General Mathematics R O G E R Vol. 6 /1998 1.06–3.06.1998, Sibiu-Romania

The evaluation of the remainders in approximation formulas by linear positive operators of interpolatory type

D.D. Stancu

Let f ∈ C[0, 1] and p^{<α>}_{m,k} (u, v) = m k u^{[k,−α]}v^{[m−k,−α]} (u + v)^{[m,−α]} , where (u, v) ∈ [0, 1] × [0, 1] and α ∈ R_+ .

In 1968 we have introduced and investigated in [2] a Bernstein type polynomial S^{<α>}_m f , defined by (S^{<α>}_m f) (x) =^{m∑}_{k=0} p^{<α>}_{m,k} (x, 1 − x)f k n . For the remainder of the corresponding approximation formula we have obtained the following representation (see [4], [6]): (R^{<α>}_m f)(x) = (2) = − x(1 − x) m 1 + αm 1 + α m−1∑ k=0 p^{<α>}_{m−1,k}(x + α, 1 − x + α) [ x, k m , k + 1 m ; f ] . 85

For α = 0 we obtain an expression (given in 1964 in our paper [1] ) for the remainder of Bernstein‘s approximation formula.

In the case of a generalized Meyer-König and Zeller operator M^{<α>}_m (see [3] ) we have obtained in [5] and [7] the following expression for the corresponding remainder (R^{<α>}_m f)(x) = (3) = −x(1−x)^{∞∑}_{k=0}(m+1+k)^{−1}w^{<α>}_{m,k} (x+α, 1−x+α) [ x, k m + k , k + 1 m + k + 1 ; f ] , where w^{<α>}_{m,k} (u, v) = m + k k u^{[k,−α]}v^{[m+1,−α]} (u + v)^{[m+1+k,−α]} .

Problem 1 We propose to find an expression similar with (2) and (3) for the remainder of approximation formula of a function f ∈ C[0, 1] by means of an operator of Bernstein type of Cheney-Sharma, defined by the formula

(Q_mf) (x; β) =^{m∑}_{k=0} p_{m,k}(x; β)f( k m ) , where β = o 1 m

D.D. Stancu 87 and p_{m,k}(x; β) = m k x(x + kβ)^{k−1}(1 − x)[1 − x + (m − k)β]^{m−1−k} (1 + mβ)^{m−1} , which has also the degree of exactness equal with one.

Problem 2 How can be obtained an evaluation of the order of approximation of a function f ∈ C[0, 1] by means of the Bernstein polynomials, using the expression of the remainder given in [1] , in terms of the second order modulus of smoothness?

References

[1] D.D. Stancu, The remainder of certain linear approximation formulas in two variables, J.SIAM, Numer. Anal. 1 (1964), 137-163.

[2] D.D. Stancu, Approximation of functions by a new class of linear polynomial operators, Rev. Roumaine Math. Pures. Appl. 13 (1968), 1173-1194.

[3] D.D. Stancu, Two classes of positive linear operators, An. Univ.

Timişoara, Ser. St. Mat, 8 (1970), 213-220.

[4] D.D. Stancu, On the remainder of approximation of functions by means of a parameter-dependent linear polynomial operator, Studia Univ. Babeş-Bolyai, Ser. Math.-Mech. 16 (1971), 59-66.

[5] D.D. Stancu, Evaluation of the remainders in certain approximation procedures by Meyer-König and Zeller type operators, In: Numerische Meth. der Approximationstheorie (Proc. Conf. Math. Res. Inst. Oberwolfach, 1973), Basel, 1975, 139-150.

[6] D.D. Stancu, On the representation by divided differences of the remainder in Bernstein‘s approximation formula, Univ. Cluj-Napoca, Research Seminar on Numerical Calculus, Nr.4, 1985, 103-110.

[7] D.D. Stancu, On the monotonicity properties of a sequence of operators of Meyer-König and Zeller type, Studia Univ. Babeş-Bolyai 39 (1994), 97-106.