General Mathematics R O G E R Vol. 6 /1998 1.06–3.06.1998, Sibiu-Romania

On the degree of approximation by Bernstein operators

Radu Păltănea

Let C[0, 1] be the space of continuous functions and let B[0, 1] be the space of bounded functions. Let N := {1, 2, 3, . . .} Denote by P_n, n ∈ N the space of polynomials of degree at most n. Consider the Bernstein operators B_n : B[0, 1] → P_n defined by B_n(f, x) :=^{n∑}_{k=0} f k n · p_{n,k}(x), where p_{n,k}(x) := n k x^k(1 − x)^{n−k}, f ∈ B[0, 1], x ∈ [0, 1], n ∈ N. For f ∈ B[0, 1] and h > 0, consider also the second order modulus of continuity given by ω_2(f, h) := sup{|f(t − δ) − 2f(t) + f(t + δ)|, t ± δ ∈ [0, 1] , 0 < δ ≤ h}. 65

We are interested in the following type of estimates

|B_n(f, x) − f(x)| ≤ C_t · ω_2 f, t x(1 − x) n , (1)

t > 0, f ∈ B[0, 1], n ∈ N, x ∈ [0, 1], where C_t is a constant that depends only on t.

A first result of this type was established by H.H.Gonska [1], namely one can take C_t = 3+t^{−2}. Later on, the constant C_t was improved as C_t = 1+t^{−2} and our paper [5], then C_t =^3_2 +^3_4 ·t^{−2} by Gonska and Kovaceva [4] and then C_t = 1 +^1_2 · t^{−2} in our paper [6]. All these results are cosequences of certain estimates for general positive linear operators.

Because the choice C_t < 1 is not possible, a special interest is given by the question if we can take C_t = 1. This problem is in connection to the following conjecture given by Gonska [2].

sup f∈C[0,1]\P1 sup_{n∈N} ‖B_n(f) − f‖ ω_2^(f,^{1√}_n^)

= 1. (2)

The fact that this supremum is not less than 1 was observed at first by Gonska. With regard to this problem we can prove the following more precise result.

Proposition 1 For any n ∈ N and any x ∈ [0, 1] sup f∈B[0,1]\P1 |B_n(f, x) − f(x)| ω_2^(f,^{1√}_n^) ≤ 1 (3) and for any n ∈ N and any x ∈ [0, 1] \ Q, where Q denotes the set of rational numbers, we have sup f∈B[0,1]\P1 |B_n(f, x) − f(x)| ω_2^(f,^{1√}_n^)

= 1. (4) A part of the result in (3) is contained in [7]. One can compare the inequality in (4) with the result obtained by H. H. Gonska and Ding Xuan-Zhou in [3] : There is a number 0 < c < 1 (that can be explicitly given) with the property that for any^1_2 ≤ a < 1, there is an N(a) ∈ N such that for n ≥ N(a), f ∈ C[0, 1], sup 1−a≤ kn ≤a |B_n f, k n − f k n | ≤ cω_2 f, 1 √ n . By returning to the above stated problem we give the following Proposition 2 There is t > 0 such that for any^1_2 ≤ a < 1 there is N(a) ∈ N such that for n ∈ N, n ≥ N(a), 1 − a ≤ x ≤ a and f ∈ B[0, 1], |B_n(f, x) − f(x)| ≤ ω_2 f, t · x(1 − x) n . (5) In Proposition 2 one can take t = 12.

References

[1] H. H. Gonska, Quantitative Aussagen zur Approximation durch positive linear Operatoren, Dissertation, Universität Duisburg (1979).

[2] H. H. Gonska, Two problem on best constants in direct estimates, in Problem Section of Proc. Edmonton Conf. Approximation Theory (Z.Ditzian et al. ed.), 194, Providence, RI; Amer. Math. Soc., (1983).

[3] H. H. Gonska and Ding-Xuan Zhou, On an extremal problem concerning Bernstein operators, to appear in Serdica.

[4] H. H. Gonska and R. K. Kovaceva, The second order modulus revisited: remarks, applications, problems, Conf. Sem. Math. Univ. Bari 257 (1994), 1-32.

[5] R. Păltanea, On the estimate of the pointwise approximation of function by linear positive functionals. Studia Univ. Babeş-Bolyai 53, no. 1, (1990), 11-24

[6] R. Păltănea, Best constants in estimates with second order moduli of continuity, Approximation Theory (Proc. Int. Dortmund Meeting on Approximation Theory 1995, ed by M.W.Müller M.Felten and D. H. Mache), Approximation Theory, Akademie Verlag, Mathematical Research 86 (1995), 251-275.

[7] R. Păltănea, On an optimal constant in approximation by Bernstein operators, The 3-rd Intern. Conference on Functional Analysis and Approximation, Maratea (Italy), 1996 - to appear

[8] R. Păltănea, Optimal estimates with moduli of continuity, Result.

Math. (Basel) 32 (1997), 318-331.