General Mathematics Vol. 8 /2000 Nr. 3–4

A special class of univalent starlike functions

Gheorghe Oros

Abstract

The purpose of this paper is to introduce a subclass of univalent starlike functions f, defined by means of the starlike function

F (z) = f(z) [( zf^′(z) f(z)

)_α (

1 − α + α zf^′(z) f(z)

) ]^1_2 . AMS Mathematical Subject Classification 30C45

1 Introduction and preliminaries

Let U be the unit disc of the complex plane:

U = {z ∈ C, |z| < 1},

let H[U] be the space of holomorphic functions in U.

We let:

A_n = {f ∈ H[U], f(z) = z + a_{n+1}z^{n+1} + a_{n+2}z^{n+2} + . . . , z ∈ U} 49

with A_1 = A,

S^∗ = f ∈ A, Re zf^′(z) f(z)

> 0, z ∈ U , the class of starlike functions in U,

M_α = f ∈ A, Re

(1 − α) zf^′(z) f(z) + α zf^{′′}(z) f(z) + 1 > 0, z ∈ U

the class of α-convex functions,

S^∗(α) = f ∈ A, Re zf^′(z) f(z)

> α, z ∈ U

the class of starlike functions of order α, 0 ≤ α < 1.

Theorem 1. See [2] If α ∈ R and f ∈ M_α , then f is a starlike function.

Theorem 2. See [2] If α ≥ 0 and f ∈ A, then f ∈ M_α if and only if F (z) = f(z) zf^′(z) f(z) α

is starlike.

Let α ∈ C and f ∈ A. We say that the function f is α-starlike if the function F : U → C, where

F (z) = f(z)

1 − α + α zf^′(z) f(z)

, z ∈ U

is starlike [4].

Lemma. See [1] Let ψ : C^2 → C, satisfy the condition

Re ψ(is, t) ≤ 0, for s ∈ R, t ≤ − 1 2 (1 + s^2).

If p(z) = 1 + p_1z + p_2z^2 + . . . satisfies

Re ψ[p(z), zp^′(z)] > 0,

then Re p(z) > 0.

More general forms of this lemma can be found in [1].

2 Main results

Definition. Let α ∈ R and let f ∈ A, with f(z)f^′(z) z ≠ 0, 1 − α + α zf^′(z) f(z)

≠ 0, z ∈ U.

We say that the function f belongs to the class M_{α,} 1_2 if the function F : U → C defined by

F (z) = f(z) zf^′(z) f(z) α 1 − α + α zf^′(z) f(z) 1 2 (1) is starlike in U.

Theorem. For any real number α which satisfies the condition α(1 − α) ≥ 0, we have the inclusion M_{α,} 1_2 ⊂ S^∗.

Proof. If we let p(z) = zf^′(z) f(z)

, z ∈ U, then from the condition f(z)f^′(z) z ≠ 0, we deduce that the function p is holomorphic in U.

Since F is starlike we have Re zF^′(z) F (z)

> 0, z ∈ U (2) and from (1) we deduce

zF^′(z) F (z)

= p(z) + α 2 · zp^′(z) p(z) + α 2 · zp^′(z) 1 − α + αp(z) = = ψ[p(z), zp^′(z)].

Hence condition (2) is equivalent to

Re ψ[p(z), zp^′(z)] > 0.

Since

Re ψ(is, t) = Re is + α 2 · t is + α 2 · t 1 − α + αis = = α 2 t 1 − α (1 − α)^2 + α^2s^2

≤ 0,

for all real s and t ≤ − 1 2 (1 + s^2), by using the Lemma we deduce that Re p(z) > 0 which shows that M_{α,} 1_2 ⊂ S^∗. �

References

[1] S.S. Miller, P.T. Mocanu, Second order differential inequalities in the complex plane, J. of Math. Anal. and Appl. 65, 2(1978), 289-305.

[2] P.T. Mocanu, Une propriété de convexité generalisée dans la théorie de la représentation conforme, Mathematica (Cluj), 11(34), 1969, 127-133.

[3] P.T. Mocanu and M.O. Reade, On generalized convexity in conformal mappings, Rev. Roum. Math. Pures and Appl. 16(1971), 1541-1544.

[4] N.N. Pascu, Funcţii α-stelate, Bul. Univ. din Braşov, seria C, vol. XIX, 1977, 37-39.

Department of Mathematics, University of Oradea, Str.Armatei Române, No.5 3700, Romania