Georgian Mathematical Journal Volume 9 (2002), Number 1, 13–32

EXISTENCE AND PROPERTIES OF h-SETS

MICHELE BRICCHI

Abstract. In this note we shall consider the following problem: which conditions should satisfy a function h: (0, 1) → R in order to guarantee the existence of a (regular) measure μ in R^n with compact support Γ ⊂ R^n and

c_1h(r) ≤ μ(B(γ, r)) ≤ c_2h(r), (♥)

for some positive constants c_2, and c_2 independent of γ ∈ Γ and r ∈ (0, 1)? The theory of self-similar fractals provides outstanding examples of sets fulfilling (♥) with h(r) = r^d, 0 ≤ d ≤ n, and a suitable measure μ. Analogously, we shall rely on some recent techniques for the construction of pseudo selfsimilar fractals in order to deal with our more general task.

2000 Mathematics Subject Classification: Primary: 28A80; Secondary 28A12.

Key words and phrases: d-set, Ahlfors-type measure, pseudo self-similar fractal, Hausdorff h-measure.

1. Introduction

We try to generalise the idea of (d, Ψ)-sets: these sets have been introduced by D. Edmunds and H. Triebel in [4] and [5] as a perturbation of d-sets. Their definition is given in terms of qualitative behaviour of some Radon measures in R^n. Roughly speaking, a (d, Ψ)-set Γ (0 < d < n) is the support of a Radon measure μ, such that

μ(B(γ, r)) ∼ r^dΨ(r), r ∈ (0, 1) and γ ∈ Γ, (1.1)

where Ψ(r) is a perturbation at most of logarithmic growth (or decay) near 0. We point out that throughout this paper we use the equivalence “∼” in

a_k ∼ b_k or φ(r) ∼ ψ(r)

always to mean that there are two positive numbers c_1 and c_2 such that

c_1a_k ≤ b_k ≤ c_2a_k or c_1φ(r) ≤ ψ(r) ≤ c_2φ(r)

for all admitted values of the discrete variable k or the continuous variable r. Here a_k, b_k are positive numbers and φ, ψ are positive functions.

The initial problem concerning (1.1) was to prove that, given any admissible d and Ψ, there actually exist a compact set Γ and a Radon measure μ with supp μ = Γ, satisfying the required properties. The proof of the existence of

ISSN 1072-947X / $8.00 / © Heldermann Verlag www.heldermann.de

these sets can be found in the quoted papers and, in a more detailed form, in [12, 22.8].

It is also important to know how different can be all the measures μ satisfying (1.1), for a fixed (d, Ψ)-set Γ. The situation turns out to be similar to the case of d-sets: if Γ is a (d, Ψ)-set, then all finite Radon measures μ with supp μ = Γ and (1.1) are equivalent to each other and there is a canonical representative H^{d,Ψ}|Γ constructed analogously to the s-dimensional Hausdorff measure, s > 0 (see Definition 3.3 below) and then restricted to Γ. Proofs and further comments can be found in [1, 2] and [3].

Now, in a more general context, we ask for which functions h : [0, 1] → R there exist a Radon measure μ and compact set Γ = supp μ ⊂ R^n such that

μ(B(γ, r)) ∼ h(r), γ ∈ Γ, r ∈ [0, 1]. (1.2)

In order to deal with this general approach we need basically two major ingredients: a refined theory of Hausdorff measures and densities and some knowledge of sets generated by infinitely many contractions. General Hausdorff measures and densities of measures help us to reduce the problem of the generic measure μ appearing in (1.2) to a (good) standard representative, whereas sets defined in terms of (possibly) infinitely many contractions provide a nice class of examples.

2. A Counterexample

Let ε > 0 and consider the function h(r) = r^{n+ε}. We claim that in R^n there cannot exist a compact set Γ and a Radon measure μ with supp μ = Γ such that μ(B(γ, r)) ∼ r^{n+ε}, γ ∈ Γ, r ∈ [0, 1].

As a matter of fact any measure with this property should be equivalent to H^{n+ε}|Γ (see Theorem 3.6 below). But this measure is identically zero in R^n and hence our claim is proved.

This example shows that for an appropriate measure μ the class of functions h for which μ(B(γ, r)) ∼ h(r) depends on the dimension n of R^n.

3. Hausdorff Measures and Upper Densities

The definition of Hausdorff measures follows the so-called Carathéodory construction procedure. We collect here the main definitions and results and refer to [10] and [14] for a complete survey on these topics, including all proofs of this section and further references.

Definition 3.1. Let H denote the class of all right continuous monotone increasing functions h: [0, +∞] → [0, +∞] such that h(u) > 0 if u > 0. We refer to H as to the set of all gauge functions.

Definition 3.2. If A ⊂ R^n and δ > 0, we denote by δ(A) the family of all open δ-coverings of A, i.e., the collection of all sequences {A_i}_{i∈N} of sets A_i such that A_i is open, diam(A_i) < δ and ∪^∞_{i=1}A_i ⊃ A. Of course, if A ≠ ∅, then diam(A) = sup_{x,y∈A} |x − y| is the diameter of A rigorously complemented with diam(∅) = 0.

Definition 3.3. Let h ∈ H and define, for A ⊂ R^n, that h(A) = h(diam(A)) if A ≠ ∅ and h(∅) = 0. Then the set function

H^h(A) = lim_{δ→0} � inf �^∞� i=1 h(A_i) : {A_i}_{i∈N} ∈ δ(A) � , A ⊂ R^n,

is called the Hausdorff measure corresponding to the gauge function h.

Of course, for h(r) = r^s one simply writes H^s.

Remark 3.4. The h-measure defined above is actually well defined: for any A ⊂ R^n, the approximate measure

H^h_δ (A) = inf

�^∞� i=1 h(A_i) : {A_i}_{i∈N} ∈ δ(A) �

is monotone in δ, i.e., H^h_{δ1} (A) ≥ H^h_{δ2} (A) if δ_1 ≤ δ_2 and hence H^h(A) = sup_{δ>0} H^h_δ (A) (of course, one allows +∞ as a possible outcome). Moreover, H^h is an (outer) Borel regular measure.

It can also be noted that only values of h(r) with r near zero are really important. Hence one can think of h(r) as a function, say, from [0, 1) → R_+.

Extremely useful local characteristics of Borel measures are their upper and lower densities. Let h be a gauge function with the property that h(0) = 0.

Definition 3.5. Let μ be a locally finite Borel measure. Then

D^hμ(x) = lim sup_{r→0} μ(B(x, r)) h(2r) and D^hμ(x) = lim inf_{r→0} μ(B(x, r)) h(2r) are called the upper, respectively the lower, h-density of μ at x. For a special choice h(r) = r^s one writes of course D^s, and D^s.

The following theorem will turn out to be of great importance later on. We briefly denote by X_μ the class of all μ-measurable sets and by B(R^n) the class of all Borel sets in R^n.

Theorem 3.6. Let μ be a locally finite Borel measure and let h be a gauge function such that h(0) = 0 and h(2r) ≤ Kh(r) for some positive constant K. Then

(i) μ(A) ≤ K sup_{x∈A} D^hμ(x)H^h(A), A ∈ X_μ, and (ii) μ(A) ≥ inf_{x∈A} D^hμ(x)H^h(A), A ∈ B(R^n).

4. Alphabets and Words

Following [7], we collect here some useful notation.

Let N ≥ 2 be a natural number, then by the alphabet we mean the set of letters A = {1, . . . , N}. A is endowed with the discrete topology and with the equally distributed Radon measure τ^1 defined on atoms by τ^1(i) = N^{−1} for i ∈ A.

A finite word α of length k = |α| is any element of A^k and will be denoted by α = α_1α_2 . . . α_k. A^k is endowed with the product measure τ^k = ×^k_{i=1}τ^1.

Given any two finite words α = α_1 . . . α_k and β = β_1 . . . β_h we denote by αβ the finite word α_1 . . . α_kβ_1 . . . β_h. The set of finite words is endowed with the following relation: α ≺ β if |α| ≤ |β| and α_i = β_i, i = 1, . . . , |α|.

An infinite word (or simply a word) is any member of A = A^N and will be denoted by I = i_1i_2 . . . . We extend the relation introduced above: if α is a finite word and I ∈ A, then α ≺ I means that α_j = i_j , j = 1, . . . , |α|.

If α is a finite word and I ∈ A, then αI denotes the shifted word obtained by chaining α and I, i.e., by α_1, . . . α_{|α|}i_1i_2 . . . and α^∗ is the set {αI, I ∈ A}. The k-th stop of a word I is the finite word i_1 . . . i_k, and will be indicated with I_{|k}.

Let n_1, . . . , n_m ∈ N; then we define the projection π_{n1...nm} : A → A^m by π_{n1...nm} (i_1i_2, . . . ) = i_{n1} . . . i_{nm} .

Since A =

�_∞

i=1 A, we endow the set of all words with the product topology T and the product σ-algebra M. We collect in the following proposition some very well known facts.

Proposition 4.1. A is a compact (complete and separable) metric space. For any choice of the numbers n_i ∈ N the projection operator π_{n1...nm} is uniformly continuous.

Moreover, if we let τ = ×^∞_{i=1}τ^1, we get a Radon finite measure on A such that

τ ∘ π^{−1}_{n1...nm} = τ^m, (4.1)

for any choice of the numbers n_i.

Here we have adopted the notation for image (or distribution) measures with respect to a function f: (τ ∘f^{−1})(A) = τ(f^{−1}(A)). Sometimes the same measure is denoted by τ_f , τ_♯f or f(τ).

5. Cantor-Type Sets

In this section we quote the results obtained by G. Follo in [6] about sets generated by infinitely many contractions. The situation presented in that paper is rather general. Here we need a special case where the ambient space is R^n, the contractions are even similarities whose number at every step is the same constant. Hence the following results hold true and are proved in a much more general setting.

We recall that if x ∈ R^n and A is a nonempty set of R^n, then we let d(x, A) = inf_{a∈A} |x − a| be the distance from x to A. Remember also that on the class K of all nonempty compact sets of R^n one defines the so-called Hausdorff metric given by d_H(H, K) = sup{d(k, H), d(h, K) : k ∈ K, h ∈ H}.

This is actually a distance and d_H({x}, {y}) = |x − y| for any x, y ∈ R^n. It is known that the metric space (K, d_H) is complete.

Let N ≥ 2 be a fixed number and let F = {F_1, F_2, . . . } be a sequence of finite sets (with cardinality N) of contractive similarities, i.e., for every k ∈ N, F_k = {f_{k,1}, . . . , f_{k,N} } is a set of N different contractive similarities in R^n, each one with the same similarity ratio ϱ_k. We call (improperly) F a system of similarities (of order N).

Then define, for A ⊂ R^n and k ∈ N, F_k(A) = ∪^N_{j=1}f_{k,j}(A) and let

F_k ∘ F_{k+1}(A) = F_k(F_{k+1}(A)), k = 1, 2, . . . .

Theorem 5.1. Consider the sequence {F_k}_{k∈N} described above and suppose that these two conditions hold true:

(i) there exists a nonempty compact set Q ⊂ R^n such that F_k(Q) ⊂ Q for every k ∈ N;

(ii) lim_{k→∞}

�_k

j=1 ϱ_k = 0.

Then the sequence of sets

F_1 ∘ · · · ∘ F_k(A) = � i_1,...,i_k∈{1,...,N}

f_{1,i1} ∘ · · · ∘ f_{k,ik} (A)

is convergent in the Hausdorff metric for any non-empty compact set A. Moreover, the limit (which is a compact set of R^n) is independent of A and will be denoted by K.

The set K can be described in a more direct (and useful) way: choose a starting point x_0 in R^n and consider a word I = i_1i_2 · · · ∈ A (the number N of letters of the alphabet A defined in the previous section is the same number N of similarities involved here). For any k ∈ N let

f_{I|k} (x_0) = f_{1,i1} ∘ f_{2,i2} ∘ · · · ∘ f_{k,ik} (x_0). (5.1)

Theorem 5.2. For any I ∈ A, the sequence {f_{I|k} (x_0)}_k defined above converges to a point p(I) ∈ K independent of x_0. The application p: A → K defined in this way is surjective and uniformly continuous.

Here we make a short digression and add an observation: the map p is not generally injective. However, under the following assumption, p turns out to be a one-to-one map. We got an inspiration, when reading an analogous statement in the new book of J. Kigami ([9, Proposition 1.2.5]).

Proposition 5.3. Suppose that for every k ∈ N, f_{k,i}(Q)∩f_{k,j}(Q) = ∅, i ≠ j, then p is injective.

Proof. Let us introduce some notation: if I = i_1i_2 · · · ∈ A and m ∈ N_0, then σ^mI = i_{m+1}i_{m+2} . . . and p^{m+1}(I) = lim_{k→∞} f_{m+1,im+1} ∘ · · · ∘ f_{m+k,im+k} (x_0). Finally, if I ≠ J, then δ(I, J) = min{k : i_k ≠ j_k} − 1.

To prove our assertion, first observe that if I ≠ J, then p(I) = p(J) if and only if p^{m+1}(σ^mI) = p^{m+1}(σ^mJ), where m = δ(I, J) (reduction). Indeed, let I, J ∈ α^∗, for |α| = m, then p(I) = f_α(p^{m+1}σ^mI) = f_α(p^{m+1}σ^mJ) = p(J). Since f_α is injective the “if” part is proved. The other direction is obvious.

So, if I ≠ J and p(I) = p(J), up to a shift of m symbols, the first letters of I and J (now related to the system {F_{k+m}}^∞_{k=1} are different and f_{m+1,i}(Q) ∩ f_{m+1,j} (Q) ≠ ∅ for some i ≠ j.

This rather easy assertion will hold true in our setting thereafter when we shall construct a pseudo self-similar fractal using the techniques described above. Hence, in our case p is even a homeomorphism and the topological nature of the fractal K = p(A) is then completely described by that of A.

Let us come back to our path and let us define a suitable measure on K: let

μ = τ ∘ p^{−1}, (5.2)

where τ is the Radon measure defined on A in Proposition 4.1.

Theorem 5.4. The measure μ = τ ∘ p^{−1} is a finite Radon measure with supp μ = K. Moreover, for any Radon measure ν with ν(R^n) = 1 and compact support, the sequence ν_k = N^{−k} � |σ|=k

ν ∘ f^{−1}_σ

converges weakly to μ as k tends to infinity.

Of course, f_σ is defined as in (5.1): if |σ| = k, then f_σ(x) = f_{1,σ1} ∘· · ·∘f_{k,σk} (x) for x ∈ R^n.

The first part of the theorem is an immediate consequence of the properties of image measures under continuous functions. The second (and more important) part can be regarded as an extension of the existence theorem of invariant measures on self-similar fractals.

Remark 5.5. As we have pointed out all these results hold in a much more general form. In any case the theory developed in the previous sections is widely sufficient for us. See [6] for a complete survey.

6. Construction

Let us come to the main part of this note, i.e., the construction of an h-set. Below follows a more precise definition.

Definition 6.1. Let, for n ∈ N, H_n be the set of all continuous monotone increasing functions h: [0, ∞) → [0, ∞) such that there exist m ∈ N with m ≥ 2 and a sequence {λ_k}_{k∈N} with (D_1) h(λ_1 · · · λ_k) ∼ m^{−nk}, k ∈ N; (D_2) 0 < inf_k λ_k ≤ sup_k λ_k < m^{−1}.

The class H_n is a suitable set of functions providing examples of compact sets Γ able to carry a measure μ with μ(B(γ, r)) ∼ h(r), for γ ∈ Γ and all r sufficiently small: as a matter of fact the number m^n and the coefficients λ_k will be used for the construction of a pseudo self-similar fractal (as shown in Section 5) with the desired properties.

Remark 6.2. Notice that any h ∈ H_n has the so-called doubling condition, i.e, there exists a positive constant C = C(h) such that

h(2r) ≤ Ch(r), 0 < r < 1.

In (8.9) we shall considerably improve this assertion.

Remark 6.3. The assumption sup_k λ_k < m^{−1} is technically useful, but strong: the function h(r) = r^n is not contained in H_n. Analogously, functions of type r^n| log r|^κ, for κ > 0 (related to (n, Ψ)-sets), are not to be considered in the above schematisation. For those functions it may happen that sup_k λ_k = m^{−1}. We can of course incorporate these particular examples into H_n: we already know that n-sets and (n, Ψ)-sets exist. Analogously, the case inf_k λ_k = 0 is a limiting situation. An interesting example where this strong decay occurs is given by h(r) = | log r|^{−κ} with κ > 0, which, consequently, does not belong to H_n. However, one could prove that there exists a compact set Γ with H^{| log(·)|−κ} |Γ(B(γ, r)) ∼ | log r|^{−κ}, for γ ∈ Γ and 0 < r < 1.

By these examples it should be clear that our approach does not take into account the existing limiting cases.

If a function h verifies the following stronger condition, then h ∈ H_n. Sometimes this is easier to check than Conditions (D_1) and (D_2) of Definition 6.1.

Proposition 6.4. Let h be a strictly increasing continuous function and denote by h^{−1} its inverse. If there exist two real numbers δ > 1 and K > 0 with

(i) h(2^δr) ≤ 2^nh(r) and (ii) h^{−1}(2s) ≤ Kh^{−1}(s) for all r and s sufficiently small, then h ∈ H_n.

The proof of this proposition is rather simple and we omit it. Here we give the main definition we have in mind.

Definition 6.5. Let Γ be a non-empty compact set in R^n and h ∈ H_n. Then Γ is calledan h-set if there exists a finite Radon measure μ in R^n whose support is Γ, such that μ(B(γ, r)) ∼ h(r), γ ∈ Γ, r ∈ (0, 1).

Such a measure μ will be called related to h or, simply, an h-measure.

Theorem 6.6. For every h ∈ H_n there exists an h-set, i.e., there exist a compact set Γ ⊂ R^n and a finite Radon measure μ such that

(i) supp μ = Γ;

(ii) μ(B(γ, r)) ∼ h(r), for γ ∈ Γ and r ∈ (0, 1).

Moreover, all measures μ satisfying (i) and (ii) are equivalent to H^h|Γ.

Proof. Let {λ_k}_{k∈N} and m be, respectively, the sequence and the number related to h by Definition 6.1. Let Q = [−1/2, 1/2]^n be the unit cube in R^n. Let us divide it naturally into m^n sub-cubes with sides of length m^{−1} parallel to the coordinate axes and denote their centers by v_j , j = 1, . . . , m^n. Then define

f_{k,j}(x) = λ_kx + v_j , k ∈ N, j = 1, . . . , m^n.

Now, we let F = {F_k}_{k∈N} be the system of similarities defined by

F_k = {f_{k,1}, . . . , f_{k,m}n }.

We can apply Theorem 5.1 to the family {F_k}_{k∈N}. In fact, condition 5.1–(i) is fulfilled, taking precisely our cube Q. 5.1–(ii) is also true since in this case the similarity ratios ϱ_k = λ_k < m^{−1} ≤ 1/2. Therefore there exists a compact set Γ ⊂ Q which is the limit of F_1 ∘ · · · ∘ F_k(Q) as k → ∞.

Our aim is to prove that this Γ satisfies conditions (i) and (ii) of the theorem, with respect to the measure μ defined in (5.2) and described in Theorem 5.4 adapted to the present situation. We remark that the number N appearing there is the same number N = m^n of contractions in each F_k.

Now, fix x_0 ∈ R^n and let B = B(γ, r) be a ball of radius r ∈ (0, 1) and center γ ∈ Γ.

Step 1. By Theorem 5.2 there exists a word I ∈ A such that

p(I) = lim_{k→∞} f_{1,i1} ∘ · · · ∘ f_{k,ik} (x_0) = γ.

Therefore, for all k greater than some k_0

f_{I|k} (Q) = f_{1,i1} ∘ · · · ∘ f_{k,ik} (Q) ⊂ B. (6.1)

In order to see this, choose q ∈ Q. Then |f_{I|k} (q) − p(I)| = λ_1 · · · λ_k|q − q^′|, where q^′ belongs to the pseudo self-similar fractal ~Γ generated by the system of similarities ~F = {F_{k+1}, F_{k+2}, . . . }, which is in the same (or possibly better) conditions as F. Hence also ~Γ ⊂ Q and consequently λ_1 · · · λ_k|q − q^′| ≤ λ_1 · · · λ_k diam(Q).

Thus, we choose a minimal index k (sometimes called Markov stop) such that condition (6.1) is fulfilled.

Equivalently, k is a minimal index for which λ_1 · · · λ_k diam(Q) ≤ r. Then, with this choice of k = k(r), one can easily check that

λ_0r < λ_1 · · · λ_k diam(Q) ≤ r,

where λ_0 = inf_k λ_k > 0. This inequality and the doubling condition for h imply that

h(r) ≤ ch(λ_1 · · · λ_k) ≤ c^′m^{−kn}, (6.2)

for some unimportant constants c and c^′ depending only on h.

Thanks to the definition of μ and (4.1), the measure μ(f_{I|k} (Q)) can be easily estimated:

μ(f_{I|k} (Q)) = τ ∘ p^{−1}(f_{I|k} (Q)) = τ � p^{−1}(f_{I|k} (Q)) � = τ � {J ∈ A : p(J) ∈ f_{I|k} (Q)} � ≥ τ � {J ∈ A : J ∈ I^∗_{|k}} � = τ(I^∗_{|k}) = τ(π^{−1}_{1,...,k}(I_{|k})) = τ^k(I_{|k}) = m^{−kn}. (6.3) Hence, by (6.2) and (6.3), we have μ(B(γ, r)) h(r) ≥ μ(f_{I|k} (Q)) h(r) ≥ m^{−kn} cm^{−kn}

= C.

Therefore μ(B(γ, r)) ≥ Ch(r) for some constant C > 0 independent of γ ∈ Γ and r ∈ (0, 1). This is half of the desired estimation.

Step 2. Let again k = k(r) be the Markov stop for {λ_j }_{j∈N}. Consider the set of all words of length k and define Q_α = f_α(Q), for every α with |α| = k. Of course, the sets Q_α, |α| = k, are pairwise disjoint.

Now we need the condition λ^0 = sup_j λ_j < m^{−1} which we have not yet used. By simple calculations one gets that if γ ∈ Q_α and γ^′ ∈ Q_α′ for two different words α and α^′ with length k, then |γ − γ^′| > (m^{−1} − λ^0)λ_1 · · · λ_{k−1}. Let c = (m^{−1} − λ^0)(diam(Q))^{−1}. Of course, we have μ(B(γ, cr)) = τ({I ∈ A : |p(I) − γ| ≤ cr}).

Let γ = p(α_γ J), for |α_γ | = k and J ∈ A. If I ∉ α^∗_γ , then p(I) ∉ Q_{αγ} . Hence, as we have said above, |p(I) − γ| > (m^{−1} − λ^0)λ_1 · · · λ_{k−1} > cr and therefore p(I) ∉ B(γ, cr). Consequently, μ(B(γ, cr)) ≤ τ(α^∗_γ ) = m^{−nk}.

This shows that μ(B(γ, r)) ≤ Ch(r) for some unimportant positive constant C.

Combining together this result and what we have obtained in Step 1, we conclude that there are two positive constants c_1 and c_2 such that c_1h(r) ≤ μ(B(γ, r)) ≤ c_2h(r), r ∈ (0, 1), γ ∈ Γ. (6.4)

Step 3. It remains to show that μ is essentially unique. In order to get this result note that (6.4) immediately implies that 0 < c ≤ D^hμ(γ) ≤ C < ∞ for some constants c and C independent of γ ∈ Γ. Thanks to Theorem 3.6 we can conclude that

μ(A) = μ(A ∩ Γ) ∼ sup_{x∈A∩Γ} D^hμ(x)H^h(A ∩ Γ)

∼ H^h(A ∩ Γ) = H^h|Γ(A), A ∈ B(R^n).

This concludes the proof of the theorem.

7. Examples

As we have remarked in the introduction, our aim was to give a unified and general approach to the study of (compact) sets Γ whose geometrical structure is defined by μ(B(γ, r)) ∼ h(r), γ ∈ Γ, r ∈ (0, 1), where μ is a finite Radon measure supported by Γ. Apart from the limiting cases discussed in Remark 6.3, the outcome is satisfactory: as we will see, all (d, Ψ)-sets (0 < d < n) introduced by D. Edmunds and H. Triebel in [4, 5] (including the case of d-sets) are particular h-sets; we shall also show some examples of h-sets which are not (d, Ψ)-sets. Hence, after showing that this approach is consistent and produces something new, in Section 8 we will study some geometrical properties of h-sets.

We briefly recall the definition of (d, Ψ)-sets.

Definition 7.1. A positive monotone function Ψ defined on the interval (0, 1) is said admissible if

Ψ(2^{−2j}) ∼ Ψ(2^{−j}), j ∈ N. (7.1)

Example 7.2. Let b ∈ R and 0 < c < 1. Then the function

Ψ(r) = | log cr|^b

is an admissible function.

We shall use some properties of admissible functions in the sequel: we refer to [1, 3, 4, 5] and [12, Section 22] for their proofs and further observations. For the sake of simplicity one might always think of Ψ(r) = | log cr|^b for some b ∈ R and 0 < c < 1, though not all admissible functions can be described in this way.

Definition 7.3. Let Γ be a compact subset of R^n, Ψ be an admissible function and d be a real number with 0 < d < n. Then Γ is said to be a (d, Ψ)-set if there exists a finite Radon measure μ such that supp μ = Γ and

μ(B(γ, r)) ∼ r^dΨ(r), γ ∈ Γ, 0 < r < 1.

The following theorem essentially asserts that h-sets extend the definition of (d, Ψ)-sets.

Theorem 7.4. Any (d, Ψ)-set, with 0 < d < n is an h-set, with h(r) ∼ r^dΨ(r).

Proof. Up to equivalent functions, we may assume h(r) = r^dΨ(r) to be continuous and monotone decreasing, with Ψ(1) = 1, but this is not the point.

We have to find a sufficiently large positive integer m and a sequence {λ_k}_{k∈N} such that Conditions (D_1) and (D_2) of Definition 6.1 be satisfied. Let

λ_k = m^{− nd} Ψ^{− 1d} (m^{− nkd} )Ψ^{1d} (m^{− n(k−1)d} ), k = 1, 2, . . . . (7.2)

With this choice we have, for k = 1, 2, . . . , λ_1 · · · λ_k = m^{− nkd} Ψ^{− 1d} (m^{− nkd} ). (7.3) Let us estimate h(λ_1 · · · λ_k). From (7.3) we get h(λ_1 · · · λ_k) = m^{−nk}Ψ^{−1}(m^{− nkd} )Ψ(m^{− nkd} Ψ^{− 1d} (m^{− nkd} )).

Both for an increasing and for a decreasing admissible function Ψ the last expression is greater than m^{−nk}; hence it remains to show the upper estimation. We consider the case of decreasing Ψ. Then, by the properties of admissible functions, m^{− 2nkd} = o(m^{− nkd} Ψ^{− 1d} (m^{− nkd} )), k → ∞, and hence there exists a positive constant C independent of k such that m^{− nkd} Ψ^{− 1d} (m^{− nkd} ) ≥ Cm^{− 2nkd} .

Therefore h(λ_1 · · · λ_k) ≤ m^{−nk}Ψ^{−1}(m^{− nkd} )Ψ(Cm^{− 2nkd} ).

By (7.1) we finally get h(λ_1 · · · λ_k) ≤ cm^{−nk} which is the upper estimate we wished. If Ψ is increasing, one proceeds analogously.

Let us consider now the coefficients λ_k. By monotonicity we have always λ_k ≤ m^{− n}d < m^{−1} (Ψ decreasing) or λ_k ≥ m^{− n}d (Ψ increasing). We consider now the case with Ψ increasing. The techniques we use to prove the upper estimation for λ_k in this case are analogous to those needed for the lower estimation in the other one.

By the properties of admissible functions we have Ψ^{1d} (m^{− n(k−1)d} ) ≤ c(log m)^bΨ^{1d} (m^{− nkd} ) for some positive constants c and b independent of m and k. Hence, inserting this estimate into (7.2) and choosing m large enough (remember that d < n) we have, for some ε > 0, 0 < m^{− nd} ≤ λ_k ≤ m^{−1−ε}, k = 1, 2, . . . , which is the desired assertion.

Another interesting class of h-sets can be obtained with the choice h(r) = r^de^{±| log r|κ} , 0 < r < 1, for 0 < κ ≤ 1/2 and 0 < d < n. Notice that exp{±| log r|^κ} is not an admissible function in the sense of Definition 7.1, as an easy calculation immediately shows.

To compare more precisely exp{±| log r|^κ} and an admissible function Ψ(r) we pass to the logarithms (and exploit some properties of admissible functions): | log exp{±| log r|^κ}| ∼ | log r|^κ, and | log |Ψ(r)|| ≤ c log | log r|, where r > 0 is small enough. These estimations show that exp{±| log r|^κ} and Ψ(r) are not comparable.

Proposition 7.5. Let 0 < κ ≤ 1/2 and 0 < d < n. Then the function h(r) = r^d exp{±| log r|^κ} for 0 < r < 1 belongs to H_n.

Proof. Let us consider the case h(r) = r^d exp(−| log r|^κ), the other one being analogous. Let λ_k = m^{− nd} exp � c(k^κ − (k − 1)^κ) � with c =^1_d (^n_d )^κ(log m)^κ. With this choice we have

λ_1 · · · λ_k = m^{− nkd} exp{ck^κ}.

Hence

h(λ_1 · · · λ_k) = m^{−nk} exp{dck^κ} exp � −| log m^{− nkd} exp ck^κ |^κ �

= m^{−nk} exp � dck^κ − � � � nk d log m − ck^κ � � �^κ �

= m^{−nk} exp � dck^κ � 1 − (1 − c^′k^{κ−1})^κ

� � �

∼c^{′′}k^{κ−1} �

∼ m^{−nk} exp{dck^{2κ−1}} ∼ m^{−nk}

since 2κ − 1 ≤ 0.

For the estimation of the coefficients λ_k we have, by monotonicity arguments and taking into account n/d > 1, that

m^{− nd} ≤ λ_k ≤ m^{− nd} e^{c(log m)κ} < m^{−1}

(with c independent of m) provided m large enough.

As we have said, the case h(r) = r^d exp{| log r|^κ} can be treated analogously and therefore the proof is concluded.

8. Properties of the Measure

In this section we derive some geometric properties of an h-set. For example, in the simplest case with h(r) = r^d it is known that the (local) Hausdorff dimension is equal to d. With some more effort one gets that also in a slightly more general case of (d, Ψ)-sets the dimension is still d (see [1, 3]). But the special structure of the measure μ related to an h-set allows us not only to derive the Hausdorff dimension but also other significant measure-theoretic properties. In the sequel we shall restrict our attention to the Minkowski content, to the Hausdorff dimension of an h-set Γ and to the Hausdorff dimension of the measure μ ∼ H^h|Γ supported by Γ. Finally, we shall consider two pure geometric properties of an h-set: the so-called Markov inequality related to a set and the ball condition. We shall give a sufficient condition for which h-sets preserve Markov’s inequality, generalising an analogous theorem stated by A. Jonsson and H. Wallin for d-sets, and we shall show that every h-set verifies the so-called ball condition.

We begin by recalling the definition of the Hausdorff dimension of a set (let in the following inf ∅ = sup ∅ = 0).

Definition 8.1. Let A ⊂ R^n. Then the number

dim_H A = inf{s ≥ 0 : H^s(A) = 0} � = sup{s ≥ 0 : H^s(A) = ∞} �

is called the Hausdorff dimension of A.

Definition 8.2. For s ≥ 0 the upper and the lower s-dimensional Minkowski content of a bounded subset A of R^n are defined by

M^s(A) = lim sup_{δ→0}

L^n(A_δ) δ^{n−s} and M^s(A) = lim inf_{δ→0}

L^n(A_δ) δ^{n−s} , respectively. If the limits coincide, then the common value M^s(A) is called s-dimensional Minkowski content of the set A.

Recall that A_δ := {x ∈ R^n : d(x, A) ≤ δ} is the parallel set of A of amount δ and L^n denotes the Lebesgue n-dimensional outer measure. Accordingly, the upper and the lower Minkowski dimension are defined as follows.

Definition 8.3. Let A be a bounded subset of R^n; then

dim_MA = inf{s ≥ 0 : M^s(A) = 0} � = sup{s ≥ 0 : M^s(A) = ∞} �

and dim_MA = inf{s ≥ 0 : M^s(A) = 0} � = sup{s ≥ 0 : M^s(A) = ∞} �

are called the upper and the lower Minkowski dimension of A, respectively. Should the limits coincide, then the common value dim_M A is called the Minkowski dimension of A.

There is an immediate characterisation of these Minkowski dimensions, which is easier to handle.

Proposition 8.4. Let A be a bounded subset of R^n. Then

dim_MA = n − lim inf_{δ→0} log L^n(A_δ)

log δ and dim_MA = n − lim sup_{δ→0} log L^n(A_δ)

log δ . Finally, we introduce the local and the global Hausdorff dimension of a Borel measure.

Definition 8.5. Let μ be a locally finite Borel measure and x ∈ R^n. Then dim_Hμ(x) = lim inf_{r→0} log μ(B(x, r)) log r is called the lower pointwise dimension of μ at x.

Definition 8.6. Let μ be a locally finite Borel measure. Then dim_Hμ = ess sup_{x∈R}n dim_Hμ(x) is called the Hausdorff dimension of μ.

Now, let Γ be an h-set, and let μ be a related measure (by this we always mean that μ is a finite Radon measure with μ(B(γ, r)) ∼ h(r), for small values of r). It is easy to show that lim inf_{r→0} log μ(B(γ, r)) log r

= lim inf_{r→0} log h(r) log r (and analogously for the lim sup), since log μ(B(γ, r))/ log r = log h(r)/ log r + o(1) as r → 0. This proves the following theorem.

Theorem 8.7. If μ is a measure related to an h-set, then dim_H μ = lim inf_{r→0} log h(r) log r . In order to evaluate the Minkowski content of an h-set, let us consider the following lemmas.

Lemma 8.8. Let, for 0 < r < 1, B^{(r)} = {B(γ_i, r)}^{Nr}_{i=1}, γ_i ∈ Γ, be a finite covering of an h-set Γ such that B(γ_i, r/3) ∩ B(γ_j, r/3) = ∅ for i ≠ j (such a covering will be called optimal). Then N_r ∼ 1 h(r)

, 0 < r < 1, where the equivalence constants do not depend on r. Proof. The proof is simple:

μ(Γ) = μ

�^Nr� i=1 B(γ_i, r) � ≤ N_r max_{1≤i≤Nr} μ(B(γ_i, r)) ≤ cN_rh(r)

≤ c^′N_rh(r/3) ≤ c^{′′}N_r min_{1≤i≤Nr} μ(B(γ_i, r/3)) ≤ c^{′′}

N_r� i=1 μ(B(γ_i, r/3))

= c^{′′}μ

�^Nr� i=1 B(γ_i, r/3) � ≤ c^{′′}μ(Γ).

Since 0 < μ(Γ) < ∞, we get N_r ∼ 1/h(r), which is the desired assertion.

Lemma 8.9. Let Γ be an h-set. Then L^n(Γ_δ) ∼ δ^n h(δ) . Proof. Of course we can find positive constants c_1 and c_2 (sufficiently small and large, respectively) independently of δ and two optimal coverings B^{(c1δ)} = {B(γ_i, c_1δ)}^{Nc1δ}_{i=1} and B^{(c2δ)} = {B(~γ_j, c_2δ)}^{Nc2δ}_{j=1} such that

N_{c1δ}�

i=1 B(γ_i, c_1δ) ⊂ Γ_δ ⊂

N_{c2δ}�

j=1 B(~γ_j, c_2δ).

By the above Lemma 8.8 we finally get

L^n(Γ_δ) ∼ δ^n h(δ) (with equivalence constants independent of δ) which is the desired assertion.

We can now state the main assertion for the Minkowski dimensions of h-sets. Theorem 8.10. Let Γ be an h-set. Then

dim_MΓ = lim inf_{δ→0} log h(r) log r and dim_MΓ = lim sup_{δ→0} log h(r) log r . Proof. Thanks to Lemma 8.9 and Proposition 8.4 we get

dim_M(Γ) = n − lim inf_{δ→0} log(δ^n/h(δ))

log δ = n − lim inf_{δ→0} log δ^n − log h(δ) log δ

= lim sup_{δ→0} log h(δ) log δ . Considering analogously dim_M(Γ) we conclude the proof.

Remark 8.11. We observe that it may really happen that

lim inf_{δ→0} log h(δ) log δ

< lim sup_{δ→0} log h(δ) log δ

, (8.1)

for some function h ∈ H_n. To see this, first observe that if h and g are two positive equivalent functions from, say, (0, 1) → R, then

lim inf_{r→0} log h(r) log r

= lim inf_{r→0} log g(r) log r and analogously for the lim sup.

If h ∈ H_n, then one can easily construct an equivalent function g such that

lim inf_{r→0} log g(r) log r

= lim inf k→∞ log g(λ_1 · · · λ_k) log λ_1 · · · λ_k

(analogously for the lim sup), where m and λ_k, k ∈ N_0, come from the definition of h ∈ H_n. Since the above expressions, as we pointed out, are independent of the particular representative of h ∈ H_n we have that

lim inf_{r→0} log h(r) log r

= n lim inf_{k→∞} � | log_m λ_1 · · · λ_k| k �_{−1}

(8.2)

(analogously for the lim sup), for any h ∈ H_n.

Therefore, the existence of a function h ∈ H_n with (8.1) is simply reduced to the choice of an appropriate sequence {λ_k}_{k∈N0} , such that the right hand-side of (8.2) oscillates (which is possible), complemented by the observation that for any given sequence {λ_k}_{k∈N0} with 0 < inf_k λ_k ≤ sup_k λ_k < m^{−1}, for some integer m ≥ 2, one can easily construct a function h ∈ H_n related to that sequence.

Finally, let us come to the most interesting property (for us) of an h-set.

Theorem 8.12. Let Γ be an h-set. Then

dim_H Γ ∩ B(γ, r) = lim inf_{δ→0} log h(δ) log δ γ ∈ Γ, r ∈ (0, 1). (8.3)

The expression on the left-hand side is sometimes called the local Hausdorff dimension of the set Γ and in general it is a function depending on γ and r. The theorem says that in the case of h-sets it is always constant. This implies the weaker assertion that the Hausdorff dimension of Γ is lim inf_{δ→0} log h(δ)/ log δ.

Proof. Let us denote the inferior limit in (8.3) by D. Let us consider the sequence {s_k = λ_1 · · · λ_k}^∞_{k=1} exploited in the proof of the Main Theorem 6.6. Recall that h(s_k) ∼ m^{−nk} and 0 < α < λ_k < β < 1, k = 1, 2 . . . , (we shall later return to the exact value of these constants now it is only important that 0 < α < β < 1). By what we said in Remark 8.11, D = lim sup_{k→∞} log h(s_k)/ log s_k, and the latter is easily estimated as follows: n log m | log α|

≤ lim inf k→∞ log h(s_k) log s_k ≤ n log m | log β| . Now that we know that 0 < D < +∞, we can apply the so-called mass distribution principle for estimating the Hausdorff dimension of a set. Let 0 < s < D and γ ∈ Γ, then we have

2^sD^sμ(γ) = lim sup_{r→0} μ(B(γ, r)) r^s

= lim sup_{r→0} exp{log μ(B(γ, r)) − s log r}

= exp{lim sup_{r→0} log r(log h(r)/ log r − s)} = 0. (8.4)

Then, thanks to Theorem 3.6–(i) and (8.4),

0 < μ(Γ) ≤ c =0 � � �

sup_{γ∈Γ} D^sμ(γ) H^s(Γ).

The only noncontradictory assertion we can derive is that H^s(Γ) = ∞. This implies s ≤ dim_H Γ. Since s was arbitrarily chosen in (0, D), we get D ≤ dim_H Γ. Analogously, taking s > D, one gets

inf_{γ∈Γ} D^sμ(γ) = ∞. (8.5)

Again, thanks to Theorem 3.6–(ii) and (8.5), we infer that

∞ > μ(Γ) ≥ =∞ � � �

inf_{γ∈Γ} D^sμ(γ) H^s(Γ).

The only possibility to avoid a contradiction is that H^s(Γ) = 0. This shows that dim_H Γ ≤ s. Since s was arbitrarily chosen in (D, +∞), we get that dim_H Γ ≤ D. Therefore we have that the Hausdorff dimension of Γ is D.

It remains to show that this notion is even local, i.e., if we choose Γ(γ, r) = Γ ∩ B(γ, r), γ ∈ Γ, 0 < r < 1, we have to show that dim_H Γ(γ, r) = D. But this is straightforward: one can reconsider the above proof replacing Γ(γ, r) is still an h-set with respect to ~μ = H^h|Γ(γ, r), maybe with different equivalence constants, but this does not matter. Hence the dimension of Γ(γ, r) is still D. But this is what we have claimed and the proof is concluded.

Remark 8.13. Using the version of Theorem 3.6 for lower densities instead of upper densities and using the same techniques as in the above proof, one could show that if Γ is an h-set, then

dim_P Γ ∩ B(γ, r) = lim sup_{δ→0} log h(δ) log δ

, γ ∈ Γ, r ∈ (0, 1),

where dim_P A denotes the packing dimension of a set A ⊂ R^n.

Remark 8.14. As a by-product of the above proof we have 0 < n log m | log λ_0|

≤ dim_H Γ ≤ n log m | log λ^0|

< n,

where λ_0 = inf_k λ_k and λ^0 = sup_k λ_k come from condition (D_2) of Definition 6.1.

Now we would like to investigate the so-called local Markov inequality related to an h-set. This property turns out to be rather helpful in problems concerning the linear extension to R^n of functions belonging to Besov-type spaces suitably defined on h-sets.

We give the definition of a set preserving the local Markov inequality and a useful geometrical characterisation. Sets preserving this inequality are studied in detail in [8] (see also [13]): we refer to this work for a general survey.

Definition 8.15. We say that a closed non-empty set F ⊂ R^n preserves the local Markov’s inequality if the following condition holds for all positive integers k:

for all polynomials P of degree at most k and all balls B = B(f, r) with f ∈ F and 0 < r ≤ 1, we have

max_{F ∩B} |∇P | ≤ cr^{−1} max_{F ∩B} |P | (8.6)

with a constant c depending only on F , n and k. We then refer to (8.6) as Markov’s inequality on F .

For the sake of brevity a set preserving the local Markov’s inequality is simply said Markovian.

The definition imposes, in some sense, a certain “thickness” on the set F . However, also very “dusty” and sparse sets (hence, low-dimensional sets) can also be Markovian. What really matters is a non-local alignment condition, as Proposition 8.16 points out. For instance, for any admissible function h ∈ H_n, the pseudo self-similar fractal constructed in the proof of the Main Theorem 6.6 preserves the local Markov inequality, as one easily verifies with the help of the following proposition (see [8, Theorem 2, p. 39]).

Proposition 8.16. A closed non-empty subset F of R^n is a Markovian set if and only if the following geometric condition does not hold: for every ε > 0 there exists a ball B = B(f, r), with f ∈ F and 0 < r ≤ 1, so that B ∩ F is contained in some band of the form {x ∈ R^n : |b · (x − f)| < εr}, where the dot stands for the scalar product and |b| = 1.

The following proposition gives a sufficient condition for a function h ∈ H_n so that the resulting h-set preserves the local Markov’s inequality. Essentially, we extend [8, Theorem 3, p. 39].

Theorem 8.17. Let n ≥ 2 and let Γ be an h-set in R^n. Suppose that for every c > 0 there exists ε > 0 such that h(εr)/h(r) ≤ cε^{n−1}, for 0 < r ≤ 1. Then Γ is a Markovian set.

Proof. We prove that the geometric characterisation expressed in the above Proposition 8.16 does not hold. Let μ be an h-measure on Γ. Let ε > 0 to be chosen appropriately later on and let B = B(γ, r) be a ball with γ ∈ Γ and 0 < r ≤ 1. Let D = B ∩ {x : |b · (γ − x)| < εr} be the intersection of B with a chosen band.

Then at most (2r)^{n−1}εr/(εr)^n = 2^{n−1}ε^{1−n} cubes of side εr cover D. If one of these cubes intersects Γ, then it is contained in a ball of radius √ nεr and center γ^′ ∈ Γ. Then we have

μ(B) = μ(B(γ, r)) ≥ c_1h(r) and μ(D) ≤ 2^{n−1}ε^{1−n}μ(B(γ^′, √ nεr)) ≤ c_2ε^{1−n}h(rε), where c_1 and c_2 are positive constants depending only on h.

Since μ(B) − μ(D) ≥ h(r)(c_1 − c_2ε^{1−n}h(εr)/h(r)), by assumption we can choose ε so that μ(B) − μ(D) > 0. But this means that B ∩ Γ is not entirely contained in the chosen band.

Now we discuss another purely geometric property of a set, which is helpful in some problems concerning traces of Besov spaces B^s_{pq}(R^n) and Triebel–Lizorkin spaces F^s_{pq}(R^n) on h-sets.

Definition 8.18. A non-empty Borel set Γ satisfies the ball condition if there exists a number 0 < η < 1 with the following property:

for any ball B(γ, r) centered at γ ∈ Γ and of radius 0 < r ≤ 1 there is a ball B(x, ηr) centered at some x ∈ R^n, such that

B(γ, r) ⊃ B(x, ηr) and B(x, ηr) ∩ Γ = ∅.

This definition coincides essentially with [11, Definition 18.10, p. 142]. Any set satisfying the ball condition has Lebesgue measure zero, and we might intuitively imagine that it is “self-similarly porous”.

Here, we are interested in the interplay between finite Radon measures μ and their support. More precisely, let us suppose that μ is a finite Radon measure with compact support Γ such that

μ(B(γ, r)) ∼ Φ(r), γ ∈ Γ, r ∈ (0, 1), (8.7)

for some suitable continuous function Φ in [0, 1).

In [12, Proposition 9.18, p. 139] one finds a necessary and sufficient condition on Φ under which Γ = supp μ satisfies the ball condition:

Theorem 8.19. Let μ be a finite Radon measure in R^n, with compact support Γ, satisfying (8.7), where Φ is supposed to be a continuous monotonically increasing function on [0, 1) with Φ(r) > 0 if 0 < r < 1 and Φ(0) = 0. Then Γ satisfies the ball condition if and only if there are two positive numbers c and λ such that

Φ(2^{−ν} ) ≤ c2^{(n−λ)κ} Φ(2^{−ν−κ}) for all ν, κ ∈ N_0. (8.8)

Here is the main assertion concerning h-sets and the ball condition.

Theorem 8.20. Any h-set satisfies the ball condition.

Proof. We shall prove that any admissible h satisfies the conditions required in the above Theorem 8.19. Of course, the only assumption to be checked is (8.8).

Let m and {λ_k} be, respectively, the number and the sequence from Definition 6.1. Let ε > 0 be small so that λ_k ≤ m^{−1−ε} for k = 1, 2 . . . (by Condition (D_2) it is possible to find such ε). It is not difficult to realise that

h(2^{−ν+κ}) ≤ cm^{npκ} h(2^{−ν} ), ν, κ ∈ N, (8.9)

where c is a positive constant depending only on h and

p_κ = min{k ∈ N : m^{−(1−ε)k} ≤ 2^{−κ}}.

With this refined doubling condition we immediately get

h(2^{−ν} ) ≤ cm^{pκ n}h(2^{−ν−κ}) ≤ c^′m^{(pκ −1)n}h(2^{−ν−κ})

≤ c^′m^{κn(1+ε) log m} h(2^{−ν−κ}) = c^′2^{(n−λ)κ} h(2^{−ν−κ}), with λ = n(1 − 1/(1 + ε)) > 0.

This is what we claimed and the proof is concluded.

References

1. M. Bricchi, On some properties of (d, Ψ)-sets and related Besov spaces. Jenaer Schriften zur Mathematik und Informatik, 99/31, 1999.

2. M. Bricchi, On the relationship between Besov spaces and L_p spaces on (d, Ψ)-set.

Jenaer Schriften zur Mathematik und Informatik, 00/13, 2000.

3. S. Domingues de Moura, Function spaces of generalised smoothness. Dissertationes Math. (to appear).

4. D. Edmunds and H. Triebel, Spectral theory for isotropic fractal drums. C. R. Acad.

Sci. Paris Sér. I Math. 326(1998), 1269–1274.

5. D. Edmunds and H. Triebel, Eigenfrequencies of isotropic fractal drums. Operator Theory: Advances and Applications, 110(1999), 81–102.

6. G. Follo, Some remarks on fractals generated by a sequence of finite systems of contractions. Georgian Math. J. 8(2001), No. 4, 733–752.

7. J. E. Hutchinson, Fractals and self similarity. Indiana Univ. Math. J. 30(1981), 713– 747.

8. A. Jonsson and H. Wallin, Function spaces on subsets of R^n. Math. Rep. 2 (1984), No. 1, Harwood Acad. Publ.

9. J. Kigami, Analysis on fractals. Cambridge University Press, Cambridge tracts in Mathematics 143, Cambridge, 2001.

10. C. A. Rogers, Hausdorff measure. Cambridge University Press, London, 1970. 11. H. Triebel, Fractals and spectra. Birkhäuser, Basel, 1997. 12. H. Triebel, The structure of functions. Birkhäuser, Basel, 2001. 13. H. Wallin, The trace to the boundary of Sobolev spaces on a snowflake. Manuscr. Math.

73(1991), No. 2, 117–125.

14. M. Zähle, Lectures on fractal geometry. Springer, Berlin (to appear).

(Received 12.04.2001)

Author’s address:

Friedrich-Schiller Universität Jena Mathematisches Institut Ernst-Abbe-Platz 1–4, D-07743 Jena Germany