CR−structures on the Translated Sphere Bundle

Marian-Ioan Munteanu^1

Abstract

In this paper there are found the condition under which we have induced CR− structure on the translated sphere bundle thought of as hypersurface of T M (generalization of the results from [1], [5], [6], [9]).

(M, g) is a Riemannian manifold and (T M, ḡ) is its tangent bundle endowed with the Sasaki metric ḡ. The usual almost complex structure is determined by the endomorphism J; then (T M, J, ḡ) is almost Kählerian.^2

1 The pseudoconvex CR-structure

Definition A CR−structure on the differentiable manifold M, is defined by a real vector subbundle R(M) in T M so that (i) [X, Y ] − [JX, JY ] ∈ Γ(R(M)) ; ∀X, Y ∈ Γ(R(M)) (ii) N_J (X, Y ) = [JX, JY ] − [X, Y ] − J{[JX, Y ] + [X, JY ]} = 0 ; ∀X, Y ∈ Γ(R(M)) where Γ(R(M)) denotes the set of cross-sections of R(M).

Remark In fact R(M) is the decomplexification of a complex vector subbundle H(M) in the complexification T^cM = T M ⊗ C.

The fundamental example of CR−structures is supplied by the real submanifolds of the complex manifolds.

The Levi form of a CR−manifold (M, H(M)) measures the deviation of the bracket [X − iJX, Y + iJY ], where X, Y ∈ Γ(R(M)), from having its values in H(M) ⊕ H(M).

Definition A CR−manifold of hypersurface type (M, H(M)) is pseudoconvex if its Levi form is nondegenerate.

If we denote by η a local 1-form having the decomplexification R(M) of H(M) as its null bundle, i.e. R(M) = {X ∈ T M | η(X) = 0}, then the condition for (M, H(M)) to be pseudoconvex is expressed by the property of η to be a contact form, i.e. η ∧ (dη)^n ≠ 0 on M.

If (M, H(M)) is a pseudoconvex CR− structure with the contact form η, then we may obtain an associated almost contact structure (ϕ, ξ, η) where the vector field ξ and the tensor field of type (1, 1) ϕ are defined by the conditions: η(ξ) = 1 , i_ξdη = 0 , ϕX = J(X − η(X)ξ) , ∀X ∈ χ(M). 1Partially Supported by Grant 644 / 1997, Ministerul Educaţiei şi Învăţămîntului 2AMS Subject Classification: 53B15, 53C15, 53C25 Keywords and Phrases: Tangent bundle, CR-structure 277

Theorem ([8]): The complex involutivity condition of (M, H(M)) is equivalent to: S = 0 , where S is the tensor field of type (1,2) on M, defined by: S(X, Y ) = N_ϕ(X, Y ) + dη(X, Y )ξ+ +η(X)ϕ(L_ξϕ)Y − η(Y )ϕ(L_ξϕ)X, L is Lie derivative of ϕ with respect to ξ and N_ϕ is the Nijenhuis tensor field of ϕ, defined by: N_ϕ(X, Y ) = [ϕX, ϕY ] − ϕ[ϕX, Y ] − ϕ[X, ϕY ] + ϕ^2[X, Y ]. 2 The Translated Sphere Bundle.

Let (M, g) be a Riemannian manifold of dimension (n+1). Let T M be its tangent bundle and let π̄ : T M → M be the canonical projection. Let (x^1, . . . , x^{n+1}) be the local coordinates on M and let (y^1, . . . , y^{n+1}) be the fibre coordinates.

We consider on the manifold M a 1-form denoted by θ which is parallel with respect to the connection D (such a form exists in the case of cosymplectic manifolds). Then it follows that θ has a constant norm on M. If θ ≠ 0, we may take ‖θ‖ = 1. Let α = θ^# the vector field on M, corresponding to θ by the ”musical” isomorphism defined by g, i.e. g(X, α) = θ(X) , ∀X ∈ χ(M). Consider the translated unit tangent bundle T^α_1 M as the sphere tangent bundle with the center in the vertices of the vector field α, i.e. if v ∈ T M then v ∈ T^α_1 M ⇐⇒ g(v − α(π̄(v)), v − α(π̄(v))) = 1. If v = y^{i ∂}_{∂xi} we conclude that the translated unit tangent bundle π : T^α_1 M → M is a hypersurface in T M given in local coordinates by:

g_{ij} y^iy^j − 2θ_iy^i = 0.

Denote by b^i = y^i − α^i and by l_i = g_{ij}b^j = g_{i0} − θ_i. Thus, we can write N = b^i ∂ ∂y^i . Making the computations we get ξ = b^i δ δx^i ; η( δ δx^i ) = l_i, η(Y_i) = 0 , ϕ( δ δx^i ) = Y_i, ϕ(Y_i) = − δ δx^i + l_iξ , where^δ_{δxi} =^∂_{∂xi} − Γ^k_{ij}y^{j ∂}_{∂yk} and Y_i =^∂_{∂yi} − l_iN are the generators for χ(T^α_1 M).

It follows that R(T^α_1 M) is defined by the equation η = 0. We find the following expression for dη : dη(Y_i, Y_j) = dη( δ δx^i , δ δx^j ) = 0 , dη(Y_i, δ δx^j ) = g_{ij} − l_il_j .

CR−structures on the Translated Sphere Bundle 279

From these relations we conclude that we have a pseudoconvex hypersurface. We also notice that the considered almost contact structure is that associated.

Proposition The Levi-Civita connection ˙∇ of G is given by the formulas: ˙∇_{δδxi}^δ_{δxj} = Γk_{ij}^δ_{δxk} −^1_2 Rk_{0ij} Y_k , ˙∇_{Yi} Y_j = −l_j Y_i , ˙∇_{δδxi} Y_j = Γk_{ij}Y_k −^1_2 Rk_{ij0}^δ_{δxk} , ˙∇_{Yi}^δ_{δxj} = −^1_2 Rk_{ji0}^δ_{δxk} Proposition The expression of the tensor field S is given by the formulas:

S(Y_i, Y_j) = (R^k_{0ji} + l_j R^k_{0i0} − l_iR^k_{0j0})Y_k , S(^δ_{δxi} , Y_j) = (R^k_{0ij} + l_iR^k_{0j0} − l_j R^k_{0i0})^δ_{δxk} , S(^δ_{δxi} ,^δ_{δxj} ) = (R^k_{0ij} + l_iR^k_{0j0} − l_j R^k_{0i0})Y_k . .

The complex involutivity condition can be written as

R^k_{0ji} + l_jR^k_{0i0} − l_iR^k_{0j0} = 0 ,

which implies, after straightforward computations, that the base manifold M has the constant sectional curvature c.

Having the 1-form θ parallel with respect to D on M, we conclude that M has c = 0. Thus we have the following

Theorem The hypersurface T^α_1 M of T M is a CR−manifold if and only if the base manifold M is flat (locally Euclidean).

References

[1] E.Barletta, S.Dragomir, On the CR−structure of the Tangent Sphere Bundle, Le Matematiche, vol.L.(1995)-Fasc.II, 237-249.

[2] D.E.Blair, Contact Manifolds in Riemannian Geometry, Springer, Verlag, 1976.

[3] Gh.Gheorghiev, V.Oproiu, Varietăţi diferenţiabile finit şi infinit dimensionale, vol.II, Ed.Academiei, 1979.

[4] P.Matzeu, V.Oproiu, C-projective Curvature of Normal Almost Contact Manifolds, Rend.Sem.Mat.Univ.Politecn.Torino 45,2(1987),41-58.

[5] G.Mitric, CR−structures on the Unit Sphere Bundle in the Tangent Bundle of a Riemannian Manifold, preprint No.32, Faculty of Mathematics, West University of Timişoara, 1991.

[6] M.I.Munteanu, CR-structures on the Unit Tangent Bundle and Bochner Type Tensor, (to appear).

[7] V.Oproiu, Some Remarkable Structures and Connections Defined on the Tangent Bundle, Rendiconti di Matematica (3) vol.6, serie VI, 1973.

[8] V.Oproiu, Varietà di Cauchy-Riemann, Rel.N.20, Istituto di Matematica dell’Università di Napoli.

[9] S.Tanno, The Standard CR−structure on the Unit Tangent Bundle, Tôhoku Math.J. 44(1992),535-543.

“Al.I.Cuza” University Faculty of Mathematics 6600 Iasi, Romania