This paper is dedicated to memory of Ennio De Giorgi, a Master both in science and in life.

p-Energy of a Curve on LIP –Manifolds and on General Metric Spaces^1

Giuseppe De Cecco and Giuliana Palmieri

Abstract

On a general metric space (S, σ) three types of functionals E_h(σ, p) (h = 1, 2, 3) [13], which generalize the concept of p–energy (p ≥ 1) of a curve, are considered. Conditions in order for them to coincide are studied. After giving a suitable notion of asymptotically equal generalized distances, one shows that if σ and ρ are so, then E_h(σ, p)(γ) = E_h(ρ, p)(γ) for any p ≥ 1, when the curve γ of S has finite energy for some p_0 > 1 [14]. A remarkable exemple is pointed out.

Introduction

Many problems of Calculus of Variations can be “transferred” from the framework of Euclidean spaces to the smooth manifolds one (e.g. length of curves, geodesics, Laplace-Beltrami operator,...).

Our intent was to see if it was possible to transfer some concepts to the Lipschitz manifolds (briefly LIP manifolds), i.e. topological manifolds in which changes of coordinates are given by Lipschitz mappings. Because a LIP mapping has (by Rademacher Theorem) partial derivatives that exist “almost everywhere” and which are measurable and bounded, the LIP manifolds are well suited for an investigation of the differential properties that might fail to be true on sets of zero measure, as emphasized by H. Whitney [42].

A LIP manifold, which generalizes a combinatorial manifold, may be envisaged as having, locally, the texture of a sand paper whose grains have curved, pyramidal non cuspidal faces.

We recall that, in dimension ≠ 4, any topological manifold has a LIP structure, which is unique up to a LIP equivalence, arbitrary close to the identity [D. Sullivan, 1977]. There are, however, 4-dimensional topological manifolds with no, or more than one LIP structure [S. Donaldson, D. Sullivan, 1989].

D. Sullivan has shown that on any LIP manifold L_2-forms, exterior derivatives and currents may be defined. N. Teleman [37] has given a Hodge theory for “Riemannian” LIP manifolds (M, g) and has managed to construct the signature operator, used in order to extend to LIP category the index theory due to Atiyah-Singer in the smooth context ([38], [39]).

Actually, LIP manifolds and their generalization, quasi conformal manifolds, are studied unitarily in the framework of non commutative geometry [40].

1Work partially supported by the Italian Ministry of Scientific Research 109

Metrics with singularities can be found in Physics, in Engineering: in the general case, the carrier is regular and the singularities of the metric have a physical meaning, e.g. they are caused by “irregularities” of the materials.

The first notion, which we have transferred, was the “geodesic distance” for a LIP Riemannian manifold (M, g), which concides with the usual one when M is smooth and g is a Riemannian metric.

The main difficulties are the following: the Jacobian of the chart transformations is defined outside an n-dimensional null set and the component of g, assumed only to be measurable, are defined up to an equivalence relation.

A first answer to the problem was given in a geometric way in 1988 ([8)]. There we have constructed an intrinsic distance ϱ^g using the length L(γ, g) of LIP curves γ that are transversal to a null set. Later (1991), starting from an idea of De Giorgi [16], we have defined a distance δ^g in an integral way, overcoming the above mentioned difficulties. Under very general hypotheses (M paracompact and oriented) the two distances ϱ^g and δ^g concide.

J.R. Norris [28] gives an alternative characterization of this distance function in terms of paths of least action, extending theorems on the small time asymptotics of the heat kernel to LIP Riemannian manifolds. Geodesic distance on singular Riemannian spaces, in particular on stratified spaces is considered recently by M. Ferrarotti [21].

Furthermore we prove that δ^g is locally equivalent to a Euclidean distance and (M, δ^g) is a length space. Then if (M, δ^g) is complete and locally compact, the Hopf– Rinow theorem in the general form ensures that two arbitrary points can be joined by a minimal geodesic ([22]), i. e. (M, δ^g) is a geodesic space. On these spaces it is possible to give a notion of curvature ([1]) and to define, in the case of Alexandrov spaces a sort of Riemannian structure ([29]).

Now let (M, δ) be a LIP (topological) manifold, where δ is a distance locally equivalent to a Euclidean one. We consider, φ, the “directional derivative” of δ at a point, which results a “Finsler type” metric. Then, if γ is an absolutely continuous curve, the usual length of γ in (M, δ) can be calculated by the integral of φ ([12]).

This led to the introduction [11] of the Finslerian LIP manifolds (M, F ), which generalize, on one hand, the Finslerian (smooth) manifolds and, on the other hand, the Riemannian LIP manifolds.

Finslerian metrics in the classical case or in weaker hypotheses are studied by Busemann and Mayer and with generalization by Pauc [32] in view of the calculus of variations on metric spaces. In this context M. Amar and G. Bellettini ([3]) introduce a notion of total variation of a function depending on a possible discontinuous Finsler metric and study the connection with the theory of relaxation.

Finsler metrics are also connected with the symbols of elliptic operators having measurable coefficients ([27]).

Z. Shen ([34]) proves the one-to-one correspondence between C^0 length structure and C^0 Finsler structures on manifolds of class C^1. L. Tamássy [36] gives an explicit expression for k-dimensional (1 ≤ k ≤ n) area in a n-dimensional Finsler space and, with the aid of this notion of area, defines a curvature for submanifolds of a Finsler space endowed with a connection.

Now on LIP manifold (M, δ), where δ is a distance locally equivalent to a Euclidean one, it is possible to consider the n-dimensional Hausdorff measure and one proves a integral formula for the volume given by the Fisler structure induced by derivation of δ ([15]).

The above results suggest extensions and investigations in a very general framework, the general metric spaces, which are studied by Menger, Bouligand, Busemann, Pauc, Carathéodory and recently by Alexandrov and Gromov ([26], [6], [7], [32], [1], [22]).

A general metric space (S, σ) is a set S with a map σ : S × S → [0, +∞] such that σ(x, x) = 0. The map σ expresses the intuitive idea of “distance”, i.e. the estimate of the gauge between two points.

This great generality is suggested by the following classical example: if (U, Φ) is a chart at the point x ∈ M, Φ(U) = V ⊂ IR^n and ξ = Φ(x), then one can consider, for every η ∈ V , the function σ̃(ξ, η) = ( ∑ hk g_{hk}(ξ)(η_h − ξ_h)(η_k − ξ_k) )_{1/2}

which induces on M the function σ(x, y) = σ̃(Φ(x), Φ(y)), which generally is not a distance (because σ(x, y) ≠ σ(y, x) and the triangular property does not hold) but satisfies σ(x, x) = 0.

On general metric spaces we consider [13] three types of functionals E_h(σ, p) (h = 1, 2, 3), which generalize the concept of p-energy (p ≥ 1) of a curve and we study conditions in order for them to coincide, hence there holds a theorem of integral representation of type E(σ, p)(γ; a, b) = ∫_b a ‖γ̇(t)‖^pdt where E(σ, p)(γ) is the total p-variation of γ with respect to σ and ‖γ̇(t)‖ is the “norm of the derivative” of σ on γ(t).

As in the classical case, minimizing the p-energy, one can introduce a “distance” δ_h(σ, p) (in general not symmetric), which, if (S, σ) = (M, g) (or (M, F )), coincides whith the usual intrinsic distance induced by the Riemannian (or Finslerian) structure. If one repeats the procedure of construction of the functionals E_h by starting from the functions δ_h(σ, p), then δ_h(δ_h(σ, p)) = δ_h(σ, p) i.e. stability for the distances holds.

These distances can be used in the study of evolution trajectories of figures with respect to an energy.

After giving a suitable notion of asymptotically equal generalized distances, we prove that if σ and ϱ are so, then E_h(σ, p)(γ) = E_h(ϱ, p)(γ) ∀ p ≥ 1 when γ has finite energy for some p_0 > 1 ([14]).

The arguments on the generalized p-energy of a curve suggest a definition of energy for maps between metric spaces and we are able to introduce generalized Sobolev spaces ([25], [30], [23], [24]).

We conclude by considering a particular generalized distance σ = σ_r (r ≥ 1) defined on the set S of the Lebesgue measurable parts of R σ_r(A, B) = ( r ∫ AΔB [dist(x, ∂B)]^{r−1}dx )_{1/r} , r ≥ 1 (where AΔB is the symmetric difference between A and B).

The map σ_r, introduced by E. De Giorgi ([18]), as a generalization of σ_2, considered by Almgren-Taylor-Wang ([2]), is used in order to study the generalized minimizing motions (e.g. following the mean curvature) ([19], [31]).

Many of the present results are answers to some conjectures formulated in talks by E. De Giorgi, who in valuable discussions has drawn our attention to this problem of interactions among topology, differential geometry and calcul of variations.

1 Preliminaries

(1.1) A Lipschitz manifold M (briefly LIP manifold) of dimension n is a pair consisting of a topological manifold and an equivalence class of LIP atlases. A LIP atlas on M is a family of charts A = {(U_α, Φ_α)}, (α ∈ Λ) where {U_α} forms an open cover of M, Φ_α : U_α → V_α maps homeomorphically U_α onto a set V_α which is open either in IR^n or in IR^n_+ and for any α, β

Φ_{αβ} = Φ_β ∘ Φ^{−1}_α : Φ_α(U_α ∩ U_β) → Φ_β(U_α ∩ U_β)

defines a Lipschitz homeomorphism.

(1.2) A Riemannian metric on M is a collection g = {g^α} where g^α is a Riemannian metric on V_α = Φ_α(U_α) ⊂ IR^n, with measurable components, that satisfy the compatibility conditions

Φ^∗_{αβ} (g^β) = g^α (no sum intended)

where the pull-back Φ^∗_{αβ} is defined componentwise. The map Φ_{αβ} is LIP , so is differentiable a.e. and has bounded and measurable partial derivatives. Hence the hypotheses on g are admissible for any LIP manifold and in general one cannot ask for greater regularity.

(1.3) A Riemannian metric g will be called a LIP Riemannian metric on M if any g^α defines on V_α a L_2-norm which is equivalent to the standard L_2-norm. It is possible to find two strictly positive constants h_α and H_α, such that for every chart (U_α, Φ_α) and every n-ple (v^1..., v^n) ∈ IR^n

h^2_α ∑ (v^i) ≤ ∑ g^α_{ij}(z)v^iv^j ≤ H^2_α ∑ (v^i) a.e. in z.

i.e. g defines an “elliptic” metric.

(1.4) A (weakly) Finslerian structure on V_α ⊂ IR^n is a function F_α : V_α × IR^n → IR such that

1) F_α(·, v) is measurable for any v ∈ IR^n and F_α(ξ, ·) is continuous for a. e. ξ ∈ V_α; 2) F_α(ξ, v) > 0 for a. e. ξ if v ≠ 0; 3) F_α(ξ, tv) = tF_α(ξ, v) if t > 0. (1.5) A Finslerian structure on M is a collection F = {F_α} of (weakly) Finslerian structures F_α on V_α = Φ_α(U_α) ⊆ IR^n, such that for any α, β the following compatibility condition F_α(ξ, v) = F_β(Φ_{αβ} (ξ), (dΦ_{αβ})(ξ)(v)) a.e. ξ ∈ V_α, ∀v ∈ IR^n, holds, where Φ^{−1}_α (ξ) ∈ U_α ∩ U_β.

(1.6) A Finsler structure F will be called a LIP Finslerian metric on M if for every α two (strictly) positive constants h_α and k_α exist such that k_α|v| ≤ F_α(ξ, v) ≤ K_α|v| a.e. ξ ∈ V_α where |v| is the standard Euclidean norm.

(1.7) A LIP manifold M with a LIP Finslerian metric F will be called simply a LIP Finslerian manifold (M, F ). If x = Φ^{−1}_α (ξ) ∈ U_α, sometimes one writes F (x) instead of F_α(ξ, ·) and ‖v‖_{F (x)} = F_α(ξ, v). If (M, g) is a LIP Riemannian manifold and F_α(ξ, v) = (g^α(ξ)(v, v))^{1/2} = ‖v‖_{g(x)}, (M, g) is a LIP Finslerian manifold too.

2 Intrinsic distance

(2.1) Let (M, g) be a LIP Riemannian manifold and Lip(x, y; M) = {γ : [0, 1] → M LIP ; γ(0) = x, γ(1) = y}. If N ⊂ M is a null set (where the measure |N| of N is defined through g), we set N = {N ⊂ M; |N| = 0} and denote by Lip_N (x, y; M) = {γ ∈ Lip(x, y; M); mis{t ∈ I; γ(t) ∩ N} = 0} the set of the curves transversal to N, which is not empty.

If γ ∈ Lip_N (x, y; M) we introduce the integral (2.2) L_A(γ, g) =

∫_1 0 √ g_{ij}γ̇^iγ̇^jdt = ∫_1 0 ‖γ̇‖_{γ(t)}dt with the understanding that L_A(γ; g) = +∞ whenever it does not exist. However with a suitable choice of the set N = N(A) of zero measure it is possible to give a meaning to (2.2). Then we call L_A(γ; g) the length of γ (with respect to the atlas A). Set ϱ^g_N (x, y) = inf {L_A(γ; g); γ ∈ Lip_N (x, y; M)} ; then ϱ^g(x, y) = sup{ϱ_N (x, y); N ∈ N } is a distance on M independent of A ([9]).

(2.3) Let x, y be two distinct points of M and Lip(M; x, y) = {u : M → IR LIP ; u(x) = 0, u(y) = 1}. If x = y we put δ(x, y) = 0. If x ≠ y we put ([10]) δ^g(x, y) = lim sup_{p→∞} [ inf {(∫ M ‖du‖^pdv )_{1/p} ; u ∈ Lip(M; x, y) }]_{−1}

(which of course depends on the metric g).

One sees that δ^g is a distance which is LIP equivalent to the distance σ induced on M by the charts. Hence the completeness with respect to σ implies the completeness with respect to δ.

(2.4) Theorem. Under our hypotheses on M,if (M, δ) is also complete, we have δ(x, y)^{−1} = min{‖du‖_∞; u ∈ Lip(M; x, y)}, where ‖ · ‖_∞ is the L_∞-norm. Moreover if u ∈ Lip(M) = {v : M → IR; LIP }, |u(x) − u(y)| ≤ ‖du‖_∞δ(x, y) i.e. u is LIP also with respect to the metric δ of M.

Moreover the main result holds:

(2.5) Theorem. If M is a paracompact oriented LIP manifold, there exists lim_{p→∞} [inf{‖du‖_p; u ∈ Lip(M; x, y)}] = δ^g(x, y)^{−1} and furthermore δ^g(x, y) = [min{‖du‖_∞; u ∈ Lip(M; x, y)}]^{−1} .

Moreover δ^g(x, y) = ϱ^g(x, y). (2.6) Theorem. If F^∗ is the Finslerian structure, dual of F , then δ^F (x, y)^{−1} = inf {‖F^∗(df)‖_∞; f ∈ Lip(M), f(x) = 0, f(y) = 1} , δ^F (x, y) = sup {|f(x) − f(y)|; f ∈ Lip(M), ‖F^∗(df)‖_∞ ≤ 1} . Moreover there exists the following result (shown also by S. Venturini with different hypotheses [41]).

(2.7) Theorem. Denote by T the set of the pseudodistances on M. If τ ∈ T and y_0 is a fixed point of M, clearly f(z) = τ(z, y_0) is a LIP function. Then δ^F (x, y) = max {τ(x, y); τ ∈ T ; ‖F^∗(df)‖_∞ ≤ 1, f(z) = τ(z, y_0)} .

3 From metric to Finslerian structure

(3.1) Let (M, δ) be a LIP (topological) manifold, where δ is a distance locally equivalent to a Euclidean one.

If (U, Φ) is a chart at the point x ∈ M, ξ = Φ(x), v is a vector of V = Φ(U) ⊂ IR^n, we consider the “directional derivative” of δ ([12]): φ(ξ, v) = lim_{t→0} δ(Φ^{−1}(ξ), Φ^{−1}(ξ + tv)) t . (3.2) Theorem. The limit φ(ξ, v) exists, the function φ(., v) is Borel-measurable, for a.e. ξ the function φ(ξ, .) is a norm (dependent on ξ) and h|v| ≤ φ(ξ, v) ≤ k|v|, hence φ defines a (general) Finsler structure on M.

Moreover if γ : [a, b] → M is an absolutely continuous curve, then for the LIP Finslerian manifold (M, φ) L(γ; δ) = L(γ; φ), holds, where

L(γ; δ) = sup_T { ∑ i δ(γ(t_i), γ(t_{i+1})); T decomposition of [a, b] }

and L(γ; φ) = ∫_b a φ(γ(t), γ̇(t))dt.

Hence the length can be calculated by an integral.

(3.3) Theorem. Under our hypotheses, let ϱ be the distance induced by φ. If one repeats the procedure starting from ϱ, then the derivative φ̃ of ϱ is a.e. equal to φ. Moreover if ϱ̃ is the distance induced by the Finsler structure φ̃, then

ϱ̃ = ϱ (= ϱ^{∗∗} = δ^φ),

where ϱ^{∗∗} is the distance induced by φ^{∗∗} and δ^φ the intrinsic one induced by φ.

(3.4) The metric structure, induced by δ, allows us to construct the n-dimensional Hausdorff measure, H^n_δ , while the Finslerian structure, induced by φ, allows us to define a notion of volume ([5], [36], where φ is more regular, at least continuous). Following a suggestion in [16], we give a theorem of integral representation, which binds the two concepts ([15]).

Let (M, δ) be a LIP manifold, where δ is a distance locally equivalent to a Euclidean one; if (U, Φ) is a local chart and x, y ∈ U, then ξ = Φ(x), η = Φ(y) are in Φ(U) = V ∈ IR^n and the distance d(ξ, η) = δ(x, y) is locally equivalent to the Euclidean one on IR^n.

If A ⊂ M, we put by definition in any chart ∫ A∩U dv = ∫ Φ(A∩U) ω_n |B(ξ, 1)| dξ where ω_n is the volume of the unitary sphere with respect to the Euclidean metric and |B(ξ, 1)| = meas{v ∈ IR^n; φ(ξ, v) ≤ 1} where meas means the Lebesgue measure and φ is the derivative of d.

(3.5) Theorem. Under our hypotheses, for every A ⊂ M, s.t. Φ(A) is Lebesgue measurable, then H^n_δ (A) = ∫ A dv. (3.6) The previous result can be generalized. If V ⊂ IR^n is Lebesgue measurable, (X, δ) is a metric space and f : V → X is a locally injective LIP map, the distance d on IR^n defined by d(ξ, h) = δ(f(ξ), f(η)) is locally equivalent to the Euclidean and

H^n_δ (f(V )) = ∫ V ω_n |B(ξ, 1)| dξ holds, where B(ξ, 1) is built by φ(ξ, v) = lim_{t→0} δ(f(ξ), f(ξ + tv)) t (3.7) Example. Let S be the set of the intervals of IR^n and Φ : IR^2 → S Φ(a, b) =] min{a, b}, max{a, b}[. By putting S = {(a, b) ∈ IR^2; a ≤ b}, the map Φ|S is a one to one correspondence and S becomes a bidimensional manifold.

If A ⊂ S is a Lebesgue measurable set, we put for any x, y ∈ A, r > 1 d_r(x, y) = min { (|x_1 − y_1|^r + |x_2 − y_2|^r)^{1/r}, (|x_2 − x_1| + |y_2 − y_1|)2^{(1−r)/r} } . Then one sees that H^2_{dr} (A) = H^2_{dr} (Φ(A)) = π|A|/C_r, where C_r = meas {(v_1, v_2); |v_1|^r + |v_2|^r ≤ 1} = 4

∫_1 0 (1 − t^r)^{1/r}dt. Other examples and generalizations are in [15].

4 p-Energy of a curve

(4.1) Let (S, σ) a general metric space, i.e. S is a set and σ : S × S → [0, +∞] is a map s.t. σ(x, x) = 0. If γ : [a, b] → S is a (parametrized) curve of S, a ≤ t^′ < t^{′′} ≤ b and T = {t^′ = t_0 < t_1 < ... < t_{n+1} = t^{′′}} is a decomposition of [t^′, t^{′′}], we define for p ≥ 1, p ∈ IR, the following functionals, called p-energy of the curve γ,

E_1(σ, p)(γ; t^′, t^{′′}) = sup_T {^n∑ i=0 σ(γ(t_i), γ(t_{i+1}))^p (t_{i+1} − t_i)^{p−1} } ;

E_2(σ, p)(γ; t^′, t^{′′}) = inf_T {^n∑ i=0 E_1(σ, p)(γ; t_i, t_{i+1}) } ;

E_3(σ, p)(γ; t^′, t^{′′}) = ∫_{∗ t}′′ t^′ ( lim sup h→0 σ(γ(t), γ(t + h))^p h^p ) dt; (where this latter integral is meant as a Lebesgue upper integral).

The functional E_1 can be considered as the total p-variation of γ, with respect to the function σ. If σ is a distance and p = 1 we have the usual concept of length of a curve, for p = 2 we have the analogous concept of energy of curves even not smooth.

In the general case E_1 ≥ E_2 ≥ E_3 and there exist examples for which the inequalities hold strictly ([13]).

(4.2) We say that γ verifies the (F E_h) condition (briefly γ ∈ (F E_h)), if some p_0 > 1 exists s.t. E_h(σ, p_0)(γ) < +∞.

(4.3) Theorem. If σ verifies the triangular property (on γ(I)) then E_1(σ, p)(γ) = E_2(σ, p)(γ) ∀p ≥ 1. Moreover if γ ∈ (F E_1), then E_1(σ, p)(γ) = E_2(σ, p)(γ) = E_3(σ, p)(γ) = E(σ, p)(γ) ∀p ≥ 1. (4.4) Corollary. Let (S, σ) be an ordinary metric space and put Γ(x, y) = {γ : [a, b] → S; γ(a) = x, γ(b) = y, γ ∈ (F E)}. Then the functional E(σ, p) : Γ → IR is lower semicontinuous with respect to a.e. convergence, i.e. if (γ_h) is a sequence of curves s.t. γ_h → γ a.e. and E(σ, p)(γ_h) ≤ c = const. for any h, then E(σ, p)(γ) ≤ c.

From the previous result it follows directly that E(σ, p) is lower semicontinuous even with respect to uniform convergence.

(4.5) Corollary. E(σ, p) is lower semicontinuous with respect to L_p convergence induced on Γ(x, y) by the distance

d(γ_1, γ_2) = (∫ b a σ(γ_1(t), γ_2(t))^pdt )_{1/p} . (4.6) Classical examples are spaces (S, σ), where S is a smooth manifold (M, g) or (M, F ) and σ is the intrinsic distance induced by g or F .

Now we consider that S is a Banach space and σ is the distance induced by the norm. Then

(F E_1) ⇒ γ absolutely continuous ⇒ E(σ, p)(γ; a, b) = ∫_b a ‖γ̇(t)‖^pdt. In non classical cases, the absolute continuity is replaced by the condition (F E_1), which permits to calculate the p-energy by integration.

5 The case of the LIP manifolds

(5.1) Let S a LIP (topological) manifold M and σ a distance δ locally equivalent to the Euclidean one. Then E(δ, p)(γ; a, b)) = ∫_b a φ(γ, γ̇)^pdt. where φ is the “derivative” of δ.

In particular if S is a LIP Finslerian manifold of class C^1 and δ = δ^F is the intrinsic distance induced by a continuous norm F then φ = F . If F is a generic Finslerian structure, then in general φ ≠ F holds, but ϱ^φ = ϱ^F .

(5.2) Let (M, F ) be a LIP Finslerian manifold. If A is a LIP atlas of M, we remark that the integral

E_A(γ; F ; p) = ∫_b a F (γ, γ̇)^pdt is not well defined for every curve γ and in general the value depends on the chosen atlas. If it does not exist or is not well defined we put E_A(γ; F ; p) = +∞. The dependence on the atlas can be eliminated if we put by definition

E(γ; F ; p) = sup_N { lim inf τ →γ EA(τ; F ; p); τ ∈ AC(M; x, y), τ∩ ⊤N, |N| = 0 }

where AC(M; x, y) is the set of the absolutely continuous curves from x = γ(a) to y = γ(b) and τ∩^⊤N means that the curve τ is transversal to N, where |N| = 0. One can show that

(5.3) Theorem. If δ^F is the intrinsic distance induced on M by F , then for every p ≥ 1 E(δ^F , p)(γ) = E(γ; F ; p) inf{E(γ; F ; p); γ ∈ AC(M; x, y)} = δ^F (x, y)^p/(b − a)^{p−1}. Therefore the geodesics are minimal curves of the functional E(δ^F , p) for every p ≥ 1. For p = 1, E = L is the length of γ.

6 Stability of constructions

(6.1) Let (S, σ) be a general metric space. Put

Γ_1 = {γ : [a, b] → S; γ ∈ (F E_1)}

Γ_2 = Γ_3 = {γ : [a, b] → S; γ ∈ (F E_2)}

For x, y ∈ S and h = 1, 2, 3, we define δ_h(σ, p)(x, y) = inf_γ {[E_h(σ, p)(γ; a, b)(b − a)^{p−1}]^{1/p}; γ(a) = x, γ(b) = y, γ ∈ Γ_h}. If δ_h(σ, p) is independent of p (as h = 3), one repeats the procedure of construction of the functionals E_h(σ, p) by starting from the functions δ_h(σ, p), then E_h(δ_h(σ, p), p) ≤ E_h(σ, p), δ_h(δ_h(σ, p), p) = δ_h(σ, p), whence, by setting ϱ_h(σ, p) = δ_h(δ_h(σ, p), p), E_h(ϱ_h(σ, p), p) = E_h(δ_h(σ, p), p), i.e. the construction is stable.

(6.2) Example. Let (S, ‖ · ‖) be a Banach space and σ(x, y) = ‖x − y‖^α (α > 0), which is a distance for α ≤ 1.

If γ(t) = x + t(y − x) is a fixed curve, then for any p ≥ 1: E_2 = E_3 = 0 α > 1, E_1 = E_2 = E_3 = ‖x − y‖^p α = 1, E_1 = E_2 = E_3 = +∞ α < 1, whence δ_2(x, y) = δ_3(x, y) = 0 α > 1, δ_h(x, y) = ‖x − y‖ α = 1, δ_h(x, y) = { +∞ x = y 0 x ≠ y α < 1.

7 Asymptotically equal generalized distances

(7.1) The notion of generalized distance, although it is poor, permits defining in the spaces (S, σ) the concept of “limit of a sequence”.

An element x ∈ S is called a limit of a sequence {x_k} of elements of S (briefly x_k−→_σ x) if and only if min { lim_k σ(x_k, x), lim_k σ(x, x_k) } = 0.

Observe that an infinite sequence of elements of (S, σ) might have a limit without being a Cauchy sequence ([4]).

(7.2) Now let σ and ϱ be two generalized distances. We say ([14]), that σ is asymptotically equal to ϱ at x ∈ S if, and only if, x_k−→_σ x, y_k−→_σ x ⇒ lim_k σ(x_k, y_k)/ϱ(x_k, y_k) = 1. If σ is asymptotically equal to ϱ at any point x ∈ S, then we write σ ∼ ϱ. In general σ ∼ ϱ does not imply ϱ ∼ σ, as it is shown by the following example ϱ(x, y) = | sin σ(x, y)|, where σ might be a distance in the usual sense.

If σ ∼ ϱ and a real number a > 0 exists such that aσ(x, y) ≤ ϱ(x, y) then ϱ ∼ σ.

(7.3) Example Let (M, δ) be a LIP manifold, where δ is a distance locally equivalent to a Euclidean one. By Theorem (3.2), for a.e. ξ the norm φ(ξ, ·) induces on IR^n the generalized distance d̃(ξ, η) = φ(ξ, η − ξ). One proves that a.e. δ is asymptotically equal to d, where d(x, y) = d̃(ξ, η), x = Φ^{−1}(ξ), y = Φ^{−1}(η). (7.4) Theorem. Let σ and ϱ be generalized distances and σ ∼ ϱ. If γ is a curve of S s.t. E_3(σ, 1)(γ) < +∞, then E_3(ϱ, 1)(γ) < +∞ and E_3(σ, p)(γ) = E_3(ϱ, p)(γ) ∀p ≥ 1. If E_2(σ, p_0)(γ) < +∞ for some p_0 > 1, then E_2(σ, p_0)(γ) < +∞ too and E_2(σ, p)(γ) = E_2(ϱ, p)(γ) ∀p ≥ 1.

(7.5) Theorem. Let S be a topological space and σ a continuous map. If σ ∼ ϱ, then for every continuous curve E_h(σ, p)(γ) = E_h(ϱ, p)(γ) ∀p ≥ 1, h = 2, 3.

Remarks.

(7.6) A statement analogous to (7.4) is not true for E_1. Namely, if S = IR, γ(t) = t with a ≤ t ≤ b σ(x, y) = |x − y|, ϱ(x, y) = e^{σ(x,y)}σ(x, y) then σ ∼ ϱ, ϱ ∼ σ, but E_1(ϱ, p)(γ) = e^{p(b−a)}(b − a) > (b − a) = E_1(σ, p)(γ).

(7.7) The condition E_2(σ, 1)(γ) < +∞ does not imply the equality E_2(σ, p)(γ) = E_2(ϱ, p)(γ) even for finite energies. For example, if γ(t) = { x̄ a ≤ t ≤ c ȳ c ≤ t ≤ b and σ(x̄, ȳ) ≠ ϱ(x̄, ȳ), we have E_2(σ, 1)(γ) = σ(x̄, ȳ) ≠ ϱ(x̄, ȳ) = E_2(ϱ, 1)(γ).

8 A remarkable example

(8.1) Let S̃ be the set of the Lebesgue measurable parts of IR^n and for every A, B ∈ S̃, define σ_r(A, B) = ( r ∫ AΔB [dist(x, ∂B)]^{r−1}dx )_{1/r} (r ≥ 1) (where AΔB is the symmetric difference between A and B).

Clearly (S̃, σ_r) is a general metric space. When we identify two sets A and B s.t. |AΔB| = 0, σ_1 is the Nikodým distance, while σ_r (r > 1) is not a distance.

Since for any A, B ∈ S̃ one may construct a curve γ joining A with B s.t.

E_2(σ, p)(γ) = E_3(σ, p)(γ) = 0 ⇒ δ_2(A, B) = 0 ∀A, B ∈ S̃, it is convenient to restrict S̃ to a more meaningful subset S = {X ⊂ IR^n; X convex and bounded.} Now for any A, B ∈ S, with the above identification, σ_r(A, B) = 0 ⇒ A = B. Moreover (S, σ_1) is a topological space and we are able to prove that σ_r is continuous with respect to the two arguments ([30]):

(8.2) Theorem. Let A, B ∈ S with |A| ≠ 0, |B| ≠ 0. If {A_k}, {B_k} are sequences in S and σ_1(A_k, A) → 0, σ_1(B_k, B) → 0, then σ_r(A_k, B_k) → σ_r(A, B). (8.3) Theorem. Let {A_k} be a sequence of S and A ∈ S. If σ_r(A_k, A) → 0, then σ_1(A_k, A) → 0. If σ_r(A, A_k) → 0, then σ_1(A, A_k) → 0.

From the previous theorems it follows that, if γ : [a, b] → S is a curve joining A and B s.t. E_2(σ_r, p_0)(γ) < +∞ and meas{γ(t); t ∈ (α, β)} ≠ 0, then in the interval (α, β) the curve γ is continuous with respect to the metric σ_1. Now γ can be reparametrized by the arclength and

δ_2(σ_r, p)(A, B) = inf{[E_2(σ_r, p)(γ; a, b)(b − a)^{p−1}]^{1/p}; γ(a) = A, γ(b) = B} is independent of p.

(8.4) Remark. Any curve γ : [0, 1] → S can be considered as an evolution from the figure A = γ(0) to the figure B = γ(1). Geodesics for distances δ_h(σ_r, p) are meaningful evolutions.

For example if S is the set of the intervals of IR and I_i, I_j ∈ S, then one proves that ([13]) δ_2(σ_r)(I_i, I_j ) = δ_3(σ_r)(I_i, I_j) = min{ℓ_1, ℓ_2}, where, by putting I_i = [a_i, b_i], ℓ_1 = (|a_j − a_i|^r + |b_j − b_i|^r)^{1/r}, ℓ_2 = (|b_i − a_i| + |b_j − a_j|)2^{(1−r)/r}.

These quantities can be interpreted as the length of the curve γ_1 (resp. γ_2), where γ_1(t) = [a_i + t(a_j − a_i), b_i + t(b_j − b_i)]

γ_2(t) = { [a_i + t(b_i − a_i), b_i + t(a_i − b_i)] t ∈ [0, 1/2] [b_j + t(a_j − b_j ), a_j + t(b_j − a_j )] t ∈]1/2, 1] realize the simplest evolutions of the interval I_i on I_j.

References

[1] A.D. Alexandrov, V.N. Berestovskij, I.G. Nicolaev, Generalized Riemannian spaces,Russ. Math. Surv.,41, 3(1986), 1-54.

[2] F. Almgren, J.E. Taylor, L. Wang, Curvature driven flows: a variational approach, SIAM J. Cont. and Opt., (31 (1993), 387-437.

[3] M. Amar, G. Bellettini, A notion of total variation depending on a metric with discontinuous coefficients, Ann. Inst. Poincaré, An. non linèaire, 11 (1994), 91-133.

[4] L. M. Blumenthal, Theory and applications of distance geometry, 2^{nd} edition, Chelsea, New York, 1970.

[5] G. Bellettini, M. Paolini, S. Venturini, Some results on surface measures in Calculus of variations, Ann. Mat. pura ed appl., 170 (1996), 329-359.

[6] H. Busemann, Metric methods in Finsler spaces and in the foundation of geometry, Ann. of Math. Studies 8 Princeton 1942.

[7] C. Carathéodory,Vorlesungen über Variationsrechnung,Teubner, Leipzig-Berlin, 1934.

[8] G. De Cecco, G. Palmieri, Distanza intrinseca su una varietà riemanniana di Lipschitz, Rend. Sem. Mat. Univers. Politecn. Torino, 46, 2 (1988), 157-170.

[9] G. De Cecco, G. Palmieri, Length of curves on LIP manifolds, Rend. Acc. Naz.

Lincei, s.9, v. 1 (1990), 215-221.

[10] G. De Cecco, G. Palmieri, Integral distance on a Lipschitz Riemannian Manifold, Math. Zeit., 207 (1991) 223-243.

[11] G. De Cecco, G. Palmieri, Distanza intrinseca su una varietà finsleriana di Lipschitz, Rend. Acc. Naz. delle Scienze detta dei XL, XVII (1993), 129-151.

[12] G. De Cecco, G. Palmieri, LIP manifolds: from metric to Finslerian structure, Math. Zeit., 218 (1995), 223-237.

[13] G. De Cecco, G. Palmieri, p-Energy of a curve on a set and on a Finslerian LIP-manifold, Boll. U.M.I., (7),10-B (1996), 815-842.

[14] G. De Cecco, G. Palmieri, Asymptotically equal generalized distances and p-energy of a curve, preprint 1997.

[15] G. De Cecco, G. Palmieri, Area of LIP -maps from IR^n to a metric space, in preparation.

[16] E. De Giorgi, Su alcuni problemi comuni all’Analisi e alla Geometria, Note di Matematica IX-Suppl. (1989), 59-71.

[17] E. De Giorgi, Alcuni problemi variazionali della Geometria, Conf. Sem. Mat. Univ.

Bari, 244 (1990).

[18] E. De Giorgi, Movimenti minimizzanti, in: Aspetti e problemi della Matematica oggi, proc. of Conference held in Lecce, 1992.

[19] E. De Giorgi, New problems on minimizing movements, in: Boundary value problems for partial differential equations and applications, C. Baiocchi and J.L. Lions eds., Masson (1993), 81-98.

[20] S. Donaldson, D. Sullivan, Quasi conformal Four Manifolds, Acta Math. 163 (1989), 181-252.

[21] M. Ferrarotti, About geodesic distance on Riemannian stratified spaces, preprint 1996.

[22] M. Gromov (redigé par J. Lafontaine et P. Pansu), Structure metrique pour les varietés riemanniennes, Cedic/Nathan, Paris 1981.

[23] P. Hajłasz, Sobolev spaces on arbitrary metric spaces, Potential Analysis, 5, no. 4 (1996),403-415.

[24] K. Kuwae, Y. Machigashira, T. Shioya, Sobolev spaces, Laplacian, and heat kernel on Alexandrov spaces, preprint 1998.

[25] N. J. Korevaar, R. M. Schoen, Sobolev spaces and harmonic maps for metric space targets, Comm. Anal. and Geo., 1 (1993), 561-659.

[26] K. Menger, Metric methods in Calculus of Variations, Proc. Nat., t.23 1937. [27] U. Mosco, Alcuni aspetti variazionali dei mezzi discontinui, Boll. U.M.I. (7), 7-A (1993), 149-198.

[28] J.R. Norris, Heat kernel asymptotics and the distance fonction in Lipschitz Riemannian manifolds, Acta Math. 179 (1997), 79-103.

[29] Y. Otsu, T. Shioya, The Riemannian structure of Alexandrov space, J. of Diff.

Geom. 39 (1994), 329-368.

[30] G. Palmieri, p-energia in spazi metrici generalizzati, Rend. Sem. Mat. Fis. Milano, (1995), 335-356.

[31] E. Pascali, Some results on generalized minimizing movements, Ric. Mat., XLV,1 (1996), 49-66.

[32] C. Pauc, La méthode métrique en calcul des variations, Hermann, Paris 1941. [33] W. Rinow, Die innere Geometrie der metrischen Räume, Springer 1961. [34] Z. Shen, Length and Finsler manifolds with curvature bounded from below, preprint (1993).

[35] D. Sullivan, Hyperbolic geometry and homeomorphisms, in: Geometric Topology, Proc. Georgia Topology Conf. Athens, Georgia, J.-C. Cantrell Ed., Academic Press, 1979, 543-555).

[36] L. Tamássy, Area and curvature in Finsler spaces, Reports on Math. Physics, 33, 1/2 (1993), 233-239.

[37] N. Teleman, Combinatorial Hodge theory and signature operator, Inventiones Math., 61 (1980), 227-249.

[38] N. Teleman, The index of signature operators on Lipschitz manifolds, Publ. Math.

IHES 58 (1983), 261-290.

[39] N. Teleman, The index theorem for topological manifolds, Acta Math. 153 (1984), 117-152.

[40] N. Teleman, From index theory to non commutative geometry, Les Houches Summer School 1995.

[41] S. Venturini, Derivations of distance functions in IR^n, preprint (1991).

[42] H. Whitney, Geometric integration theory, Princeton Univ. Press, 1957.

Giuseppe De Cecco Giuliana Palmieri Dipartimento di Matematica Dipartimento di Matematica Università di Lecce Università di Bari via per Arnesano – 73100, Lecce, Italy via Orabona, 4 – 70025, Bari, Italy