General Mathematics Vol. 8 (2000) Nr. 3–4

On separability and metrisability of weak topologies

Cristian Vladimirescu and Simona Vladimirescu

Abstract

In this paper it is presented a theorem dealing with the equivalence between the separability of the strong dual of a real Banach space, E, and the metrisability of the unity closed ball, B_E, by starting from a similar (proved) theorem in the delightful functional analysis book (see [1]). We prove, in addition, through an example, that the hypotheses for the theorem are essential.

AMS Mathematical Subject Classification 46A16, 46B99 Key-words and phrases: Metrisability, separability,weak topologies.

1 Introduction

In [1], in theorem III.25 is presented the equivalence “A real Banach space E is separable if and only if the unity closed ball of the dual space E^′ is metrisable related to the weak topology σ (E^′, E)“. The aim of this paper is to prove the dual theorem. 55

Throughout this paper, E is a real Banach space, endowed with the norm ‖·‖ . The result is obtained through topological methods.

Definition 1. A subset M ⊆ E, M ≠ ∅ is called metrisable related to the topology τ on the space E if there exists a metrics d : M × M →IR_+ which induces the topology τ on the subset M.

The strong (normic) dual space of the real Banach space E is the set

E^′ = {f : E → IR, f is linear and continuous} (1) and the unity closed ball of E is denoted to be the set

B_E = {x ∈ E, ‖x‖ ≤ 1} . (2) Definition 2. We say that E^′ is separable (related to the strong topology) if there exists a subset F ⊆ E, F ≠ ∅ and such that cardF = ℵ_0 and F = E^′.

We state and prove the main theorem.

2 Main result

Theorem 1. Let E be a real Banach space. If E^′ is separable, then B_E is metrisable related to the weak topology σ (E, E^′) . And reciprocally, if B_E is metrisable related to the weak topology σ (E, E^′), then E^′ is separable.

Proof. Suppose firstly that E^′ is a separable space. Then, there exists (g_n)_{n∈N}∗ a counterable family of E^′ and dense in E^′. Consider (g_n)_{n∈N}∗ ∩ B_E′ :not= (f_n)_{n∈N}∗ such that (f_n)_{n∈N}∗ is a counterable and dense family in B_E′. In what follows, we define a metrics d : B_E × B_E →IR_+ on B_E : for x, y ∈ B_E,

d (x, y) := ∞∑ n=1 1 2^n

· |f_n (x − y)| .

(it is easy to verify the metrics properties for the application d).

We prove now that the metrics d induces the weak topology σ (E, E^′) on B_E.

a). Let x_0 ∈ B_E and V ∈ V_{σ(E,E}′_) (x_0) be arbitrary. We have to check that there exists r > 0 such that U := {x ∈ B_E, d (x, x_0) < r} ⊆ V.

For this purpose, we take V to be

V :not= { x ∈ B_E, |f_i (x − x_0)| < ε, (∀) i ∈ 1, k } , where ε > 0, ‖f_i‖_E′ ≤ 1, (∀) i ∈ 1, k. Since (f_n)_{n∈}IN∗ = B_E′, we obtain that for each i ∈IN^∗ there exists n_i = n (i) ∈IN^∗ such that ‖f_{ni} − f_i‖ < ε 4 . Let us consider r > 0 verifying the conditions for every i ∈ 1, k, 2^{ni} · r < ε 2 and let x ∈ U be arbitrary. Therefore, x ∈ B_E and ∞∑ n=1 1 2^n

· |f_n (x − x_0)| < r.

But, 1 2^{ni}

· |f_{ni} (x − x_0)| < r, (∀) i ∈ 1, k and hence,

|f_i (x − x_0)| = |f_i (x − x_0) − f_{ni} (x − x_0)| + |f_{ni} (x − x_0)| < <^ε_2 +^ε_2 = ε, (∀) i ∈ 1, k.

b). Let x_0 ∈ B_E and r > 0 be arbitrary. We check that there exists V ∈ V_{σ(E,E}′_) (x_0) in B_E such that V ⊆ U := {x ∈ B_E, d (x, x_0) < r} .

In other words, we are looking for ε > 0 and k ∈IN^∗ such that V having the form

V := { x ∈ B_E, |f_i (x − x_0)| < ε, (∀) i ∈ 1, k } , is inclosed in U.

Let x ∈ V be arbitrary. We have

d (x, x_0) = ∞∑ n=1 1 2^n

· |f_n (x − x_0)| =

= k∑ n=1 1 2^n

· |f_n (x − x_0)| + ∞∑ n=k+1 1 2^n

· |f_n (x − x_0)| <

< ε + 2 · k+1∑ n=1 1 2^n

= ε + 2 · 1 2^{k+1} · 1 1 −^1_2

= ε + 1 2^{k−1} .

Hence, by choosing k := max {1, 3 − log_2 r} and ε <^r_2, we get

d (x, x_0) < r 2 + r 2 = r.

Let us suppose that B_E is metrisable related to the weak topology σ (E, E^′) and we want to prove that E^′ is separable.

For this purpose, let d : B_E × B_E →IR_+ be a metrics on B_E, which induces the weak topology σ (E, E^′) . Denote by

U_n := { x ∈ B_E, d (x, 0) < 1 n } , for every n ∈ IN^∗.

Then, by using the hypothesis, there exists V_n ∈ V_{σ(E,E}′_) (0) , V_n with the form

V_n := {x ∈ E, |f (x)| < ε_n, (∀) f ∈ Φ_n} ,

where ε_n > 0, Φ_n ⊂ E^′ is finite and such that

V_n ⊆ U_n, for every n ∈ IN^∗.

We set D := ∞⋃ n=1 Φ_n and F := Space (D)

and we prove that F is dense in E^′ (for the strong topology).

If this fact would be false then F ≠ E^′. So, let us consider f^′ /∈ F . Since F is a closed set, the distance between f^′ and F , d := inf { ‖f^′ − f‖ , f^′ ∈ F } , is strictly positive.

Let r > 0 be such that r · d > 1.

Hence r · f^′ /∈ F , (since else there exists a sequence having the form

(_1 r f_n ) n∈IN^∗ ⊂ F, which is convergent to f^′). And, for f ∈ F arbitrary,

‖rf^′ − f‖ = r · ‖ ‖ ‖f^′ − 1 r f ‖ ‖ ‖ ≥ r · d > 1,

because F is a linear space; and passing to inf for f ∈ F, we deduce

dist (rf^′, F ) ≥ r · d > 1,

and therefore, dist ( rf^′, F ) ≥ r · d > 1.

In conclusion, we have found an element f_0 ∈ F such that

dist ( f_0, F ) :not= d_0 > 1.

Consider now Θ the linear space generated by {f_0} ∪ F and define the functional ξ_0 : Θ →IR, ξ_0 (λf_0 + f) := λ · d_0, for every λf_0 + f ∈ Θ, (each element of Θ can be written in an unique way like this !). It is obviously that ξ_0 is a linear functional and is continuous since:

|ξ_0 (λf_0 + f)| = |λ · d_0| = |λ| · d_0 · ‖ ‖f_0 −^1_{−λ}f ‖ ‖ ‖ ‖f_0 −^1_{−λ}f ‖ ‖ ≤ ≤ d_0 ·

‖λf_0 + f‖ ‖ f_0 −^1_{−λ}f

‖ ≤ ‖λf_0 + f‖ , for λ ≠ 0, f ∈ F ;

this inequality is true in the case λ = 0, too. Hence, by using for example approximate sequences, ‖ξ_0‖_E′′ = 1.

Furthermore, ξ_0 (f_0) = d_0 > 1 and for every f ∈ F, we have ξ_0 (f) = 0. By a Hahn-Banach standard type result this functional ξ_0 can be extended with the same norm, to the whole space, E^′.

So, we have just proved the existence of a functional

ξ ∈ E^{′′}, ‖ξ‖_E′′ = 1 and ξ (f_0) > 1, ξ (f) = 0, for every f ∈ F.

Let us denote W to be the set W = { x ∈ B_E, |f_0 (x)| < 1 2 } . Since f_0 is continuous, it is continuous in origin and so there exists δ > 0 such that for every x with ‖x‖ < δ, |f_0 (x)| <^1_2. It follows that W is a neighborhood of the origin. Since V_n ⊆ U_n, (∀) n ∈IN^∗ and (U_n)_{n∈}IN∗ is strictly nonincreasing to {0} , it follows that there exists an integer number n_0 ∈IN^∗, such that

V_{n0} ⊆ W. (3) Now, it is clearly that x ∈ V_{n0}, and so

|f (x) − ξ (f)| < ε_{n0}, for every f ∈ Φ_{n0}.

Consider now

G_1 := { η ∈ E^{′′}, |(η − ξ) (f_0)| < 1 2 }

and G_2 := { η ∈ E^{′′}, |(η − ξ) (f_0)| < 1 2 } .

such that G_1 and G_2 are neighborhoods of ξ ∈ E^{′′}, in the weak topology σ (E^{′′}, E^′) . Therefore, G :not= G_1 ∩ G_2 ∈ V_{σ(E}′′_{,E}′_) (ξ) .

But, from Goldstine‘s lemma ([1], Lemma III.4), J (B_E) = B_E′′, where the adherence is taken in the weak topology σ (E^{′′}, E^′) , and J : E → E^{′′} is the canonical application (Jx) (f) := f (x), (∀) x ∈ E, f ∈ E^′. We deduce that for ξ ∈ B_E′′ G ∩ J (B_E) ≠ ∅, which means the existence of an element x_1 ∈ B_E such that (J (x_1) ∈ G) if and only if (J (x_1) ∈ G_1 and J (x_1) ∈ G_2) . Hence, |(J (x_1) − ξ) (f_0)| < 1 2 and |(J (x_1) − ξ) (f)| < ε_{n0}, for every f ∈ Φ_{n0}. Then |f_0 (x_1) − ξ (f_0)| < 1 2 (4) and |f (x_1) − ξ (f)| < ε_{n0}, (5) for every f ∈ Φ_{n0}. Therefore by (5) we deduce that x_1 ∈ V_{n0} and by (3) , x_1 ∈ W. This allows us to conclude that |f_0 (x_1)| < 1 2 . (6)

By other part, by (4), one gets 1 2 < ξ (f_0) − 1 2 < f_0 (x_1) < ξ (f_0) + 1 2 , and hence f_0 (x_1) > 1 2 . (7) Since the relations (6) and (7) are contradictory, our supposing F ≠ E^′ is not true. Therefore, F = E^′.

For the end of the proof, let us suppose D ≠ E^′. It follows that there exists h_0 ∈ E^′\D. Through a classical functional reason, suggested by the Hahn-Banach theorem, we obtain a closed hyperplane [Ψ = α] , α ∈IR which separates strictly the sets {h_0} and D. We have

Ψ (f) < α < Ψ (fh_0) , (∀) f ∈ D.

Hence, Ψ (f) = 0, (∀) f ∈ D and α > 0. So, by considering g ∈ D arbitrary, (a linear combination of the elements of D), we get Ψ (g) = 0. It results immediately that

Ψ (g) = 0, for every g ∈ Space (D) = F = E^′.

This enables us to obtain Ψ ≡ 0; but this fact which is in contradiction with α > 0. Therefore, we have just found that the set D counterable and dense in E^′ and then the space E^′ is separable. The proof is now complete.

3 Remark We can draw up an example where we prove the existence of sequences (f_n)_{n∈}IN∗ ⊂ E^′, where E is a real Banach space, having the property ‖f_n‖_E′ = 1, for every n ∈IN^∗ which do not contain any weak σ (E^′, E) convergent subsequences.

Indeed, let us consider the space E := l^∞ (the space of real bounded sequences) and the sequence defined by

f_n := (0, 0, ..., 0, 1, 0, ...) , for every n ∈ IN^∗, (8) where 1 is on the n-th position. Obviously, we have ‖f_n‖_E′ = 1, for every n ∈ IN^∗.

If, by contradiction, (f_n)_{n∈}IN∗ would contain a weak σ (E^′, E) convergent subsequence then for every ξ ∈ l^∞, the sequences (f_{kn})_{n∈}IN∗ would be convergent in IR.

But, for

ξ :def= (0, ..., −1, 0, ..., 1, 0, ..., 0, (−1)^n , 0, ...) ∈ l^∞, (9) where (−1)^n is on the n-th position, we have, by (8) and (9) ∞∑ i=1 (f_{kn})_i · ξ_i = ξ_{kn} = (−1)^n, for every n ∈ N^∗, and therefore the sequence (−1)^n is not a convergent sequence in R.

References

[1] H. Brezis, Analyse fonctionelle. Théorie et applications, Masson, Paris, Milan, Barcelone, Bonn (1992).

[2] Romulus Cristescu, Analiză funcţională. Ediţia a II-a, Editura didactică şi pedagogică, Bucureşti (1970).

[3] V.I. Smirnov, Curs de matematici superioare. Vol. V, Editura Tehnică, Bucureşti (1970).

Cristian Vladimirescu, Department of Mathematics, University of Craiova, Str.A.I. Cuza, No.13 1100 Craiova, Romania E-mail: vladimirescucris@hotmail.com

Simona Vladimirescu, Colegiul Naţional “Ştefan Velovan“ Craiova, Str.Amaradiei 76, 1100, ROMANIA E-mail: simonavladimirescu@hotmail.com