On the Special Trace Decomposition Problem on Quaternion Structure

Lenka Lakomá and Josef Mikeš^1

Abstract

The trace decomposition of tensors was studied by D. Krupka and J. Mikeš. Krupka’s theorem has been generalized to the case of spaces with complex structure in an article of J. Mikeš. These results are generalized to the case of general decomposition on quaternionic structure in this paper.

1 Introduction

Let E be a real n-dimensional vector space, E^p_q the vector space of tensors of type (p, q) on E. We choose a fixed basis of E. This basis determines a unique basis of E^p_q . The components with respect to this basis of any tensor T will be denoted T^{i1i2... ip}_{j1j2... jq} .

A tensor T ∈ E^p_q is traceless if the following relationship is true ∀k = 1, p; ∀r = 1, q: T^{...ik−1αik+1...} ...j_{r−1}αj_{r+1}... = 0. The following theorem is Krupka’s trace decomposition theorem. This theorem solves the problem of the existence and uniqueness of a decomposition of a tensor in which one term is traceless and the other terms are linear combinations of the Kronecker’s δ-tensor. This theorem is proved in [4], [5].

Theorem 1 Let T^{i1i2...ip}_{j1j2...jq} be a tensor of type (p, q). If n + 1 ≥ p + q, then there exists a unique decomposition of T of the form T^{i1i2...ip} j_1j_2...j_q = B i_1i_2...i_p j_1j_2...j_q + min{p,q} ∑ t=1 ∑ ⨁ δ^{iρ1 iρ2 ...iρt} j_{σ1} j_{σ2} ...j_{σt} B {ρ_1ρ_2...ρ_t}... {σ_1σ_2...σ_t}... , where ⨁ = { ∀ρ_1, ρ_2, . . . , ρ_t ∈ 1, p (ρ_1 < ρ_2 < . . . < ρ_t) , ∀σ_1, σ_2, . . . , σ_t ∈ 1, q (σ_i are mutually different) , and δ^{i1i2...it} j_1j_2...j_t = δ i_1 j_1 δ i_2 j_2 . . . δ i_t j_t , such that the tensors B ... ... ; B^{{ρ1ρ2...ρt}} {σ_1σ_2...σ_t} are traceless.

Let F^i_j be an arbitrary affinor (F^i_j ∈ E^1_1 such as F^α_α = 0. A tensor T ∈ E^p_q is called F -traceless if the following condition holds. ∀k = 1, p; ∀r = 1, q : T^{...ik−1αik+1...} ...j_{r−1}βj_{r+1}... F β α = 0, T^{...ik−1αik+1...} ...j_{r−1}αj_{r+1}... = 0. 1Supported by grant No. 201/96/0227 of The Grant Agency of Czech Republic. 225

Now we will study e-structures. For these structures the next condition is true

F^i_αF^α_j = eδ^i_j ,

where e = ±1.

The following theorem is F -decomposition for e-structures. This theorem was proved by J. Mikeš in [5] and it generalizes Theorem 1.

Theorem 2 Let T be a tensor of type (p, q). If n > 2(p + q) then there exists a unique decomposition of T in the form T^{i1i2...ip} j_1j_2...j_q = B i_1i_2...i_p j_1j_2...j_q + min{p,q} ∑ t=1 ∑ ⨁ ⋆ Q^{iρ1 iρ2 ...iρt} j_{σ1} j_{σ2} ...j_{σt} ⋄ B^{...}_{...} , (1)

where_⋆ Q^{iρ1 iρ2 ... iρt} j_{σ1} j_{σ2} ... j_{σt} ≡ {τ_1 } F^{iρ1}_{jσ1}^{{τ2}}F^{iρ2}_{jσ2} . . .^{{τt}}F^{iρt}_{jσt} ;^{{0}}F^i_j = δ^i_j^{{1}}F^i_j = F^i_j ⨁ = ρ_1, ρ_2, . . . , ρ_t ∈ 1, p (ρ_1 < ρ_2 < . . . < ρ_t), σ_1, σ_2, . . . , σ_t ∈ 1, q (σ_i are mutually different), τ_1, τ_2, . . . , τ_t ∈ 0, 1;

⋆ = {τ_1, τ_2, . . . , τ_t}, ⋄ = ρ_1, ρ_2, . . . , ρ_t σ_1, σ_2, . . . , σ_t τ_1, τ_2, . . . , τ_t . 2 Problem of general trace decomposition for spaces with quaternionic structure

Now we will generalize the trace decomposition problem and F -decomposition problem for spaces with quaternionic structure. The geometry of these spaces was studied for example in [1], [2] [3].

Let^{{1}}F^i_j,^{{2}}F^i_j are affinors fulfilling the next relations. {1} F^i_α^{{1}}F^α_j = −δ^i_j ;^{{2}}F^i_α^{{2}}F^α_j = −δ^i_j ;^{{1}}F^i_α^{{2}}F^α_j +^{{2}}F^i_α^{{1}}F^α_j = 0 (2) Denote_{{0}}

F^i_j = δ^i_j ;^{{3}}F^i_j =^{{1}}F^i_α^{{2}}F^α_j =−^{{2}}F^i_α^{{1}}F^α_j (3) A space has a quaternionic structure if conditions (2) and (3) hold. A tensor T ∈ E^p_q is quaternionic traceless if the next equation is true. ∀k ∈ 1, p; ∀r ∈ 1, q : T^{...ik−1αik+1...} ...j_{r−1}βj_{r+1}... {τ_i} F^β_α = 0 where τi ∈ 0; 3 (4)

3 A general trace decomposition of tensor in spaces with quaternionic structure

Theorem 1 and Theorem 2 can be generalized for spaces with quaternionic structure.

Theorem 3 Let T be a tensor of type (p, q). If n > 4(p + q − 2) then there exist a unique decomposition of T in the form T^{i1i2... ip} j_1j_2... j_q = B i_1i_2... i_p j_1j_2... j_q + min{p,q} ∑ t=1 ∑ ⨁ ⋆ Q^{iρ1 iρ2 ... iρt} j_{σ1} j_{σ2} ... j_{σt} ⋄ B^{...}_{...} (5) where ⨁ = ρ_1, ρ_2, . . . ρ_t ∈ 1, p (ρ_1 < ρ_2 < . . . < ρ_t) σ_1, σ_2, . . . σ_t ∈ 1, q (σ_i are mutually different) τ_1, τ_2, . . . τ_t ∈ 0; 1; 2; 3 (6)

⋆ = {τ_1, τ_2 . . . τ_t}; ⋄ = ρ_1, ρ_2 . . . ρ_t σ_1, σ_2, . . . σ_t τ_1, τ_2, . . . τ_t .

The tensors B^{...}_{...} and^⋄B are quaternionic traceless and ⋆ Q^{iρ1 iρ2 ... iρt} j_{σ1} j_{σ2} ... j_{σt} ≡ {τ_1 } F^{iρ1}_{jσ1}^{{τ2}}F^{iρ2}_{jσ2} . . .^{{τt}}F^{iρt}_{jσt} , where^{{τi}}F^i_j is the structure fulfilling (3).

Proof: Let min{p, q} = p. Then the relationship (5) can be rewritten in the next form. T^{i1i2...ip} j_1j_2...j_q = B i_1i_2...i_p j_1j_2...j_q + p∑ t=1 ∑ ⨁ ⋆ Q^{iρ1 iρ2 ...iρt} j_{σ1} j_{σ2} ...j_{σt} ⋄ B^{...}_{...} , (7) where condition (6) again holds for indices ⋆, ⋄, ρ_1, ρ_2, . . . , ρ_t, σ_1, σ_2, . . . , σ_t . We need some relations to prove the theorem. Let for any t ∈ 1, p

V_1 ≡ n + 4(p + q − 2) ; V_t ≡ nV_{t−1} + 4(p + q − 2) for t ≥ 2 . (8) Then it is easy to prove that for n > 4(p + q − 2) the inequality n^t > V_t − n^t (9) holds.

I. We assume that the tensor T has a decomposition of the form (7 ) where the tensors B^{i1i2...ip}_{j1j2...jq} and^⋄B are traceless. If we contract (7) with^⋆Q^{j1j2...jp}_{i1i2...ip} we obtain the next equation. n^{p □}B_{...} + ∑ △ B... = T̄^{s1s2...sp} ...s_1s_2...s_p... , (10) where T̄^{s1s2...sp} ...s_1s_2...s_p... is a contraction of the tensor T according to all p contravariant indices and □ = 1; 2; . . . ; p σ_1; σ_2; . . . ; σ_p τ_1; τ_2; . . . ; τ_t ; △ = 1; 2; . . . ; p η_1; η_2; . . . ; η_p ω_1; ω_2; . . . ; ω_p , (11)

where {η_1; η_2; . . . ; η_p} ≠ {σ_1; σ_2; . . . ; σ_p} η_i ∈ 1, q , and {τ_1; τ_2; . . . ; τ_p} ≠ {ω_1; ω_2; . . . ; ω_p} ω_i ∈ 0; 3 ,

(12) (10) is a system of (inhomogenous) linear equations for the unknowns □ B... . (13) If n^p > V_p − n^p, the system (10) has a unique solution and for any tensor T , all tensors (13) are uniquely determined.

II. Now we compute in a similar way the tensors^{¯△}B^s_{...}, where

¯△ = ρ_1; ρ_2; . . . ; ρ_{p−1} σ_1; σ_2; . . . ; σ_{p−1} τ_1; τ_2; . . . ; τ_{p−1} . (14)

Suppose that the tensors B^{i1i2...ip}_{j1j2...jq} and^⋄B^{...}_{...} (t ≤ p − 2) are traceless. Contracting (7) with^⋆Q^{jσ1 jσ2 ...jσp−1} i_{ρ1} i_{ρ2} ...i_{ρp−1} we obtain a system of equations n^{p−1 ¯△}B^s_{...} + ∑^~△ B^s_{...} = . . . , (15) where ~△ = η_1; η_2; . . . ; η_{p−1} μ_1; μ_2; . . . ; μ_{p−1} ω_1; ω_2; . . . ; ω_{p−1}

(16)

and the right side of (15) is the contraction of the tensor T . ¯△ B^s_{jp...jq} (17) are unknowns in the system (15) of linear equations. If n^{p−1} > V_{p−1} −n^{p−1} this system has a unique solution. (It is true for n > 4(p + q − 2) ). Now we must verify the tracelessness of the tensors (17). If we contract (15) with^{{ω}}F^{jσ}_s σ ≠ (σ_1; σ_2; . . . ; σ_{p−1}); ω = 0; 1; 2; 3, we get the system n^{p−1 ¯△}B^α_{...β...}^{{0}}F^β_α + ∑^~△ B^α_{...β...}^{{0}}F^β_α + ∑^~△ B^α_{...β...}^{{1}}F^β_α+ + ∑^~△ B^α. . . β . . .^{{2}}F^β_α + ∑^~△ B^α_{...β...}^{{3}}F^β_α = 0 , n^{p−1 ¯△}B^α_{...β...}^{{1}}F^β_α + ∑^~△ B^α_{...β...}^{{0}}F^β_α + ∑^~△ B^α_{...β...}^{{1}}F^β_α+ + ∑^~△ B^α_{...β...}^{{2}}F^β_α + ∑^~△ B^α_{...β...}^{{3}}F^β_α = 0 n^{p−1 ¯△}B^α_{...β...}^{{2}}F^β_α + ∑^~△ B^α_{...β...}^{{0}}F^β_α + ∑^~△ B^α_{...β...}^{{1}}F^β_α+ + ∑^~△ B^α_{...β...}^{{2}}F^β_α + ∑^~△ B^α_{...β...}^{{3}}F^β_α = 0 n^{p−1 ¯△}B^α_{...β...}^{{3}}F^β_α + ∑^~△ B^α_{...β...}^{{0}}F^β_α + ∑^~△ B^α_{...β...}^{{1}}F^β_α+ + ∑^~△ B^α_{...β...}^{{2}}F^β_α + ∑^~△ B^α_{...β...}^{{3}}F^β_α = 0 , (18)

which has only the trivial solution for n > 4(p + q − 2) .

III. We will continue in a similar way and we find the tensors = △ B^{...}_{...} ≡ △ B^{...}_{...} . . . ρ1 σ1 τ_1 B^{...}_{...} B^{...}_{...} (19)

where = △= ρ_1; ρ_2; . . . ; ρ_{p−2} σ_1; σ_2; . . . ; σ_{p−2} τ_1; τ_2; . . . ; τ_{p−2} ,^≡△= ρ_1; ρ_2; . . . ; ρ_{p−3} σ_1; σ_2; . . . ; σ_{p−3} τ_1; τ_2; . . . ; τ_{p−3}

(20)

and we prove their tracelessness.

Let tensors^⋄B^{...}_{...} (where ⋄ fulfill again the condition (6)) be traceless and now we

contract (7) with^{{τ1}}Q^{jσ1}_{iρ1} . We get a system of linear equations

n ρ1 σ1 τ_1 B^{...}_{...} + ∑ η μ ω B^{...}_{...} = . . . η ∈ 1, p \ {ρ1}; μ ∈ 1, q \ {σ1}ω ∈ 0; 3 (21)

with the unknown tensors ρ σ τ B , ρ ∈ 1, p; σ ∈ 1, q. (22)

The right side of (21) are again determined by the tensor T . If n > 4(p + q − 2) the system has exactly one solution.

Contracting (21) by the tensor^{{ω}}F^{jσ1}_{iρ1} we get the system

n ρ σ τ B^{...α...}_{...β...}^{{0}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{0}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{1}}F^β_α+ + ∑ η μ ω B^{...α...}_{...β...}^{{2}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{3}}F^β_α = 0 , n ρ σ τ B^{...α...}_{...β...}^{{1}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{0}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{1}}F^β_α+

230 L. Lakomá, J. Mikeš

+ ∑ η μ ω B^{...α...}_{...β...}^{{2}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{3}}F^β_α = 0 , n ρ σ τ B^{...α...}_{...β...}^{{2}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{0}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{1}}F^β_α+ + ∑ η μ ω B^{...α...}_{...β...}^{{2}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{3}}F^β_α = 0 , n ρ σ τ B^{...α...}_{...β...}^{{3}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{0}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{1}}F^β_α+ + ∑ η μ ω B^{...α...}_{...β...}^{{2}}F^β_α + ∑ η μ ω B^{...α...}_{...β...}^{{3}}F^β_α = 0 , (23)

which has again only the trivial solution for n > 4(p + q − 2). Thus the tensors ρ σ τ B^{...}_{...} are traceless.

The tensor B^{...}_{...} now can be computed from (7) because all tensors^⋄B^{...}_{...} are de-

termined. If we combine the contraction of (7) with the tensor^{{ω}}F^{jσ1}_{iρ1} and previous calculation we can prove the tracelessness of the tensor B^{...}_{...} and the proof is finished.

References

[1] D.V. Alekssevsky, S. Marchiafava, Transformation of a quaternionic Kählerian manifold, C.R. Acad. Sci., Paris, Ser. I 320, No. 6, 703–708 (1995).

[2] T.N. Bailey, M.G. Eastwood, Complex Paraconformal Manifolds, their Differential Geometry and Twistor Theory, Forum Math., 3, 61–103 (1991).

[3] D.V. Beklemishev, Differential geometry of spaces with almost complex structure, Geometria. Itogi Nauki i Tekhn., All-Union Inst. for Sci. and Techn. Information (VINITI), Akad. Nauk SSSR, Moscow, 165–212 (1965).

[4] D. Krupka, The trace decomposition problem, Beiträge zur Algebra und Geometrie Vol. 36, N. 2, 303–315 (1995).

[5] J. Mikeš, On general trace decomposition problem, Proc. Conf.,Aug. 28 - Sept. 1, 1995, Brno, Czech Rep., Masaryk Univ., Brno, 45-50 (1996).

Dep. of Algebra and Geometry, Fac. Sci., Palacky Univ., Tomkova 40, 779 00 Olomouc, Czech Rep.

e-mail: lakoma@matnw.upol.cz ; mikes@matnw.upol.cz.