Notes on Semi-Symmetric Connections on Spaces Endowed with Weyl f-Structures

Iulia Elena Hiricǎ

Abstract This paper deals with manifolds endowed with Weyl f-structures. We present an invariant of the transformations of the semi-symmetric connections, compatible with Weyl f-structures and properties of the deformation algebra of some special connections. In the third section we study flat spaces endowed with Weyl f- structures.

1 Preliminaries

Let (M, g) be an n-dimensional Riemannian manifold, G = {e^λg | λ ∈ F(M)} be the conformally structure generated by g and W : G → Λ^1(M) be the Weyl structure, where W (e^λg) = W (g) − dλ, for any λ ∈ F(M), Λ^1(M) being the space of 1-forms on M. (M, G, W ) is a Weyl manifold. These spaces introduced by Folland ([2]) were studied by many authors and the topic is still actual ([1], [5]).

Weyl generalized manifolds are natural extensions of these spaces. For a nowhere vanishing mapping f ∈ F(M), we define the Weyl f-structure ([8]) W^f : G → Λ^1(M), where W^f (e^λg) = W^f (g) − fdλ, for any λ ∈ F(M). (M, G, W^f ) is called a space endowed with the Weyl f-structure W^f or a Weyl generalized manifold.

A linear connection ∇ on M is said to be compatible with the Weyl f-structure W^f and associated to the 1-form ω if (1.1) (∇_{fX} g)(Y, Z) + W^f (g)(X)g(Y, Z) + ω(Y )g(X, Z) + ω(Z)g(X, Y ) = 0 , for any X , Y , Z ∈ X (M)

For f = 1 and ω = 0 there exists a unique symmetric connection compatible with the Weyl structure W, denoted^W∇ .

Theorem 1.1 (Higa) The following assertions are equivalent :

1. We have dW (g) = 0 and [W (g)] = 0 in H^1(M);.

2. There exists h ∈ G such that^W∇ h = 0 .

∇ is said to be a σ-semi-symmetric connection if (1.2) T (X , Y ) = σ(Y )X − σ(X)Y , where σ is a 1-form and T the torsion tensor field of ∇.

We introduce on M the Obata operators for g by

(1.3) Ω = 1 2 (I ⊗ I − g ⊗ ~g) , Ω^∗ = 1 2 (I ⊗ I + g ⊗ ~g) , 187 where ~g is the (2, 0)-tensor field such that g · ~g = I, I being the identity (1, 1)-tensor field, (g · ~g)(X, σ) = g(X, σ^#) g(X, σ^#) = σ(X), for any σ ∈ Λ^1(M), X ∈ X (M).

These operators satisfy the identities

Ω + Ω^∗ = I ⊗ I , ΩΩ = Ω , Ω^∗Ω^∗ = Ω^∗ , ΩΩ^∗ = Ω^∗Ω = 0.

If a manifold M is endowed with two linear connections ∇ and ~∇, we define X ⋆Y = A(X, Y ), where A = ∇− ~∇ ∈ T^1_2 (M). The module X (M) becomes an algebra, denoted U(M, ~∇, ∇). An element X of this deformation algebra is called characteristic vector field if there exists λ ∈ F(M) such that A(X, X) = λX. If moreover, X_p ≠ 0, ∀p ∈ M, X is called a characteristic direction vector field.

2 Transformations of connections

Theorem 2.1 Let (M, G, W^f ) be a Weyl generalized manifold. There is a unique σsemi-symmetric connection satisfying (1.1), where g, f, W^f (g), ω are given, determined by ∇_{fX} Y =^∘∇_{fX} Y + 1 2 W^f (g)(X)Y + ( 1 2 W^f (g) + fσ ) (Y )X− (2.1) −g(X, Y ) ( 1 2 W^f (g) + fσ − ω )_# , ∘ ∇ being the Levi-Civita connection for g.

Proof. Let ∇ be a connection satisfying (1.1) and^∘∇ be an arbitrary linear connection. We have ∇ =^∘∇ +A, where A ∈ T^1_2 (M). We get (^∘∇_{fX} g)(Y, Z) − fg(A(X, Y ), Z) − fg(A(X, Z), Y ) + W^f (g)(X)g(Y, Z)+ +ω(Y )g(X, Z) + ω(Z)g(X, Y ) = 0 . The previous relation is equivalent with

f(Ω^∗A)(X, Y ) = 1 2 [ (^∘∇_{fX} g)^#_Y + W^f (g)(X)Y + g(X, Y )ω^# + ω(Y )X ] . This equation has the solution A(X, Y ) = 1 2 [ (^∘∇_X g)^#_Y + 1 f W^f (g)(X)Y + 1 f g(X, Y )ω^# + 1 f ω(Y )X ] + +(ΩU)(X, Y ) , where U is an arbitrary (1,2)-tensor field. If^∘∇ is the Levi-Civita connection of g, replacing U(X, Y ) = 1f W^f (g)(Y )X + V (X, Y ), for an arbitrary (1, 2)-tensor field V , we get ∇_{fX} Y =^∘∇_{fX} Y + 1 2 W^f (g)(X)Y + ( 1 2 ω + 1 2 W^f (g) ) (Y )X−

(2.2) −g(X, Y ) ( 1 2 W^f − 1 2 ω )_#

+ (ΩV )(X, Y ) .

From (2.2) we get fT (X, Y ) = (ΩV )(X, Y ) − (ΩV )(Y, X) + 12ω(Y )X − 12ω(X)Y and using (1.2) we have

(2.3) (ΩV )(X, Y ) = ( fσ − 1 2 ω ) (Y )X − g(X, Y ) ( fσ − 1 2 ω )_# . From (2.2) and (2.3) we obtain our assertion.

Remark. If the 1-form σ is arbitrary, then the relation (2.1) determines the set of all linear connections satisfying (1.1), for given g, f, W^f (g).

Theorem 2.2 The set of all semi-symmetric connections, compatible with Weyl f-structures and associated to some 1-forms, endowed with the transformations of connections is a group (C_s, ·) which is isomorphic with the additive group (Λ^1(M)⊗Λ^1(M)⊗ Λ^1(M) , +).

Proof. Any σ-semi-symmetric connection ∇, compatible with the Weyl f-structure W^f and associated to the 1-form ω, is obtained from a σ-semi-symmetric connection ∇, compatible with the Weyl f-structure W^f and associated to the 1-form ω by the transformation (2.4) ∇_{fX} Y = ∇_{fX} Y + p(X)Y + q(Y )X − g(X, Y )r^# , where p = 12 ( W^f (g) − W^f (g) ) , q = p + fσ − fσ, r = q − ω + ω and g ∈ G is fixed. If we consider ∇ → ∇ and ∇ → ∇, then the product of transformations ∇ → ∇ belongs to C_s. We have the property of associativity. The null element is given by (2.4) for p = r = q = 0 and the inverse for ∇ → ∇ is the transformation given by (2.4) for (−p, −q, −r). (C_s , ·) is a subgroup of the abelian group (C , ·), C being the set of all linear connections compatible with Weyl f-structures and associated to some 1-forms.

So Ψ : Λ^1(M) ⊗ Λ^1(M) ⊗ Λ^1(M) → C_s, Ψ(p, q, r) = (∇ → ∇), given by (2.4) is an isomorphism.

Theorem 2.3 For n > 2, the tensor field C^i_{jkl} = R^{∗ i}_{jkl} + 2 n − 2 { Ω^{mi}_{jk} ( R^∗_{ml} − K 2(n − 1) g_{ml} ) −

(2.5) −Ω^{mi}_{jl} ( R^∗_{mk} − K 2(n − 1) g_{mk} )} where K is the scalar curvature, R^{∗ i}_{jkl} = R^i_{jkl} −^1_n δ^i_jB_{hk}, B_{hk} = R^s_{hk} and R^∗_{jk} = R^{∗ i}_{jki}, is an invariant to the transformation of a σ-semi-symmetric connection, compatible with a Weyl f-structure W^f to a σ-semi-symmetric connection ∇, compatible with a Weyl f-structure W^f .

Proof. From (2.4) we have fΓ^h_{jk} = fΓ^h_{jk} +δ^h_j p_k +δ^h_k q_j −g_{jk}g^{hm}q_m and R^i_{jkl} = R^i_{jkl} + δ^i_j (p^′_{k/l} −p^′_{l/k})+δ^i_jT^m_{kl} p_m +2Ω^{mi}_{jk} ( q^′_{m/l} − q^′_mq^′_l +^1_2 g_{ml}ρ ) −2Ω^{mi}_{jl} ( q^′_{m/k} − q^′_mq^′_k +^1_2 g_{mk}ρ ) + 2Ω^{mi}_{js} T^s_{kl}q^′_m, where ρ = g^{ij}q^′_iq^′_j , fg^′_i = q_i , fp^′_i = p_i.

Considering p_{kl} = p^′_{k/l} + p^′_kσ_l and q_{kl} = q^′_{k/l} − q^′_kq^′_l +^1_2 g_{kl}ρ + q^′_kσ_l, ∇ being a σ-semi-symmetric connection, we find

(2.6) R^i_{jkl} = R^i_{jkl} + δ^i_j (p_{kl} − p_{lk}) + 2Ω^{mi}_{jk} q_{ml} − 2Ω^{mi}_{jl} q_{mk} .

Using Ω^{mi}_{ik} = 0, we get B_{kl} = B_{kl} + n(p_{kl} − p_{lk}) and substituting in (2.6) we get

(2.7) R^{∗ i}_{jkl} = R^{∗ i}_{jkl} + 2Ω^{mi}_{jk} q_{ml} − 2Ω^{mi}_{jl} q_{mk} . Making the contraction, we have:

(2.8) R^∗_{jk} = R^∗_{jk} − (n − 2)q_{jk} − g_{jk} ~ρ , where ~ρ = g^{ij}q_{ij} . Hence, we get ~ρ = − K − K2(n − 1). Substituting in (2.8), we obtain

(2.9) q_{jk} = − 1 n − 2 { R^∗_{jk} − R^∗_{jk} − g_{jk} K − K 2(n − 1) } . From (2.7) and (2.8) we find C^i_{jkl} = C^i_{jkl}.

Theorem 2.4 Let (M , G , W^f ) be a space endowed with a Weyl f-structure and ∇ a σ-semi-symmetric connection, compatible with the Weyl f-structure W^f .

If σ^#_p ≠ 0, ∀p ∈ M, then the characteristic direction vector fields of U(M, ~∇, ∇) are colinear to σ^#,where

~∇_{fX} Y =^∘∇_{fX} Y + 1 2 W^f (g)(X)Y + 1 2 W^f (g)(Y )X − g(X, Y ) ( 1 2 W^f (g)

)_# .

Proof. From (2.1) we get ∇_X Y − ~∇_X Y = σ(Y )X − g(X, Y )σ^# and A(X, X) = σ(X)X − g(X, X)σ^#, ∀X ∈ X (M). If X is a characteristic direction vector field then we obtain σ^# ⊗ X − X ⊗ σ^# = 0, by virtue of which there exists f ∈ F(M) such that X = fσ^#.

3 Flat spaces endowed with Weyl f-structures

Theorem 3.1 Let (M, G, W^f ) be a Weyl generalized manifold and ∇ be the symmetric connection, compatible with the Weyl f-structure W^f .

The following assertions are equivalent:

1. There exist the local 1-forms p and q such that the space endowed with the semisymmetric connection (3.1) ∇_{fX} Y = ∇_{fX} Y + q(Y )X + p(X)Y − g(X, Y )q^# is flat;

2. The tensor C is zero.

Proof. If there exist p_k and q_k such that R^i_{jkl} = 0 , then R^{∗ i}_{jkl} = 0 and hence C^i_{jkl} = C^i_{jkl} = 0.

Conversely, if C^i_{jkl} = 0, we consider the systems of equations

(3.2) { p_{′k/l} = p_{kl} , p_{kl} − p_{lk} = − 1nB_{kl} ,

(3.3) q^′_{k/l} = q_{kl} + q^′_kq^′_l − 12g_{kl}ρ , q_{kl} = 1n − 2 [ R^∗_{kl} −^K_{2(n−1)} g_{kl} ] , where ρ = g^{ij}q_iq_j .

If (p_k, q_k) is a solution of these systems, then we get R^i_{jkl} = R^i_{jkl} − 1 n δ^i_jB_{kl} + 2 n − 2 { Ω^{mi}_{jk} [ R^∗_{ml} − K 2(n − 1) g_{ml} ] −

−Ω^{mi}_{jl} [ R^∗_{mk} − K 2(n − 1) g_{mk} ]} = C^i_{jkl} = 0. We must prove that if C^i_{jkl} = 0 , n > 3, then the systems (3.2), (3.3) have solutions.

Because p^′_{k/l} − p^′_{l/k} = Φ_{k/l} − Φ_{l/k} = − 1 n B_{kl} , where Φ_k = − 1 2f ( W^f (g) ) k , we get

(3.4) p_k = Φ_k + ∂h ∂x^k , h being an arbitrary smooth mapping. From (3.3) we get q^′_{j/k/l} − q^′_{j/l/k} = q_{jk/l} + q^′_{j/l}q^′_k + q^′_jq^′_{k/l} − g_{jk}g^{sm}q_{sl}q^′_m− − ( q_{jl/k} + q^′_{j/k}q^′_l + q^′_j q^′_{l/k} − g_{jl}g^{sm}q^′_{s/k}q^′_m ) . From the system (3.3), using C^i_{jkl} = 0, we obtain − q^′_j n B_{kl} + 2q^′_i ( Ω^{mi}_{jk} q_{ml} − Ω^{mi}_{jl} q_{mk} ) = q_{jk/l} − q_{jl/k} + q^′_kq_{jl} − q^′_lq_{jk}− −(g_{jk}q_{sl} − g_{jl}q_{sk})g^{sm}q^′_m + q^′_j (q_{kl} − q_{lk}) . Because q_{kl} − q_{lk} = 1 n − 2 (R^∗_{kl} − R^∗_{lk}) = − 1 n B_{kl} , we get the integrability condition for the systems (3.2), (3.3) (3.5) q_{jk/l} − q_{jl/k} = 0 . The relation (3.5) is a consequence of the formula (3.4). Indeed, ∑ k,l,h cR_{∗ ijkl/h} = 0. From (3.4) we get

Ω^{mi}_{jl} q_{mk/h} − Ω^{mi}_{jk} q_{ml/h} + Ω^{mi}_{jh} q_{ml/k} − Ω^{mi}_{jl} q_{mh/k}+ +Ω^{mi}_{jk} q_{mh/l} − Ω^{mi}_{jh} q_{mk/l} = 0 . Hence (n − 3)(q_{jk/l} − q_{jl/k}) = 0. Because n > 3 we have (3.5).

Theorem 3.2 Let (M, G, W^f ) be a Weyl generalized manifold and ∇ be a semisymmetric connection, compatible with Weyl f-structure W^f .

The following assertions are equivalent :

1. There exist the local 1-forms p, q such that the space endowed with the semisymmetric connection determined by (3.1) is flat

2. The tensor field C is zero.

Proof. If there exist p and q such that R = 0, then C = 0.

Conversely, the σ-semi-symmetric connection ∇, compatible with the Weyl fstructure W^f can be written

∇_{fX} Y =^∘∇_{fX} Y + 1 2 W^f (g)(X)Y + ( 1 2 W^f (g) + fσ ) (Y )X−

−g(X, Y ) ( 1 2 W^f (g) + fσ

)_# ,

∘ ∇ being the Levi-Civita connection associated to g. We have C = W = 0. The previous theorem applied for^∘∇ and ∇ implies that there exist local the 1-form u and v such that the space endowed with the connection ∇_{fX} Y =^∘∇_{fX} Y + u(Y )X + v(X)Y − g(X, Y )u^# is flat.

Considering ∇ →^∘∇→ ∇ we get ∇_{fX} Y = ∇_{fX} Y + ( u − 1 2 W^f (g) − fσ ) (Y )X + ( v − 1 2 W^f (g) ) (X)Y −

−g(X, Y ) ( u − 1 2 W^f (g) − fσ )_# . Denoting q = u − 12W^f (g) − fσ and p = v − 12W^f (g), we get our assertion.

References

[1] N. Bokan, P. Gilkey and U. Simon : Geometry of differential operators on Weyl manifolds, Phil. Trans. R. Soc. Lond. A(1996), preprint.

[2] G. B. Folland : Weyl manifolds, J. Diff. Geom., 4(1970), 145 - 153.

[3] E. Glodek : Some remarks on conformally symmetric Riemannian spaces, Colloq.

Math., XXVIII, 1(1971), 121-123.

[4] S. Golab : On semi-symmetric and quarter symmetric linear connection. Tensor, N. S., 29(1975), 249-254.

[5] T. Higa : Weyl manifolds and Einstein-Weyl manifolds, Comm. Math. Univ.

Sancti Pauli, 12, 2(1993), 143-159.

[6] R. Miron, D. Smaranda : Spaces with conformally semi-symmetric connections, (1985), preprint.

[7] L. Nicolescu : On the semi-symmetric metric connection, Tensor, N.S., 35(1981), 40-44.

[8] L. Nicolescu : Une extension des variétés de Weyl et de Lyra, Ann. Fac. Sci.

Kinshasa, Zaire, 2(1976), 143-152.

[9] S. Nirmala, Agashe and Mangala, R. Chafle : A semi-symmetric non-metric connection on a Riemannian manifold, India J. Pure Appl. Math., 23, 6(1992), 399- 405.

[10] K.Yano : On semi-symmetric connection, Rev. Rom. Math. Pures et Appl., 15(1970), 1579-1586.

[11] K. Yano, T. Imai : On semi-symmetric metric F-connection, Tensor, N.S., 29(1975), 134-138.

University of Bucharest Faculty of Mathematics 14 Academiei Str. 70109 Bucharest Romania, e-mail: ihirica@geo.math.unibuc.ro