Coherent States and Geometry

Ştefan Berceanu

Abstract

The coherent states are viewed as a powerful tool in differential geometry. It is shown that some objects in differential geometry can be expressed using quantities which appear in the construction of the coherent states. The following subjects are discussed via the coherent states: the geodesics, the conjugate locus and the cut locus; the divisors; the Calabi’s diastasis and its domain of definition; the Euler-Poincaré characteristic of the manifold, the number of Borel-Morse cells, Kodaira embeding theorem....

1 Introduction

The coherent states were invented by Erwin Schrödinger in the physical context of the quantum harmonic oscillator [1]. Lately, they were used in Quantum Optics by Roy Glauber, E. C. G. Sudarshan and John Klauder [2]. Robert Gilmore [3] and Askold Perelomov [4] have introduced a group theoretical setting which contains Glauber’s coherent states as the particular case of the Heisenberg-Weyl group. Perelomov’s definition of coherent states was globalized by John Rawnsley [5]. Perelomov’s coherent state vectors e_Z are points in a Hilbert space H parametrized by the points Z of the so called coherent state manifold ~M, while Rawnsley’s coherent state vectors e_q are indexed by the points q of the so called quantum line bundle M over ~M. In the case of homogeneous Hodge manifolds ~M, the quantum line bundle is the pull-back of the hyperplane bundle [1_N ] on the projective space C P^N in which ~M is embedded [6]. However, the transition probability, i.e. the square of the scalar product of the coherent vectors in H, depends in both cases on the points of the manifold ~M.

Actually, a huge literatature in Physics and Mathematical Physics is devoted to the coherent states. Here I shall stress the mathematical impact of the coherent states. I shall show that using the coherent states some results in differential geometry can be easily recoverd.

More precisely, in this paper I show how the coherent states permit to find: 1) the geodesics; 2) the conjugate locus; 3) the cut locus; 4) the divisors; 5) the Calabi’s diastasis and its domain of definition; 6) the Euler-Poincaré characteristic of the manifold, the number of Borel-Morse cells, Kodaira embeding theorem.... These results are true for very particular manifolds, to be stated precisely in every case. For the moment, I was not able to produce new mathematical information via the coherent state aproach. However, I find very important that the mathematical objects in the list above can be expressed using some quantities which have a physical relevance. Even more, some new remarks have emerged. For the example, the remark Polar divisor = Cut locus, proved on naturally reductive spaces, gives a very simple characterization of the cut 13 locus in terms of coherent states. Of course, it will be interesting to see how far these properties can be extended.

The original part of this paper is extracted from the references [7] – [18]. The program of investigation of coherent states developed here was firstly announced in [9]. A short version of this work is contained in [12]. Reference [13] contains an illustration of the methods claimed in this paper on the complex Grassmann manifold G_n(C^{m+n} ). I remeber that in [13] I have pointed out some open problems referring to the conjugate locus on G_n(C^{m+n} ). Here I present only sketches of the proofs, because some of them have been already published, while the rest are still in preparation ([17, 18]).

2 Preliminaries: the coherent states

Firstly some notation is introduced at 1.). Then the coherent states are defined at 2.).

1.) Let χ be a continuous representation of the group K on the Hilbert space K and let us consider the principal bundle K^i→ G^λ→ ~M, (2.1)

where ~M is diffeomorphic with G/K, i is the inclusion and λ is the natural projection λ(g) = gK. Let M_χ:=~M ×_χ K, or simply M:=~M ×_K K, be the G-homogeneous vector bundle [19] associated by the character χ to the principal K-bundle (2.1). Let U ⊂ ~M be open. We introduce the notation (G)^U = {g ∈ G|π(g)ψ_0 ∈ U}, (2.2)

where π is a representation of G whose restriction to K is χ and ψ_0 ∈ K corresponds to the base point o ∈ ~M. Then the continuous sections of M_χ over U are precisely the continuous maps σ : U → G ×_χ K of the form

σ(π(g)ψ_0) = [g, e_σ(g)], e_σ : (G)^U → K,

(2.3)

where e_σ satisfies the “functional equation”: e_σ(gp) = χ(p)^{−1}e_σ(g), g ∈ (G)^U , p ∈ K. (2.4)

For homogeneous holomorphic line bundles [20] (K = C ) the functions in eq. (2.4) are holomorphic.

2.) Let ξ : H^⋆ = H \ {0} → P(H), ξ(z) = [z] be the mapping which associates to the point z in the punctured Hilbert space the linear subspace [z] generated by z, where [λz] = [z], λ ∈ C^∗. The hermitian scalar product (·, ·) on H is linear in the second argument.

Let us consider the principal bundle (2.1) and let us suppose the existence of a map e : G → H^∗ as in eq. (2.3) with the property (2.4) but globally defined, i.e. on the

neighbourhood (2.2) (G) ~M . Then e(G) is called family of coherent vectors [5]. If there is a morphism of principal bundles [21], i.e. the following diagram is commutative,

G^e−→ H^⋆ λ ↓ ↓ ξ (2.5) ~M^ι−→ P(H)

then ι(~M) is called family of coherent states corresponding to the family of coherent vectors e(G) [5].

We restrict ourselves to the case where the mapping ι is an embedding in some projective Hilbert space ι : ~M → P(H). (2.6)

Also we consider only homogeneous manifolds ~M [4]. In this paper we shall restrict ourselves to kählerian embeddings (cf. Ch. 8 in [22]) ι, i.e. ω~ M = ι^∗ωP(H),

(2.7)

where ω is the fundamental two-form (i.e. closed, (strongly) non-degenerate) of the Kähler manifold and ι^∗ is the pull-back of the mapping ι.

The manifold ~M is called coherent state manifold and the G-homogeneous line bundle M_χ is called coherent vector manifold [7]. We shall also suppose that the line bundle M is very ample.

Let now π̃ be a projective (in physical literature [23] “ray”) representation associated to the unitary irreducible representation π and G̃ the group of transformations which leaves invariant the transition probabilities in the complex separable Hilbert space H. If we use the projection ξ^′ = ξ_|S(H), i.e. ξ^′ : S(H) → P(H), ξ^′(ψ) = ψ̃ = {e^{iϕ}ψ|ϕ ∈ R}, where S(H) is the unit sphere in H, then π̃ ∘ ξ^′ = ξ^′ ∘ π_|H. The triplet (π̃, G̃, H) is a quantum system with symmetry in the sense of Wigner and Bargmann [24, 23]. Then the manifold ~M ≈ G/K can be realized as the orbit ~M = {π̃(g)ẽ_0|g ∈ G}, where K is the stationary group of ẽ_0 and e_0 ∈ H^⋆ is fixed. For a compact connected simply connected Lie group G, the existence of the representation π̃ implies the existence of the unitary irreducible representation π (cf. the theorem of Wigner and Bargmann [24, 23]). This implies the existence of cross sections σ : ~M → S(H). However, the (Hopf) principal bundle ξ^′ = (S(H), ξ^′, P(H)) is a U(1)-bundle and in the construction of coherent vector manifold we need line bundles. But the principal line bundle ξ^′ is obtained from the (tautological) line bundle [−1] = ξ = (H^⋆, ξ, P(H)) reducing the group structure from C^∗ = GL(1, C ) to U(1).

Here we also stress that the theorem of Wigner and Bargmann is essentially [25] the (first) fundamental theorem of projective geometry [26].

In order to have the physical interpretation of the “classical system” obtained by dequantizing the quantum one [27, 10], we have restricted ourselves to Kähler manifolds ~M. For example, for a compact connected simply connected Lie group G,

~M ≈ G/K ≈ GC /P is a flag manifold [28] and the Borel-Weil theorem [29] assures the geometrical realisation of the representation π_j and of the representation space H_j if e_0 = j. Here P is a parabolic subgroup of the compexification G^C of G and j is the dominant weight.

The representation π_j can be uniquely extended to the group homomorphism π^∗_j : G^C → π^∗_j (G^C ), and respectively, Lie algebra isomorphism^.π^∗_j : g^C →^.π^∗_j (g^C ) by

π^∗_j (e^Z ) = exp(^.π^∗_j (Z)), Z ∈ g^C ,

(2.8)

where e : g^C → G^C and exp :^.π^∗_j (g^C ) → π^∗_j (G) are exponential maps, while^.π^∗_j (g^C ) is the complexification of the Lie algebra^.π_j (g). We use also the notation F_α =^.π^∗_j (f_α), where α is in the set Δ of the roots of the Lie algebra g of G with generators f_α of the Cartan-Weyl base of g^C (see also [7]).

Then e_g:=e(g):=π^∗(g)e_0, g ∈ G^C is the family of coherent vectors, while {ẽ}_{g∈G}C is the family of coherent states. The relation e_g = e^{iα(g)}e_{λ(g)} defines a fibre bundle with base ~M and fibre U(1) [4]. More precisely, the function

Υ(g) = (Υ, e_g)

(2.9)

is holomorphic on G^C and defines holomorphic sections on the homogeneous holomorphic line bundle M associated to the principal line bundle P → G^C → G^C /P by the holomorphic character χ

π^∗(p)e_0 = χ^{−1}(p)e_0, p ∈ P, χ(p) = e^{−iα(p)}.

(2.10)

Indeed, the function Υ(g) verifies Υ(gp) = χ^{−1}(p)Υ(g), g ∈ G^C , p ∈ P , i.e. eq. (2.4), and the corresponding holomorphic sections are associated via eq. (2.3).

Let also the function

Υ^′(g) = Υ^′(gP ) :=

Υ(g) (e_0, e_g) , (2.11)

defined on the set (e_0, e_g) ≠ 0.

(2.12) Then Υ^′ : V_0 → C , Υ^′(Z) = (Υ, e_{Z,j}),

(2.13) where the Perelomov’s coherent vectors are

e_{Z,j} = exp ∑ φ∈Δ^+_n (Z_φF^+_φ )j, e_{Z,j} = (e_{Z,j}, e_{Z,j})^{−1/2}e_{Z,j}, (2.14)

e_{B,j} = exp ∑ φ∈Δ^+_n (B_φF^+_φ − B̄_φF^−_φ )j, e_{B,j} :=e_{Z,j}. (2.15)

Here Δ^+_n denotes the positive non-compact roots, Z:=(Z_φ) ∈ C^n are local coordinates in the maximal neighbourhood V_0 ⊂ ~M. Also

F^±_φ =^.π^∗ (f^±_φ ), φ ∈ Δ^+_n ,

(2.16) where

f^±_φ = k^±_φ = ie_{±φ}, for X_n,

e^±_φ = e_{±φ}, for X_c.

(2.17)

e^±_φ = e_{±φ} are the part of the Cartan-Weyl base corresponding to m. Here

g = k ⊕ m

(2.18)

is the Cartan decomposition of the Lie algebra g of G and k is the Lie algebra of K. The subindex c (n) in eq. (2.17) denotes the compact (respectively, noncompact) manifold X_{c,n} ≈ ~M. Then m is identified with the tangent space at o, ~M_o, and ~M ≈ em.

The homogeneous symmetric spaces are obtained as X_{n,c} = e ∑ φ∈Δ+n (Bφf + φ −B̄_φf^−_φ ) · o, (2.19) where o = λ(e) and e is the unit element in G.

In eqs. (2.14), (2.15)

F^+_φ j ≠ 0, F^−_φ j = 0, H_ij = j_ij,

(2.20)

where φ ∈ Δ^+_n , H_i = π^∗(h_i), {h_i} is a base of the Cartan subalgebra and i = 1, . . . , rank G. The system {e_g}, g ∈ G^C is overcomplete [30, 4, 31] and (e_g, e_g′ ), up to a factor, is a reproducing kernel for the holomorphic vector bundle ξ_0 : M → ~M [32].

3 The geodesics

Let us consider again the orthogonal decomposition (2.18) of g with respect to the B-form and let also Exp_p : ~M_p → ~M be the geodesic exponential map.

Let us consider the following two conditions A) Exp_o = λ ∘ e|m .

B) On the Lie algebra g of G there exists an Ad(G)-invariant, symmetric, non-degenerate bilinear form B such that the restriction of B to the Lie algebra k of K is likewise non-degenerate.

We point out that if the homogeneous space ~M ≈ G/K verifies B), then it also verifies A) (cf. Corollary 2.5, Thm. 3.5 and Corollary 3.6 Chapter X in Ref. [33]). Indeed, if g = k ⊕ m is the orthogonal decomposition relative to the B-form on g, then m is canonically identified with the tangent space at o, ~M_o. B) implies a (possibly indefinite) G-invariant metric on ~M. It follows that G/K is reductive, i.e. [k, k] ⊂ k and [k, m] ⊂ m. If B) is true, then ~M is naturally reductive (see p. 202 in Ref. [33]) and A) is also verified. The symmetric spaces verify besides the conditions of reductive spaces, the condition [m, m] ⊂ k and, of course, A) is verified too (see Thm. 3.2 Ch. Xl in Ref. [33]).

Thimm [34] furnishes as another examples of homogeneous spaces verifying B), besides the symmetric spaces, the Lie groups with bi-invariant metric and the normal homogeneous spaces (i.e. B is positive definite). Kowalski [35] studied generalised symmetric spaces still verifying condition A). See also the reference [36] for more recent results on naturally reductive spaces and [37].

Now we remember that in Ref. [8] we did the following Remark, which is in fact E. Cartan’s theorem (see e.g. Thm. 3.3 p. 208 in Ref. [38]) on geodesics on symmetric spaces expressed in the coherent state setting:

Proposition 1 The vector e_{tB,j} = exp^.π^∗_j (tB)j ∈ M, B ∈ m, describes trajectories in M corresponding to the image in the manifold of coherent states ~M → P(H) of geodesics through the identity coset element on the symmetric space X ≈ G/K. The dependence Z(t) = Z(tB) appearing when one passes from eq. (2.15) to eq. (2.14) describes in V_0 a geodesic.

We shall reformulate Proposition 1 in a way very useful even for practical calculations. The proof presented below implies also Thm. 1.

Proposition 2 For an n− dimensional manifold X ≈ G/K which has Hermitian symmetric space structure, the parameters B_φ in formula (2.15) of normalised coherent states are normal coordinates in the normal neighbourhood V_0 ≈ C^naround the point Z_φ = 0 on the manifold X.

Proof. The Harish-Chandra embedding theorem can be used (cf. e.g. Ref. [39]; see also Ref. [8] for the present context). This theorem asserts that the map M^+ × K^C × M^− → G^C given by (m^+, k, m^−) → m^+km^− is a complex analytic diffeomorphism onto an open dense subset of G^C that contains G_n. Let m^± be the ±i eigenspaces of the complex structure J and M^± the (unipotent, Abelian) subgroups of G^C corresponding to m^±. Then, in particular, b : m^+ → X_c = G^C /P, b(X) = e^X P is a complex analytic diffeomorphism of m^+ onto a dense subset of X_c (that contains X_n) and the Remark follows because the requirement A) is fulfilled for the symmetric spaces. □

4 The conjugate locus

Another way to reformulate the Proposition 1 is the following:

Theorem 1 Let ~M be a coherent state manifold with Hermitian symmetric space structure, parametrized in V_0 around Z = 0 as in eqs. (2.14), (2.15). Then the conjugate locus of the point o is obtained vanishing the Jacobian of the exponential map Z = Z(B) and the corresponding transformations of the chart from V_0 .

Proof. The proof is contained in Propsition 2: the dependence Z = Z(B), with B ∈ m^+, and Z parametrizing ~M, obtained passing from eq. (2.15) to (2.14) using (2.20) (the Baker-Campbell-Hausdorff formulas) [8], expresses in fact the geodesic exponential Exp_0 : ~M_0 → ~M. □

The situation is very transparent in the case of the complex Grassmann manifold X_c = G_n(C^{n+m}) = SU(n + m)/S(U(n) × U(m)) and his noncompact dual X_n = SU(n, m)/S(U(n) × U(m)). There [8]

X_{n,c} = e ( 0 B ±B^∗ 0 ) o = co √ BB^∗ B si √ B^∗B √ B^∗B ± si √ B^∗B √ B^∗B B^∗ co √ B^∗B o

= ( 11 Z 0 11 ) ( (11 ∓ ZZ^∗)^{1/2} 0 0 (11 ∓ Z^∗Z)^{1/2} ) ( 11 0 ±Z^∗ 11 ) o (4.1)

= e ( 0 Z 0 0 ) P, where B^∗ denotes the hermitian conjugate of the matrix B. co is an abbreviation for the circular cosine cos (resp. the hyperbolic cosine coh) for X_c (resp. X_n) and similarly for si. The − (+) sign in the equation above corresponds to the compact (resp. noncompact) X.

Here Z and B are n × m matrices related by the relation Z = B ta √ B^∗B √ B^∗B , (4.2)

and ta is an abbreviation for the hyperbolic tangent tgh (resp. the circular tangent tg) for X_n (resp. X_c). The dependence Z = Z(B) describes in fact Exp : G_n(C^{n+m})_e → G_n(C^{n+m}) in V_0. Indeed, the equation of geodesics for X_{c,n} is [13]

d^2Z dt^2 − 2ϵ dZ dt Z^+(11 + ϵZZ^+)^{−1} dZ dt = 0 ,

(4.3)

where ϵ = 1 (−1) for X_c (resp. X_n). It is easy to see that (4.2) verifies (4.3) with the initial condition Ż(0) = B.

Z and B in the eq. (4.2) of geodesics are in the same time the parameters describing the coherent states in the paramerization given by eq. (2.14) and respectively (2.15).

The following theorem summarizes the known facts about the tangent conjugate locus and conjugate locus in G_n(C^{m+n} ) [40, 41, 13]. The relevant fact for the present paper is that the conjugate locus can be calculated using Theorem 1. Below O^⊥ denotes the orthogonal complement of the n-plane O in C^N . We also use the notation

V^p_l = { Z ∈ G_n(C^{n+m})| dim(Z ∩ C^p) ≥ l } , (4.4)

W^p_l = V^p_l − V^p_{l+1} = { Z ∈ G_n(C^{n+m})| dim(Z ∩ C^p) = l } , (4.5) ω^p_l = (p − l, . . . , p − l l , m, . . . , m n−l ). (4.6)

V^p_l = Z(ω^p_l ); W^p_l = Z^′(ω^p_l ) .

(4.7)

The following sequences of integers are used ω = {0 ≤ ω(1) ≤ . . . ≤ ω(n) ≤ m}, (4.8) σ(i) = ω(i) + i, i = 1, . . . , n. (4.9)

The Schubert varieties are defined as Z(ω) = { X ∈ G_n(C^{n+m})| dim(X ∩ C^{σ(i)}) ≥ i } . (4.10)

The ”jumps” sequence is I_ω = {0 = i_0 < i_1 < . . . < i_{l−1} < i_l = n} ,

(4.11)

ω(i_h) < ω(i_{h+1}), ω(i) = ω(i_{h−1}), i_{h−1} < i ≤ i_h, h = 1, . . . , l. (4.12) The generic elements of Z(ω) are Z^′(ω) = { X ∈ G_n(C^{n+m})| dim(X ∩ C^{σ(ih )}) = i_h, i_h ∈ I_ω } . (4.13) Theorem 2 The tangent conjugate locus C_0 of the point O ∈G_n(C^{m+n} ) is given by C_0 = ⋃ k,p,q,i ad k(t_iH) , i = 1, 2, 3; 1 ≤ p < q ≤ r, k ∈ K, (4.14)

where the vector H ∈ a is normalised, H = r∑ i=1 h_iD_{i n+i}, h_i ∈ R, ∑ h^2_i = 1 .

(4.15)

The parameters t_i, i = 1, 2, 3 in eq. (4.14) are t_1 = λπ |h_p ± h_q| , multiplicity 2;

t_2 = λπ 2|h_p| , multiplicity 1;

t_3 = λπ |h_p| , multiplicity 2|m − n|; λ ∈ Z^⋆ .

(4.16)

The conjugate locus of O in G_n(C^{m+n} ) is given by the union C_0 = C^W_0 ∪ C^I_0.

(4.17)

The following relations are true C^I_0 = exp ⋃ k,p,q Ad k(t_1H) , (4.18)

C^W_0 = exp ⋃ k,p Ad k(t_2H) , (4.19)

i.e. exponentiating the vectors of the type t_1H we get the points of C^I_0 for which at least two of the stationary angles with O are equal, while the vectors of the type t_2H are sent to the points of C^W_0 for which at least one of the stationary angles with O is 0 or π/2.

The C^W_0 part of the conjugate locus is given by the disjoint union

C^W_0 = { V^m_1 ∪ V^n_1 , n ≤ m, V^m_1 ∪ V^n_{n−m+1}, n > m, (4.20)

where V^m_1 = { C P^{m−1}, for n = 1, W^m_1 ∪ W^m_2 ∪ . . . W^m_{r−1} ∪ W^m_r , 1 < n,

(4.21)

W^m_r = { G_r(C^{max(m,n)}), n ≠ m, O^⊥, n = m, (4.22)

V^n_1 = { W^n_1 ∪ . . . ∪ W^n_{r−1} ∪ O, 1 < n ≤ m, O, n = 1, (4.23) V^n_{n−m+1} = W^n_{n−m+1} ∪ W^n_{n−m+2} ∪ . . . ∪ W^n_{n−1} ∪ O , n > m . (4.24)

Sketch of the Proof (See [13]). The tangent conjugate locus C_0 for G_n(C^{m+n} ) in the case n ≤ m was obtained by Sakai [41]. Sakai has observed that Wong’s result on the conjugate locus in the manifold [40] is incomplete, i.e. C^W_0 ⊂ C_0 but C^W_0 ⫋C_0 = exp C_0. The proof of Sakai consists in solving the eigenvalue equation R(X, Y^i)X = e_iY^i which appears when solving the Jacobi equation, where the curvature for the symmetric space X_c = G_c/K at o is simply R(X, Y )Z = [[X, Y ], Z], X, Y, Z ∈ m_c. Then q = Exp_0tX is conjugate to o if t = πλ/ √ e_i, λ ∈ Z^⋆ ≡ Z \ {0}. Above a is the Cartan subalgebra of the symmetric pair (SU(n + m), S(U(n) × U(m))) [38, 41, 13] consisting of vectors of the form (4.15) where r is the symmetric rank of X_c (and X_n) and we use the notation D_{ij} = E_{ij} − E_{ji}, i, j = 1, . . . , N. E_{ij} is the matrix with entry 1 on line i and column j and 0 otherwise. The results in the complex Grassmann manifold are obtained farther using the exponential map given by eq. (4.2).

The same result on the calculation of the tangent conjugate locus can be obtained [13] using Prop. 3.1 p. 294 in the book of Helgason [38]. This Proposition asserts that H ∈ a is conjugate with o iff α(H) ∈ iπZ^⋆ for some root α which do not vanishes identically on a. The eigenvalues of the equation [H, X] = λX, ∀H ∈ a, X ∈ g^C lead [13] to the values given in equation (4.14) for the parameters t_1 − t_3.

The direct proof [13] in the Grassmann manifold uses in Theorem 1 the dependence Z = Z(B) furnished by eq. (4.2) which gives the geodesics on G_n(C^{n+m}) and the Jordan’s stationary angles between two n−planes.

The proof [13] is done in four steps. a) Firstly, a diagonalization of the n×m matrix Z is performed. b) Secondly, the Jacobian of a transformation of complex dimension one is computed. c) The cut locus is reobtained and his contribution to the conjugate locus is taken into account. d) The non-zero angles are counted using the following property of the stationary angles: if the n^′ (n)-plane Z^′_n′ (resp. Z_n) are such that Z^′_n′ ∩ Z_n = Z”_{n”}, than n^′ − n” angles of Z^′_n′ and Z_n are different from 0 and n” are 0. □ Comment 1 C_0^I contains as subset the maximal set of mutually isoclinic subspaces of the Grassmann manifold, which are the isoclinic spheres, with dimension given by the solution of the Hurwitz problem.

Proof. Wong [42] has found out the locus of isoclines in G_n(R^{2n}), i.e. the maximal subset B of the Grassmann manifold containing O consisting of points with the property that every two n-planes of B have all the stationary angles equal. Two mutually isoclinic n-planes correspond to the situation where the matrix, which has as eigenvalues the squares of the stationary angles, is a multiple of 11. The results of Wong were generalized by Wolf [43], who has considered also the complex and quaternionic Grassmann manifolds. The problem of maximal mutually isoclinic subspaces is related with the Hurwitz problem [44]. Any maximal set of mutually isoclinic n-planes is analytically homeomorphic to a sphere (cf. Thm 8.1 in Wong [42] and Wolf [43]), the dimension of the isoclinic spheres being given by the solution to the Hurwitz problem. □

5 The cut locus

Let X be complete Riemannian manifold. The point q is in the cut locus CL_p of p ∈ X if q is the nearest point to p on the geodesic emanating from p beyond which the geodesic ceases to minimize arc length (cf. [33], see also Ref. [11] for more references).

Remark 1 codim_C CL_p ≥ 1.

We call polar divisor of e_0 the set Σ_0 = {e ∈ e(G)|(e_0, e) = 0}. This denomination is inspired after Wu [45], who used this term in the case of the complex Grassmann manifold G_n(C^{m+n} ).

Theorem 3 Let ~M be a homogeneous manifold ~M ≈ G/K. Suppose that there exists a unitary irreducible representation π_j of G such that in a neighbourhood V_0 around Z = 0 the coherent states are parametrized as in eq. (2.14). Then the manifold ~M can be represented as the disjoint union

~M = V_0 ∪ Σ_0. (5.1)

Moreover, if the condition B) is true, then

Σ_0 = CL_0.

(5.2)

Proof. We can take ψ = ψ(Z) = e_Z ∈ M such that the parameters Z are in C^n as in formula (2.14). Now, the second relation (2.20) implies that (0, ψ) = 1 for ψ ∈ ξ^{−1}_0 (V_0). It follows that the equation cos θ = 0,

(5.3) where

cos θ = |(0, ψ)| ‖0‖^{1/2}‖ψ‖^{1/2} = ‖ψ‖^{−1/2}, (5.4)

does not have solutions for ψ ∈ ξ^{−1}_0 (V_0), and the representation (5.1) follows.

To prove relation (5.2) if B) is true, use is made of Thm. 7.4 and the subsequent remark at p. 100 from Ref. [33]. The theorem essentially says that any Riemannian manifold ~M is the disjoint union of the cut locus (closed cell) and the largest open cell of ~M on which normal coordinates can be defined. But Z ∈ C^n for points of V_0 corresponding to the largest normal coordinates B ∈ m, because B) implies A). □ Corollary 1 Suppose that ~M verifies B) and admits the embedding (2.6). Let 0, Z ∈ ~M. Then Z ∈ CL_0 iff the Cayley distance between the images ι(0), ι(Z) ∈ P(H) is π/2 d_c(ι(0), ι(Z)) = π/2. (5.5)

Here d_c denotes the the hermitian elliptic Cayley distance on the projective space

d_c([ω^′], [ω]) = arccos |(ω^′, ω)| ‖ω^′‖‖ω‖ . (5.6)

Comment 2 The cut locus is present everywhere one speaks about coherent states on symmetric spaces.

This assertion is largely explicated in reference [14], where there are discussed the consequences of theorem 3 for the references [30, 5, 31, 46, 6].

We remember the explicit expression of the cut locus on the complex projective space and Grassmannian.

Remark 2 On C P^n, CL_0 = Σ_0 = H_1 = C P^{n−1}.

Proof. Let the notation V_i = {z ∈ H^∗|z_i ≠ 0}, U_i = ξ(V_i), H_i = P(H) \ U_i. The point p_0 = [1, 0, 0, . . .] ∈ P(H) corresponds to the point 0 in the Remark. Then the solution of the equation ([p_0], [z]) = 0 is [z] = [0, ×, ×, . . .] = H_1 = C P^{n−1} ⊂ C P^n for H = C^n.□ Proposition 3 (Wong [47]) The cut locus of the point O is given by CL_0 = Σ_0 = V^m_1 = Z(ω^m_1 ) = Z(m − 1, m, . . . , m) = { X ⊂ G_n(C^{n+m})| dim(X ∩ O^⊥) ≥ 1 } . (5.7)

The cut locus in G_n(C^{m+n} ) is given by those n−planes which have at least one of the stationary angles π/2 with the n−plane O.

Proof. An immediate proof can be obtained using the results of Wu referring to the polar divisor Σ_0 on the Grassmann manifold (see Ch. l in Ref. [45]) and the theorems characterising the canonical (universal, det) bundle on G_n(C^N ) (see especially Prop. 3.3 Ch. 7 in Ref. [21]), which are particularisations of the representation in Thm. 3. □

6 The divisors

Proposition 4 If ~M is an homogenous algebraic manifold, then the polar divisor Σ_0 = ι^∗H_1 is a divisor.

Proof. This fact is a consequence of standard properties of divisors [48] (cf. [16]). □ The result is true for any algebraic Kähler manifold [18].

Let [ ] be the functorial homomorphism between the group of divisors and the Picard group of equivalence class of holomorphic line bundles [48]

[ ] : Div(~M)^{δ0}→ H^1(~M, O^∗).

(6.1)

Theorem 4 Let ~M be a simply connected Hodge manifold admitting the embedding (2.6). Let M = ι^∗[1] be the unique, up to equivalence, projectively induced line bundle with a given admissible connection. Then M = [Σ_0]. Moreover, if the homogeneous manifold ~M verifies condition B), then M = [CL_0]. In particular, the first relation is true for Kählerian C-spaces, while the second one for hermitian symmetric spaces.

Proof. The main part of the proof is based on the following theorem of Kodaira and Spencer: For an algebraic manifold there is a isomorphism of the group Cl(~M) of divisor classes with respect to linear equivalence with the Picard group Pic(~M), i.e. for every complex line bundle M over an algebraic manifold ~M there exists a divisor D such that [D] = M (cf. [49]). The next ingredient is the following theorem due to Kostant: Let ~M be a simply connected Hodge manifold. Then, up to equivalence, there exists a unique line bundle with a given curvature matrix Θ_M of the hermitian connection, or, equivalently, with a given admissible connection (Thm. 2.2.1 in [50] p. 135). Farther the theorem 3 is used. The information on Kählerian C− spaces is extracted from [28, 17]. □

In the same context, we remember Bertini’s theorem: Let M be a projectively induced line bundle over an algebraic manifold ~M. Then there is a non-singular divisor D of ~M with M = [D]. Another formulation of Bertini’s theorem is: A general hyperplane section S of a connected non-singular algebraic manifold ~M in C P^N is itself non-singular and for n ≥ 2, connected (cf. Zariski [51], Akizuki [52], Hartshorne [53]).

Comment 3 Generally, the divisor Σ_0 is singular because it doesn’t corresponds to a general section in Bertini’s theorem.

Proof. We illustrate the assertion on the example furnished by the Grassmannian G_2(C^4). The Plücker embedding is G_2(C^4) → C P^5. There are six coordinate neighbourhoods V_1 − V_6. In V_6: p_{12} = 0; p_{14}p_{23} − p_{13}p_{24} = 0. This is a cone over a quadric surface whose vertex is the point (0, 0, 0, 0, 0, 1) . The hyperplane p_{12} = 0 is the embedded tangent hyperplane of G_2(C )^4 of the line x_1 = x_2 = 0 in C P^5. A general hyperplane section of G_2(C )^4 is not of the form p_{12} = 0, since by Bertini’s theorem it has to be smooth. See details in [16, 54].□

7 The Calabi’s diastasis

We remember that the Calabi’s diastasis [55] is expressed through the coherent states (cf. [6]) as D(Z^′, Z) = −2 log |(e_Z′ , e_Z )|. (7.1) In proving Proposition 6 the following Proposition [9, 15, 12] is needed.

Proposition 5 Let e_Z as in (2.14), where Z parametrizes the coherent state manifold in the V_0 ⊂ ~M and let us suppose that the coherent state manifold admits the kählerian embedding (2.6). Then the angle

θ := arccos |(e_Z′ , e_Z )|,

(7.2)

is equal to the Cayley distance on the geodesic joining ι(Z^′), ι(Z), where Z^′, Z ∈ V_0, θ = d_c(ι(Z^′), ι(Z)). (7.3)

More generally, it is true the following relation (Cauchy formula)

(e_Z′ , e_Z ) = (ι(Z^′), ι(Z)).

(7.4)

Proof. We discuss firstly the case of compact manifolds. Let i : ~M → H the mapping i(Z) = e_Z . Then the embedding (2.6) is realised effectively by the formula ι = ξ ∘ i, i.e.

ι(Z) = [e_Z ] .

(7.5)

Since the manifold ~M admits the embedding (2.6), the line bundle M is a positive one. The following theorem [56, 48, 19, 57] is applied: Let M^′ be a holomorphic line bundle on a compact complex manifold ~M. The following conditions are equivalent: a) M^′ is positive; b) for all coherent analytic sheaves S on ~M there exists a positive integer m_0(S) such that H^i(~M, S ⊗ M^{′m}) = 0 for i > 0, m ≥ m_0(S) (the vanishing theorem of Kodaira); c) there exists a positive integer m_0 such that for all m ≥ m_0, there is an embedding ι_M : ~M → C P^{N−1} for some N ≥ D such that M = M^{′m} is projectively induced, i.e. M = ι^∗[1]; d) ~M is a Hodge manifold (the embedding theorem of Kodaira); e) the fundamental two-form of ~M, the curvature matrix and the first Chern class of M^′ are related by the relations ω =^{√−1}_2 Θ_M′ , c_1(M^′) =^ω_π . f) moreover, if ~M is a kählerian C-space, then ~M is a flag manifold.

But the line bundle M is already very ample and the holomorphic map ι_M : ~M → C P^{N−1} given by ι_M = [s_1(m), . . . , s_N (m)]

(7.6)

is a holomorphic embedding, where s_1(m), . . . , s_N (m) ∈ Γ(~M, M) are global sections. Remark that eq. (7.5) realizes the embedding (7.6).

The very ample holomorphic line bundle M of coherent vectors is the pull-back ι^∗ of the hyperplane bundle [1] of P(H), the dual bundle of the tautological line bundle on P(H)^∗, i.e. M = ι^∗[1]. The analytic line bundle M is projectively induced (see p. 139 in Ref. [58]). Then the mapping i preserves the scalar product

(e_Z′ , e_Z ) = (i(Z^′), i(Z)),

(7.7)

which imply

(e_Z′ , e_Z ) = (ι(Z^′), ι(Z)) ‖ι(Z^′)‖‖ι(Z)‖ , (7.8)

and formula (7.4) follows. Eq. (7.3) follows from eq. (7.8) and the definition (5.6) of the Cayley distance.

The noncompact case is treated similarly [59]. □

Proposition 6 The diastasis distance D(Z^′, Z) between Z^′, Z ∈ V_0 ⊂ ~M is related to the geodesic distance θ = d_c(ι(Z^′), ι(Z)), where ι is the embedding (2.6), by the relation

D(Z^′, Z) = −2 log cos θ.

If ~M_n is noncompact, ι^′ : ~M_n → C P^{N−1,1} = SU(N, 1)/S(U(N)×U(1)), and δ_n(θ_n) is the length of the geodesic arc joining ι^′(Z^′), ι^′(Z) (resp. ι(Z^′), ι(Z)), then

cos θ_n = (cosh δ_n)^{−1} = e^{−D/2}.

Proof. The Proposition is a direct consequence of the relation (7.1) and of the Proposition 5.

Comment 4 The relation (5.2) furnishes for manifolds of symmetric type, i.e. verifying condition B), a geometric description of the domain of definition of Calabi’s diastasis: for z fixed, z^′ /∈ CL_z.

8 The Euler-Poincaré characteristic, the Borel-Morse cells,

Kodaira embedding,...

Theorem 5 For flag manifolds ~M ≈ G/K, the following 7 numbers are equal:

1) the maximal number of orthogonal coherent vectors;

2) the number of holomorphic global sections of the holomorphic line bundle M over ~M, which is supposed to be very ample;

3) the dimension of the fundamental representation in the Borel-Weil theorem; 4) the minimal N appearing in the Kodaira embedding theorem, ι : ~M → C P^{N−1}; 5) the number of critical points of the energy function f_H attached to a Hamiltonian H linear in the generators of the Cartan algebra of G, with unequal coefficients;

6) the Euler-Poincaré characteristic χ(~M) = [W_G]/[W_H ], [W_G] = card W_G, where W_G denotes the Weyl group of G;

7) the number of Borel-Morse cells which appear in the CW-complex decomposition of ~M.

Proof. The equivalence 1) with 2) follows from the definition of coherent states as holomorphic global sections in the G−homogenous line bundle M. The Weyl group interchanges the origines in the different coordinate neighbourhoods of the manifold ~M. Then 2) is equivalent with 3) due to Borel-Weil theorem which essentially asserts that [29]: For every irreducible representation π_j of dominant weight j of the compact connected semisimple Lie group G corresponds on every homogenous Kählerian space G/K ≈ G^C /P_j a complete linear system |D|. The representation space H_j of the representation π_j is the dual of L(D). The associated line bundle M^′ is ample iff the space G/K ≈ G^C /P_j is strictly associated to the representation π̃_j . Note that M^′ = M, because we have supposed that the line bundle M is already very ample.

The equivalence of 1) with 4) follows from the realization of the embedding (2.6) under the form (7.6) given by eq. (7.5).

In order to prove the equivalence of 1) with 5), the energy function (covariant Berezin symbol [30]) f_H : ~M → R

f_H (Z, Z) = (e_Z , He_Z )

(8.1)

is attached to the Hamiltonian H = r∑ i=1 ϵ_iH_i, ϵ = (ϵ_1, . . . , ϵ_r) ∈ R. (8.2)

The operators H_i are defined in eq. (2.20). Then it was proved in Reference [7] that the energy function (8.1) attached to the Hamiltonian (8.2) is a Perfect Morse function in the extended sense.

The equivalence of 1) with 6) is contained in Theorem 2) in the same reference [7]. Here we stress only that χ(G/K) > 0 if and only if Rank G = Rank K [60], i.e. ~M is a flag manifold. The same Theorem 2) in [7] implies the equivalence of 1) and 7).□

Comment 5 The Weil prequantization condition is nothing else that the condition to have a Kodaira embedding, i.e. the algebraic manifold ~M to be a Hodge one.

Acknowledgments

The author expresses his thanks to the Organizers of the Third International Workshop on Differential Geometry and its Applications for the opportunity to present this talk in Sibiu. Discussions during the Workshop with Professors Vicente Cortés, Paul Gauduchon, Tudor Raţiu and Lieven Vanhecke are kindly acknowledged.

References

[1] E. Schrödinger, Naturwiss. 4, 646 (1926).

[2] J. R. Klauder and B. S. Skagerstam, eds., “ Coherent States ”, Word Scientific, Singapore, (1985).

[3] R. Gilmore, Ann. Phys. (NY) 74, 391 (1972).

[4] A. M. Perelomov, Commun. Math. Phys. 26, 222 (1972).

[5] J. H. Rawnsley, Quart. J. Math. Oxford 28, 403, (1977).

[6] M. Cahen, S. Gutt and J. Rawnsley, J. Geom. & Phys. 7, 45 (1990); Trans. Math.

Soc. 337, 73 (1993); Lett. Math. Phys. 30, 291 (1994); Lett. Math. Phys. 34, 159 (1995).

[7] S. Berceanu and A. Gheorghe, J. Math. Phys. 28, 2899 (1987).

[8] S. Berceanu and L. Boutet de Monvel, J. Math. Phys. 34, 2353 (1993).

[9] S. Berceanu, Coherent states: old Geometric methods in new quantum clothes, Press International, Cambridge, p 778, 1995, Editor D. Iagolnitzer, contributed work at the XI Congress of Mathematical Physics, Paris 18-22 July 1994, France; preprint Nr.664/11/94, Universitat Bielfeld; preprint Institute of Atomic Physics FT-398-1994, august 1994; hep-th/9408008.

[10] S. Berceanu, From quantum mechanics to classical mechanics and back, via coherent states, in “ Quantization and Infinite-Dimensional Systems”, J.-P. Antoine, S. T. Ali, W. Lisiecki, I. Mladenov and A. Odzijewicz, eds, Plenum, New York, p. 155 (1994).

[11] S. Berceanu, Coherent states and global Differential Geometry, in “ Quantization, Coherent States, and Complex Structures”, J.-P. Antoine, S. Twareque Ali, W. Lisiecki, I. M. Mladenov and A. Odzijewicz, eds., Plenum, New York, p. 131 (1995); S. Berceanu, J. Geom. & Phys. 21, 149, (1997).

[12] S. Berceanu, Geometry via coherent states, in “GROUP21: Physical Applications and Mathematical Aspects of Geometry, Groups and Algebras”, V. 1, H.-D. Doebner, W Scherer and P. Nattermann, eds., Word Scientific, Singapore, p. 228 (1997).

[13] S. Berceanu, Bull. Belg. Math. Soc. Simon Stevin 4, 205 (1997).

[14] S. Berceanu Rep. Math. Phys. 40, 159 (1997).

[15] S. Berceanu, Coherent states, embeddings and transition amplitudes, in ”Quantization, Coherent States and Poisson Structures”, A. Strasburger, S. Twareque Ali, J.-P. Antoine, J.-P. Gazeau and A. Odzijewicz, eds., Polish Scientific Publishers PWN, Warszaw, p. 133 (1998).

[16] S. Berceanu, Coherent states, line bundles and divisors, in “Coherent States, Differential and Quantum Geometry”, Edited by A. Strasburger, S. Twareque Ali, and A. Odzijewicz, Proceedings of the XVI Workshop on Geometric in Physics, Białowieża, Poland, June 30–July 6, 1997, to appear in Rep. Math. Phys.

[17] S. Berceanu, On the geometry of coherent states, in preparation. [18] S. Berceanu and M. Schlichenmaier, Coherent state embeddings, polar divisors and Cauchy formulas, Mannheimer Manuskripte 232/1998, in preparation.

[19] R. Bott, Ann. Math. 66, 203 (1957).

[20] J. A. Tirao and J. A. Wolf, Indiana Univ. Math. J. 20, 15 (1970). [21] D. Husemoller, “ Fibre Bundles”, Mc Graw-Hill, New York (1966). [22] A. L. Besse, “ Einstein manifolds” (Springer, Berlin, 1987). [23] V. Bargmann, Ann. of Math. 59, 1 (1954).

[24] E. P. Wigner, “ Group Theory and its Applications in Quantum Mechanics of Atomic Spectra”, Academic Press, London, (1959).

[25] G. Emch and C. Piron, J. Math. Phys. 4, 469 (1963).

[26] E. Artin, “ Geometric Algebra”, Interscience Publishers, New York, (1957). [27] V. Ceausescu and A. Gheorghe, Classical limit and quantization of Hamiltonian systems, in: “Symmetries and Semiclassical Features of Nuclear Dynamics”, A. A. Raduta, ed., Lecture Notes in Physics, Vol. 279, Springer-Verlag, Berlin (1987).

[28] J. A. Wolf, Bull. Am. Math. Soc. 75, 1121 (1969).

[29] J. P. Serre, Répresentations linéaires et espaces homogènes kähleriens des groupes de Lie compacts, in “Sém. Bourbaki”, 6-éme année, 1953/1959, Exp. 100, Paris, (1959), 2nd edition.

[30] F. A. Berezin, Math. USSR. Izvestjia 8, 1109 (1975); F. A. Berezin, Math. USSR.

Izvestjia 9, 341 (1975); F. A. Berezin, Commun. Math. Phys. 40, 153 (1975). [31] E. Onofri, J. Math. Phys. 16, 1087 (1975).

[32] Z. Pasternak-Winiarski, On reproducing kernels for holomorphic vector bundles, in “ Quantization and Infinite-Dimensional Systems”, J.-P. Antoine, S. T. Ali, W. Lisiecki, I. Mladenov and A. Odzijewicz, eds., Plenum, New York, (1994).

[33] S. Kobayashi and K. Nomizu, “ Foundations of Differential Geometry”, Vol. ll.

Interscience, New York, 1969.

[34] A. Thimm, Ergod. Theory Dyn. Syst. 1, 495 (1981).

[35] O. Kowalski, Generalized Symmetric Spaces, Lecture Notes in Mathematics, Vol.

805 (Springer-Verlag, Berlin, 1980).

[36] O. Kowalski and L. Vanhecke, Boll. Un. Mat. Ital. 7, 189 (1991). [37] R. Montgomery, Comm. Math. Phys. 128, 565 (1990).

[38] S. Helgason, “Differential Geometry, Lie groups and Symmetric Spaces” (Academic, New York, 1978).

[39] A. W. Knapp, “Representation Theory of Semisimple Lie Groups” (Princeton, NJ, 1986).

[40] Y. -C. Wong, Bull. Amer. Math. Soc. 74, 240 (1968). [41] T. Sakai, Hokkaido Math. J. 6, 136 (1977).

[42] Y. -C. Wong, “Isoclinic n-planes in Euclidean 2n-space, Clifford parallels in elliptic (2n − 1) space, and the Hurwitz matrix equations”, Mem. Amer. Math. Soc. 41 (1961).

[43] J. A. Wolf, Ilin. J. Math. 7, 425 (1963); Ilin. J. Math. 7, 447 (1963). [44] A. Hurwitz, Nach. v. der Ges. der Wiss. Götingen (Math. Phys. K1) 309 (1898). [45] H. H. Wu, “The Equidistribution Theory of Holomorphic Curves”, Annals of Maths. Studies 164, Princeton Univ. Press, Princeton (1970).

[46] C. Moreno, Lett. Math. Phys. 12, 217 (1986). [47] Y. -C. Wong, Proc. Nat. Acad. Sci. U.S.A. 57, 589 (1967).

[48] P. Griffith and J. Harris, “ Principles of Algebraic Geometry”, Wiley, New York (1978).

[49] K. Kodaira and D. C. Spencer, Proc. N. A. S. 39, 872 (1953). [50] B. Kostant, Quantization and unitary Representations, in Lecture Notes in Mathematics, Vol. 170, C. T. Taam ed., Springer-Verlag, Berlin (1970).

[51] O. Zariski, Trans. Amer. Math. Soc. 56, 130 (1944). [52] Y. Akizuki, J. Math. Soc. Japan 3, 170 (1951).

[53] R. Hartshorne, “Algebraic Geometry”, Graduate texts in Mathematics 52, (Springer, New York, 1977).

[54] E. Arrondo, Subvarieties of the Grassmannian, Lectures Notes Series Dipartimento di Matematica Univ. Torino 10 (1996).

[55] E. Calabi, Ann. Math. 58, 1 (1953)

[56] B. Shiffman and A. J. Sommese, “ Vanishing Theorems on Complex Manifolds”, Progress in Mathematics, Vol. 56, Birkhäuser, Boston, (1985).

[57] S. S. Chern, “Complex Manifolds without Potential Theory” (Springer Verlag, Berlin, 1979) (second edition).

[58] F. Hirzebruch, “Topological Methods in Algebraic Geometry” (Springer-Verlag, Berlin, 1966).

[59] S. Kobayashi, Trans. Amer. Math. Soc. 92, 267 (1959).

[60] H. Hopf and H. Samelson, Comment. Math. Helv. 13, 240 (1941).

Institute for Physics and Nuclear Engineering Department of Theoretical Physics PO BOX MG-6, Bucharest-Magurele, Romania E-mail: Berceanu@theor1.ifa.ro; Berceanu@Roifa.Ifa.Ro