On Quantum Vector Fields in General Relativistic Quantum Mechanics

Josef Janyška and Marco Modugno^1

Abstract

We introduce a Lie algebra of distinguished vector fields on a quantum bundle over general relativistic classical spacetime and exhibit a natural isomorphism with the Lie algebra of quantisable functions on the classical phase space. These constructions have been inspired by analogous results in the Galilei framework related to a new quantisation scheme. The present results are expected to lead to an analogous covariant quantisation procedure in the Einstein framework.^2

Introduction

In the papers [2, 3, 4] the authors have presented a covariant formulation of classical and quantum mechanics on a curved spacetime with absolute time (sometimes referred to as Galilei or Newtonian theory), in terms of fibre bundles, jet spaces, general connections and cosymplectic structures (the corresponding theory for a spin particle can be found in [1]).

We expect that the above scheme of covariant quantisation in the general relativistic Galilei framework could inspire analogous results in the standard Einstein general relativistic spacetime. Actually, in the papers [6, 7, 8] we have reformulated in a Lorentz manifold M several results of [2, 3, 4]. In particular, we have analysed the contact structure of the phase space and introduced a Lie algebra of functions, which is a candidate for the quantisation procedure.

In this paper we introduce a Lie algebra of distinguished vector fields on a quantum bundle and exhibit a natural isomorphism with the Lie algebra of quantisable functions on the classical phase space. These vector fields are supposed to lead us to a covariant formulation of quantum operators.

All manifolds and mappings are supposed to be smooth.

We denote the sheaf of local smooth function on a manifold M by F(M), the sheaf of vector fields on M by T (M) and the sheaf of 1-forms on M by T^∗(M).

To include ”physical dimensions” in our geometrical theory, we assume the following fundamental unit half-spaces [2]:

(1) the positive 1-dimensional semi-vector space T over IR^+ of time intervals, (2) the positive 1-dimensional semi-vector space L over IR^+ of lengths, (3) the positive 1-dimensional semi-vector space M over IR^+ of masses. A time unit of measurement is defined to be a base of T or its dual

u_0 ∈ T , u^0 ∈ T^∗ .

Moreover, we refer to the light velocity and the Planck constant c ∈ T^∗ ⊗L , ℏ ∈ T^∗ ⊗L^2 ⊗M , 1This research has been supported by grant No. 201/96/0079 of GA CR, GNFM of CNR, MURST, University of Florence and Contract ERB CHRXCT 930096 of EEC

21991 Mathematics Subject Classification 53C05, 58A20, 58F06, 81S10 Keywords: Spacetime, jet, quantum bundle, quantisable functions, quantum vector fields. 195

and consider a classical particle with mass and charge m ∈ M , q ∈ T^∗ ⊗L^{3/2} ⊗M^{1/2} . 1. Geometry of phase space

First we briefly recall the basic geometric properties of the classical phase space of scalar particles in the Einstein general relativistic framework. For further details and proofs, see [7, 8].

1.1. Phase space. We start with the basic assumptions and definitions.

We assume spacetime to be a 4-dimensional oriented and time-oriented manifold M equipped with a scaled Lorentzian metric of signature (+ − −−)

g : M → L^2 ⊗(T^∗M ⊗_M T^∗M) .

Local coordinate charts on M will be denoted by (x^λ), λ = 0, 1, 2, 3. The coordinate expression of g is then g = g_{λμ} d^λ ⊗d^μ , g_{λμ} : M → L^2 ⊗IR . In what follows we shall refer to local spacetime coordinate charts such that the vector ∂_0 is time-like and time oriented and ∂_1, ∂_2, ∂_3 are space-like; hence g_{00} > 0, g_{11}, g_{22}, g_{33} < 0.

Latin indices i, j, p, . . . will span space-like coordinates, while Greek indices λ, μ, ϕ, . . . will span spacetime coordinates.

A k-jet of 1-dimensional submanifolds of M at x ∈ M is defined to be an equivalence class of 1-dimensional submanifolds touching each other at x with a contact of order k, [11]. The k-jet of a 1-dimensional submanifold l ⊂ M at x ∈ l is denoted by j_kl(x). The set of all k-jets of 1-dimensional submanifolds of M can be equipped, in a natural way, with a smooth structure. The corresponding manifold is denoted by J_k(M, 1) and its projection on M is denoted by π^k_0 : J_k(M, 1) → M.

We have a natural fibred isomorphism over M of the first jet bundle with the Grassmannian bundle of dimension 1

J(M, 1) ≡ J_1(M, 1) → Grass(M, 1) : ϕ → L_ϕ,

where ϕ ∈ J(M, 1) and L_ϕ ⊂ T_ϕM is the tangent space at ϕ = π^1_0 (ϕ) of 1-dimensional submanifolds generating ϕ.

A motion in M is defined to be a 1-dimensional time-like submanifold l ⊂ M.

We define the phase space for a classical particle to be the subspace UM ≡ U_1M ⊂ J(M, 1) of all 1-jets of motions. Hence, ϕ = j_1l(ϕ) ∈ J(M, 1) belongs to UM if and only if L_ϕ = T_ϕl lies inside the light cone.

A motion l ⊂ M can be expressed locally, in terms of a spacetime chart (x^0, x^i), by a formula of the type

x^i = l^i(x^0) ,

i.e. , more precisely, x^i|l = l^i ∘ x^0|l, with l^i : IR → IR.

Every spacetime chart on M determines naturally a local fibred chart (x^0, x^i; x^i_0) on U(M). We shall always refer to such charts on the phase space. 1.2. Jet contact structure. The geometric structure of the phase space and the Lorentz metric allow us to recover the jet contact structure.

We have the following natural jet contact maps

� : UM → T^∗ ⊗T M , τ^♮ : = g^♭ c^2 ∘� : UM → T⊗T^∗ M , with coordinate expressions

� = c α �_0 = c α (∂_0 + x^i_0∂_i) , τ^♮ ≡ τ^♮_λ d^λ = α c (g_{0λ} + g_{iλ}x^i_0) d^λ , where α = 1/‖�_0‖ = 1/ √ g_{00} + 2g_{0j} x^j_0 + g_{ij}x^i_0x^j_0 ∈ L^∗ .

We have � ⌟ τ^♮ = 1 , i.e. , in coordinates, c α (τ^♮_0 + τ^♮_hx^h_0 ) = 1 .

1.3. Splitting of the tangent space of spacetime. The jet contact structure induces a natural splitting, over the phase space, of the tangent space of spacetime into two orthogonal components.

We define the vector bundles over UM T^‖M := {(ϕ, X) ∈ UM ×_M T M | X ∈ L_ϕ} , T^⊥M := {(ϕ, X) ∈ UM ×_M T M | X ∈ L^⊥_ϕ } , which yield the splitting UM ×_M T M = T^‖M ⊕_{UM} T^⊥M . We observe that T^‖M = {(ϕ, X) ∈ UM ×_M T M | X ∈ � (ϕ)(T)} , T^⊥M = {(ϕ, X) ∈ UM ×_M T M | X⌟ τ^♮(ϕ) = 0} . The following mutually dual local bases of vector fields and forms are adapted to the above splitting (�_0 , b_i) : = (∂_0 + x^i_0 ∂_i , ∂_i − c ατ^♮_i �_0) (λ^0 , θ^i) : = (d^0 + c α τ^♮_i θ^i , d^i − x^i_0 d^0) .

We observe that λ^0 = c ατ^♮ .

With reference to a natural base, it is convenient to introduce the matrices h_{iμ} : = g_{iμ} − c^2τ^♮_i τ^♮_μ , h^{iμ} : = g^{iμ} − x^i_0g^{0μ} , and, with reference to an adapted base, the mutually inverse matrices g^⊥_{ij} : = g_{ij} − c^2τ^♮_i τ^♮_j , g^{ij}_⊥ : = g^{ij} − g^{i0}x^j_0 − g^{j0}x^i_0 + g^{00}x^i_0x^j_0 .

Then, we obtain the following coordinate expressions g^♭ ∘b_i = g^⊥_{ij} θ^j = h_{iμ}d^μ , g^♯ ∘θ^i = g^{ij}_⊥ b_j = h^{iμ}∂_μ .

Moreover, the parallel and orthogonal projections λ : UM ×_M T M → T^‖M , θ = 1_M − λ : UM ×_M T M → T^⊥M have the coordinate expressions λ = λ^0 ⊗�_0 , θ = h^{iμ}h_{iν} d^ν ⊗∂_μ .

Additionally, we have a natural linear fibred isomorphism over UM v^⊥ : V UM → T^∗ ⊗T^⊥M , with coordinate expression v^⊥ = c α d^i_0 ⊗b_i , v^{⊥−1} = 1 c α θ^i ⊗∂^0_i .

1.4. Connections, 2–forms and 2–vectors. A linear connection of spacetime induces naturally on the phase space a connection, a second order connection, a 2–form and a 2–vector, which fulfill certain relations.

A linear connection K on the vector bundle π_M : T M → M can be expressed, equivalently, by a tangent valued form, or by a vertical valued form K : T M → T^∗M ⊗_{T M} T T M , ν[K] : T M → T^∗T M ⊗_{T M} T M , respectively, with coordinate expressions

K = d^ϕ ⊗(∂_ϕ + K_ϕ^μ_ψ ẋ^ψ ˙∂_μ) , ν[K] = (ḋ^μ − K_ϕ^μ_ψ ẋ^ψ d^ϕ)⊗∂_μ , where K_ϕ^μ_ψ ∈ F(M) and (x^ϕ, ẋ^ϕ) is the induced coordinate chart on T M.

We observe that a linear connection ν[K] on T M → M induces a linear connection ν[K^′] : T (T^∗ ⊗T M) → T^∗ ⊗T M on the vector bundle T^∗ ⊗T M → M, with coordinate expression ν[K^′] = u^0 ⊗(ḋ^μ_0 − K_ϕ^μ_ψ ẋ^ψ_0 d^ϕ)⊗∂_μ , where u^0 is a base of T^∗ and (x^ϕ, ẋ^ϕ_0 ) denotes the induced chart on T^∗ ⊗T M.

A connection Γ on UM can be expressed, equivalently, by a tangent valued form, or by a vector valued form Γ : UM → T^∗M ⊗_{UM} T UM , v^⊥ ∘ν[Γ] : UM → T^∗UM ⊗_{UM} (T^∗ ⊗T^⊥M) , with coordinate expressions

Γ = d^ϕ ⊗(∂_ϕ + Γ_ϕ^i_0 ∂^0_i ) , v^⊥ ∘ν[Γ] = c α (d^i_0 − Γ_ϕ^i_0 d^ϕ)⊗b_i , where Γ_ϕ^i_0 ∈ F(UM).

For any linear connection K on T M the map ν[Γ] = v^{⊥−1} ∘θ∘ν[K^′]∘T � turns out to be a connection on the bundle UM → M with coordinate expression Γ_ϕ^i_0 = K_ϕ^i_j x^j_0 + K_ϕ^i_0 − x^i_0 (K_ϕ^0_j x^j_0 + K_ϕ^0_0) .

A connection Γ on UM and the metric g yield the scaled 2–form on UM ω(g, Γ) : = (v^⊥ ∘ν[Γ])¯∧θ : UM → (T^∗ ⊗L^2 )⊗Λ^2T^∗UM , where ¯∧ denotes the wedge product followed by the contraction via the metric g.

We have the coordinate expression ω(g, Γ) = c α h_{iμ} (d^i_0 − Γ_ϕ^i_0 d^ϕ) ∧ d^μ .

Moreover, a connection Γ on UM and the metric g yield the scaled 2–vector on UM ω̃(g, Γ) : = Γ ~¯∧ v^{⊥−1} : UM → (T⊗L^{∗2} )⊗Λ^2T UM , where ~¯∧ denotes the wedge product follwed by the contraction via the dual metric g̃ : M → L^{∗2} ⊗T M ⊗_M T M . We have the coordinate expression ω̃(g, Γ) = 1 c α h^{iλ} (∂_λ + Γ_λ^j_0 ∂^0_j ) ∧ ∂^0_i .

Let us denote by U_2M ⊂ J_2(M, 1) the subspace of all 2–jets of motions. A second order connection on M is defined to be a section γ : UM → U_2M , which can be characterized as a scaled vector field γ : UM → T^∗ ⊗T UM , such that T π^1_0 ∘γ = � : UM → T^∗ ⊗T M . Hence, we obtain γ⌟ τ^♮ = 1 : UM → T^∗ ⊗T . The coordinate expression of γ is of the type γ = c α (∂_0 + x^i_0 ∂_i + γ_0^i_0 ∂^0_i ) , γ_0^i_0 ∈ F(UM) .

There is a unique second order connection γ such that γ⌟ ω(g, Γ) = 0 ;

namely, the second order connection γ = � ⌟ Γ : UM → T^∗ ⊗T UM with coordinate expression γ_0^i_0 = Γ_k^i_0 x^k_0 + Γ_0^i_0 .

1.5. Gravitational objects. In the above section we have analysed some possible objects on spacetime. Now, we start by considering the objects of this kind that come from the Lorentz metric.

The metric g yields the gravitational connection on T M, K^♮ : = κ , where κ is the Levi–Civita connection.

Hence, according to the above discussion, we obtain the gravitational connection on UM and the gravitational second order connection on UM ν[Γ^♮] : = v^{⊥−1} ∘θ∘ν[K^{♮ ′}]∘T � , γ^♮ : = � ⌟ Γ^♮ .

Moreover, we obtain the gravitational 2–form and the the gravitational 2–vector ω^♮ : = ω(g, Γ^♮) , ω̃^♮ : = ω̃(g, Γ^♮) .

We observe that the gravitational 2–form is globally exact according to ω^♮ = c^2dτ^♮ and that c^2τ^♮ ∧ ω^♮ ∧ ω^♮ ∧ ω^♮ : UM → (T^{∗4} ⊗L^8 )⊗Λ^7T^∗UM is a volume form on the phase space. Hence ω^♮ is a contact 2–form. 1.6. Total connections and 2–forms. Next, we deform the above geometric structures by a suitable coupling with electromagnetic field.

Thus, we assume the electromagnetic field to be a closed scaled 2–form on M F : M → (T^∗ ⊗L^{3/2} ⊗M^{1/2} )⊗Λ^2T^∗M .

We denote a local potential of F by A : M → (T^∗ ⊗L^{3/2} ⊗M^{1/2} )⊗T^∗M .

Here, by definition we set 2dA = F .

Next, we show that the electromagnetic field can be naturally incorporated into the gravitational structures of the phase space. Namely, we obtain total objects by correcting the gravitational objects by an electromagnetic term, in such a way to preserve their original relations.

For this purpose we need a suitable coupling constant. So, we consider a particle with a given mass and charge m ∈ M , q ∈ T^∗ ⊗L^{3/2} ⊗M^{1/2} , and refer to the coupling constant q m ∈ T^∗ ⊗L^{3/2} ⊗M^{∗1/2} . We start from the obvious coupling of the electromagnetic field with the gravitational contact 2–form on UM. Accordingly, we define the scaled total 2–form to be ω : = ω^♮ + q 2mc F : UM → (T^∗ ⊗L^2 )⊗Λ^2T^∗UM .

Clearly, the total 2–form is closed dω = 0 and we obtain a local potential of ω of the type c^2τ : = c^2τ^♮ + q mc A . Moreover, we obtain the scaled volume form on the phase space c^2τ ∧ ω ∧ ω ∧ ω = c^2τ^♮ ∧ ω^♮ ∧ ω^♮ ∧ ω^♮ .

There is a unique second order connection γ, called the total second order connection, such that [7] γ⌟ ω = 0 , namely, the second order connection given by γ = γ^♮ + γ^e , where γ^e = − q mc v^{⊥−1} ∘g^♯ ∘(� ⌟ F ) , is just the Lorentz force with coordinate expression γ^e = − q mc h^{iμ}(F_{0μ} + F_{jμ} x^j_0) ∂^0_i .

There is a unique connection Γ, called the total connection, such that [7] (v^⊥ ∘ν_Γ)¯∧θ = ω , namely, the connection given by Γ = Γ^♮ + Γ^e , where Γ^e = − q 2mc v^{⊥−1} ∘g^{♯2} ∘(F − 4τ^♮ ∧ (� ⌟ F )) , i.e. , in coordinates Γ^e = q 2mc^2α h^{iρ} ( − F_{λρ} + c ατ^♮_λ(F_{ρ0} + F_{ρr}x^r_0) ) d^λ ⊗∂^0_i .

Actually, we obtain � ⌟ Γ = γ .

The total phase connection Γ yields the scaled total 2–vector ω̃ : = Γ ~¯∧ v^{⊥−1} , given by ω̃ = ω̃^♮ + Γ^e ~¯∧ v^{⊥−1} , i.e. , in coordinates by Γ^e ~¯∧ v^{⊥−1} = = − q 2mc^3α^2 g^{ih}_⊥ g^{jk}_⊥ ( F_{kh} + α c (τ^♮_h (F_{0k} + F_{rk}x^r_0) − τ^♮_k (F_{0h} + F_{rh}x^r_0)) ) ∂^0_i ∧ ∂^0_j .

We can normalize the scaled total 2–form ω and 2–vector ω̃ and obtain the true total 2–form and 2–vector

Ω : = m ℏ ω : UM → Λ^2T^∗UM , Ω̃ : = ℏ m ω̃ : UM → Λ^2T UM . From now on we shall refer to the total objects Γ , γ , Ω , Ω̃ . 2. Tangent space of phase space In this section we analyse the splitting of the tangent space of the phase space and the musical maps induced by the total contact 2–form.

2.1. Splitting of the tangent space of phase space. We start with the splittings of the sheaves T (UM) of vector fields and T^∗(UM) of 1-forms on UM induced by the 1-form τ^♮ and the second order connection γ.

We introduce the subsheaves T^⊥_τ ♮ ⊂ T (UM) , T^γ_⊥ ⊂ T^∗(UM) , defined by T^⊥_τ ♮ : = {X ∈ T (UM) | X⌟ τ^♮ = 0} , T^γ_⊥ : = {ϕ ∈ T^∗(UM) | γ⌟ ϕ = 0} , and the subsheaves ⟨ γ c α ⟩ ⊂ T (UM) , ⟨c α τ^♮⟩ ⊂ T^∗(UM) generated by γ and τ^♮ by means of T- and T^∗ - valued functions, respectively.

We have the natural splittings T (UM) = ⟨ γ c α ⟩ ⊕ T^⊥_τ ♮ , T^∗(UM) = ⟨c α τ^♮⟩ ⊕ T^γ_⊥ , given by

X = γ(X⌟ τ^♮) + ( X − γ(X⌟ τ^♮) ) , ϕ = τ^♮(γ⌟ ϕ) + ( ϕ − τ^♮(γ⌟ ϕ) ) , and the natural sheaf isomorphisms ⟨ γ c α ⟩^∗ ≃ ⟨c α τ^♮⟩ , T^⊥_τ ♮^∗(UM) ≃ T^γ_⊥ (UM) . We have the coordinate expressions γ(X⌟ τ^♮) = c α τ^♮_λ X^λ (∂_0 + x^i_0 ∂_i + γ_0^i_0 ∂^0_i ) , τ^♮(γ⌟ ϕ) = c α (ϕ_0 + ϕ_p x^p_0 + ϕ^0_p γ_0^p_0)τ^♮_λd^λ .

Remark 2.1. Obviously, we have V(UM) ⊂ T^⊥_τ ♮ (UM) , T π^1_0 (T^⊥_τ ♮ (UM)) = T^⊥M , where V(UM) denotes the sheaf of vertical vector fields of the bundle UM → M.

2.2. Adapted bases. We can introduce local bases of vector fields and 1-forms on UM, which are suitable for coordinate computations.

Lemma 2.1. The following mutually dual local bases of vector fields and 1-forms on UM are adapted to the splittings induced by γ and τ^♮

(B_0 , B_i , B^0_i ) = ( ∂_0 + x^j_0∂_j + γ_0^i_0 ∂^0_i , ∂_i − c α τ^♮_i (∂_0 + x^j_0 ∂_j + γ_0^j_0 ∂^0_j ) , ∂^0_i ) , (λ^0 , θ^i , θ^i_0) = ( d^0 − c α τ^♮_i θ^i , d^i − x^i_0 d^0 , d^i_0 − γ_0^i_0 d^0 ) . Remark 2.2. If X = X^0 B_0 + X^i B_i + X^i_0 B^0_i ∈ T (UM), then

γ(X⌟ τ^♮) = X^0 B_0 ∈ ⟨γ⟩ X − γ(X⌟ τ^♮) = X^i B_i + X^i_0 B^0_i ∈ T^⊥_τ ♮ (UM) . If ϕ = ϕ_0 θ^0 + ϕ_i θ^i + ϕ^0_i θ^i_0 ∈ T^∗(UM), then

τ^♮(γ⌟ ϕ) = ϕ_0 θ^0 ∈ ⟨τ^♮⟩ ϕ − τ^♮(γ⌟ ϕ) = ϕ_i θ^i + ϕ^0_i θ^i_0 ∈ T^γ_⊥ (UM) .

Remark 2.3. The coordinate expressions of the scaled 2–form ω(g, Γ) and the scaled 2–vector ω̃(g, Γ) in an adapted base are

ω(g, Γ) = c α g^⊥_{ij} (θ^i_0 − Γ_h^i_0 θ^h) ∧ θ^j , ω̃(g, Γ) = 1 c α g^{ij}_⊥ (B_j + Γ_j^h_0 B^0_h) ∧ B^0_i .

2.3. Musical mappings. The total 2–form Ω and the total 2–vector Ω̃ yield mutual inverse isomorphisms between the contravariant and covariant orthogonal components of the above splitting.

Lemma 2.2. The total sections Ω : UM → Λ^2T^∗UM , Ω̃ : UM → Λ^2T UM yield the linear sheaf epimorphisms T (UM) → T^γ_⊥ (UM) : X → i[X]Ω , T^∗(UM) → T^⊥_τ ♮ (UM) : ϕ → i[ϕ]Ω̃ , with coordinate expressions, in a natural base,

i[X]Ω = m c α ℏ ( (h_{iλ}X^i_0 + h_{iμ} X^μ Γ_λ^i_0 − h_{iλ}Γ_ϕ^i_0 X^ϕ) d^λ − h_{iμ} X^μ d^i_0 ) , i[ϕ]Ω̃ = ℏ m c α ( − h^{jλ} ϕ^0_j ∂_λ + (h^{iλ} ϕ_λ + h^{iλ} Γ_λ^j_0 ϕ^0_j − h^{jλ} Γ_λ^i_0 ϕ^0_j ) ∂^0_i ) . Theorem 2.1. The above maps restrict to the mutually inverse linear sheaf isomorphisms

Ω^♭ : T^⊥_τ ♮ (UM) → T^γ_⊥ (UM) , Ω^♯ : T^γ_⊥ (UM) → T^⊥_τ ♮ (UM) , with coordinate expressions, in an adapted base,

Ω^♭(X) : = i[X]Ω = m c α ℏ ( (g^⊥_{ij} X^j_0 + g^⊥_{mj} Γ_i^m_0 X^j − g^⊥_{mi} Γ_j^m_0 X^j ) θ^i − g^⊥_{ij} X^j θ^i_0 ) , Ω^♯(ϕ) : = i[ϕ]Ω̃ = ℏ m c α ( − g^{ij}_⊥ ϕ^0_j B_i + (g^{ij}_⊥ ϕ_j + g^{mi}_⊥ Γ_m^j_0 ϕ^0_j − g^{jm}_⊥ Γ_m^i_0 ϕ^0_j ) B^0_i ) .

2.4. Time scale. Here, we introduce the notion of time scale, which will play a role in view of Hamiltonian lift of quantisable functions.

We define a time scale to be a smooth map t : UM → T . Given a time scale t, we introduce the subsheaf T_t(UM) ⊂ T (UM) : = {X ∈ T (UM) | X⌟ τ^♮ = t} . Thus, in coordinates, X ∈ T_t(UM) if and only if X^ατ^♮_α = t.

Remark 2.4. Each fibred morphism ϕ : UM → L^2 ⊗ T^∗M over M yields the time scale

t[ϕ] : = � ⌟ ϕ c^2 with coordinate expression t[ϕ] = α c (ϕ_p x^p_0 + ϕ_0) .

Remark 2.5. For each X ∈ T (UM), we can write X⌟ τ^♮ = � c^2 ⌟ (g^♭ ∘X) = t[g^♭ ∘X] , where we set X : = T π^1_0 ∘X : UM → T M . Remark 2.6. Let t : UM → T be a time scale constant on the fibres of UM → M.

A vector field X ∈ T_t(UM) is projectable on a vector field X ∈ T (M) if and only if X is vertical and t = 0.

3. Quantisable functions In this section we describe the Lie algebra of quantisable functions on UM and its lift to the tangent space of spacetime. The quantisable functions will play an important role for quantum vector fields.

3.1. Quantisable functions. In the section we exhibit a distinguished sheaf of functions on the phase space which admit a tangent lift. Our construction is based on a projectability criterion as in the Galilei case [1, 2, 3, 4]. This sheaf of functions includes spacetime coordinates, momentum and energy functions for a classical particle. Their lifts are vector fields which are expected to play an important role in the covariant quantisation procedure analogous to that developed in the Galilei case [1, 2, 3, 4]. For this reason, we call these functions quantisable.

Let f be a local function on UM.

We define the γ–covariant differential of f to be the section d_γ f : = df − τ^♮(γ⌟ df) ∈ T^γ_⊥ (UM) , with coordinate expression d_γ f = (∂_λf − c α τ^♮_λ ( ∂_0f + x^p_0 ∂_pf + γ_0^p_0 ∂^0_p f) ) d^λ + ∂^0_i f d^i_0 .

Moreover, we define the sheaf morphism F(UM) → T^⊥_τ ♮ (UM) : f → f^♯ : = Ω^♯(d_γ f) , with coordinate expression

f^♯ = ℏ m c α ( − h^{jλ} ∂^0_j f ∂_λ + (h^{iλ} ∂_λf + (h^{iλ} Γ_λ^j_0 − h^{jλ} Γ_λ^i_0) ∂^0_j f) ∂^0_i ) . Furthermore, if t : UM → T is a time scale, then we define the sheaf morphism F(UM) → T^t_τ ♮ (UM) : f → f^♯_t : = γ(t) + f^♯ , with coordinate expression

f^♯_t = ( − ℏ m c α h^{jλ} ∂^0_j f + c α t (δ^λ_0 + δ^λ_i x^i_0) ) ∂_λ (3.1) + ( ℏ m c α (h^{iλ} ∂_λf + (h^{iλ} Γ_λ^j_0 − h^{jλ} Γ_λ^i_0) ∂^0_j f) + c α t γ_0^i_0 ) ∂^0_i .

Obviously, we have f^♯_0 = f^♯ .

If f ∈ F(UM) is a function of the type f : = − m ℏ � ⌟ ϕ + f_0 , where f_0 ∈ F(M) and ϕ ∈ T^2 ⊗T^∗(M), then we set l[f] : = ϕ , t[f] : = � c^2 ⌟ ϕ . We have, [8], Theorem 3.1. Let f ∈ F(UM) and t be a time scale. Then, the vector field f^♯_t is projectable on the vector field X[f] : = T π^1_0 ∘f^♯_t : M → T M if and only if f is of the type f = − m ℏ � ⌟ ϕ + f_0 ,

(3.2) where f_0 ∈ F(M) , ϕ ∈ L^2 ⊗T^∗(M), and t = t[f] : = � c^2 ⌟ ϕ . Moreover, if the above conditions are fulfilled, then we obtain X[f] = g^♯ ∘ϕ . The functions f ∈ F(UM) of the type (3.2) are said to be quantisable. The subsheaf of quantisable functions is denoted by Q(UM) ⊂ F(UM) . The vector prolongations Q(UM) → T (UM) : f → f^♯_{t[f]} , Q(UM) → T (M) : f → X[f] , are said to be the phase prolongation and the tangent prolongation of f, respectively.

Corollary 3.1. The coordinate expression of a quantisable function is of the type f = − m c ℏ ϕ_j x^j_0 + ϕ_0 √ g_{00} + 2g_{j0}x^j_0 + g_{ji}x^j_0x^i_0

+ f_0 .

The corresponding vector fields have the coordinate expressions

f^♯_{t[f]} = g^{λμ} ϕ_μ ∂_λ + ( ℏ m c α h^{iλ} ∂_λf_0 − h^{iλ}(x^k_0 ∂_λϕ_k + ∂_λ ϕ_0) + (∂_ρg_{0λ} + x^k_0 ∂_ρg_{kλ})(g^{μλ} h^{iρ} − g^{μρ} h^{iλ}) ϕ_μ + q 2mc^2α (h^{iλ}g^{μρ} − h^{iρ}g^{μλ})F_{λρ}ϕ_μ ) ∂^0_i , X[f] = g^{λμ} ϕ_λ ∂_μ . Proof. The proof consist in direct difficult computations in coordinates by using (3.1), (3.2) and the formula

h^{iλ} Γ_λ^j_0 − h^{jλ} Γ_λ^i_0 = (h^{iρ} h^{jλ} − h^{iλ} h^{jρ})(∂_λg_{0ρ} + x^r_0 ∂_λg_{rρ} + q 2mc^2α F_{λρ}) .

3.2. Lie algebra of quantisable functions. Now we exhibit a Lie bracket for quantisable functions and show that the tangent lift is a Lie algebra homomorphism. For this purpose, we shall use the Lie bracket of 1-forms, [5].

We define the Poisson–Lie bracket {f_1, f_2} = i[f^♯_1 ] i[f^♯_2] Ω = i[f^♯_1 ]d_γ f_2 with coordinate expression, in a canonical base,

{f_1, f_2} = − ℏ m c α ( h^{iλ}(∂^0_i f_1 ∂_λf_2 − ∂_λf_1 ∂^0_i f_2) + (h^{iλ} Γ_λ^j_0 − h^{jλ} Γ_λ^i_0) ∂^0_i f_1 ∂^0_j f_2 ) . If f_1, f_2 ∈ Q(UM), then, in general, {f_1, f_2} /∈ Q(UM).

In order to make the sheaf of quantisable functions a sheaf of Lie algebras, we define the bracket [f_1, f_2] : = {f_1, f_2} + γ(t[f_1]).f_2 − γ(t[f_2]).f_1 .

Lemma 3.1. We have the Lie bracket of 1-forms ϕ, ψ ∈ L^2 ⊗T^∗(M) {ϕ, ψ}_g = g^♭([g^♯(ϕ), g^♯(ψ)]) , with coordinate expression {ϕ, ψ}_g = ( ∂_σg_{λρ} (g^{ρμ} g^{σν} − g^{νρ} g^{σμ}) ϕ_μ ψ_ν + g^{σμ} (ϕ_μ ∂_σψ_λ − ψ_μ ∂_σ ϕ_λ) ) d^λ . Theorem 3.2. If f_1, f_2 ∈ Q(UM), then

[f_1, f_2] = − m ℏ � ⌟ {l[f_1], l[f_2]}_g + g^♯(l[f_1]).f_{20} − g^♯(l[f_2]).f_{10} + q ℏ c F (g^♯(l[f_1]), g^♯(l[f_2])) .

Proof. The proof consists in difficult calculations in coordinates, by taking into account the formula [f_1, f_2] = − m c α ℏ ( (∂_σ g_{kρ}x^k_0 + ∂_σ g_{0ρ})(g^{νσ}g^{ρμ} − g^{νρ}g^{σμ})l[f_1]_μl[f_2]_ν + g^{μλ}(l[f_1]_λ∂_μl[f_2]_k − l[f_2]_λ∂_μl[f_1]_k)x^k_0 + g^{μλ}(l[f_1]_λ∂_μl[f_2]_0 − l[f_2]_λ∂_μl[f_1]_0) ) + g^{μλ}(l[f_1]_λ∂_μf_{20} − l[f_2]_λ∂_μf_{10}) + q ℏ c F_{λρ}g^{λμ}l[f_1]_μg^{ρν} l[f_2]_ν .

Example 3.1. Let ϕ_1, ϕ_2 ∈ L^2 ⊗T^∗(M) and f_{10}, f_{20} ∈ F(M). Then

[f_{10} , f_{20}] = 0 , [− m ℏ � ⌟ ϕ_1 , f_{20}] = g^♯(ϕ_1).f_{20} , [− m ℏ � ⌟ ϕ_1 , − m ℏ � ⌟ ϕ_2] = − m ℏ � ⌟ {ϕ_1, ϕ_2}_g + q ℏ c F (g^♯ϕ_1, g^♯ϕ_2) .

Theorem 3.3. Q(UM) with the bracket [ , ] is a sheaf of IR–Lie algebras.

Proof. Let f_1, f_2, f_3 ∈ Q(UM). Then, Theorem 3.2 and Example 3.1 yield

[f_1 , [f_2, f_3]] = [− m ℏ � ⌟ l[f_1] + f_{10} , − m ℏ � ⌟ {l[f_2], l[f_3]}_g

+ g^♯(l[f_2]).f_{30} − g^♯(l[f_3]).f_{20} + q ℏ c F (g^♯(l[f_2]), g^♯(l[f_3]))] = − m ℏ � ⌟ {l[f_1], {l[f_2], l[f_3]}_g}_g + g^♯(l[f_1]).g^♯(l[f_2]).f_{30} − g^♯(l[f_1]).g^♯(l[f_3]).f_{20} − g^♯(l[f_2]).g^♯(l[f_3]).f_{10} + g^♯(l[f_3]).g^♯(l[f_2]).f_{10} + q ℏ c g^♯(l[f_1]).F (g^♯(l[f_2]), g^♯(l[f_3])) + q ℏ c F (g^♯(l[f_1]), [(g^♯(l[f_2]), g^♯(l[f_3])]) .

The Jacobi identity now follows from the Jacobi identity for the bracket { , }_g and from the closure of F .

Clearly we have Corollary 3.2. The tangent prolongation of quantisable functions is an IR–Lie algebra epimorphism, i.e. X[[f_1, f_2]] = [X[f_1] , X[f_2]] .

4. Lie algebra of quantum vector fields In this section, we analyse the Lie algebra of quantum vector fields on the quantum bundle and exhibit a Lie algebra isomorphism between quantisable functions and quantum vector fields.

4.1. Complex line bundle. We start with some basic properties of a complex line bundle.

Let us consider a Hermitian line bundle π : F → B, i.e. a complex vector bundle with 1-dimensional fibres, equipped with a Hermitian product h : F ×_B F → C .

We shall refer to normal bases, i.e. to (local) sections b : B → F such that h(b, b) = 1 and to the associated coordinate functions on the fibres z : F → C .

Accordingly, given the sections Ψ, Φ : B → F , we write Ψ = ψb, Φ = φb , h(Ψ, Φ) = ψ̄φ . The Liouville vector field � : F → V F = F ×_B F will be identified with � = id_F :

B → F^∗ ⊗_B F . In a normal base � = z ⊗ b.

A projectable vector field X : F → T F is said to be Hermitian if it is real linear over its projection X : B → T B and preserves the Hermitian product. A Hermitian vector field turns out to be also complex linear and its coordinate expression in a normal coordinate chart is of the type X = X^λ∂_λ + i f � , f, X^λ ∈ F(B) . Lemma 4.1. We have the natural sheaf isomorphism F(B) → V(F ) given by f → f^v = i f � . Let c : F → T^∗B ⊗_F T F be a connection on F and X be a projectable vector field. The covariant differential of X with respect to c is defined to be d[c]X : = [c, X] : F → T^∗B ⊗_F V F , where [ , ] is the Frölicher-Nijenhuis bracket. In coordinates if c = d^λ ⊗∂_λ + c_λ d^λ ⊗b , X = X^λ∂_λ + X^z b , where c_λ, X^z ∈ C ⊗F(F ), X^λ ∈ F(B), then

d[c]X = (−∂_λX^μc_μ − ∂_μc_λ X^μ + ∂_λX^z + c_λ∂_z X^z − ∂_zc_λ X^z) d^λ ⊗b . Moreover, d[c](c(X)) = −2X ⌟ R[c] , where R[c] : F → Λ^2T^∗B ⊗_F V F is the curvature of c.

Lemma 4.2. Let c be a linear connection on F and X = i f � be a Hermitian vertical vector field on F . Then d[c]X = i df ⊗� .

4.2. Quantum bundle and quantum connection. We assume the quantum bundle to be a Hermitian line bundle over spacetime π : Q → M . Moreover, we consider the pullback bundle of the quantum bundle with respect to the phase space π^↑ : Q^↑ : = UM ⊗_M Q → UM ;

here we regard the bundle UM as a bundle of parameters, whose sections o : M → UM are interpreted as classical observers.

A connection � : Q^↑ → T^∗UM ⊗_{UM} T Q^↑ is said to be a quantum connection if, [2, 3, 13],

(1) � is Hermitian, (2) � is universal, (3) the curvature of � is given by R[�] = i Ω⊗� : Q^↑ → Λ^2T^∗UM ⊗_{UM} Q^↑ .

For the definition of universal connection see [3], [10]. Very briefly: if {ξ[o]} is a system of Hermitian connections on the bundle π : Q → M, parametrised by the family of observers, then there exists a unique connection � on the bundle Q^↑ → UM such that, for each observer o : M → UM, the pullback o^∗� equals ξ[o]. This connection is said to be universal. In coordinates, a universal connection is characterised by the condition �^0_i = 0.

The coordinate expression of a universal Hermitian connection � on Q^↑ is of the type � = d^λ ⊗∂_λ + d^i_0 ⊗∂^0_i + i �_λd^λ ⊗� , �_λ ∈ F(UM) .

(4.1)

The coordinate expression of the curvature of such a connection � is R[�] = i (d�_λ) ∧ d^λ ⊗� .

Hence, the coordinate expression of a quantum connection is of the type � = d^λ ⊗∂_λ + d^i_0 ⊗∂^0_i + i m ℏ (c^2τ^♮_λ + q mc A_λ) d^λ ⊗� ,

(4.2) where A = A_λd^λ is a local particular electromagnetic potential (determined by �).

A pair (Q, �) is said to be a quantum structure.

4.3. Upper quantum vector fields. Next we classify the vector fields on the pullbacked quantum bundle, which preserve the quantum structure.

We define an upper quantum vector field to be a vector field X^↑ : Q^↑ → T Q^↑ which

(1) projects onto a vector field X : UM → T UM ,

(2) is Hermitian complex linear over X , (3) its covariant differential with respect to the quantum connection � is proportional to τ^♮ (with a coefficient in T^∗ ), i.e. d[�]X^↑ ∈ ⟨τ^♮⟩ ⊂ T^∗(UM) , where ⟨τ^♮⟩ is the 1-dimensional space generated by τ^♮ with coefficients in T^∗ .

Remark 4.1. The condition (3) can be reformulated as (3^′) τ^♮(γ⌟ d[�]X^↑) = d[�]X^↑ .

The sheaf of upper quantum vector fields will be denoted by Q(Q^↑) ⊂ T (Q^↑) Given a time scale t : UM → T, we have the subsheaf Q_t(Q^↑) ⊂ Q(Q^↑) of upper quantum vector fields whose time components equal to t, i.e. such that X ⌟ τ^♮ = t.

Theorem 4.1. For each time scale t : UM → T, we have an IR-linear sheaf isomorphism q^↑_t : F(UM) → Q_t(Q^↑) : f → X^↑_{f,t} given by X^↑_{f,t} = �(f^♮_t ) + i f � .

Proof. Let us suppose that X^↑ be an upper quantum vector field with a given time component t. Let us decompose X^↑ into its horizontal and vertical components with respect to the quantum connection �, i.e. X^↑ = �(X) + ν[�](X^↑) .

Linearity of � and conditions (1) and (2) imply that ν[�](X^↑) is Hermitian, i.e. it is of the type ν[�](X^↑) = i f � , f ∈ F(UM) . From Lemma 4.2 we have d[�]X^↑ = d[�](�(X)) + i df ⊗� and from (3’) d[�](�(X)) + i df ⊗� = τ^♮(γ⌟ d[�](�(X)) + i τ^♮(γ⌟ df)⊗� .

But, in virtue of a general formula, we can write

d[�](�(X)) = −2 X⌟ R[�] = −2 i X⌟ Ω⊗� = −i Ω^♭_t (X)⊗� , and we have from γ⌟ Ω = 0 df − τ^♮(γ⌟ df) = Ω^♭_t(X) , i.e.

X = f^♮_t , and X^↑ = �(f^♮_t ) + if� .

On the other hand, we have to prove that for any f ∈ F(UM) and a time scale t, the vector field X^↑_{f,t} = �(f^♯_t ) + if� is an upper quantum vector field with the time component t. Clearly this vector field is linear over its projection f^♯_t and its time component is t. By Remark 4.1 it is sufficient to prove (3’). We have d[�](�(f^♮_t ) + i f �) = −2i f^♮_t ⌟ Ω⊗� + i df ⊗� = −i Ω^♭(f^♮_t )⊗� + i df ⊗� = −i (df − τ^♮(γ⌟ df))⊗� + i df ⊗� = i τ^♮(γ⌟ df)⊗� . The result now follows from γ⌟ τ^♮ = 1.

From the coordinate expressions for � and f^♯_t we have the coordinate expression

X^↑_{f,t} = �(f^♯_t ) + i f � = ( − ℏ m c α h^{jλ} ∂^0_j f + c α t(δ^λ_0 + δ^λ_i x^i_0) ) ∂_λ (4.3) + ( ℏ m c α (h^{iλ} ∂_λf + (h^{iλ} Γ_λ^j_0 − h^{jλ} Γ_λ^i_0) ∂^0_j f) + c α t γ^i_{00} ) ∂^0_i + i ( f + mc^2 ℏ t + qα ℏ t(A_0 + A_px^p_0) − q mc^2α h^{jμ}A_μ∂^0_j f ) � .

4.4. Quantum vector fields. Let us consider the natural fibred epimorphism pr : T Q^↑ → T Q. A vector field X^↑ : Q^↑ → T Q^↑ is said to be projectable on Q if pr ∘ X^↑ : UM ×_M Q → T Q can be factorised through the vector field X : = pr ∘ X^↑ : Q → T Q . In view of possible quantum operators analogously to the scheme of the Galilei case, [3], we are looking for projectable upper quantum vector fields.

Theorem 4.2. If X^↑_{f,t} is an upper quantum vector field, then the following conditions are equivalent:

i) X^↑_{f,t} is projectable on Q;

ii) f is a quantisable function and the time component is t = t[f].

Proof. i) ⇒ ii). Because of Theorem 4.1, if X^↑_{f,t} is projectable on Q, then f^♯_t is projectable on M hence, by Theorem 3.1, f is a quantisable function and t = t[f].

ii) ⇒ i). Given a quantisable function f = −^m_ℏ � ⌟ ϕ + f_0 we have the corresponding upper quantum vector field with coordinate expression X^↑_{f,t[f]} = g^{λμ} ϕ_μ ∂_λ + ( ℏ m c α h^{iλ} ∂_λf_0 − h^{iλ}(x^k_0 ∂_λϕ_k + ∂_λ ϕ_0) + (∂_ρg_{0λ} + x^k_0 ∂_ρg_{kλ})(g^{μλ} h^{iρ} − g^{μρ} h^{iλ}) ϕ_μ + q 2mc^2α (h^{iλ}g^{μρ} − h^{iρ}g^{μλ})F_{λρ}ϕ_μ ) ∂^0_i + i ( f_0 + q ℏ c g^{λμ}A_λϕ_μ ) � , It is easy to see that this vector field is projectable on Q.

A quantum vector field is defined to be the vector field Y [f] : Q → T Q associated with an upper quantum vector field X^↑_{f,t} projectable on Q. Clearly, Y [f] is projectable on the tangent lift X[f].

Corollary 4.1. The coordinate expression of the quantum vector field associated with a quantisable function f = − m ℏ � ⌟ ϕ + f_0 is Y [f] = g^{λμ} ϕ_λ ∂_μ + i ( f_0 + q ℏ c g^{λμ}A_λϕ_μ ) � . (4.4)

The quantum vector fields constitute a sheaf, which is denoted by Q(Q) ⊂ T (Q) . Corollary 4.2. The map q : Q(UM) → Q(Q) , f → Y [f] is a sheaf linear isomorphisms.

Proof. This follows from Theorem 4.2.

Theorem 4.3. The sheaf Q(Q) is closed under the Lie bracket and the map q : Q(UM) → Q(Q) , f → Y [f] is an isomorphism of sheaves of Lie algebras.

Namely, for each k ∈ IR, f_1, f_2 ∈ Q(UM), we have Y [kf] = kY [f] , Y [f_1 + f_2] = Y [f_1] + Y [f_2] , [Y [f_1] , Y [f_2]] = Y [[f_1 , f_2]] . Proof. It is a consequence of (4.4).

References

[1] D. Canarutto, A. Jadczyk, M. Modugno: Quantum mechanics of a spin particle in a curved spacetime with absolute time, Rep. on Math. Phys., 36, 1 (1995), 95–140.

[2] A. Jadczyk, M. Modugno: An outline of a new geometric approach to Galilei general relativistic quantum mechanics, in C.N. Yang, M.L. Ge and X. W. Zhou editors, Proc. XXI Int. Conf. on Differential geometric methods in theoretical physics, Tianjin 5-9 June 1992, 543-556, Singapore, 1992, World Scientific.

[3] A. Jadczyk, M. Modugno: Galilei general relativistic quantum mechanics, book manuscript, 1994. [4] A. Jadczyk, J. Janyška, M. Modugno: Galilei general relativistic quantum mechanics revisited, Geometria, Física-Matemática e outros Ensaios, Homenagem a António Ribeiro Gomes, edited by A. S. Alves, F. J. Craveiro de Carvalho, J. A. Pereira da Silva, University of Coimbra 1998, pp. 253–313.

[5] J. Janyška: Lie algebra structures on Ω^1(M) and Ω^1(T M) for a Riemannian manifold, Rendiconti di Matematica, Serie VII, Vol. 13, Roma (1993), 573–593.

[6] J. Janyška: Natural Lagrangians for quantum structures over 4-dimensional space-time, to apear in Rendiconti di Matematica, Roma.

[7] J. Janyška, M. Modugno: Classical particle phase space in general relativity, Proc. Conf.

Diff. Geom. Appl., Brno 1995, Masaryk University 1996, 573–602, electronic edition:

http://www.emis.de/proceedings/.

[8] J. Janyška, M. Modugno: Quantisable functions in general relativity, Proc. “Diff. Oper. and Math. Phys.”, Coimbra; Word Scientific, 1995.

[9] P. Libermann, Ch. M. Marle: Symplectic Geometry and Analytical Mechanics, Reidel Publ., Dordrecht, 1987.

[10] L. Mangiarotti, M. Modugno: Fibred Spaces, Jet Spaces and Connections for Field Theories, Proc. Int. Meet. Geom. and Phys., Pitagora Editrice, Bologna 1983, 135–165.

[11] M. Modugno, A. M. Vinogradov: Some variations on the notions of connection, Annali di Matematica pura ed Applicata (IV), Vol. CLXVII (1994), 33–71.

[12] M. Modugno, R. Vitolo: Quantum connection and Poincaré-Cartan form, in “Gravitation, electromagnetism and geometrical structures”, G. Ferrarese Ed., Pitagora Editrice Bologna, 1996, 237-279.

[13] R. Vitolo: Quantum structures in general relativistic theories, Proc. Conf. Gen. Rel. and Grav.

Phys., Roma 1996.

[14] N. M. J. Woodhouse: Geometric Quantization, second edition, Clarendon Press - Oxford, 1992.

Masaryk University University of Florence Department of Mathematics Department of Applied Mathematics “G. Sansone” Janáčkovo nám 2a, 662 95 Brno Via S. Marta 3, 50139 Florence Czech Republic Italy E–mail: janyska@math.muni.cz E–mail: modugno@dma.unifi.it