General Mathematics Vol. 10, No. 1–2 (2002), 85–89

On the rate of convergence of certain approximation operators

Emil C. Popa

Dedicated to Professor D. D. Stancu on his 75th birthday.

Abstract

In this paper we study some properties for a sequence (P_n)_{n≥1} of linear and positive operators, defined by (2).

2000 Mathematical Subject Classification: 41A36

1 Introduction

In [2] A. Lupaş proposed to study the following sequence of linear and positive operators

(L_nf)(x) = 2^{−nx} ∞∑ k=0 (nx)^{[k,−1]} k!2^k f ( k n ) (1)

85 x ≥ 0, f : [0, ∞) → R, where (α)^{[k,−1]} = α(α + 1), ..., (α + k − 1), k ≥ 1, α^{[0,−1]} = 1.

This L_n-operator has a form very similar with Szász - Mirakyan operators. O. Agratini investigate these operators in [1].

In the present paper we investigate the sequence of linear positive operators defined by

(P_nf)(x) = ( 1 β + 1 )nx β^∞∑ k=0 (nx)^{[k,−β]} k!(β + 1)^n f ( k n ) , (2) β > 0, x ≥ 0, f : [0, ∞) → R.

Remark 1.1. For β = 1 we obtain the Lupaş operators (1). We observe that the Mirakyan operators

(M_nf)(x) = e^{−nx} ∞∑ k=0 (nx)^n k! f ( k n ) (3) may be obtained as a limiting case of our operators (2).

For β → 0 we have P_n → M_n.

2 Main result

Lema 2.1. The operators P_n defined by (2) verify

(P_ne_0)(x) = 1, (P_ne_1)(x) = x, (P_ne_2)(x) = x^2 + β + 1 n x (4) Proof. Taking into account of (2) the relations (4) are valid.

Lema 2.2. Let P_n be defined by (2). Then for f ∈ C[0, ∞) one has lim_{n→∞} P_nf = f uniformly in any compact K ⊂ [0, ∞).

Proof. Our assertion follows directly from the Lemma 1 and the wellknown theorem of Bohman - Korovkin.

Now we estimate the rate of convergence for smooth function.

Theorem 2.1. Let P_n be defined by 2. Then for f ∈ C^1[0, ∞) are found

|(P_nf)(x) − f(x)| ≤ √ x(β + 1)[1 + √ x(β + 1)]n^− 1 2 w ( f; 1 √ n ) (5) where w(f, δ) = sup_{0<h≤δ} sup_{x≥0} [f(x + h) − f(x)] is the usual first modulus of continuity.

Proof. We consider f ( k n ) − f(x) = ( k n − x ) f^′(x) + ( k n − x ) (f^′(ξ) − f^′(x))

where ξ(x, n, k) = ξ is an interior point of the interval determined by x and k n. We give

(P_nf)(x) − f(x) = f^′(x) ∞∑ k=0 p^β_{n,k}(x) ( k n − x ) +

+ ∞∑ k=0 p^β_{n,k}(x) ( k n − x ) (f^′(ξ) − f^′(x))

where

p^β_{n,k}(x) = ( 1 β + 1 )nx β (nx)^{[k,−β]} k!(β + 1)^k . We observe that

f^′(x) ∞∑ k=0 p^β_{n,k}(x) ( k n − x ) = 0 and we have

|(P_nf)(x) − f(x)| ≤ ∞∑ k=0 p^β_{n,k}(x)| k n − x||f^′(ξ) − f^′(x)|

It is known that

|f^′(ξ) − f^′(x)| ≤ w(f^′; |ξ − x|) ≤ ( 1 + δ^{−1} | | k n − x | | ) w(f^′; δ).

Hence

|(P_nf)(x) − f(x)| ≤

≤ (_∞ ∑ k=0 p^β_{n,k}(x) ( k n − x )_2)12 + δ^{−1} ∞∑ k=0 p^β_{n,k}(x) ( k n − x )_2

w(f^′; δ),

|(P_nf)(x) − f(x)| ≤ [√ x(β + 1) n + δ^{−1} x(β + 1) n ] w(f^′; δ).

By choosing δ = 1√ n we obtain (5).

For β = 1 we have

|(L_nf)(x) − f(x)| ≤ √ 2x(1 + √ 2x)n^− 1 2 w ( f; 1 √ n )

(Lupaş operators) and for β → 0 we obtain for Mirakyan operators

|(M_nf)(x) − f(x)| ≤ √ x(1 + √ x)n^− 1 2 w ( f; 1 √ n ) . References

[1] Agratini O., On a sequence of linear and positive operators, Facta Universitatis (Nis̆), Series: Mathematics and Informatics, 13 (1998).

[2] Lupaş A., The approximation by some positive linear operators, in:

Proceedings of the International Dortmund Meeting on Approximation Theory (IDOMAT 95) edited by M.W. Müller, M. Felten, D.H. Mache, Mathematical Research Vol. 86, 201 - 229, Akademik Verlag, Berlin, 1995.

[3] Stancu D.D, Approximation of the function by a new class of linear polynomial operators, Rev. Rom. Math. Pures et Appl., Tome XII, No. 8, 1173 - 1968.

Department of Mathematics “Lucian Blaga” University of Sibiu str. Dr. I. Raţiu, nr. 5 - 7 550012 - Sibiu, România E-mail: emil.popa@ulbsibiu.ro