed and Schwarz [S] proved that the round sphere is the least-perimeter way to enclose a given volume in R^3. The Double Bubble Conjecture, long assumed true ([P, pp. 300–301], [B, p. 120]) but only recently stated as a conjecture [F1, Section 3], says that the familiar double soap bubble in Figure 1, consisting of two spherical caps separated by a spherical cap (or flat disc), meeting at 120-degree angles, provides the least-perimeter way to enclose and separate two given volumes. The analogous result in R^2 was proved by the 1990 Williams College “SMALL” undergraduate research Geometry Group [F2]. In 1995, Hass, Hutchings, and Schlafly [HHS] announced a computer-assisted proof for the case of equal volumes in R^3. (See [M1], [HS1], [HS2], [Hu], [M2, Chapter 13].) Here we announce a proof [HMRR] of the general Double Bubble Conjecture, using stability arguments.

Theorem 1.1. In R^3, the unique perimeter-minimizing double bubble enclosing and separating regions R_1 and R_2 of prescribed volumes v_1 and v_2 is a standard double bubble as in Figure 1, consisting of three spherical caps meeting along a common circle at 120-degree angles. (For equal volumes, the middle cap is a flat disc.)

Reichardt et al. [RHLS] have generalized our results to R^4 and certain higher dimensional cases (when at least one region is known to be connected). The 2000 edition of [M2] treats bubble clusters through these current results.

2. Previous results

(See [M2, Chapters 13 and 14].) F. Almgren [A, Thm. VI.2] proved the existence and almost everywhere regularity of perimeter-minimizing bubble clusters enclosing k prescribed volumes in R^n, using geometric measure theory. Taylor [T] proved that minimizers in R^3 consist of smooth constant-mean-curvature surfaces meeting in threes at 120-degree angles along curves, which in turn meet in fours at isolated points. An idea suggested by White, written up by Foisy [F1, Thm. 3.4] and

Received by the editors March 3, 2000.

2000 Mathematics Subject Classification. Primary 53A10; Secondary 53C42. Key words and phrases. Double bubble, soap bubbles, isoperimetric problems, stability.

© 2000 Michael Hutchings, Frank Morgan, Manuel Ritoré, and Antonio Ros 45

46 MICHAEL HUTCHINGS, FRANK MORGAN, MANUEL RITORÉ, AND ANTONIO ROS

Figure 1. The standard double bubble provides the least-perime-ter way to enclose and separate two prescribed volumes. [Computer graphics copyright John M. Sullivan, University of Illinois, http://www.math.uiuc.edu/∼jms/Images.]

Hutchings [Hu, Thm. 2.6], shows that any perimeter-minimizing double bubble in R^n has rotational symmetry about some line. A major complication is that the regions are not a priori known to be connected. (If one tries to require the regions to be connected, they might in principle disconnect in the minimizing limit as thin connecting tubes shrink away.) Hutchings [Hu] developed new concavity and decomposition arguments to rule out “empty chambers” (bounded components of the exterior) and to bound the number of connected components of the two regions of a minimizer. In particular, a nonstandard minimizer in R^n consists of a central bubble with nested toroidal bands. For equal volumes in R^2, there is only one band and at most a two-parameter family of possibilities. Hass and Schlafly [HS2] carried out a rigorous computer search of this family to eliminate these possibilities and prove the Double Bubble Conjecture for equal volumes. Earlier computer experiments of Hutchings and Sullivan had suggested that no such double bubbles were stable.

3. The proof

As indicated above, a perimeter-minimizing double bubble is known to exist, to have rotational symmetry, and to consist of constant-mean-curvature surfaces of revolution (“surfaces of Delaunay”), meeting in threes at 120-degree angles along circles of revolution. In R^3 the convexity and decomposition arguments of Hutchings [Hu, Thm. 4.2] imply easily that the larger region is connected and with careful computation that the smaller region has at most two components, as in Figure 2. Actually we give a less computational, stability argument to show that the smaller region has at most two components.

To rule out nonstandard minimizers, we use the following stability argument. Suppose that there is a nonstandard minimizer, and consider rotations about an axis A orthogonal to the axis of symmetry as in Figure 3. This axis can be chosen so that the places where the rotation vector field v is tangent to the double bubble separate the bubble into (at least) four pieces. Some linear combinations of the

PROOF OF THE DOUBLE BUBBLE CONJECTURE 47

Figure 2. In this nonstandard double bubble, the smaller region has two components—a central bubble and a thin toroidal bubble around the outside—while the larger region is another toroidal bubble in between. Note that although this example consists of constant mean curvature surfaces meeting at 120- degree angles, it is not in equilibrium, because the two components of the disconnected region have unequal pressures. [Computer graphics copyright John M. Sullivan, University of Illinois, http://www.math.uiuc.edu/ ∼jms/Images.]

restrictions of v to the four pieces vanish on one piece and respect the two volume constraints. By regularity for eigenfunctions, v must vanish on certain associated parts of the bubble, which therefore must be spherical or flat. When three surfaces meet and two are spherical or flat, so is the third. Lots of spherical or flat surfaces lead easily to a contradiction.

This argument is inspired by Courant’s Nodal Domain Theorem [CH, p. 452], which says for example that the first eigenfunction is nonvanishing. Other applications of this principle to isoperimetric problems and to the study of volumepreserving stability have been given by Ritoré and Ros [RR], by Ros and Vergasta [RV], by Ros and Souam [RS], and by Pedrosa and Ritoré [PR]. Perhaps the simplest such phenomenon without constraints is that a circle of longitude on the unit sphere is unstable because the rotation vector field vanishes at the poles (conjugate points): rotating just half of it can be smoothed to reduce length.

Finding the required axis A requires consideration of a number of cases, as shown in Figure 3.

4. Acknowledgments

Much of this work was carried out while Morgan was visiting the University of Granada in the spring of 1999. Morgan has partial support from a National Science Foundation grant. Ritoré and Ros have partial support from DGICYT research group no. PB97-0785.

48 MICHAEL HUTCHINGS, FRANK MORGAN, MANUEL RITORÉ, AND ANTONIO ROS

Figure 3. Case by case, one finds an “axis of instability” A perpendicular to the x-axis of symmetry. The places “ | ” where the rotational vector field is tangent to the surface divide the bubble into four pieces. [Drawing by James F. Bredt, copyright 2000 Frank Morgan.]

References

[A] F. J. Almgren, Jr., Existence and regularity almost everywhere of solutions to elliptic variational problems with constraints, Memoirs AMS 4 (1976), no. 165. MR 54:8420 [B] C. V. Boys, Soap-Bubbles, Dover, New York, 1959.

[CH] R. Courant and D. Hilbert, Methods of mathematical physics, vol. 1, Interscience Publishers, New York, 1953. MR 16:426a [F1] Joel Foisy, Soap bubble clusters in R^2 and R^3, undergraduate thesis, Williams College, 1991.

[F2] Joel Foisy, Manuel Alfaro, Jeffrey Brock, Nickelous Hodges, and Jason Zimba, The standard double soap bubble in R^2 uniquely minimizes perimeter, Pacific J. Math. 159 (1993), 47–59. MR 94b:53019 [HHS] Joel Hass, Michael Hutchings, and Roger Schlafly, The double bubble conjecture, Elec.

Res. Ann. AMS 1 (1995), 98–102. MR 97b:53014 [HS1] Joel Hass and Roger Schlafly, Bubbles and double bubbles, American Scientist, Sept–Oct 1996, 462–467.

[HS2] Joel Hass and Roger Schlafly, Double bubbles minimize, Annals of Mathematics 151 (2000), 459–515.

[Hu] Michael Hutchings, The structure of area-minimizing double bubbles, J. Geom. Anal. 7 (1997), 285–304. MR 99j:53010 [HMRR] Michael Hutchings, Frank Morgan, Manuel Ritoré, and Antonio Ros, Proof of the double bubble conjecture, preprint (2000), available at http://www.ugr.es/∼ritore/bubble/ bubble.htm.

PROOF OF THE DOUBLE BUBBLE CONJECTURE 49

[K] Wilbur Richard Knorr, The ancient tradition of geometric problems, Birkhäuser, Boston, 1986. MR 88e:01010 [M1] Frank Morgan, The double bubble conjecture, FOCUS, Math. Assn. Amer., December, 1995.

[M2] Frank Morgan, Geometric measure theory: a beginner’s guide, third edition, Academic Press, 2000. MR 96c:49001 [PR] Renato H. L. Pedrosa and Manuel Ritoré, Isoperimetric domains in the Riemannian product of a circle with a simply connected space form and applications to free boundary problems, Indiana Univ. Math. J., 48 (1999), 1357–1394.

[P] J. Plateau, Statique Expérimentale et Théorique des Liquides Soumis aux Seules Forces Moléculaires, Paris, Gauthier-Villars, 1873.

[RHLS] Ben W. Reichardt, Cory Heilmann, Yuan Y. Lai, and Anita Spielman, Proof of the double bubble conjecture in R^4 and certain higher dimensions, preprint (2000).

[RR] Manuel Ritoré and Antonio Ros, Stable constant mean curvature tori and the isoperimetric problem in three space forms, Comment. Math. Helv. 67 (1992), 293–305. MR 93a:53055 [RS] Antonio Ros and Rabah Souam,On stability of capillary surfaces, Pacific J. Math 178 (1997), 345–361. MR 98c:58029 [RV] Antonio Ros and Enaldo Vergasta, Stability for hypersurfaces of constant mean curvature with free boundary, Geom. Dedicata 56 (1995), 19–33. MR 96h:53013 [S] H. A. Schwarz, Beweis des Satzes, dass die Kugel kleinere Oberfläche besitz, als jeder andere Körper gleichen Volumens, Nachrichten von der Gesellschaft der Wissenschaften zu Göttingen (1884), 1–13.

[T] Jean E. Taylor, The structure of singularities in soap-bubble-like and soap-film-like minimal surfaces, Ann. Math. 103 (1976), 489–539. MR 55:1208a

Department of Mathematics, Stanford University, Stanford, CA 94305 E-mail address: hutching@math.stanford.edu

Department of Mathematics, Williams College, Williamstown, MA 01267 E-mail address: Frank.Morgan@williams.edu

Departamento de Geometría y Topología, Universidad de Granada, E-18071 Granada, España

E-mail address: ritore@ugr.es

Departamento de Geometría y Topología, Universidad de Granada, E-18071 Granada, España

E-mail address: aros@ugr.es