Georgian Mathematical Journal Volume 9 (2002), Number 4, 723–774

DIFFERENTIAL EQUATIONS, SPENCER COHOMOLOGY, AND COMPUTING RESOLUTIONS

LARRY A. LAMBE AND WERNER M. SEILER

To Hvedri Inassaridze, on his seventieth birthday

Abstract. We propose a new point of view of the Spencer cohomology appearing in the formal theory of differential equations based on a dual approach via comodules. It allows us to relate the Spencer cohomology with standard constructions in homological algebra and, in particular, to express it as a Cotor. We discuss concrete methods for its construction based on homological perturbation theory.

Mathematics Subject Classification: 12Y05, 18G10, 18G15, 18G35, 18G60, 35G20, 35N99, 57T30, 68W30.

Key words and phrases: Partial differential equations, Spencer cohomology, formal theory, homological resolutions, comodules, cobar construction, symbolic computation.

1. Introduction

This paper ties three fairly different areas of research, viz. differential equations, (co)homological algebra, and symbolic computation, together. While many people working in these individual areas will find the sections concerning their particular area quite familiar (and perhaps a bit too elementary), we expect that they will find the other sections much less familiar (and perhaps a bit too dense). We have made an attempt to provide a basic background for all areas upon which we touch and hope that this will encourage more multidisciplinary research in these areas.

The definition of involutivity for a system of partial differential equations has had a very long and convoluted history. First works on overdetermined systems go back at least to Clebsch and Jacobi. In the middle of the 19th century the analysis of homogeneous linear first order systems in one unknown function was a very popular subject (nowadays this has been superseded by the geometric view of the Frobenius theorem). Most older textbooks like [13, 26] contain a chapter on this theory (with references to the original works).

The late 19th and early 20th century saw a flurry of activities in this field extending the theory to more and more general systems. One line of research lead to the Janet-Riquier theory [46, 70, 86, 87] with its central notion of a passive system. We will later meet some ideas from this theory in the combinatorial approach to involution. Another line of research culminated in the Cartan-Kähler theory of exterior differential systems [11, 14, 50] (a dual version based on vector fields instead of differential forms was developed by Vessiot [88]). In this

ISSN 1072-947X / $8.00 / © Heldermann Verlag www.heldermann.de

approach one usually speaks of involutive systems, although Weber attributed this terminology to Lie in his encyclopedia article [89].

Roughly between 1950 and 1970 a more sophisticated point of view emerged combining many elements of the old approaches with new and more abstract techniques. Ehresmann’s theory of jet spaces [20, 21, 22] allows for an intrinsic geometric treatment of differential equations without resorting to differential forms. Formal integrability, i. e. the existence of formal power series solutions, may then be interpreted as a straightforward geometric concept.

Somewhat surprisingly, it has turned out that for many purposes such a purely geometric approach does not suffice. This begins with the simple fact that the geometric definition of formal integrability is not effectively verifiable, as it consists of infinitely many conditions. Thus geometry had to be complemented by some algebraic (mainly homological) tools, in particular with Spencer cohomology which is one of the topics of this article. In the Cartan-Kähler theory the famous Cartan test for involution requires checking a relation between certain integers (encoding dimensions) as will be explained in more detail below. Serre, Guillemin and Sternberg [39] showed that this test represents in fact a homological condition, namely the vanishing of certain Tor groups, and is related to a complex introduced earlier by Spencer [82] (a dual approach to an algebraic definition of involution was already earlier given by Matsushima [64]). Later, the theory was thoroughly studied by Spencer [83], Quillen [66] and Goldschmidt [31, 32].

The arising theory is often called the formal theory of differential equations. Textbook presentations may be found e. g. in [11, 17, 52, 65]. One interpretation of the name is that it concerns itself with formal power series solutions for arbitrary systems, i. e. also for under- and overdetermined ones, and indeed we will use this approach for the brief introduction to the theory given in Section 3. However, restricting the formal theory to this one aspect would give a much too narrow picture.

It is probably fair to say that the full meaning and importance of the ideas surrounding involution are still not properly understood. While many facets have emerged, the complete picture has remained elusive. Recently, it has been shown that in an algebraic context it is related to the Castelnuovo-Mumford regularity [79] and that in numerical analysis obstruction to involution may become integrability conditions in a semi-discretization [80].

In more detail, we associate with every system of differential equations of order q in m unknown functions of n variables a homogeneous degree q subspace N_q ⊆ C^m_q where C is the set of all polynomials in x_1, . . . , x_n with coefficients in k. The space N_q is called the geometric symbol^1 of the differential system (see Sects. 3.3 and 3.4).

We set N^{(s)}q = {f ∈ N_q |^{∂f}_{∂xi} = 0 for i = 1, . . . , s} where f = (f_1, . . . , f_m) and the derivatives are taken coordinate-wise. One further defines the first prolongation of the symbol N_{q+1} = {f ∈ C^m_{q+1} |^{∂f}_{∂xi} ∈ N_q for i = 1, . . . , n}

1In [11, p. 116] the space N_q is called a tableau and its annihilator N^⊥_q a symbol.

consisting of all integrals of degree q + 1 of elements in N_q. It is well-known [11, 39] that

dim N_{q+1} ≤ dim N_q + dim N^{(1)}_q + · · · + dim N^{(n−1)}_q . (1.1)

The symbol N_q is said to be involutive, if coordinates x_1, . . . , x_n exist such that (1.1) is actually an equality.

The theory proceeds by recursively defining higher prolongations N_{q+k+1} = {f ∈ C^m_{q+k+1} |^{∂f}_{∂xi} ∈ N_{q+k}, for i = 1, . . . , n}. The vector space N =

�_∞ k=1 N_{q+k} is called the infinite prolongation; we will see in Section 3.4 that it has the structure of a polynomial comodule. Since each N_{q+k} is again a symbol (of a prolonged differential system), what we have said above about the involutivity of N also applies to each N_{q+k} and a classic theorem gives that N_{q+r} becomes involutive for some r ≥ 0 (see the remark after Theorem 5.2).

It was noted in [39] that N is dual to a graded A-module M where A = k[x_1, . . . , x_n] is the polynomial algebra over k. It was also noted in [39] that the involutivity condition above is equivalent to the maps

M_{q+r+1}/(x_1, . . . , x_k)M_{q+r} � M_{q+r+2}/(x_1, . . . , x_k)M_{q+r+1} (1.2)

given by multiplication by x_{k+1} being one-one for all k = 0, . . . , n − 1 and all r ≥ 0. It is, of course, now common to say that if the above condition holds, the sequence x_1, . . . , x_n is quasiregular for M. In an appendix to [39], Serre showed that the quasiregular condition for a module M is generically equivalent to the vanishing of Tor^A(M, k) (see Section 5.1) in positive degrees. The authors observe that the Koszul complex for computing Tor is dual to the Spencer complex referred to above. Thus, by duality, Serre’s result can be translated to a statement about the vanishing of Spencer cohomology.

Various authors have discussed the duality between the Spencer complex and the Koszul complex [11, 31, 63, 72]. First we will show that this duality is not as ad hoc as it seems to be from the literature. In fact, by introducing coalgebras and comodules, we show that the duality is a special case of one that exists between comodules over a coalgebra C and modules over the dual algebra A = C^∗ (Section 2.12). This leads to the identification of Spencer cohomology as a Cotor (Section 6.7).

Thus, the knowledge of the vanishing of a certain Tor (or Cotor) gives some computational insight in the completion of general systems of partial differential equations and is also useful for the concrete determination of formal power series solutions. The actual values of the ranks of the Tor groups provide us with a coordinate independent criterion for involutive symbols. Beyond the order at which the system becomes involutive, the unique determination of the coefficients of power series solutions is straightforward.

For this and other reasons, we are interested in computing Tor^A(M, k) effectively for a module M over the polynomial algebra A. Fortunately, there are many ways to do this explicitly. Perhaps the most familiar to those readers who are acquainted with computer algebra is the program Macaulay 2 [25]. That program uses what we call Schreyer methods (Section 4.1). We will look at some novel methods for deriving other classes of “small” resolutions that can be used for computing Tor as well.

In this article, we restrict to the case where the module M is generated by elements of homogeneous degree q. But we note that there are generalizations to cases where M contains elements of mixed degrees but still homogeneous. These generalizations are also useful in the context of formal theory, as they appear in more efficient versions of the basic completion algorithm [40]. However, as this is a very technical subject, we will study it elsewhere.

We finally introduce an interesting algorithm for computing minimal resolutions of monomial modules (Section 7) over the polynomial ring, and give examples in Section 8.

2. (Co)Algebra

Throughout this paper, k will denote a field of characteristic zero. It is assumed that the reader is familiar with basic notions such as the tensor product of vector spaces, algebras over a field, modules over an algebra, etc. When tensor products are taken over k, we will omit the subscript in ⊗_k. We will quickly review coalgebras and comodules. More details can be found in [59].

2.1. Coalgebras and Comodules. Recall that a coalgebra over k is a vector space equipped with a linear map C^Δ� C⊗C (called the comultiplication) and ϵ : C � k (called the counit) such that the coassociativity and counit axioms hold (see below). It has become customary to write the result of comultiplication in the following form which is called the Heyneman-Sweedler (H-S) notation: Δ(c) = c_{(1)} ⊗ c_{(2)} (summation over the indices which run in parallel is assumed. See [59, Sec. A.3.2]).

Using H-S notation, coassociativity is expressed as

c_{(1)(1)} ⊗ c_{(1)(2)} ⊗ c_{(2)} = c_{(1)} ⊗ c_{(2)(1)} ⊗ c_{(2)(2)}

and the counit axioms are

c_{(1)}ϵ(c_{(2)}) = c = ϵ(c_{(1)})c_{(2)}

A vector space N over k is said to be a (right) comodule over the coalgebra C if there is a k-linear map ρ : M � M ⊗ C such that

(1_M ⊗ ϵ)ρ = 1_M and (ρ ⊗ 1_C )ρ = (1_M ⊗ Δ)ρ.

We use an extended H-S notation ([59]) for the action of the structure map ρ in a right comodule:

ρ(m) = m^{⟨1⟩} ⊗ m^{(2)} ∈ M ⊗ C.

Similar remarks apply to left comodules.

2.1.1. The Dual Algebra. Recall that the algebra dual to C is given by A = C^∗ where C^∗ is the linear dual, C^∗ = hom_k(C, k) and the product is given by

⟨αβ, c⟩ = α(c_{(1)})β(c_{(2)}) (2.1)

for α, β ∈ A and c ∈ C and where ⟨·, ·⟩ denotes the bilinear pairing ⟨γ, c⟩ = γ(c) [59].

2.2. Graded Modules. Let A be an algebra over k. A left A-module M is said to be a (non-negatively) graded module over A if M = ⊕^∞_{n=0}M_n as an Abelian group. The subgroup M_n is called the set of elements of homogeneous degree n. If x ∈ M_n, we write |x| = n for its degree. It is convenient, at times, to think of a graded module as the sequence (M_0, M_1, . . . , M_n, . . . ) and work in M degree-wise.

If M and N are two graded modules over A, a module map f : M � N is said to be graded of degree r if f|_{Mn} : M_n � N_{n+r} for some fixed integer r. If r = 0, we simply say that f is a (graded) module map.

A submodule N of a graded module M is said to be a graded submodule if N is a graded module and for all n ≥ 0, N_n ⊆ M_n. It is clear that the kernel and image of a graded module map are both graded modules.

A graded module is said to be of finite type if for all n, M_n is finitely generated over A.

2.2.1. Graded Dual. If M is a graded module over k, its graded dual is the module M^∗ where M^∗_n = hom_k(M_n, k). Note that if M is of finite type, then so is M^∗.

2.2.2. Sign Convention. We adopt the usual sign convention which states that if one element x “passes by” another y, the result must be multiplied by (−1)^{|x||y|}. Thus, for example, if f and g are two maps, their tensor product is given by

(f ⊗ g)(x ⊗ y) = (−1)^{|g||x|}f(x) ⊗ g(y).

2.3. Graded Algebras. A graded algebra A over k is a graded module over k such that the multiplication m : A ⊗_k A � A satisfies

A_i ⊗ A_j^m� A_{i+j} .

When we talk about a graded module over a graded algebra, it is assumed that the structure map μ : A ⊗ M � M satisfies μ|_{Ai⊗Mj} : A_i ⊗ M_j � M_{i+j} .

2.4. Graded Coalgebras. A graded coalgebra C over k is a graded module over k such that the comultiplication Δ : C � C ⊗ C satisfies

C_i^Δ� � r+s=i

C_r ⊗ C_s.

When we talk about a graded comodule over a graded coalgebra, it is assumed that the structure map ρ : M � M ⊗ C satisfies ρ|_{Mi} : M_i � � r+s=i Mr ⊗

C_s.

2.5. Bialgebras. If a given algebra B is also a coalgebra, we say that it is a bialgebra if Δ : B � B ⊗ B is a homomorphism of algebras where B ⊗ B has the tensor product structure (a ⊗ b)(a^′ ⊗ b^′) = (−1)^{|a′||b|}aa^′ ⊗ bb^′. See [59, Section 1.5] for more details.

2.6. Chain/Cochain Complexes. A chain complex over a k-algebra A is a module X equipped with a module map d : X � X of degree −1 such that d^2 = 0. We call the map d_n the n^{th} differential. The n^{th} homology module of X, denoted by H_n(X) is, by definition, the quotient module ker(d_n)/im (d_{n+1}). Elements of ker(d) are called cycles and elements in im (d) are called boundries.

A cochain complex over A is a module Y equipped with a module map δ : Y � Y of degree +1 such that δ^2 = 0. The n^{th} cohomology module of Y , denoted by H^n(Y ) is, by definition, the quotient module ker(d_n)/im (d_{n−1}). Elements of ker(d) are called cocycles and elements in im (d) are called coboundries. Note that if X is a chain complex, then the linear dual X^∗ = Hom_A(X, A) is a cochain complex in the obvious way.

2.6.1. Chain Maps and Homotopies. A chain map f : X � Y is a module map that makes the diagram

X_n f_n � Y_n

X_{n−1} d_n

� f_{n−1}� Y_{n−1} d_n � commute. It is easy to see that this condition causes any chain map to induce an A-linear map on homology H_∗(f) : H_∗(X) � H_∗(Y ) in the obvious way. Note that the identity map on X is a chain map.

Two chain maps X^{f, g}� Y are said to be chain homotopic is there is a degree one map X^ϕ� Y such that

dϕ + ϕd = f − g. (2.2)

2.7. Differential Graded (Co)Algebras. A differential graded algebra over k is a graded algebra which is also a chain complex. It is furthermore assumed that the differential d is a derivation, i.e.

d(ab) = d(a)b + (−1)^{|a|}ad(b).

A differential graded coalgebra over k is a graded coalgebra which is also a chain complex and for which the differential ∂ is a coderivation. The notion of coderivation is completely dual to that of derivation, i.e. the differential ∂ must satisfy Δ∂ = (∂ ⊗ 1 + 1 ⊗ ∂)Δ.

The reader is invited to work this out using H-S notation from Section 2.1.

2.8. Resolutions. Let M be a (left) A-module. A free resolution [15, 62] of M over A is a sequence of free A-modules X_i and A-linear maps

· · · � X_n^{dn}� X_{n−1}^{dn−1}� · · ·^{d1}� X_0^ϵ� M � 0

such that sequence is exact, i.e. ker(d_{n−1}) = im (d_n) for all n ≥ 1 and ker(ϵ) = im (d_0). We always associate the chain complex X given by

· · · � X_n^{dn}� X_{n−1}^{dn−1}� · · ·^{d1}� X_0 � 0

to a given free resolution. Note that H_n(X) = 0 for n ≥ 1 and H_0(X) = X_0/im (d_0) ∼= X_0/ ker(ϵ) ∼= im (ϵ) = M.

If we give M the trivial differential, we extend ϵ to all of X by setting it to be zero on elements of degree greater than zero and we obtain a chain map

X^ϵ� M � 0 (2.3)

such that ϵ is an isomorphism in homology.

A contracting homotopy for X is a degree one map ψ linear over k (but not generally over A) such that dψ + ψd = 1, i.e. a chain homotopy between the identity map and the zero map.

Note that more generally, one talks about projective resolutions, i.e. resolutions in which each X_i is projective over A. An A-module is projective if and only if it is a direct summand of a free A-module. All the resolutions in this paper however will be free. In fact, we will only consider resolutions over the polynomial algebra and it is well-known [67, 84] that any projective module is free in that case.

Similar remarks apply to right modules.

2.9. The Polynomial Bialgebra. Let A = k[x_1, . . . , x_n] be the polynomial ring in n variables over k. Note that A is naturally graded by setting A_i equal to the subspace of polynomials of homogeneous degree i for i = 0, 1, . . . . Note also that it is of finite type. Define a map A^ϵ� k where ϵ(p) = p(0) (i.e. the constant term of p).

We will write monomials as x^α where

x^α = x^{α1}_1 . . . x^{αn}_n

and the components of α = (α_1, . . . , α_n) are non negative integers.

The following relation on monomials

x^α ⪯ x^β iff α_i ≤ β_i for all i = 1, . . . , n. (2.4)

will be used later.

Remark 2.1. A total order on monomials that satisfies u < v =⇒ mu < mv and 1 < m, for all monomials m, u, v ≠ 1 in A, is called a monomial order on A. The algebra A also possesses a coproduct given as follows.

Δ(x_i) = 1 ⊗ x_i + x_i ⊗ 1 (2.5) Δ(fg) = Δ(f)Δ(g), for f, g ∈ A. (2.6)

The counit is given by ϵ above.

It follows by an easy computation that

Δ(x^α) =

α_1,...,α_n � r_1,...,r_n=0 � α_1 r_1 � · · · � α_n r_n � x^r ⊗ x^{α−r} (2.7)

where r = (r_1, . . . , r_n) and α − r = (α_1 − r_1, . . . , α_n − r_n).

Note that combinatorially, the above formula for the coproduct is completely determined by the binomial expansion of (x + y)^α. This means that one can view the coproduct in the following way. For any polynomial f(x) consider f(x + y) as an element of k[x_1, . . . , x_n, y_1, . . . , y_n] = k[x_1, . . . , x_n]⊗k[y_1, . . . , y_n]. If we expand f(x + y) and replace y_i by x_i for i = 1, . . . , n, we get exactly the formula determined by (2.7) above. Thus we have the following proposition.

Proposition 2.2. The coproduct in the polynomial bialgebra A may be written as Δ(f) = � 1 i_1! · · · i_n!

∂^{i1+···+in} f ∂x^{i1}_1 · · · ∂x^{in}_n

⊗ x^{i1}_1 · · · x^{in}_n . (2.8)

Proof. For any polynomial f, the Taylor series expansion of f(x + y) is given exactly by the formula above. □ 2.9.1. The Dual Bialgebra. The following is well-known (see, e.g., [16]), but we include it for completeness.

Note that k[x_1, ..., x_n] ∼= ⊗^nk[x]. Consider the bialgebra dual to k[x]. Letting γ_i(x) be the linear dual to x^i, we have ⟨Δγ_i(x), x^r ⊗ x^s⟩ = δ^{r+s}_i so that Δ � γ_i(x) � = � r+s=i

γ_r(x) ⊗ γ_s(x). (2.9)

Also, ⟨γ_i(x)γ_j (x), x^r⟩ = ⟨γ_i(x) ⊗ γ_j(x), Δ(x^r)⟩ But recall from above that

Δ(x^r) = � n+m=r � r n � x^n ⊗ x^{n−r}.

Thus, γ_i(x)γ_j (x) = � i + j i � γ_{i+j}(x). (2.10)

The algebra k[x]^∗ is called the divided power algebra and is usually denoted by Γ[x]. Now recall that k has characteristic zero and so if we write y = γ_1(x), we have γ_i(x) = y^i i! . (2.11)

This follows immediately from γ_1(x)^i = i!γ_i(x). Thus setting z_i =^{yi}_{i!} we have z_iz_j = z_{i+j} and this is just the polynomial algebra. The analogous results hold for the tensor product ⊗^nk[x] and therefore for A = k[x_1, . . . , x_n].

It is left to the interested reader to see that the graded dual A^∗ also has a coproduct dual to the product in A and that A^∗ ∼= A as bialgebras.

2.10. Coordinate Free Versions of the Polynomial (Co)Algebra. Let V be a finite-dimensional vector space over k. The tensor algebra F (V ) is given by F (V ) = ∞� i=0 ⊗^iV

where ⊗^0V = k and ⊗^1V = V . The product is given by

(v_1 ⊗ · · · ⊗ v_k)(w_1 ⊗ · · · ⊗ w_l) = v_1 ⊗ · · · ⊗ v_k ⊗ w_1 ⊗ · · · ⊗ w_l.

If “coordinates” are chosen, i.e. a basis {v_1, . . . , v_n} is chosen for V , one identifies this algebra as the algebra k ⟨v_1, . . . , v_n⟩ of non-commuting polynomials in the variables {v_1, . . . , v_n}. It is the free non-commutative algebra generated by V . We assume that the elements of V are all of degree zero (or of even degree). Let I be the ideal of F (V ) generated by the set {xy − yx | x, y ∈ V }. The symmetric algebra on V is the quotient algebra

S (V ) = F (V )/I.

If one chooses coordinates as above, it is clear that S (V ) is isomorphic to the polynomial algebra k[v_1, . . . , v_n].

The tensor coalgebra on V is given by

C(V ) = ∞� i=0 ⊗^iV

with coproduct given by

Δ(v_1 ⊗ · · · ⊗ v_k) = k� i=0 (v_1 ⊗ · · · ⊗ v_i) ⊗ (v_{i+1} ⊗ · · · ⊗ v_k)

where the terms for i = 0 and i = k are 1 ⊗ (v_1 ⊗ · · · ⊗ v_k) and (v_1 ⊗ · · · ⊗ v_k) ⊗ 1 respectively. In fact, C(V ) is the cofree coalgebra on V (also see [36] for a more general construction).

Note that the symmetric group S_n acts on C(V )_n = ⊗^nV in the obvious way, i.e. by permuting the tensorands. It is clear that the subspace S(V ) of symmetric tensors (i.e. those left invariant under the action of the symmetric group) is invariant under the coproduct Δ. Thus, S(V ) ⊆ C(V ) is a subcoalgebra. If coordinates are chosen, it is not difficult to see that S(V ) is isomorphic to the polynomial coalgebra k[v_1, . . . , v_n]. The interested reader should see [7, 8] for more details.

2.11. The Exterior Bialgebra. The exterior algebra E = E[u_1, . . . , u_n] over k is generated as an algebra by {u_1, . . . , u_n} and is subject to the relations u_iu_j = −u_ju_i. As such, it has a basis given by {u_I | I = (i_1, . . . , i_k), 1 ≤ i_1 < · · · < i_k ≤ n, k = 0, . . . , n} where if I = (i_1, . . . , i_k), then u_I = u_{i1} . . . u_{ik} . Generally, we will eliminate the tensor sign in dealing with elements of E. Note that E is a graded algebra over k where |u_I | = |I| and |I| denotes the cardinality of I.

The coproduct in E is determined by Δ(u_i) = u_i ⊗ 1 + 1 ⊗ u_i, (2.12) Δ(uv) = Δ(u)Δ(v), for u, v ∈ E. (2.13) Thus, for example, note that Δ(u_iu_j ) = (u_i ⊗ 1 + 1 ⊗ u_i)(u_j ⊗ 1 + 1 ⊗ u_j) = 1 ⊗ u_iu_j − u_j ⊗ u_i + u_i ⊗ u_j + u_iu_j ⊗ 1 and so on.

The counit is given by ϵ(r) = r when r is a scalar, while ϵ(u_I ) = 0 for |I| > 0.

2.11.1. The Dual Bialgebra. Again, it is well-known that E = E[u_1, . . . , u_n] is self-dual, i.e. the dual E^∗ is a bialgebra and E^∗ ∼= E as bialgebras.

2.12. More Duality. We need to recall some basic results concerning a correspondence between subcomodules and submodules. All of the background material can be found in [59, §A.4.2, pp. 273]. If V is a vector space over k and W ⊆ V is a subspace, the inclusion map W^ι� V gives rise to the onto dual map V^{∗ ι∗}� W^∗. The kernel of this map is usually denoted by W^⊥. Thus, W^⊥ = {ν ∈ V^∗ | ν(w) = 0 for all w ∈ W } and V^∗/W^⊥ ∼= W^∗. (2.14) If U ⊆ V^∗ is a subspace, we similarly define U^⊥ = {v ∈ V | μ(v) = 0 for all μ ∈ U}. (2.15) A subspace Z of either V or V^∗ is said to be closed, if and only if Z = Z^{⊥⊥}. By [59, §A.4], there is a one-one inclusion reversing the correspondence W → W^⊥ between subspaces of V and closed subspaces of V^∗.

Now suppose that C is a coalgebra and N^ρ� N ⊗ C is a comodule. Recall that A = C^∗ is an algebra (Section 2.1.1). The dual vector space N^∗ is a (right) module over C^∗ with action determined by ⟨να, c⟩ = ⟨ν ⊗ α, ρ(c)⟩ = ⟨νc^{⟨1⟩}⟩⟨α, c^{(2)}⟩. (2.16) For the Proposition that follows, we need the following.

Lemma 2.3. If M is locally finite over k, any subspace (including itself) is closed.

Proof. This follows by applying Proposition A.4.2 in [59] degree-wise. □ Recall that if N is a comodule over C and M ⊆ N is a subspace, M is a subcomodule if and only if ρ(M) ⊆ M ⊗ C. We have

Proposition 2.4. Let C be a coalgebra and N a right comodule over C which is locally finite over k. If M ⊆ N is a subspace, then M^⊥ ⊆ N^∗ is a submodule, if and only if M is a subcomodule.

Proof. Note that M is a subcomodule, if and only if for all m ∈ M, m^{⟨1⟩} ∈ M. Thus if μ ∈ M^⊥ and α ∈ C^∗, we have that for all m ∈ M,

⟨μα, m⟩ = ⟨μ, m^{⟨1⟩}⟩⟨α, m^{(2)}⟩ = 0

and so μα ∈ M^⊥. For the converse, suppose that M^⊥ is a submodule. Let m ∈ M, we need to show that m^{⟨1⟩} ∈ N. We know that for all α ∈ C^∗ and all ν ∈ M^⊥, ⟨ν, m^{⟨1⟩}⟩⟨α, m^{(2)}⟩ = 0. It follows that for all ν ∈ M^⊥, ⟨ν, m^{⟨1⟩}⟩ = 0 (take α = (m^{⟨1⟩})^∗, the element dual to m^{⟨1⟩} in the last equation). Thus, m^{⟨1⟩} ∈ M^{⊥⊥} = M since M is closed by the last lemma. □

This is analogous to [59, Proposition 1.2.4].

2.13. Polynomial Comodules and Modules. Let C = k[x_1, ..., x_n] be the polynomial bialgebra (2.9) with the coproduct given by Proposition 2.2. Note that N ⊆ C is a subcomodule if and only if Δ(N) ⊆ N ⊗ C, if and only if for all p ∈ N, ∂^kp ∂x^{i1}_1 · · · ∂x^{in}_n

∈ N (2.17)

for all k ∈ N and all i_j ∈ N such that i_1 + · · · + i_n = k.

In general, if D is a coalgebra, D^n is a comodule over D with the following structure map

ρ(d_1, . . . , d_n) = ((d_1)_{(1)}, . . . , (d_n)_{(1)}) ⊗ ((d_1)_{(2)} + · · · + (d_n)_{(2)}). (2.18)

We will call any comodule N over D which is isomorphic to D^n a free comodule over D.

Note that for the polynomial coalgebra C, N ⊆ C^n is a subcomodule, if and only if (2.17) holds in each coordinate.

Remark 2.5. A module over an algebra A is finitely generated if and only if it is a quotient of A^n for some n ∈ N. It is natural to say that a comodule M over a coalgebra D is finitely cogenerated if it is a submodule of D^n where D^n has the above comodule structure. In fact, such a definition was given in [68] where more information can be found.

Using Proposition 2.4 we have the following.

Proposition 2.6. Let C be a coalgebra and N ⊆ C^m a subspace that is locally finite. Then N is a subcomodule, if and only if N^⊥ ⊆ A^m is a submodule where A is the graded dual algebra C^∗. Furthermore, we have an isomorphism A^m/N^⊥ ∼= N^∗.

Proof. The first assertion is a special case of Proposition 2.4. The second part follows by applying the second equation of (2.14) coordinate-wise. □

2.14. Cogeneration. Let Y ⊂ C be a set of homogeneous polynomials of degree r. We are interested in the subcomodule N ⊂ C cogenerated by Y . Let

N_r be the k-linear span of Y . For the components of lower and higher degree, respectively, set

N_{r−j} =

� ∂j p

∂x^{i1}_1 · · · ∂x^{in}_n

| p ∈ N_r, i_1 + · · · + i_n = j � , (2.19) and N_{r+j} = � p ∈ C |

∂^j p ∂x^{i1}_1 · · · ∂x^{in}_n

∈ N_r, ∀ i_1 + · · · + i_n = j � (2.20)

(working coordinate-wise in C^m). Clearly, N =

�_∞ i=0 N_i is the comodule cogenerated by Y .

Remark 2.7. Since the notation (m_1, . . . , m_k) is in wide use for the submodule generated by a subset {m_1, . . . , m_k} of a module M, we will use the notation

N = )y_1, . . . , y_k(

for the comodule cogenerated by Y = {y_1, . . . , y_k} ⊆ C^m.

3. Differential Equations

We will briefly outline some of the basic ideas of the formal theory of differential equations. For more details and proofs we must refer to the literature (see, e.g., [17, 18, 52, 65, 77] and references therein); our exposition follows mainly [77]. It should be noted that a number of alternative approaches to general systems of differential equations exist. This includes in particular the more algebraic Janet-Riquier theory (some elements of which have been incorporated into the formal theory) [46, 70], differential ideal theory [51, 71] for equations with at most polynomial nonlinearities, or the theory of exterior differential systems [11]. The latter one goes mainly back to Cartan and Kähler and is based on representing partial differential equations with differential forms. While it is equivalent to the theory we will describe, it is highly non-trivial to exhibit this equivalence.

For notational simplicity we will mainly use a global language in the sequel, although it must be stressed that most constructions are purely local, in fact often even pointwise.

3.1. Formal Geometry. Geometric approaches to differential equations are based on jet bundles [73]. The independent and dependent variables are modeled by a fibered manifold π : E → B (this means that π is a surjective submersion from the total space E onto the base space B). The simplest example of such a fibered manifold is a trivial bundle where E = B × U and π is simply the projection on the first factor. In fact, locally, in the neighborhood of a point e ∈ E any fibered manifold looks like a trivial bundle. Readers unfamiliar with manifolds may simply think of the example B = R^n and U = R^m.

A section is a map σ : B → E such that σ ∘ π = 1_B. This generalizes the notion of (the graph of) a function, as in a trivial bundle a section is always of the form σ(b) = � b, s(b) � with a function s : B → U . A point in the qth order jet bundle J_qE corresponds to an equivalence class of smooth sections of

E which have at point b ∈ B a contact of order q, i. e. in local coordinates, their Taylor expansions at b coincide up to order q.

If (x_1, . . . , x_n) are local coordinates on B and (u_1, . . . , u_m) are fiber coordinates on E , then we can extend them to coordinates on J_qE by the jet variables p_{α,μ} where the multi index μ = [μ_1, . . . , μ_n] has a length |μ| = μ_1 + · · · + μ_n ≤ q. For notational simplicity, we will often identify u_α with p_{α,[0,...,0]}. Locally, a section σ : B → E may be written as σ(x) = � x, s(x) � . Such a section induces a prolonged section j_qσ(x) = � x, s(x), ∂_xs(x) � of the fibered manifold π^q : J_qE → B. Here ∂_xs represents all derivatives of the function s up to order q, i. e. the variable p_{α,μ} gets assigned the value ∂^{|μ|}s_α(x)/∂x^μ. This clearly demonstrates that locally we may interpret the coordinates of a point of J_qE as the coefficients of truncated Taylor series of functions s(x) and thus the jet variables as derivatives of such functions.

The jet bundles form a natural hierarchy with projections π^q_r : J_rE → J_qE for r < q. Of particular importance are the projections π^q_{−1}. Let us denote by V E ⊂ T E the vertical bundle, i. e. the kernel of the map T π. It is not difficult to prove the following proposition, for example by studying the transformation law of the jet coordinates under a change of variables in E (see below).

Proposition 3.1. The jet bundle J_qE of order q is an affine bundle over the jet bundle J_{q−1}E of order q − 1 modeled on the vector bundle S_q(T^∗B) ⊗ V E (see Section 2.10 for notation).

This observation is the key for the introduction of algebraic techniques into the geometric theory (and sometimes even used for the intrinsic definition of jet bundles). In local coordinates, this affinity has the following meaning. Assume that we perform changes of coordinates x → y and u → v. They induce via the chain rule changes of the jet coordinates u_{α,μ} → v_{α,μ}. For the coordinates of order q, these are of the form v_{α,μ} =

�_m β=1 � |ν|=q Aβ,ν uβ,ν + B where Aβ,ν

and B are (polynomial) functions of the jet coordinates u_{γ,λ} with |λ| < q.

Remark 3.2. In the literature one usually considers instead of S_q(T^∗B)⊗V E the isomorphic vector bundle S_q(T^∗B) ⊗ V E (where S_q denotes the q-fold symmetric product). However, in view of Prop. 2.2 our choice appears much more natural and more consistent with the interpretation of the jet variables as derivatives of functions. At this point here, there is no real difference between using S_q(T^∗B) ⊗ V E or S_q(T^∗B) ⊗ V E , as only the vector space structure matters. This will change in Section 3.4 where the natural comodule structure of S(T^∗B) ⊗ V E is needed.

A differential equation of order q is now defined as a fibered submanifold R_q ⊆ J_qE . Note that this definition does not distinguish between a scalar equation and a system, as nothing is said about the codimension of R_q. A solution is a section σ : B → E such that the image of the prolonged section j_qσ : B → J_qE is a subset of R_q. Locally, such a submanifold is described by some equations Φ_τ (x, u, p) = 0 with τ = 1, . . . , t and a section is a solution, if Φ_τ � x, s(x), ∂_xs(x) � ≡ 0. Thus we recover the familiar form of a system of partial differential equations and its solutions.

Two natural operations with differential equations are projection and prolongation. The first one is easy to describe intrinsically but difficult to perform effectively. For the second one the local description is much easier than the intrinsic one. The projection (to order r < q) of the differential equation R_q is simply defined as R^{(q−r)}r = π^q_r (R_q) ⊆ J_rE . In local coordinates, the projection requires the elimination (by purely algebraic operations) of the jet variables of order greater than r in as many local equations Φ_τ = 0 as possible. Those equations that do not depend on any of these variables “survive” the projection and define the submanifold R^{(q−r)}r . Obviously, for nonlinear equations the elimination might be impossible to do effectively.

As both R_q and J_qE are again fibered manifolds over B, we may form jet bundle over them. Note that J_r(J_qE ) is not the same as J_{q+r}E ; in fact the latter one may be identified with a submanifold of the former one. Now we may define the (r-fold) prolongation of R_q as the differential equation R_{q+r} = J_r(R_q) ∩ J_{q+r}E ⊆ J_{q+r}E where the intersection is understood to take place in J_r(J_qE ). Thus we obtain an equation of order q + r. Note that this simple formula is only obtained because we make a number of implicit identifications. A rigorous expression would require a number of inclusion maps.

In local coordinates, prolongation is performed with the help of the formal derivative. Let Φ : J_qE → R be a smooth function. Then its formal derivative with respect to x_k, denoted by D_kΦ, is a real-valued function on J_{q+1}E locally defined by

D_kΦ = ∂Φ ∂x_k + m� α=1 � 0≤|μ|≤q ∂Φ ∂u_{α,μ} u_{α,μ+1k} . (3.1)

Here 1_k denotes the multi index where all entries are zero except the kth which is one and the addition μ+1_k is defined componentwise (thus effectively, the kth entry of μ is increased by one). Note that the formal derivative D_kΦ is always a quasi-linear function, i. e. it is linear in the derivatives of order q + 1. The prolonged equation R_{q+1} is now locally described by all the equations Φ_τ = 0 describing R_q and in addition all the formal derivatives D_kΦ_τ = 0. More generally, we need for the local description of the r-fold prolongation R_{q+r} all equations D_ν Φ_τ = 0 where ν runs over all multi indices with 0 ≤ |ν| ≤ r.

3.2. Formal Integrability. One could be tempted to think that prolongation and projection are a kind of inverse operations, i. e. if we first prolong and then project back that we obtain again the original differential equation. However, this is not true. In general, we only find that R^{(1)}q = π^{q+1}_q (R_{q+1}) ⊆ R_q. If it is a proper submanifold, this signals the appearance of integrability conditions in the classical language. In fact, in many cases the combination of a prolongation with a projection corresponds to taking cross-derivatives (as the differential analogue of S-polynomials in the theory of Gröbner bases). Differential equations where at no order of prolongation integrability conditions appear are particularly important and are therefore given a special name.

Definition 3.3. The differential equation R_q ⊆ J_qE is called formally integrable, if the equality R^{(1)}_{q+r} = π^{q+r+1}_{q+r} (R_{q+r+1}) = R_{q+r} holds for all integers r ≥ 0.

In order to explain this terminology, we consider the order by order construction of formal power series solutions for an equation R_q. For this purpose, we expand the solution around some point b ∈ B with local coordinates x̄ into a formal power series, i. e. we make the ansatz

u_α(x) = � |μ|≥0

c_{α,μ} μ! (x − x̄)^μ .

Entering this series ansatz into a local representation Φ_τ (x, u, p) = 0 with 1 ≤ τ ≤ t of our differential equation R_q and evaluating at the chosen point b yields for the coefficients c_{α,μ} the algebraic equations Φ_τ (x̄, c) = 0 where the vector c represents all coefficients c_{α,μ} with 0 ≤ |μ| ≤ q. Thus we only have to substitute x_i by x̄_i and p_{α,μ} by c_{α,μ}. In general, these are nonlinear equations and the solution space may have a very complicated structure consisting of several components with differing dimensions etc.

If we apply the same procedure to the prolonged equation R_{q+1}, we obtain further algebraic equations for the coefficients c_{α,μ}, namely D_kΦ_τ (x̄, c) = 0 where now the vector c represents all coefficients c_{α,μ} with 0 ≤ |μ| ≤ q + 1. Note that due to the quasi-linearity of the formal derivative (3.1), we may consider these additional equations as an inhomogeneous linear system for those coefficients c_{α,μ} with |μ| = q + 1 where both the matrix and the right hand side depend on the coefficients of lower order.

We may iterate this construction: entering our ansatz into R_{q+r} and evaluating at b yields the additional algebraic equations D_ν Φ_τ (x̄, c) = 0 where ν runs over all multi indices of length r. These equations contain all coefficients c_{α,μ} with 0 ≤ |μ| ≤ q + r and may be interpreted as an inhomogeneous linear system for the coefficients c_{α,μ} with |μ| = q + r depending parametrically on the coefficients of lower order.

Note that this construction only makes sense for a formally integrable equation. Obviously, we can do the computation only up to some finite order q̂ ≥ q. If the differential equation is not formally integrable, we cannot be sure that at some higher order integrability conditions of order less than or equal to q̂ are hidden. These conditions would impose further restrictions on the coefficients c_{α,μ} with |μ| ≤ q̂ which we have not taken into account.

Furthermore, the validity of the interpretation of the equations obtained from the prolongation R_{q+r} as a linear system for the coefficients c_{α,μ} with |μ| = q +r relies on the following observation which only holds for a formally integrable differential equation. In general, the matrix of this system does not have full rank. Thus it may be possible to generate zero rows by elementary row operations. The corresponding right hand side is guaranteed to vanish only for a formally integrable equation. Otherwise we would obtain an additional equation for the lower order coefficients. Indeed, this is just the effect of an integrability condition!

We may summarize these considerations in form of a local existence theorem for formal power series solutions which also explains the terminology “formal integrability”.

Proposition 3.4. Let the differential equation R_q be formally integrable. Then it possesses formal power series solutions.

It should be mentioned that a serious problem with the concept of formal integrability is an effective criterion for verifying it. Obviously, the definition above contains infinitely many conditions. This is one of the reason why pure geometry does not suffice for the analysis of overdetermined systems; it must be complemented by algebraic, mainly homological, tools. In the sequel, we will not bother with deriving a criterion for formal integrability but instead introduce at once the stronger notion of an involutive system.

3.3. The Geometric Symbol. As π^q_{−1} : J_qE → J_{q−1}E is an affine bundle modeled on the vector bundle S_q(T^∗B) ⊗ V E , we may consider for any differential equation R_q ⊆ J_qE the vector bundle N_q = V^{(q)}R_q ⊆ V^{(q)}J_qE (where V^{(q)}J_qE denotes the vertical bundle with respect to the projection π^q_{−1}) as a subbundle of S_q(T^∗B) ⊗ V E . It is called the (geometric) symbol of the differential equation R_q. Note that while the geometric symbol is indeed closely related to the classical (principal) symbol introduced in many textbooks on partial differential equations (see, e.g., [69]), it is not the same.

In local coordinates, the symbol may be described as the solution space of a linear system of equations. Let as usual the equations Φ_τ = 0 with 1 ≤ τ ≤ t form a local representation of the differential equation R_q. We denote local coordinates on the vector space S_q(T^∗B) ⊗ V E by v_{α,μ} where 1 ≤ α ≤ m and |μ| = q (the coefficients with respect to the basis dx^μ ⊗ ∂_{uα} ). Then the symbol N_q consists of those points v for which m� α=1 � |μ|=q

∂Φ_τ ∂u_{α,μ} v_{α,μ} = 0 , 1 ≤ τ ≤ t . (3.2)

Note that this is a pointwise construction. Strictly speaking, we choose a point ρ ∈ R_q and evaluate the coefficient matrix of the linear system (3.2) at this point so that we obtain a real matrix. The rank of this matrix could vary with ρ, but we will always assume that this is not the case, so that N_q indeed forms a vector bundle over R_q.

The symbol is most easily understood for linear systems. There it is essentially just the principal part of the system (i. e. the terms of maximal order), however, considered no longer as differential but as algebraic equations. For a nonlinear system, the local equations (3.2) describing the symbol at a point ρ ∈ R_q are obtained by first linearizing the local representation Φ_τ = 0 at ρ and then taking the principal part.

We may also introduce the prolonged symbols N_{q+r} = V^{(q+r)}R_{q+r} ⊆ S_{q+r}(T^∗B) ⊗ V E . It should be noted that their construction does not require one to actually compute the prolonged differential equations R_{q+r}; they are already completely determined by N_q. Indeed, we may compute them as the intersection N_{q+r} = � S_r(T^∗B) ⊗ N_q � ∩ � S_{q+r}(T^∗B) ⊗ V E � (which is understood to take place in

�_{q+r}

T^∗B ⊗ V E ). Locally, N_{q+r} is the solution space of the following linear system of equations: m� α=1 � |μ|=q

∂Φ_τ ∂u_{α,μ} v_{α,μ+ν} = 0 , 1 ≤ τ ≤ t , |ν| = r . (3.3)

Again, this is a consequence of the quasi-linearity of the formal derivative (3.1). We have met these linear systems already in our discussion of formal integrability: (3.3) is the homogeneous part of the linear system determining the coefficients c_{α,μ} with |μ| = q + r.

3.4. The Symbol Comodule. The symbol N_q and its prolongations N_{q+r} are defined as subspaces of S_{q+r}(T^∗B) ⊗ V E for r ≥ 0. Recall (Section 2.10) that the graded vector space S(T^∗B) possesses a natural coalgebra structure; more precisely it is isomorphic to the polynomial coalgebra C = k[x_1, . . . , x_n] with the coproduct Δ defined by (2.7). Note that no canonical isomorphism between S(T^∗B) and C exists. We must first choose a basis {ω_1, . . . , ω_n} of the cotangent bundle T^∗B; then we have the trivial isomorphism defined by ω_i ↔ x_i. Given some local coordinates x on B a simple choice is of course ω_i = dx_i.

Given such an isomorphism between S(T^∗B) and the polynomial coalgebra C, we may consider S(T^∗B)⊗V E as a free polynomial comodule of rank m over C. For the proof of the following proposition, it turns out to be convenient to use as a vector space basis of C not the usual monomials x^ν but the multivariate divided powers γ_ν (x) = x^ν /ν! (cf. Section 2.9.1).

Proposition 3.5. Let N = )N_q( ⊆ S(T^∗B) ⊗ V E be the polynomial subcomodule cogenerated by the symbol N_q ⊆ S_q(T^∗B) ⊗ V E . Then N_{q+r} = N_{q+r} for all r ≥ 0.

Proof. This follows immediately from a comparison of (3.3) and (2.20). Recall that an element of the prolonged symbol N_{q+r} is of the form f = m� α=1 � |ν|=q+r

v_{α,ν} ∂_{uα} ⊗ dx^μ

where the coefficients v_{α,ν} form a solution of the linear system (3.3). We identify this element with the following vector in C^m: f = � � |ν|=q+r

v_{1,ν} γ_ν (x), . . . , � |ν|=q+r

v_{m,ν} γ_ν (x) � . It is now a straightforward exercise to verify that f corresponds to an element of N_{q+r}, if and only if ∂^rf/∂x^μ corresponds for all multi indices μ with |μ| = r to an element of N_q. □

Note that this “dual interpretation” of the symbol leads also to a “reversal” of the direction of differentiation. While in the jet bundles differentiation yields equations of higher order, here in the comodule N differentiation leads to the components of lower degree. But, of course, this has to be expected in a dualization and explains why in the proof above we must use the divided powers as basis: the product x_iγ_ν(x) is just the integral � γ_ν (x)dx_i.

Dually, we may consider the left hand sides of the equations in (3.2) as elements of the dual space � S_q(T^∗B) ⊗ V E

�_∗ ∼

= Sq(T B) ⊗ V^∗E and similarly for the prolonged symbols. This leads naturally to considering the graded vector space S(T B) ⊗ V^∗E as a free module over the polynomial algebra A = C^∗. Again an isomorphism between S(T B) and A can be given only after a basis {w_1, . . . , w_n} of T B has been chosen. Local coordinates x on B induce as a simple choice the basis w_i = ∂_{xi} .

Now we may take the equations defining N_q and consider the submodule generated by their left hand sides. Again it is trivial to see that the left hand sides of the equations defining N_{q+r}, i. e. (3.3), form the component of degree q + r. In fact, we get by Proposition 2.4 that these higher components are just (N^⊥)_{q+r}. This simple relation does not hold in the lower degrees, as there our submodule vanishes in contrast to N^⊥. As we will see, this is not of any consequence in terms of the connections with the formal theory.

3.5. Involution. As by definition N_q ⊆ S_q(T^∗B) ⊗ V E , we may interpret an element σ ∈ N_q as a (V E valued) multilinear form. A coordinate system x on the base manifold B induces a basis {∂_{x1} , . . . , ∂_{xn} } of the tangent bundle T B. We introduce for 1 ≤ k ≤ n the subspaces

N_{q,k} = � σ ∈ N_q | σ(∂_{xi} , v_1, . . . , v_{q−1}) = 0, ∀1≤i≤k, v_1, . . . , v_{q−1} ∈T B � (3.4)

and set N_{q,0} = N_q. They define a filtration of N_q:

0 = N_{q,n} ⊂ N_{q,n−1} ⊂ · · · ⊂ N_{q,1} ⊂ N_{q,0} = N_q . (3.5)

We introduce the Cartan characters of the symbol N_q as the integers

α^{(k)}_q = dim N_{q,k−1} − dim N_{q,k} , 1 ≤ k ≤ n . (3.6)

Although it is not obvious from their definition, one can show that they always form a descending sequence: α^{(1)}q ≥ · · · ≥ α^{(n)}q ≥ 0 [11, 77].

Using the identification of S_q(T^∗B)⊗V E with C^m_q introduced in the previous section we may give an alternative description of these spaces

N_{q,k} = � σ ∈ N_q | ∂σ ∂x_i

= 0, ∀1 ≤ i ≤ k � (3.7)

where the differentiations are understood coordinate-wise. This identification also allows us to introduce the maps ∂_k : N_{q+1,k−1} � N_{q,k−1} and we obtain the following algebraic version of the famous Cartan test [11].

Proposition 3.6. We have the inequality

dim N_{q+1} ≤ dim N_{q,0} + dim N_{q,1} + · · · + dim N_{q,n−1} = n� k=1 kα^{(k)}_q . (3.8)

Equality holds, if and only if all the maps ∂_k are surjective.

Proof. For each 1 ≤ k ≤ n the exact sequence

0 � N_{q+1,k} � N_{q+1,k−1}^{∂k}� N_{q,k−1}

implies the inequality dim N_{q+1,k−1} − dim N_{q+1,k} ≤ dim N_{q,k−1}. Summing over k and using the definition (3.6) of the Cartan characters yields (3.8). Equality in (3.8) requires equality in all these dimension relations, but this is equivalent to the surjectivity of all the maps ∂_k. □

Definition 3.7. The symbol N_q is involutive, if there exist local coordinates x on the base manifold B such that we have equality in (3.8).

Here we encounter for the first time the problem of quasi- or δ-regularity. If we obtain in a given coordinate system a strict inequality in (3.8), we cannot conclude that the symbol N_q is not involutive. It could be that we have simply taken a “bad” coordinate system. However, this problem is less severe than it might seem at first glance, as one can show that for an involutive symbol one finds generically equality in (3.8).

3.6. A Computational Criterion for Involution. Computationally, it is easier to work with equations instead of their solutions. Therefore we present now an effective realization of Def. 3.7 of an involutive symbol N_q in terms of the linear system (3.2) describing it locally. This combinatorial approach is based on ideas from the Janet-Riquier theory,^2 in particular the idea of multiplicative variables, and forms the basis of a computer algebra implementation of the formal theory [40].

Let us denote the matrix of the linear system (3.2) by N_q. In order to simplify the analysis we transform it into row echelon form. However, before we order the columns in a certain manner. We define the class of a multi index μ = [μ_1, . . . , μ_n] as cls μ = min{i | μ_i ≠ 0}. Then we require that the column corresponding to the unknown v_{α,μ} is always to the left of the column corresponding to v_{β,ν} , if cls μ > cls ν. If the multi indices μ and ν possess the same class, it does not matter how the two columns are ordered. A simple way to achieve this ordering is to use the reverse lexicographic order defined by v_{α,μ} ≺ v_{β,ν}, if either the first non-vanishing entry of μ − ν is positive or μ = ν and α < β

After having computed the row echelon form (without column permutations!), we analyze the location of the pivots and define β^{(k)}q as the number of pivots that

2Note however that within the classical Janet-Riquier theory neither the notion of a symbol nor the concept of involution appears. Using the more modern theory of involutive bases [29, 30] which may be considered as a combination of (a generalization of) the Janet-Riquier theory with Gröbner bases one may make the relation to involutive symbols more precise [77].

lie in a column corresponding to an unknown v_{α,μ} with cls μ = k. The numbers β^{(k)}q with 1 ≤ k ≤ n are sometimes called the indices of N_q. Obviously, their definition is coordinate dependent: in different coordinate systems x on the base manifold B different values may be obtained. However, it is not difficult to see that only a few coordinate systems yield different values. Generic coordinates lead to such values of the indices that the sum

�_n k=1 kβ^{(k)}q becomes maximal;

such coordinates are called δ-regular. More precisely, any coordinate system can be transformed into a δ-regular one with a linear transformation defined by a matrix coming from a Zariski open subset of R^{n×n}.

Proposition 3.8. The symbol N_q is involutive, if and only if local coordinates x on the base manifold B exist such that the matrix N_{q+1} of the prolonged symbol N_{q+1} satisfies

rank N_{q+1} = n� k=1 kβ^{(k)}_q . (3.9)

Proof. The Cartan criterion (3.8) is formulated in terms of dimensions of linear spaces; (3.9) is essentially an equivalent reformulation in terms of the ranks of the associated linear systems. It is a consequence of the following simple relation between the indices β^{(k)}q and the above introduced Cartan characters α^{(k)}q

α^{(k)}_q = m � q + n − k − 1 q − 1 � − β^{(k)}_q , 1 ≤ k ≤ n . (3.10)

This relation stems from a straightforward combinatorial argument. We consider again the elements of N_q as polynomials ordered according to the TOP lift of the degree reverse lexicographic term order [2]. Then the Cartan character α^{(k)}q gives us the dimension of the subspace of elements in N_q which have a leader of class k, as these elements make the difference between N_{q,k} and N_{q,k−1}. In C^m_q there are m

�_{q+n−k−1} q−1 � monomials of class k and by our above described preparation of the matrix N_q we have β^{(k)}q equations for them. This yields (3.10). □

The criterion (3.9) has a simple interpretation. By (3.3), we obtain the equations describing the prolonged symbol N_{q+1} by formally differentiating each equation in (3.2) with respect to all independent variables. Now assume that we have transformed the matrix N_q to row echelon form. We assign to each row the multiplicative variables x_1, . . . , x_k, if the pivot of the row corresponds to an unknown v_{α,μ} with cls μ = k.

It is now easy to see that all rows in N_{q+1} that stem from a formal differentiation with respect to a multiplicative variable are linearly independent (each has its pivot in a different column). As we have β^{(k)}q rows of class k, this observation implies that for any symbol the inequality rank N_{q+1} ≥

�_n k=1 kβ^{(k)}q holds (which is just a dual formulation of Prop. 3.6). Involutive symbols are precisely those that realize this lower bound so that this important idea of multiplicative variables (which goes back to Janet [46]) provides us with a unique way to generate all relevant equations in the prolongations of an involutive symbol.

These ideas concerning involutive symbols can be considerably generalized to a complete theory of so-called involutive bases which are a special kind of Gröbner bases. These bases contain much structural information. For more details see [78, 79]. A deeper study of the problem of δ-regularity (and an algorithmic solution of it) is contained in [40].

3.7. Involutive Differential Equations. Given the above definition of an involutive symbol, we may now finally introduce the notion of an involutive differential equation.

Definition 3.9. The differential equation R_q ⊆ J_qE is called involutive, if it is formally integrable and if its symbol N_q is involutive.

Involutive differential equations have many pleasant properties. For example, one obtains a much better existence and uniqueness theory than for merely formally integrable systems. Somewhat surprisingly, involution is also of importance for numerical analysis, as obstructions to involution may become integrability conditions upon semi-discretization [80].

Recall that our existence result Prop. 3.4 for formally integrable systems does not speak about unique solutions. In general, the algebraic systems determining the Taylor coefficients at each order are underdetermined which simply reflects that differential equations usually have infinitely many solutions. It is the task of initial and/or boundary conditions to remove this arbitrariness. For involutive systems one may (algorithmically) derive the right form of initial conditions to ensure the existence of a unique formal solution with the help of some algebraic theory [77].

The extension of Prop. 3.4 to a strong existence (and uniqueness) theorem in some functions space is highly non-trivial. A general result is known only for analytic systems. Here the so-called Cartan normal form of an involutive system allows us via repeated application of the well-known Cauchy-Kovalevskaya theorem [69] to prove the convergence of our formal power series solutions.

Theorem 3.10 (Cartan-Kähler). Let R_q ⊆ J_qE be an involutive differential equation. Assume that R_q is an analytic submanifold, i. e. it has local representations Φ_τ = 0 with 1 ≤ τ ≤ t where the functions Φ_τ are real analytic. Then the Cauchy problem for R_q possesses for real analytic initial conditions a unique real analytic solution.

It is important to note that the uniqueness is only within the space of real analytic functions. Thus the Cartan-Kähler theorem does not exclude the existence of further non-analytic solutions. However, for linear systems it is straightforward to extend the classical Holmgren theorem on the uniqueness of C^1 solutions [77].

Obviously, Def. 3.3 of a formally integrable system requires to check infinitely many conditions and thus is not constructive. At first sight, one could think that involution does not help us here, as the definition of an involutive equation includes formal integrability. However, we have the following proposition showing the power of the concept of involution. It requires a simple lemma which will be an easy consequence of looking at things homologically in Section 5.3.

Lemma 3.11. If the symbol N_q is involutive, then the prolonged symbols N_{q+r} are also involutive for all integers r > 0.

Proposition 3.12. Let the symbol N_q of the differential equation R_q be involutive. Then R_q is involutive, if and only if R^{(1)}q = R_q.

Proof. Essentially, this is a corollary to Lemma 3.11 and a rather technical property of differential equations with involutive symbol, namely that for such equations (R^{(1)}q )_{+1} = R^{(1)}_{q+1} (if we denote a prolongation by ρ and a projection by π, this means that if N_q is involutive, then ρ ∘ π ∘ ρ = π ∘ ρ^2). This property is non-trivial, as it states that for such differential equations any integrability condition arising after two prolongations is also obtainable by differentiating an integrability condition arising after only one prolongation. For general differential equations this is surely not the case.

Now, given this result, we may conclude that R^{(1)}_{q+1} = (R^{(1)}q )_{+1} = R_{q+1} by assumption. As the prolonged symbols N_{q+r} are again involutive by Lemma 3.11, we may iterate this argument and find R^{(1)}_{q+r} = R_{q+r} for all r ≥ 0. Thus R_q is formally integrable. □

Hence for a differential equation R_q with involutive symbol it is no longer necessary to check an infinite number of prolongations: if no integrability conditions appear in the next prolongation, none will show up at higher order. This result is one of the two key ingredients for the Cartan-Kuranishi theorem below. The second one is the following result which will also be an easy consequence of looking at things homologically (the proof is given after Theorem 6.5 in Section 4). Proposition 3.13. Every symbol N_q ⊆ S_q(T^∗B) ⊗ V E becomes involutive after a finite number of prolongations.

The question naturally arises what we should do, if we encounter an equation which is not involutive. The answer is simple: we complete it to an involutive one. The next theorem ensures that we may always do this without altering the (formal) solution space. The completion should be considered as a differential analogue to the construction of a Gröbner basis for a polynomial ideal: the addition of further generators to the original basis does not change the considered ideal, but many of its properties become more transparent, if we know a Gröbner basis.

Theorem 3.14 (Cartan-Kuranishi). For every (sufficiently regular) differential equation R_q there exist two integers r, s ≥ 0 such that the differential equation R^{(s)}_{q+r} is involutive.

Proof. For lack of space we only sketch a constructive proof of this important theorem. As the name indicates, it stems originally from the theory of exterior systems and was first proven in full generality by Kuranishi [53]. Our proof follows the one presented in [65].

A simple algorithm for completing the differential equation R_q to an involutive equation consists of two nested loops. In the inner one, the equation is prolonged until its symbol becomes involutive (i. e. we increase the counter r). The termination of this loop follows immediately from Proposition 3.13. Once we have reached an involutive symbol, we check whether in the next prolongation integrability conditions appear. If not, we have reached an involutive equation by Proposition 3.12. Otherwise, we add these conditions (i. e. increase the counter s by one) and start anew. The termination of the outer loop can be shown with the help of a Noetherian argument. □

Note that the two equations R_q and R^{(s)}_{q+r} are in so far equivalent as they possess the same (formal) solution space. Indeed, neither prolongations nor the addition of integrability conditions can affect the solution space, as any of these additional equations is automatically satisfied by any solution of R_q.

While the above sketched proof is surely constructive, it does not immediately yield an algorithm in the strict sense of computer science. For a number of steps in the “algorithm” it is not obvious whether they may be performed effectively. One of the greatest obstacles consists of effectively checking whether R^{(1)}q = R_q. In local coordinates, this amounts to checking the functional independence of equations. Thus we must compute the rank of a Jacobian on the submanifold R_q. For linear equations this is easily done via Gaussian elimination. For polynomial equations it can be done with Gröbner bases, although it may become rather expensive. For arbitrary equations no algorithm is known. A rather direct translation of the outlined completion procedure into a computer algebra package was presented in [75, 76]. A much more efficient version for linear equations enhancing the procedure with algebraic ideas from the theory of involutive bases was presented in [40].

Thanks to the Cartan-Kuranishi theorem, we may always assume in the analysis of a general differential equation (i. e. an equation not in Cauchy- Kovalevskaya form) that we are actually dealing with an involutive equation. This is a considerable simplification, as involutive equations possess local representations in a normal form (corresponding to the above described row echelon form of the symbol) making many of its properties much more transparent. The completion to an equivalent involutive equation is therefore a central algorithm for general equations.

4. More (Co)homological Algebra

There is quite a bit of literature on resolutions over the polynomial algebra A=k[x_1, ..., x_n] (see, e.g., [24, 49, 77]). In fact, computer programs exist which can compute such resolutions, e.g. Macaulay 2 [25].

We are specifically interested in algorithms for computing Tor^A(M, k) where M is a graded right A-module. Recall [15, 62] that Tor^A(M, k) may be computed as follows. Let X � k � 0

be a free A-module resolution of k. By definition, Tor^A(M, k) is the homology of the complex M ⊗_A X. It is well-known that Tor is independent of the resolution used to compute it.

In fact, one also has Tor^A(k, N) for a graded left A-module N. It can be computed by finding a free A-module resolution

Y � N � 0

of N. One has that Tor^A(k, N) is the homology of the complex Y ⊗_A N. Again, this is independent of the resolution used. Furthermore, it is also well-known that as vector spaces over k, one has

Tor^A(M, k) ∼= Tor^A(k, M) (4.1)

where if M is a right A-module, it has the left A-module structure given by am = ma [15, 62]. Similar remarks apply if M is a left A-module. This gives quite a bit of freedom in finding resolutions for computing Tor. For example consider the following six resolutions.

4.1. Schreyer Type Resolutions. Using the notion of a Gröbner basis, Schreyer [74] essentially proved the following (we follow the exposition in [44, Section 2]).

Proposition 4.1. Let M be generated by {m_1, . . . , m_s} over A and let f : A^s � M be the A-linear map given by f(e_i) = m_i (e_i is the standard basis vector in A^s). There is an explicit algorithm that computes a finite generating set for ker(f).

The interested reader should see [24] or [44] (which is given in a more general context) for details. By iterating this construction, one obtains a resolution

· · · � S_i � S_{i−1} � · · · � S_1 � M � 0

which is well-known to be a finite sequence of finite-dimensional free A-modules S_i. We call this the Schreyer resolution S of M over A. Variations of this construction are implemented in the Macaulay 2 program [25] and other variations in the context of involutive bases can be found in [79].

The purpose of the following sections is to prepare for a description of a novel explicit algorithm given in [49] for computing resolutions of M over A.

4.2. The Koszul Resolution. The Koszul resolution K of k over A is the complex K = A ⊗_k K̄ where K̄ is the exterior algebra E[u_1, . . . , u_n] (cf. Section 2.11). We add the relation that u_I f = fu_I for f ∈ A. The differential in K is given by extending the map d(u_i) = x_i A-linearly as a derivation:

d(u_I u_J ) = d(u_I )u_J + (−1)^{|I|}u_I d(u_J ). Clearly, one has

d(u_{j1} · · · u_{jk} ) = k� i=1 (−1)^{k+1}x_{ji} u_{j1} · · · ^u_{ji} · · · u_{jk} (4.2)

where ^u_{ji} denotes omission. Thus, for any right A-module M, we have that

Tor^A(M, k) = H(M ⊗_A K) = H(M ⊗ K̄) = H(M ⊗ E[u_1, . . . , u_n]). (4.3) If M is a graded module, Tor^A(M, k) inherits a bigrading as follows. Let (M ⊗ K̄)_{i,j} = M_i ⊗ K̄_j . From (2.3) and (4.2) above, it follows that

(M ⊗ K̄)_{i,j}^{1M ⊗d}� (M ⊗ K̄)_{i+1,j−1}. (4.4)

and hence Tor^A(M, k) inherits the bigrading.

Remark 4.2. For simplicity in the exposition, we assume that all modules over A are of the form M = A/I where I is an ideal in A in the next two resolutions which are valid only for monomial ideals. The more general case of finitely presented modules M = A^m/N where N is a monomial submodule follows by using what we present coordinate-wise.

4.3. The Taylor Resolution. For a given set {m_1, . . . , m_k} of monomials and for any subset J = {j_1, . . . , j_s} ⊆ {1, . . . , k}, let m_J = lcm(m_{j1} , . . . , m_{js} ), and J^i = J \ {j_i}.

For a monomial ideal N = (m_1, . . . , m_k), the Taylor resolution [85] of M = A/N over A is given by the following A-linear differential d on the free A-module A ⊗ E[u_1, . . . , u_k]:

d(u_J ) =

|J|� i=1 (−1)^{i−1} m_J m_J i u_J i .

This resolution will be denoted by T throughout this paper. An explicit contracting homotopy for T was given in [27]. We recall it here.

For a monomial x^α and a basis element u_J of E, let ι(x^αu_J ) = min{i | m_i ⪯ x^αm_J } (4.5) (recall ⪯ from 2.4). Note that ι(x^αu_J ) ≤ j_1. Define a k-linear map

ψ(x^αu_J ) = [ι < j_1] x^αm_J m_{{ι}∪J} u_{{ι}∪J} (4.6)

where ι = ι(x^αu_J ), and [p] is the Kronecker-Iverson symbol [33] which is zero if p is false and one otherwise. It is straightforward to calculate that ψ is indeed a contracting homotopy, i.e. we have dψ + ψd = 1 on elements of positive degree.

One can show [81] that the Taylor resolution is a special case of the resolutions obtainable via Schreyer’s construction. The contracting homotopy ψ is then related to normal form computations with respect to a Gröbner basis.

Thus one can compute Tor^A(k, M) as

Tor^A(k, A/N) = H(k ⊗_A T ) = H(E[u_1, . . . , u_k]). (4.7)

4.4. The Lyubeznik Resolution. Suppose again that N = {m_1, . . . , m_k} is a monomial ideal in A. A subcomplex L of the Taylor resolution which is itself a resolution of M = A/N over A was given in [61]. We recall it here. For a given I ⊆ {1, . . . , k} and positive integer s between 1 and k, let I_{>s} = {i ∈ I | i > s}. L is generated by those basis elements u_I which satisfy the following condition for all 1 ≤ s < k:

m_s ⪯̸ m_{I>s} . (4.8) In [81] it was shown that this corresponds to repeated applications of Buchberger’s chain criterion [12] for avoiding redundant S-polynomials in the construction of Gröbner bases.

As usual, we denote k ⊗_A L by L̄. Thus one can also compute Tor^A(k, M) as

Tor^A(k, M) = H(k ⊗_A L) = H(L̄). (4.9)

4.5. The Bar Resolution. The two sided bar construction B(A, A) [15, 62] is defined as follows. B̄_0(A) = k B̄_k(A) = ⊗^kĀ, k > 0,

and Ā = coker(σ) where k^σ � A is the unit. The usual convention is to abbreviate the product a⊗a_1 ⊗· · · a_k ⊗a^′ as a[a_1| · · · |a_k]a^′ and we will follow that convention. The differential in B(A, A) is given by the A-linear map induced by ∂ � [a_1| · · · |a_k]a^′ � = a_1[a_2| · · · |a_k]a^′ + k−1� i=1 (−1)^i[a_1| · · · a_ia_{i+1} · · · |a_k]a^′

+ (−1)^k[a_1| · · · |a_{k−1}]a_ka^′

The k-linear map B(A, A)^s� B(A, A) is defined by s � a[a_1| · · · |a_k]a^′ � = [a|a_1| · · · |a_k]a^′.

The map A^σ� B(A, A) is given by

σ(a) = [ ]a

and the map B(A, A)^ϵ� A is given by ϵ � a[ ]a^′ � = aa^′ ϵ � a[a_1| · · · |a_k]a^′ � = 0, k ≥ 1.

The map s is a contracting homotopy for B(A, A).

4.6. Bar resolution of k. It is not hard to see that B(A, k) = B(A, A) ⊗_A k is a resolution of k over A. Here k is given the A-module structure defined by the augmentation map ϵ(p) = p(0) (cf. Section 2.9).

Define k^{σk}� B(A, k) by σ_k(r) = [ ]r,

B(A, k)^{ϵk}� k by

ϵ_k � a[ ]r � = ar ϵ_k � a[a_1| · · · |a_k]x � = 0, k ≥ 1,

and B(A, k)^{sk}� B(A, k) by s � a[a_1| · · · |a_k] � = [a|a_1| · · · |a_k].

One then has that s_k is a contracting homotopy.

Thus one can also compute Tor^A(M, k) as

Tor^A(M, k) = H � M ⊗_A B(A, k) � = H � M ⊗ B̄(A) � . (4.10)

4.7. Bar resolution of M. For any left A-module M, one has a free A-complex given by B(A, M) = B(A, A) ⊗_A M. As an A-module, note that

B(A, M) = A ⊗_k B̄(A) ⊗_k M.

The differential is given by ∂_M = ∂ ⊗ 1_M . Thus,

∂_M � a[a_1| · · · |a_k]x � = aa_1[a_2| · · · |a_k]x + k−1� i=1 (−1)^ia[a_1| · · · a_ia_{i+1} · · · |a_k]x

+ (−1)^ka[a_1| · · · |a_{k−1}]a_kx

for a, a_i ∈ A and x ∈ M. Define M^{σM}� B(A, M) by

σ_M (x) = [ ]x,

B(A, M)^{ϵM}� M by

ϵ_M � a[ ]x � = ax ϵ_M � a[a_1| · · · |a_k]x � = 0, k ≥ 1,

and B(A, M)^{sM}� B(A, M) by s � a[a_1| · · · |a_k]x � = [a|a_1| · · · |a_k]x.

One then has that s is a contracting homotopy.

Thus one can also compute Tor^A(k, M) as

Tor^A(k, M) = H � k ⊗_A B(A, M) � = H �¯ B(A) ⊗ M � . (4.11)

Remark 4.3. The last five resolutions will be involved in the derivation of a new explicit algorithm for computing resolutions of M over A using homological perturbation theory (Section 7). This will involve explicit comparisons between the Lyubeznik complex, the bar complexes and the Koszul complex. The standard proof that Tor^A(M, k) and Tor^A(k, M) are isomorphic does not produce an explicit map between the resolutions involved. However, it is quite easy to see that the chain map

φ(m[a_1| · · · |a_k]) = [a_1| · · · |a_k]m (4.12)

induces an explicit isomorphism of Tor^A(M, k) and Tor^A(k, M). We will make use of this isomorphism in the following sections.

4.8. Strong Deformation Retracts. Let X and Y be chain complexes over k, ∇ : X � Y , f : Y � X be chain maps and let ϕ : Y � Y be a degree one k-linear map such that f∇ = 1_X and dϕ + ϕd = 1 − ∇f, i.e. ϕ is a chain homotopy between the identity and ∇f (cf. Section 2.2). Such a collection of data is said to form a strong deformation retraction (SDR). We denote this situation by the diagram X ∇� � f (Y, ϕ) . (4.13)

The so called side conditions [60] are the equations

ϕ^2 = 0, ϕ∇ = 0, and, fϕ = 0. (4.14) In fact, we may always assume that the side conditions hold [60].

4.9. Relatively Free Resolutions. We will consider resolutions of N over A which have form X = A ⊗ X where X is a vector space over k [15, 62]. Such complexes are called relatively free [62]. The elements of X above are called reduced elements. An even stronger condition is that there exists an explicit contracting homotopy ψ which forms an SDR N σ� � ϵ (X, ψ)

where ϵ is an A-linear map, but generally, σ and ψ are only k-linear. Here N is given the zero differential. As we will see, each of the five resolutions in Section 4 are of this form. In fact, using the maps defined in Sects. 4.6 and 4.7, it is clear that B(A, k) and B(A, M) are relatively free resolutions. We claim that we also have SDRs k σ_k � � ϵ_k

(B(A, k), s) (4.15) and M σ_M� � ϵ_M

(B(A, M), s) (4.16)

where the maps are also from Sects. 4.6 and 4.7.

Remark 4.4. Recall from Section 4.7 that ϵ(a[ ]x) = ax. Thus, in order to make explicit calculations, we need a unique representative b ∈ A for each class in N = A/M. In other words, we need a normal form for elements of M. This can be obtained by the standard normal form algorithm from Gröbner basis theory [6, 28]. The algorithm depends on a given term order (cf. Section 2.1) and a given set G = {g_1, . . . , g_r} ⊂ A. Here is a recursive algorithm for computing the normal form, denoted by rem_G(p) of a given polynomial p: if there exists a minimal i such that lt(g_i) ⪯ lt(p), then

rem_G(p) = rem_G � p − lt(p) lt(g_i) g_i �

and rem_G(p) = lt(p) + rem_G(p − lt(p))

otherwise. Here we have used the notation lt(p) for the leading term of a polynomial p with respect to the given term order. In our case, we have that G is a (minimal) generating set for M.

Consider again the Koszul resolution K (Section 4.2). We need an explicit contracting homotopy for K. For this, we exploit once more the fact that A = k[x_1, . . . , x_n] = ⊗^nk[x]. In the case of one variable, K = k[x] ⊗ E[u] is just the complex with d(p) = 0, p ∈ A, and d(pu) = px. Given ϵ(p) = p(0) and ϵ(pu) = 0, and σ(r) = r ⊗ 1 for r ∈ k, we need to solve the equation

dψ(y) + ψd(y) = y − σϵ(y)

for all y ∈ K. Clearly, we can (and must) take ψ(pu) = 0 (the degree of ψ is +1), and so we only need consider ψ on x^i for i ≥ 1 (ψ is k-linear, but not A-linear). But the equation

dψ(x^i) = x^i

is easily seen to be satisfied by

ψ(x^i) = x^{i−1}u. (4.17)

Now it is clear that the Koszul complex over k[x_1, . . . , x_n] is just the tensor product complex ⊗^nk[x] ⊗ E[u]. But as is well-known, chain homotopies can be tensored as well. In this case, we can use

ψ_n = ψ ⊗ 1 ⊗ · · · ⊗ 1 + σϵ ⊗ ψ ⊗ 1 ⊗ · · · ⊗ 1 + · · · + σϵ ⊗ σϵ ⊗ · · · ⊗ σϵ ⊗ ψ. (4.18)

It is now easy to see that along with the maps σ_n = ⊗^nσ and ϵ_n = ⊗^nϵ, we have an SDR k σ� � ϵ (K, ψ) . (4.19)

4.10. Splitting Off Of the Bar Construction. The well-known comparison theorem [15, 62] in homological algebra states that any two projective resolutions are chain homotopy equivalent. For the relatively free resolutions of the last section, we will need some explicit comparisons that actually yield SDRs. For relatively free resolutions X and Y over A with explicit SDR data N σ_X� � ϵ_X

(X, ψ_X ) (4.20) and N σ_Y� � ϵ_Y

(Y, ψ_Y )

there are inductive procedures for obtaining explicit chain equivalences f : X � Y and g : Y � X. As was shown in [16], these procedures essentially follow from the requirements that f and g are A-linear and are chain maps. One uses the explicit contracting homotopies to construct them. This was used in [49, 55, 56, 57] for example. In addition, there are inductive procedures for obtaining explicit chain homotopies of fg and the identity and with gf and the identity. Generally, the maps defined in this way do not form an SDR. However, the following lemma was given in [49].

Lemma 4.5. Suppose that X is a relatively free resolution as above and that the contracting homotopy ψ_X satisfies ψ_X (X) = 0 and d(X̄) ∩ X̄ = 0 and the homotopy ψ_Y satisfies ψ_Y (Y ) ⊆ Y , then the inductive constructions mentioned above give an SDR X ∇� � f (Y, ϕ) .

It is well known (e.g. [56]) that X = K (the Koszul resolution) and Y = B(A, k) satisfy the hypotheses of the lemma and so we have an SDR K ∇_K� � f_K

(B(A, k), ϕ_K) . (4.21)

We emphasize that these SDRs are explicitly given in terms of the explicit SDRs of the form (4.20) for the objects involved as given above. In fact, the first author has implemented these SDRs using computer algebra (specifically the system described in [47]) and these implementations will be used for all calculations that follow.

4.11. Twisting Cochains. A twisting cochain is a degree minus one map C^τ � A where C is a differential graded coalgebra and A is a differential graded algebra and τ satisfies

dτ + τd = τ ∪ τ (4.22) where the map τ ∪ τ is given by

(τ ∪ τ)(c) = τ(c_{(1)})τ(c_{(2)})

in H-S notation. The following fact is a fundamental property of twisting cochains.

Proposition 4.6. Let C^τ� A be a degree minus one map from a (differential) algebra to a (differential) coalgebra. Let

A ⊗ C^{dτ}� A ⊗ C

be the map defined by the composite

A ⊗ C d_τ � A ⊗ C

A ⊗ C ⊗ C

1 ⊗ Δ � 1 ⊗ τ ⊗ 1

� A ⊗ A ⊗ C m ⊗ 1 �

then (A ⊗ C, d_τ ) is a chain complex, if and only if τ is a twisting cochain.

The complex (A ⊗ C, d_τ ) is called a twisted tensor product complex. The interested reader should see, e.g., [9, 34, 35] for details.

Note that an analogous result holds for degree one maps from C to A in which case d_τ will have degree one. Note also that in H-S notation, d_τ is given by

d_τ (a ⊗ c) = aτ(c_{(1)}) ⊗ τ(c_{(2)}).

5. A Homological Approach to Involution

5.1. A Theorem by Serre. The key to a homological interpretation of involution is a theorem by Serre given in an appendix to [39]. It gives a criterion for the vanishing of Tor^A(M, k) where M is a finitely generated graded module over the polynomial algebra A = k[x_1, . . . , x_n]. As shown in Section 4.2, Tor^A(M, k) is bigraded in this case.

Theorem 5.1. Let M be a finitely generated graded module over the polynomial algebra A = k[x_1, . . . , x_n]. Then Tor^A_{p,q}(M, k) = 0 for all p ≥ 1, and all q ≥ 0, if and only if a basis {y_1, . . . , y_n} of the component A_1 exists such that for all 0 ≤ i < n and all p ≥ 0 the maps

m_{i+1} : M_{p+1}/(y_1, . . . , y_i)M_p � M_{p+2}/(y_1, . . . , y_i)M_{p+1} (5.1)

induced by the multiplication with y_{i+1} are injective.

Serre’s proof is quite lucent and we encourage the reader to read it. It is customary to call a sequence (y_1, . . . , y_n) ⊂ A_1 satisfying the condition of the theorem quasiregular. We will see below that for the polynomial modules of interest for us this notion coincides with the notion of δ-regularity introduced in Section 3.6.

5.2. An Alternative Criterion for Involution. In Section 3.4 we introduced the symbol comodule N which was a comodule over the polynomial coalgebra C. By Prop. 2.6 we have an isomorphism M = A^m/N^⊥ ∼= N^∗ where M is now a module over the polynomial algebra A = C^∗. The Cartan test (3.8) yields a criterion for an involutive symbol directly in terms of the comodule N. Now we provide a criterion in terms of the module M.

Theorem 5.2. The symbol N_q is involutive, if and only if there exist local coordinates x of the base manifold B such that for all r ≥ 0 and all 0 ≤ i < n the maps

m_{i+1} : M_{q+r+1}/(x_1, . . . , x_i)M_{q+r} � M_{q+r+2}/(x_1, . . . , x_i)M_{q+r+1} (5.2)

induced by the multiplication with x_{i+1} are injective.

For technical reasons, it is easier to consider first the submodule N^⊥ ⊆ A^m and move later to the factor module M. Furthermore, the following lemma shows the direct link between the approach via multiplicative variables used in Section 3.6 and the new approach presented in this section.

Lemma 5.3. The symbol N_q is involutive, if and only if there exist local coordinates x of the base manifold B such that for all r ≥ 0 and all 0 ≤ i < n the maps

m̂_{i+1} : N^⊥_{q+r+1}/(x_1, . . . , x_i)N^⊥_{q+r} � N^⊥_{q+r+2}/(x_1, . . . , x_i)N^⊥_{q+r+1} (5.3)

induced by the multiplication with x_{i+1} are injective.

Proof. Let us assume first that N_q was involutive. Following the discussion in Section 3.6, this implies the existence of local coordinates x of B such that we may construct a triangular (vector space) basis of N^⊥_q of the form

B_q = � h_{k,ℓ} | 1 ≤ k ≤ n, cls h_{k,ℓ} = k, 0 ≤ ℓ ≤ ℓ_k � , (5.4)

i. e. we sort the elements of the basis according to their classes. The elements of this basis correspond to the rows of the matrix N_q appearing in Prop. 3.8. For an involutive symbol, a basis of N^⊥_{q+r} is given by

B_{q+r} = � x^{i1}_1 · · · x^{ik}_k h_{k,ℓ} | 1 ≤ k ≤ n, 0 ≤ ℓ ≤ ℓ_k, i_1 + · · · + i_k = r � , (5.5)

i. e. by multiplying each element of B_q by r multiplicative variables. Now we may straightforwardly construct explicit bases of the quotient spaces N^⊥_{q+r+1}/(x_1, . . . , x_i)N^⊥_{q+r}, as they are isomorphic to the linear spans of the subsets B^{(i)}_{q+r} consisting of only those generators whose class is greater than i. The assertion follows trivially from these bases, as x_{i+1} is multiplicative for all generators in B^{(i)}_{q+r}.

For the converse, we use an indirect proof: we show that if N_q is not involutive, then it is not possible that all the maps m̂_i are injective. As we consider the maps m̂_i for all r ≥ 0, we may assume without loss of generality that already N_{q+1} is involutive. We will prove now that this implies that at least one of the maps m̂_i is not injective for r = 0.

We use again the basis B_q for N^⊥_q . However, as N_q is not involutive, B_{q+1} generates only a subset of N^⊥_{q+1}, even if we use a δ-regular coordinate system x on B. Thus there exist values i, k, ℓ with i ≥ k such that x_{i+1}h_{k,ℓ} ∈ N^⊥_{q+1} is not contained in the span of B_{q+1}. The equivalence class [x_{i+1}h_{k,ℓ}] ∈ N^⊥_{q+1}/(x_1, . . . , x_i)N^⊥_q is by construction nonzero and linearly independent of the equivalence classes of all elements in B_{q+1} with a class greater than i. We consider now the action of m̂_{i+1} on this element.

Obviously, cls (x_{i+1}h_{k,ℓ}) = k and thus x_{i+1} is non-multiplicative for this element. By assumption, N_{q+1} is involutive and thus the non-multiplicative product x_{i+1} · (x_{i+1}h_{k,ℓ}) can be expressed as a linear combination of other multiplicative products. It is obvious that all these multiplicative products can only be with respect to the variables x_1, . . . , x_{i+1} and this implies immediately that m̂_{i+1} cannot be injective. □

Example 5.4. In Lemma 5.3 it is important that the injectivity holds for all r ≥ 0. Even if all maps m̂_i are injective for r = 0, we cannot conclude that N_q is involutive, as the following simple example demonstrates. Consider the differential system u_{xxx} = u_{yyy} = 0 where for notational simplicity we write x_1 = x and x_2 = y. Then the module N^⊥ is generated by the two monomials x^3 and y^3. It is trivial that m̂_x : N^⊥_4 → N^⊥_5 is injective. For m̂_y we note that N^⊥_4 /xN^⊥_3 ∼= ⟨x^3y, y^4⟩ and thus it is again easy to see that m̂_y is injective.

Nevertheless, the symbol N_3 is not involutive. Indeed, consider the nonmultiplicative prolongation D_yu_{xxx} = u_{xxxy}; it is obviously independent of all multiplicative prolongations and thus the criterion (3.9) is not satisfied. Similarly, the symbol N_4 is not involutive, as the non-multiplicative prolongation D_yu_{xxxy} = u_{xxxyy} is again independent of all multiplicative prolongations. In contrast, N_5 and all higher symbols are trivially involutive, as they vanish.

If we consider the map m̂_y : N^⊥_5 /xN^⊥_4 → M_6/xM_5, then we find (using the identification N^⊥_5 /xN^⊥_4 ∼= ⟨x^3y^2, y^5⟩) that m̂_y([x^3y^2]) = [x^3y^3] = 0 so that m̂_y is not injective. This was to be expected by our proof of Lemma 5.3. The observation that at some lower degree the maps m̂_x and m̂_y are injective may be understood by looking at the syzygies of M_3. The syzygy module is generated by the single element (y^3, −x^3) ∈ k[x, y]^2. As it is of degree 3, nothing happens with the maps m̂_i before we encounter M_6 and the equation m̂_y([x^3y^2]) = 0 is a trivial consequence of this syzygy. More on the relation between involution and syzygies may be found in [79].

The proof of Thm. 5.2 consists now of a simple homological argument and two applications of Serre’s Thm. 5.1.

Proof (of Thm. 5.2). It is a classical result in homological algebra that the short exact sequence 0 → N^⊥ → A^m → M → 0 where the first map is the inclusion and the second one the canonical projection induces a long exact sequence for the torsion modules. As Tor^A(A^m, k) trivially vanishes in positive degree, Tor^A(M, k) ∼= Tor^A(N^⊥, k) in positive degree.

Using Lemma 5.3 and applying Serre’s Theorem 5.1 to the polynomial module N^⊥ yields that involution of N_q is equivalent to the vanishing of Tor^A(N^⊥, k) in positive degree. By the argument above this implies that Tor^A(M, k) vanishes in positive degree. Applying again Serre’s Theorem 5.1, this time to the polynomial module M yields the assertion. □

5.3. Spencer Cohomology. The Spencer cohomology was originally introduced in a completely different context [82] and only later related to involution. In this section we present the classical approach to it; in the sequel, we will give a completely different derivation of the relevant complex. Note that in line with Remark 3.2 we use again the vector space S_q(T^∗B) instead of the more common S_q(T^∗B).

Consider the vector space homomorphism δ : S_{r+1}(T^∗B) → T^∗B⊗S_r(T^∗B) defined by the composition of the natural inclusion map S_{r+1}(T^∗B) → T^∗B ⊗ �_r

T^∗B with the canonical projection T^∗B ⊗

�_r T^∗B → T^∗B ⊗ S_r(T^∗B).

By wedging both sides with E_s(T^∗B) (the s-fold exterior product of T^∗B) and tensoring with the vertical bundle V E we extend δ to a map E_s(T^∗B) ⊗ S_{r+1}(T^∗B) ⊗ V E → E_{s+1}(T^∗B) ⊗ S_r(T^∗B) ⊗ V E .

In local coordinates (x, u) of E , we obtain the following picture. Let I = (i_1, . . . , i_{r+1}) be an arbitrary sequence of integers 1 ≤ i_k ≤ n and J = (j_1, . . . , j_s) an ascending sequence with 1 ≤ j_1 < j_2 < · · · < j_s ≤ n. Then we denote by dx^{(I)} the symmetric product dx_{i1} · · · dx_{ir+1} and by dx^{⟨J⟩} the antisymmetric product dx_{j1} ∧ · · · ∧ dx_{js} . A basis of E_s(T^∗B) ⊗ S_{r+1}(T^∗B) ⊗ V E consists now of elements of the form dx^{⟨J⟩} ⊗ dx^{(I)} ⊗ ∂_{uα} and we obtain

δ(dx^{⟨J⟩} ⊗ dx^{(I)} ⊗ ∂_{uα} ) = r+1� k=1 sgn(J, i_k)dx^{⟨sort(J∪ik)⟩} ⊗ dx^{(Ik)} ⊗ ∂_{uα} . (5.6)

Here I_k denotes the sequence I without the element i_k. The sequence sort(J ∪i_k) is empty, if i_k already appears in J; otherwise i_k is sorted into place in the natural order. If t is the number of interchanges needed for this sorting, then sgn(J, i_k) = (−1)^t.

Setting S_i(T^∗B) = 0 for i < 0, we may consider the δ-sequences

0 −→ S_r(T^∗B) ⊗ V E^δ−→ T^∗B ⊗ S_{r−1}(T^∗B) ⊗ V E^δ−→ · · ·

· · ·^δ−→ E_s(T^∗B) ⊗ S_{r−s}(T^∗B) ⊗ V E^δ−→ · · ·

· · ·^δ−→ E_n(T^∗B) ⊗ S_{r−n}(T^∗B) ⊗ V E −→ 0

(5.7)

where again n = dim B. The formal Poincaré lemma states that these sequences are exact for all r ≥ 0.

Given the symbol N_q of a differential equation R_q ⊆ J_qE , we set N_i = 0 for i < 0 and N_i = S_i(T^∗B) ⊗ V E for 0 ≤ i < q. Then the δ-sequence (5.7) may be restricted to a sequence

0 −→ N_{q+r}^δ−→ T^∗B ⊗ N_{q+r−1}^δ−→ · · ·^δ−→ E_n(T^∗B) ⊗ N_{q+r−n} −→ 0 (5.8) which is still a complex but in general no longer exact. Its (bigraded) cohomology is called the Spencer cohomology of the symbol N_q. We denote by H^{s,r}(N_q) the cohomology group at E_s(T^∗B) ⊗ N_r.

Now we can give another homological characterization of an involutive symbol. As it is the only one of all our criteria for involution that does not require the choice of regular coordinates, it is often taken as definition of an involutive symbol (see, e.g., [18, 31, 65]).

Theorem 5.5. The symbol N_q is involutive, if and only if its Spencer cohomology vanishes beyond degree q, i. e. H^{s,r}(N_q) = 0 for all r ≥ q.

This will follow from Theorem 6.5 after which the easy proof will be given. Remark 5.6. In Section 3.4 we introduced the symbol comodule N. Due to (2.19) it possesses non-trivial components of lower degree, whereas here we simply set N_i = S_i(T^∗B) ⊗ V E for 0 ≤ i < q. However, for the definition of an involutive symbol only the components of degree greater than or equal to q matters, so that this difference is of no importance for our purposes.

6. A New View of Spencer Cohomology

6.1. Tor and Cotor. We have seen that the Koszul resolution K = A ⊗ E[u_1, . . . , u_n] is a “small model” of B(A, k) in the sense that there is the SDR (4.21). There is a dual result which we will now describe. First, we want to look at the bar construction another way.

For a given algebra A, we have B̄(A) as in Section 4.5. In fact, B̄(A) is a coalgebra with coproduct given by

Δ[a_1| · · · |a_n] = n� i=0 [a_1| · · · |a_i] ⊗ [a_i| · · · |a_n]

where the terms for i = 0 and i = n are respectively, [a_1| · · · |a_n] ⊗ [ ] and [ ] ⊗ [a_1| · · · |a_n]. It is well-known that the differential ¯∂ in B(k, k) ∼= B̄(A) is a coderivation. In fact, the coalgebra B̄(A) is a cofree coalgebra and as such any k-linear map B̄(A) � Ā can be coextended as a coderivation. The differential ¯∂ is, in fact, the coextension as a coderivation of the map

Ā ⊗ Ā � Ā

given by multiplication. See [36, Section 2.2] for details.

Now define a degree minus one map B̄(A)^π� A by

π([a]) = a, π([a_1| · · · |a_m] = 0, if m ≠ 1.

It is immediate that π is a twisting cochain and the twisted tensor product (A⊗B̄(A), ¯∂_τ ) is just the bar construction B(A, k). In fact, the Koszul complex is also a twisted tensor product complex. Giving the polynomial algebra trivial degrees (i.e. all elements are of degree zero), and zero differential, and giving elements of the exterior algebra degrees determined by |u_i| = 1 for all i = 1 . . . n and zero differential, we have that

E[u_1, . . . , u_n]^κ� k[x_1, . . . , x_n] (6.1) given by κ(u_i) = x_i, for i = 1, . . . , n (6.2) κ(u_I ) = 0, for |I| > 1 is a twisting cochain. This is quite easy to see. First of all, since the differentials involved are zero, the twisting cochain condition reduces to κ ∪ κ = 0. It is easy to see that Δ(u_I ) = � J⊆I ±u_J u_{I−J}

from Section 2.11, so since any non zero term of (κ ∪ κ)(u_I ) must be of the form u_i ⊗ u_j and for each such term the term −u_j ⊗ u_i must also occur. Thus since x_ix_j = x_j x_i, we must have (κ ∪ κ)(u_I ) = 0. The following proposition follows by an easy calculation.

Proposition 6.1. Let A be the polynomial algebra and E be the exterior coalgebra and let κ : E � A be the Koszul twisting cochain (6.2). Let K = (A ⊗ E, d) be the Koszul resolution and let

M ⊗ A^μ� M be an A-module. The differential d_M in the complex M ⊗ E which is suitable for computing Tor^A(M, k) is given by the following composite:

M ⊗ E d_M � M ⊗ E

M ⊗ E ⊗ E

1 ⊗ Δ � 1 ⊗ κ ⊗ 1

� M ⊗ A ⊗ E μ ⊗ 1 �

Dually, one has the loop algebra construction [1, 23, 35, 38] for a coalgebra. Given a coalgebra C, let C̄ be the kernel of the counit ϵ : C � k and let Ω̄(C)_n = ⊗nC̄. Let ~Ω(C) = �^∞_{i=0} Ω̄(C)_n. Elements of Ω̄(C)_n will be written as ⟨c_1| · · · |c_n⟩. Note that we can think of ~Ω(C) as the free algebra generated by C̄ with the identity element given by ⟨ ⟩. Define ~δ : ~Ω(C) � ~Ω(C) to be the unique derivation extending the map C̄^Δ� C̄ ⊗ C̄

given by the coproduct. The map ι : C � ~Ω(C) given by ι(c) = ⟨c − ϵ(c)⟩ is in fact a twisting cochain as is easily verified. The twisted tensor product (~Ω(C) ⊗ C, ~δ_ι) is called the (one-sided) loop algebra construction.

Remark 6.2. Note that when C is of finite type, B̄(C^∗) is the graded dual to ~Ω(C). Also note that �~Ω(C) ⊗ C, ~δ_ι� is not in general suitable for computing Cotor (see, e.g., [38, pp. 15]). For that we would need

�_∞ i=0 Ω̄(C)_n (see [35,

§ 5] for a formal defiition of Cotor). In our case of interest, as will be seen, the smaller complex will be suitable for Cotor.

Given a left comodule N over C, the following composite map δ_N is a differential on ~Ω(C) ⊗ M:

~Ω(C) ⊗ N δ^N � ~Ω(C) ⊗ N

~Ω(C) ⊗ C ⊗ N

1 ⊗ ρ � 1 ⊗ ι ⊗ 1

� ~Ω(C) ⊗ ~Ω(C) ⊗ N m ⊗ 1 �

As might be expected, (4.21) should have a dual. In fact, consider the dual of the Koszul twisting cochain κ given by (6.2). By Sects. 2.9.1 and 2.11.1, this is a map

k[y_1, . . . , y_n]^{κ∗}� E[z_1, . . . , z_n] (6.3)

where the z_i are dual to the u_i and the y_i are dual to the x_i for i = 1, . . . , n and we consider k[y_1, . . . , y_n] as a coalgebra and E[z_1, . . . , z_n] as an algebra. It is easy to see that κ^∗ is also a twisting cochain. Thus, we have a twisted tensor product S = � E[z_1, . . . , z_n] ⊗ k[y_1, . . . , y_n], d_κ∗ � . (6.4)

It is not difficult to work out the differential d_κ∗ explicitly. We have

Proposition 6.3.

d_κ∗ (u_I p) = n� i=1 sgn(I, i)u_{sort(I∪ i)} ∂p ∂x_i

(6.5)

where I ∪i is zero if i ∈ I, sort(I ∪i) is I ∪i with i sorted into place in the natural order, and sgn(I, i) = (−1)^s where s is the number of interchanges needed to sort I ∪ i when i is not in I.

The arguments leading up to (4.21) dualize completely to give the

Proposition 6.4. Let S be the above complex, we have an SDR

S ∇_S � � f_S � ~Ω(C), δ_E �, ϕ_S � .

For a comodule

N^ρ� C ⊗ N over the polynomial coalgebra, give E ⊗ N the composite differential δ_N given by: E ⊗ N δ_N � E ⊗ N

E ⊗ C ⊗ N

1 ⊗ ρ � 1 ⊗ κ^∗ ⊗ 1

� E ⊗ E ⊗ N m ⊗ 1 �

Using Proposition 2.6 along with the observations of this section, and an observation of Gugenheim [35], we have the following.

Theorem 6.5. Let C be the polynomial coalgebra and N ⊆ C^m be a subcomodule. Let A = C^∗ be the dual polynomial algebra and M = A^m/N^⊥. Let E denote the exterior bialgebra and κ : E � A be the Koszul twisting cochain and κ^∗ its linear dual. A complex for computing Tor^A(M, k) is given by the twisted tensor product (M ⊗ E, d_κ) (6.6) and a complex for computing Cotor_C (k, N) is given by

(E ⊗ N, δ_N ) (6.7)

Furthermore, there is an isomorphism

Cotor_C (k, N)^∗ ∼= Tor^A(A^m/N^⊥, k). (6.8)

Furthermore, Cotor_C (k, N) is isomorphic to the cohomology of the Spencer complex [83].

Proof. The differential (6.5) is clearly 1-trivial [35, Section 6] and hence by Theorem 6.2 of that paper, the result on Cotor follows. Using the explicit formula for the differential, it is also clear that it is nothing more or less than the Spencer differential. □

At this point, we can easily give the proof of Proposition 3.13:

Proof. Theorems 5.1 and 5.2 show that a finitely generated comodule N ⊆ C^m is involutive if and only if Tor^A(M, k) vanishes in positive degrees where M = A^m/N^⊥ as usual. But it is well known that Tor^A(M, k) is finite dimensional over k (a simple argument is given e.g. in [11]). Thus if we define the desuspension of a module by s^{−1}(M)_n = M_{n+1} we see that since Tor is finite dimensional over k, it must be the case that Tor(s^{−r}(M), k) is zero in positive degrees for some r where inductively, s^{−r}(M) = s^{−1}(s^{−r+1}(M)), but by Proposition 2.6, we have that N^∗ ∼= M so it is clear that desuspension corresponds exactly to prolongation. □

The proof of Theorem 5.5 is also an easy consequence of Theorems 5.1 and 5.2 and the above Theorem 6.5.

7. Perturbing Resolutions

In [49], it is shown that if I is an ideal of the polynomial algebra A and there is a given term order (cf. Section 2.1) on A and M is the ideal of leading terms of I, the Lyubeznik resolution of M over A can be “perturbed” into a resolution of I over A. An explicit algorithm for doing this was given and is based on homological perturbation theory (described below) and Gröbner basis theory. While we do not need the full thrust of [49], we briefly describe the results in a section below since we will present a corollary and we also want to elaborate on an algorithm for calculating minimal resolutions which was used in that paper without discussion.

7.1. The Perturbation Lemma. Given an SDR (4.13) X ∇ � � f (Y, ϕ)

and, in addition, a second differential d^′_Y on Y , let t = d^′_Y −d_Y . The perturbation lemma, [3, 10, 35, 54] states that if we set t_n = (tϕ)^{n−1}t, n ≥ 1 and if we, for each n, define new maps on X,

∂_n = d + f(t_1 + t_2 + · · · + t_{n−1})∇ ∇_n = ∇ + ϕ(t_1 + t_2 + · · · + t_{n−1})∇,

and on Y :

f_n = f + f(t_1 + t_2 + · · · + t_{n−1})ϕ ϕ_n = ϕ + ϕ(t_1 + t_2 + · · · + t_{n−1})ϕ,

then in the limits, provided they exist, we have new SDR data

(X, ∂_∞)

∇_∞� � f_∞

((Y, d^′_Y ), ϕ_∞) .

Remark 7.1. The difference t of the differentials above is called the initiator in [3]. And the situation above is called a transference problem. Examples and more information can be found in [3, 4, 10, 35, 36, 37, 42, 43, 48, 49, 54, 55, 56, 57, 58, 60].

7.2. Perturbing Resolutions of Monomial Modules. Consider now the Lyubeznik resolution L (4.4). It was shown in [49] that the contracting homotopy ψ defined by (4.6) satisfies ψ(L) ⊆ L, so that ψ is also a homotopy for L. In order to get an SDR of A/N and L, we need a normal form as above. As in [49], by defining ϵ(a ⊗ 1) = a + N and requiring it to vanish otherwise and defining σ : A/N � L by σ(a + N) = rem_N (a) ⊗ 1 we obtain an SDR N σ � � ϵ (L, ψ) (7.1)

It was noted in [49] that X = L (the Lyubeznik resolution) and Y = B(k, M) satisfy the hypotheses of Lemma 4.5. Thus we have an explicit SDR L ∇_L� � f_L

(B(k, M), ϕ_L) . (7.2)

All this brings us to the main theorem of [49].

Theorem 7.2. Let A = k[x_1, . . . , x_n] be the polynomial algebra and I ⊆ A be an ideal. Let G be a Gröbner basis for I with respect to some term order. Let N = lt(I) be the ideal of leading terms of elements of I, so that N is generated by {lt(g) | g ∈ G}. Gröbner basis theory gives that as vector spaces over k,

A/N ∼= A/I.

Thus, B(k, A/N) ∼= B(k, A/I) as vector spaces (i.e. ignoring differentials). Using this isomorphism and the SDR (7.2), we obtain a transference problem. The perturbation formulae presented in Section 7.1 converge in this case and we therefore obtain a relatively free resolution (L, d_∞) of A/M over A of the form

d_∞ = d + P

where d is the ordinary Lyubeznik differential and P is an explicit perturbation. There is furthermore an explicit SDR

(L, d_∞)

∇_∞� � f_∞

(B(k, A/N), ϕ_∞) . (7.3)

We now have the following corollary.

Corollary 7.3. Let Φ be the composite chain map

(L̄, d̄_∞)^{∇∞}� B̄(A) ⊗ A/N^τ� A/N ⊗ B̄(A)^{f̄K}� A/N ⊗ K̄

where, as usual, L̄ = k ⊗_A L etc. and the second map is determined by (4.1) while the third map is determined by (4.21). Then Φ induces an isomorphism in homology.

Remark 7.4. When the Taylor resolution involving the monomial ideal I = (m_1, . . . , m_k) is minimal, it is the same as the Lyubeznik resolution and in that case, Fröberg [27] defined an explicit map ρ from T̄ to the Koszul complex M ⊗K̄ as follows. When T is minimal, the monomial generators m_i = x^{αi,1}_1 . . . x^{αi,n}n can be arranged so that if i ≠ j, α_{j,j} > α_{i,j}. With the monomials indexed this way, the map is given by

ρ(u_I ) = m_I x_{i1} . . . x_{ir} w_{i1} . . . w_{ir}

where I = (i_1, . . . , i_r) and the w_j are the generators of the Koszul complex. The map Φ generalizes this chain equivalence to all cases.

7.3. Finitely Presented Modules. Consider modules M that are finitely presented over the polynomial algebra A. Thus, M = A^r/I for some finitely generated submodule I ⊆ A^r. The notion of Gröbner bases extends to this case, i.e. one has the notion of a Gröbner basis for M with respect to a monomial order and there is a normal form algorithm with respect to a given monomial order. A good reference for all of this is [44].

A submodule I ⊆ A^r is said to be a monomial submodule, if it has a basis B such that every element of B is of the form (m_1, . . . , m_r) where m_i ∈ A is a monomial for all i = 1, . . . , r. Fixing a given monomial order, every element of m ∈ I has a leading term lt(m) just as in the case r = 1. We let lt(I) = {lt(m) | m ∈ I}. It is clear that lt(I) is a monomial submodule for any submodule I.

Note that for M = A^r/I, the resolution B(A, M) is exactly as defined in Section 4.5. The resolutions K and B(A, k) are also exactly as defined in Sects. 4.2 and 4.5, so these may be used to compute Tor^A(k, M) and Tor^A(M, k) for any finitely generated module M. The Taylor and Lyubeznik resolutions can be applied coordinate-wise in this case. With this said, all of the results of this Section apply verbatim.

7.4. Minimal Resolutions of Monomial Modules. If one is only interested in computing Tor^A(M, k), this algorithm may seem a bit tautological, but there are reasons that one might want actual resolutions in general, of course.

We need the notion of a homology decomposition [41]. An explicit algorithm for computing a homology decomposition of a chain complex X of finite type over k was given in [49, Section 7]. A homology decomposition of X is a direct sum decomposition of the form

X = K ⊕ B ⊕ H

where H is isomorphic to the homology of X, B = im (d) is the subspace of boundries and furthermore, there are explicit bases for K, B, and H for which the differential d is locally diagonal. Using the basis for H, we identify it with the homology. It is pointed out in [49, Section 7.2] that such a homology decomposition gives rise to an explicit SDR H ι � � f (X, ϕ)

where ι is the inclusion and ϕ is essentially the inverse to d locally (where it is non-zero).

Note that there are very efficient algorithms for computing homology based on Smith normal form [19, 45]. Using the system described in [47], the first author implemented the homology decomposition of a chain complex and these programs were used for all the computations in Section 8.

If X � M � 0 is a minimal resolution then the complex X ⊗_A k for computing Tor^A(k, M) has zero differential, i.e. Tor^A(k, M) ∼= k ⊗_A X. So suppose that the Lyubeznik (or some other) resolution is such that the homology decomposition of L̄ = k ⊗_A L can be efficiently computed. We then consider the corresponding homology SDR H ῑ� � f̄ �¯ L, ϕ̄ � .

given by a homology decomposition of L̄. We would like to set up a transference problem (Remark 7.1) and “transfer” the differential from L = A ⊗ H to A ⊗ L̄. But it is clear how to obtain an initiator for this and we have the

Algorithm 7.5. Let L be the Lyubeznik resolution and H ῑ � � f̄ �¯ L, ϕ̄ �

the corresponding homology SDR. Consider the tensor product SDR

A ⊗ H ι� � f � A ⊗ L̄, ϕ � (7.4)

where ι = 1_A ⊗ ῑ, f = 1_A ⊗ f̄, ϕ = 1_A ⊗ ϕ̄, and A ⊗ L̄ has differential 1_a ⊗ d̄.

Let the initiator be t = d − (1 ⊗ d̄). Note that by the definition of the Lyubeznik differential, d̄(x), for x ∈ L̄, consists of those terms of d(x) which have constant coefficients. Thus, t(x) will consist of those terms of d(x) having non-trivial polynomial coefficients. Consider the perturbed differential given by the perturbation lemma:

d_∞ = ft + f(tϕt) + · · · + f � (tϕ)^nt � + . . . (7.5)

If d_∞ converges, we obtain the minimal resolution of M over A given by

(A ⊗ H, d_∞).

Remark 7.6. At this time, we have not been able to show that, in general, tϕ is nilpotent in each degree, but we have examined many examples using a computer. In each example, the following is true. For each u_I , there is a non-negative integer n_I such that (tϕ)^{nI} (u_I ) lands in A ⊗ (K ⊕ H) (see the second paragraph of Section 7.4). It follows that ϕ � (tϕ)^{nI} (u_I ) � = 0 and so tϕ is nilpotent in this degree. Examples will be given in Section 8.

8. Computations

8.1. Example 1. Consider the example A = k[x, y, z], I = (x^2z^3, x^3z^2, xyz, y^2), and M = A/I from [5, Example 3.4]. The Lyubeznik resolution L is the same as the Taylor resolution in this case and is given by

d(u_1) = x^2z^3 d(u_2) = x^3z^2 d(u_3) = xyz d(u_4) = y^2

d(u_1u_2) = −xu_1 + zu_2 d(u_1u_3) = −yu_1 + xz^2u_3 d(u_1u_4) = −y^2u_1 + x^2z^3u_4 d(u_2u_3) = −yu_2 + x^2zu_3 d(u_2u_4) = −y^2u_2 + x^3z^2u_4 d(u_3u_4) = −yu_3 + xzu_4

d(u_1u_2u_3) = yu_1u_2 − xu_1u_3 + zu_2u_3 d(u_1u_2u_4) = y^2u_1u_2 − xu_1u_4 + zu_2u_4 d(u_1u_3u_4) = yu_1u_3 − u_1u_4 + xz^2u_3u_4 d(u_2u_3u_4) = yu_2u_3 − u_2u_4 + x^2zu_3u_4

d(u_1u_2u_3u_4) = −yu_1u_2u_3 + u_1u_2u_4 − xu_1u_3u_4 + zu_2u_3u_4

From this it is easy to see that

Tor^A_1 (M, k) = k ⟨u_1, u_2, u_3, u_4⟩ , Tor^A_2 (M, k) = k ⟨u_1u_2, u_1u_3, u_2u_3, u_3u_4⟩ , Tor^A_3 (M, k) = k ⟨u_1u_2u_3⟩ .

Using the algorithm from the last section, we consider a homology decomposition of L̄ to obtain an SDR H ¯∇ � � f̄ �¯ L, ϕ̄ �

where H = Tor^A(M, k) = H(L̄) and corresponding SDR

A ⊗ H ∇� � f � A ⊗ L̄, ϕ �

where ∇ = 1_A ⊗ ¯∇, f = 1_A ⊗ f̄, and L = A ⊗ Ā has differential 1_A ⊗ d̄. Taking the initiator to be t = d = d̄, we have a transference problem.

In this case, the homology decomposition is so simple that it can be seen by inspection. We have L̄_1 = H_1 L̄_2 = B_2 ⊕ H_2 L̄_3 = K_3 ⊕ B_3 ⊕ H_3 L̄_4 = K_4 where

H_1 = k ⟨u_1, u_2, u_3, u_4⟩ , B_2 = k ⟨−u_1u_4, −u_2u_4⟩ , H_2 = k ⟨u_1u_2, u_1u_3, u_2u_3, u_3u_4⟩ , K_3 = k ⟨u_1u_2u_3, u_2u_3u_4⟩ , B_3 = k ⟨u_1u_2u_4⟩ , H_3 = k ⟨u_1u_2u_3⟩ , K_4 = ⟨u_1u_2u_3u_4⟩ .

From this it follows that ϕ̄(u_1u_2u_4) = u_1u_2u_3u_4 and ϕ̄ vanishes on all other elements. Thus, the perturbation is zero in this case and we have the minimal resolution given by d(u_1) = x^2z^3 d(u_2) = x^3z^2 d(u_3) = xyz d(u_4) = y^2 d(u_1u_2) = −xu_1 + zu_2 d(u_1u_3) = −yu_1 + xz^2u_3 d(u_2u_3) = −yu_2 + x^2zu_3 d(u_3u_4) = −yu_3 + xzu_4 d(u_1u_2u_3) = yu_1u_2 − xu_1u_3 + zu_2u_3.

Note that this also gives b_{2,1} = 1, b_{3,1} = 1, b_{5,1} = 2, b_{4,2} = 1, b_{6,2} = 3, and b_{7,3} = 1 where b_{i,j} = dim_k(T or^A_{i,j}(M, k) where the bigrading is the one given in Section 4.2.

8.2. Example 2. Consider the ideal I = (x^3, x^2y, x^2z, xy^2, xyz, xz^2, y^3, y^2z, yz^2, z^3) in A = k[x, y, z]. The Taylor resolution has dimension 2^{10} = 1024 and so is not very good for computations. The Lyubeznik resolution however has dimension 207 and contains “forms” only up to degree 7 (there is only one 7-form, viz. u_1u_2u_4u_7u_8u_9u_{10}. Using the algorithm given in [49, Section 7] (and a computer), it is quite easy to compute a homology decomposition of L̄. We find that K_1 = 0, B_1 = 0, H_1 = k^{10}, K_2 = 0, B_2 = k^{20}, H_2 = k^{15}, K_3 = k^{20}, B_3 = k^{35}, H_3 = k^6,

K_4 = k^{35}, B_4 = k^{24}, H_4 = 0, K_5 = k^{24}, B_5 = k^8, H_5 = 0, K_6 = k^8, B_6 = k, H_6 = 0, K_7 = k, B_7 = 0, H_7 = 0.

Since H_i for i ≥ 4 are all zero, we need only consider the map ϕ_2 : L_2 � L_3. We have that H_1 = k ⟨u_1, . . . , u_{10}⟩ and the differential is as in L. We also have that

H_1 = k ⟨u_1u_2,u_1u_3,u_2u_3,u_2u_4,u_2u_5,u_3u_6,u_4u_5,u_4u_8,u_5u_6,u_5u_9,u_6u_{10},u_7u_8,u_8u_9,u_9u_{10}⟩ and the differential is as in L. Finally,

H_3 = k ⟨u_1u_2u_3,u_2u_3u_6 − u_2u_5u_6,u_2u_4u_5,u_4u_5u_9,u_4u_8u_9, u_4u_7u_8,u_5u_6u_{10},−u_5u_9u_{10}⟩ and while ϕ_2 is generally non-zero, it vanishes on each of t(x) for x ∈ H_3. In fact, each t(x) for x ∈ H_3 is a linear combination of elements in H_2, so the perturbation vanishes once more and the differential is as it is in L.

8.3. Example 3. Consider the ideal I = (x^4y, x^3yz, xy^3, xy^2z, xyz^2, y^3z) in A = k[x, y, z]. The Lyubeznik resolution has dimension 39 in this case. The non-zero differentials in the reduced complex are d̄(u_1u_2u_4) = −u_1u_4 d̄(u_1u_2u_5) = −u_1u_5 d̄(u_1u_2u_6) = −u_1u_6 d̄(u_1u_3u_6) = −u_1u_6 d̄(u_2u_3u_4) = u_2u_3 d̄(u_2u_3u_6) = u_2u_3 − u_2u_6 d̄(u_3u_4u_5) = −u_3u_5

d̄(u_1u_2u_3u_4) = −u_1u_2u_3 − u_1u_3u_4 d̄(u_1u_2u_3u_5) = −u_1u_3u_5 d̄(u_1u_2u_3u_6) = −u_1u_2u_3 + u_1u_2u_6 − u_1u_3u_6 d̄(u_1u_2u_4u_5) = −u_1u_4u_5 d̄(u_1u_3u_4u_5) = u_1u_3u_5 d̄(u_2u_3u_4u_5) = u_2u_3u_5

d̄(u_1u_2u_3u_4u_5) = − u_1u_2u_3u_5 − u_1u_3u_4u_5

Again, a straightforward calculation gives the homology decomposition K_1 = 0, B_1 = 0, H_1 = k ⟨u_1,u_2,u_3,u_4,u_5,u_6⟩ ,

K_2 = 0, B_2 = k ⟨−u_1u_4,−u_1u_5,−u_1u_6,u_2u_3,u_2u_3 − u_2u_6,−u_3u_5⟩ , H_2 = k ⟨u_1u_2,u_1u_3,u_2u_4,u_2u_5,u_3u_4,u_3u_6,u_4u_5⟩ ,

K_3 = k ⟨u_1u_2u_4,u_1u_2u_5,u_1u_3u_6,u_2u_3u_4,u_2u_3u_6,u_3u_4u_5⟩ , B_3 =k⟨−u_1u_2u_3 −u_1u_3u_4,−u_1u_3u_5,−u_1u_2u_3 +u_1u_2u_6 −u_1u_3u_6,−u_1u_4u_5,u_2u_3u_5⟩ , H_3 = k ⟨u_1u_2u_3,u_2u_4u_5⟩ ,

K_4 = k ⟨−u_1u_3u_4u_5,u_1u_2u_3u_6,u_1u_2u_4u_5,u_2u_3u_4u_5⟩ , B_4 = k ⟨−u_1u_2u_3u_5 − u_1u_2u_3u_4⟩ , H_4 = 0, K_5 = k ⟨u_1u_2u_3u_4u_5⟩ , B_5 = 0, H_5 = 0.

The splitting homotopy is zero in degrees 0 and 1. Thus, the differential in degrees 1 and 2 are as they are in L. In degree 3, we have t(u_1u_2u_3) = y^2u_1u_2 − zu_1u_3 + xu_2u_3 t(u_2u_4u_5) = zu_2u_4 − yu_2u_5 + x^2u_4u_5.

Note that since u_2u_3 is not in H_2, so we expect some non-trivial action using our method in this case. In fact, our calculations show that ϕ vanishes on all terms involved in the right hand sides above except in one case, viz. ϕ(u_2u_3) = u_2u_3u_4.

We thus consider α = tϕ(y^2u_1u_2 − zu_1u_3 + xu_2u_3) = xt(u_2u_3u_4) = x(−yu_2u_4 + x^2u_3u_4) = −xyu_2u_4 + x^3u_3u_4.

We now note that ϕ vanishes on both u_2u_4 and u_3u_4, so the perturbation converges, i.e. ϕtϕ(y^2u_1u_2 − zu_1u_3 + xu_2u_3) = 0. We now note that (d̄ϕ + ϕd̄)(u_2u_3) = d̄(u_2u_3u_4) = u_2u_3 and so f(u_2u_3) = 0. Thus, we have

d_∞(u_1u_2u_3) = f(y^2u_1u_2 − zu_1u_3 + xu_2u_3 + xyu_2u_4 − x^3u_3u_4) = y^2u_1u_2 − zu_1u_3 + xyu_2u_4 − x^3u_3u_4.

Finally, we note that ϕ vanishes on t(u_2u_4u_5) and so we have derived the minimal resolution of M over A given by d_∞(u_1) = x^4y d_∞(u_2) = x^3yz d_∞(u_3) = xy^3 d_∞(u_4) = xy^2z d_∞(u_5) = xyz^2 d_∞(u_6) = y^3z

d_∞(u_1u_2) = −zu_1 + xu_2 d_∞(u_1u_3) = −y^2u_1 + x^3u_3 d_∞(u_2u_4) = −yu_2 + x^2u_4 d_∞(u_2u_5) = −zu_2 + x^2u_5 d_∞(u_3u_4) = −zu_3 + yu_4 d_∞(u_3u_6) = −zu_3 + xu_6 d_∞(u_4u_5) = −zu_4 + yu_5

d_∞(u_1u_2u_3) = y^2u_1u_2 − zu_1u_3 + xyu_2u_4 − x^3u_3u_4 d_∞(u_2u_4u_5) = zu_2u_4 − yu_2u_5 + x^2u_4u_5

Acknowledgement This work has been financially supported by Deutsche Forschungsgemeinschaft (WMS) and by INTAS grant 99-1222 (LAL and WMS).

References

1. J. F. Adams, On the cobar construction. Colloque de topologie algébrique, Louvain, 1956, 81–87. Georges Thone, Liège; Masson & Cie, Paris, 1957.

2. W. W. Adams and P. Loustaunau, An introduction to Gröbner bases. Graduate Studies in Mathematics, 3. American Mathematical Society, Providence, RI, 1994.

3. D. W. Barnes and L. A. Lambe, A fixed point approach to homological perturbation theory. Proc. Amer. Math. Soc. 112(1991), No. 3, 881–892.

4. D. W. Barnes and L. A. Lambe, Correction to “a fixed point approach to homological perturbation theory”. Proc. Amer. Math. Soc. 129(2001), No. 3, 941–941.

5. D. Bayer, I. Peeva, and B. Sturmfels, Monomial resolutions. Math. Res. Lett., 5(1998), No. 1-2, 31–46.

6. T. Becker, H. Kredel, and V. Weispfennig, Gröbner bases, A computational approach to commutative algebra. Graduate Texts in Mathematics, 141. Springer-Verlag, New York, 1993.

7. N. Bourbaki, Algebra. II. Chapters 4–7. Translated from the French by P. M. Cohn and J. Howie. Elements of Mathematics. Springer-Verlag, Berlin, 1990.

8. N. Bourbaki, Algebra. I. Chapters 1–3. Translated from the French. Reprint of the 1989 English translation. Elements of Mathematics. Springer-Verlag, Berlin, 1998.

9. E. H. Brown, Jr., Twisted tensor products. I. Ann. of Math. (2) 69(1959), 223–246. 10. R. Brown, The twisted Eilenberg-Zilber theorem. Simposio di Topologia (Messina, 1964), 33–37. Edizioni Oderisi, Gubbio, 1965.

11. R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt, and P. A.

Griffiths, Exterior differential systems. Mathematical Sciences Research Institute Publications, 18. Springer-Verlag, New York, 1991.

12. B. Buchberger, A criterion for detecting unnecessary reductions in the construction of Gröbner bases. Symbolic and algebraic computation (EUROSAM^′79, Internat. Sympos., Marseille, 1979), 3–21, Lecture Notes in Comput. Sci., 72, Springer, Berlin-New York, 1979.

13. C. Carathéodory, Variationsrechnung und partielle Differentialgleichungen erster Ordnung. Band I. Theorie der partiellen Differentialgleichungen erster Ordnung. (German) Zweite Auflage. Herausgegeben von Dr. Ernst Hlder. B. G. Teubner Verlagsgesellschaft, Leipzig, 1956.

14. É. Cartan, Les systèmes différentiels extérieurs et leurs applications géométriques. Hermann et Cie., Paris, 1945.

15. H. Cartan and S. Eilenberg, Homological algebra. Princeton University Press, Princeton, N. J., 1956.

16. H. Cartan, J.C. Moore, R. Thom, and J. P. Serre, Algèbras d’Eilenberg–MacLane et homotopie. 2ième ed., revue et corrigée. Secrétariat mathématique (Hektograph), Paris, 1956.

17. J. Chrastina, The formal theory of differential equations. Facultatis Scientiarium Naturalium Universitatis Masarykianae Brunensis. Mathematica, 6. Masaryk University, Brno, 1998.

18. M. Dubois-Violette, The theory of overdetermined linear systems and its applications to non-linear field equations. J. Geom. Phys. 1(1984), 139–172.

19. J. G. Dumas, B. D. Saunders, and G. Villard, On efficient sparse integer matrix Smith normal form computations. J. Symbolic Comput. 32(2001), 71–99.

20. C. Ehresmann, Sur les espaces fibrés associés à une variété differentiable. C. R. Acad.

Sci. Paris 216(1943), 628–630.

21. C. Ehresmann, Les prolongements d’une variété différentiable. C. R. Acad. Sci. Paris 233(1951), 598–600, 777–779, 1081–1083.

22. C. Ehresmann, Les prolongements d’une variété différentiable. C. R. Acad. Sci. Paris 234(1951), 1028–1030, 1424–1425.

23. S. Eilenberg and J. C. Moore, Homology and fibrations, I. Comm. Math. Helv.

40(1966), 199–236.

24. D. Eisenbud, Commutative algebra with a view toward algebraic geometry. Graduate Texts in Mathematics, 150. Springer-Verlag, New York, 1995.

25. D. Eisenbud, D. R. Grayson, M. E. Stillman, and B. Sturmfels, editors. Computations in algebraic geometry with Macaulay 2. Algorithms and Computations in Mathematics, 8. Springer-Verlag, New York, 2001.

26. A. R. Forsyth, Theory of differential equations, I-VI. Cambridge University Press, Cambridge, 1890–1906.

27. R. Fröberg, Some complex constructions with applications to Poincaré series. Séminaire d’Algèbre Paul Dubreil 31ème année (Paris, 1977–1978), 272–284. Springer, Berlin, 1979.

28. R. Fröberg, An introduction to Gröbner bases. John Wiley & Sons Ltd., Chichester, 1997.

29. V. P. Gerdt and Yu. A. Blinkov, Involutive bases of polynomial ideals. Math. Comput. Simulation 45(1998), 519–542.

30. V. P. Gerdt and Yu. A. Blinkov, Minimal involutive bases. Math. Comp. Simulatiojn 45(1998), 543–560.

31. H. L. Goldschmidt, Existence theorems for analytic linear partial differential equations.

Ann. Math. 86(1967), 246–270.

32. H. L. Goldschmidt, Integrability criteria for systems of non-linear partial differential equations. J. Differential Geom. 1(1969), 269–307.

33. R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete mathematics. A foundation for computer science. Addison-Wesley Publishing Company, Advanced Book Program, Reading, MA, 1989.

34. V. K. A. M. Gugenheim, On a theorem of E.H. Brown. Illinois J. Math. 4(1960), 292–311.

35. V. K. A. M. Gugenheim, On the chain-complex of a fibration. Illinois J. Math.

16(1972), 398–414.

36. V. K. A. M. Gugenheim and L. A. Lambe, Perturbation theory in differential homological algebra. I. Illinois J. Math. 33(1989), No. 4, 566–582.

37. V. K. A. M. Gugenheim, L. A. Lambe, and J. D. Stasheff, Perturbation theory in differential homological algebra. II. Illinois J. Math. 35(1991), No. 3, 357–373.

38. V. K. A. M. Gugenheim and H. J. Munkholm, On the extended functoriality of Tor and Cotor. J. Pure Appl. Algebra 4(1974), 9–29.

39. V. W. Guillemin and S. Sternberg, An algebraic model of transitive differential geometry. Bull. Amer. Math. Soc. 70(1964), 16–47.

40. M. Hausdorf and W. M. Seiler, An efficient algebraic algorithm for the geometric completion to involution. Appl. Algebra Engrg. Comm. Comput. (to appear).

41. P. J. Hilton and S. Wylie, Homology theory: An introduction to algebraic topology.

Cambridge University Press, New York, 1960.

42. J. Hübschmann, The homotopy type of F ψ^q. The complex and symplectic cases. Applications of algebraic K-theory to algebraic geometry and number theory, Part I, II (Boulder, Colo., 1983), 487–518. Amer. Math. Soc., Providence, R.I., 1986.

43. J. Hübschmann and T. Kadeishvili, Small models for chain algebras. Math. Z.

207(1991), No. 2, 245–280.

44. C. Jacobsson and C. Löfwall, Standard bases for general coefficient rings and a new constructive proof of Hilbert’s basis theorem. J. Symbolic Comput. 12(1991), No. 3, 337–371.

45. G. Jäger, Algorithmen zur Berechnung der Smith-Normalform und deren Implementation auf Parallelrechnern. Universität Essen Fachbereich Mathematik, Essen, 2001. Dissertation, Universität Essen, Essen, 2001.

46. M. Janet, Leçons sur les Systèmes d’Équations aux Dérivées Partielles. Cahiers Scientifiques, Fascicule IV. Gauthier-Villars, Paris, 1929.

47. R. D. Jenks and R. S. Sutor, Axiom. The scientific computation system. Springer- Verlag, Berlin, Heidelberg, New York, 1992.

48. L. Johansson and L. A. Lambe, Transferring algebra structures up to homology equivalence. Math. Scand. 88(2001), No. 2, 181–200.

49. L. Johansson, L. A. Lambe, and E. Sköldberg, On constructing resolutions over the polynomial algebra. Homology, Homotopy Appl. 4(2002), No. 2, part 2, 315–336 (electronic).

50. E. Kähler, Einführung in die Theorie der Systeme von Differentialgleichungen. Teubner, Leipzig, 1934.

51. E. R. Kolchin, Differential algebra and algebraic groups. Academic Press, New York, 1973.

52. I. S. Krasilshik, V. V. Lychagin, and A. M. Vinogradov, Geometry of jet spaces and nonlinear partial differential equations. Gordon & Breach, New York, 1986.

53. M. Kuranishi, On E. Cartan’s prolongation theorem of exterior differential systems.

Amer. J. Math. 79(1957), 1–47.

54. L. A. Lambe, Entry on homological perturbation theory in the Encyclopaedia of Mathematics. Supplement II, Kluwer, 2000.

55. L. A. Lambe, Resolutions via homological perturbation. J. Pure Appl. Algebra 12(1991), 71–87.

56. L. A. Lambe, Homological perturbation theory, Hochschild homology, and formal groups.

Deformation theory and quantum groups with applications to mathematical physics (Amherst, MA, 1990), 183–218, Contemp. Math., 134, Amer. Math. Soc., Providence, RI, 1992.

57. L. A. Lambe, Resolutions which split off of the bar construction. J. Pure Appl. Algebra 84(1993), No. 3, 311–329.

58. L. A. Lambe, Next generation computer algebra systems AXIOM and the scratchpad concept: applications to research in algebra. Analysis, algebra, and computers in mathematical research (Luleå, 1992), 156, Lecture Notes in Pure and Appl. Math., 201–222. Dekker, New York, 1994.

59. L. A. Lambe and D. E. Radford, Introduction to the quantum Yang-Baxter equation and quantum groups: an algebraic approach. Kluwer, Dordrecht, 1997.

60. L. A. Lambe and J. D. Stasheff, Applications of perturbation theory to iterated fibrations. Manuscripta Math. 58(1987), No. 3, 363–376.

61. G. Lyubeznik, A new explicit finite free resolution of ideals generated by monomials in an R-sequence. J. Pure Appl. Algebra 51(1988), No. 1-2, 193–195.

62. S. Mac Lane, Homology. Reprint of the 1975 edition. Classics in Mathematics. Springer- Verlag, Berlin, 1995.

63. E. L. Mansfield, A simple criterion for involutivity. J. London Math. Soc. 54(1996), No. 2, 323–345.

64. Y. Matsushima, Sur les algèbres de Lie linéaires semi-involutives. Colloque de Topologie de Strasbourg, page 17. Université de Strasbourg, 1954–55.

65. J. F. Pommaret, Systems of Partial Differential Equations and Lie Pseudogroups. Gordon & Breach, London, 1978.

66. D. G. Quillen, Formal properties of over-determined systems of linear partial differential equations. Ph.D. thesis, Harvard University, Cambridge, 1964.

67. D. G. Quillen, Projective modules over polynomial rings. Invent. Math. 36(1976), 167– 171.

68. D. Radford, Coreflexive coalgebras. J. Algebra 26(1973), 512–535. 69. M. Renardy and R. C. Rogers, An introduction to partial differential equations. Texts in Applied Mathematics, 13. Springer-Verlag, New York, 1993.

70. C. Riquier, Les Ssstèmes d’équations aux derivées partielles. Gauthier-Villars, Paris, 1910.

71. J. F. Ritt, Differential algebra. k Dover, New York, 1966; (Original: AMS Colloquium Publications, Vol. XXXIII, 1950).

72. C. Ruiz, Homology of the Koszul complex of a partial differential equation. Proceedings of the tenth Spanish-Portuguese conference on mathematics, V (Murcia, 1985), 51–58, Univ. Murcia., Murcia, 1985.

73. D. J. Saunders, The geometry of jet bundles. London Mathematical Society Lecture Note Series, 142. Cambridge University Press, Cambridge, 1989.

74. F. O. Schreyer, Die Berechnung von Syzygien mit dem verallgemeinerten Weierstraßschen Divisionssatz. Master’s thesis, Fakultät für Mathematik, Universität Hamburg, 1980.

75. J. Schü, W. M. Seiler, and J. Calmet, Algorithmic methods for Lie pseudogroups.

Modern group analysis: advanced analytical and computational methods in mathematical physics (Acireale, 1992), 337–344, Kluwer Acad. Publ., Dordrecht, 1993.

76. W. M. Seiler, Applying axiom to partial differential equations. Internal Report 95–17, Universität Karlsruhe, Fakultät für Informatik, 1995.

77. W. M. Seiler, Involution — the formal theory of differential equations and its applications in computer algebra and numerical analysis. Habilitation thesis, Dept. of Mathematics, Universität Mannheim, 2001.

78. W. M. Seiler, A combinatorial approach to involution and δ-regularity I: Involutive bases in polynomial algebras of solvable type. Preprint Universität Mannheim, 2002.

79. W. M. Seiler, A combinatorial approach to involution and δ-regularity II: Structure analysis of polynomial modules with Pommaret bases. Preprint Universität Mannheim, 2002.

80. W. M. Seiler, Completion to involution and semi-discretisations. Appl. Numer. Math.

42(2002), 437–451.

81. W. M. Seiler, Taylor and Lyubeznik resolutions via Gröbner bases. J. Symbolic Comput.

(to appear).

82. D. C. Spencer, Deformation of structures on manifolds defined by transitive, continuous pseudogroups: I–II. Ann. Math. 76(1962), 306–445.

83. D. C. Spencer, Overdetermined systems of linear partial differential equations. Bull.

Amer. Math. Soc. 75(1969), 179–239.

84. A. A. Suslin, Projective modules over polynomial rings are free. Dokl. Akad. Nauk SSSR 229(1976), No. 5, 1063–1066.

85. D. Taylor, Ideals generated by monomials in an R-Sequence. Ph.D. thesis, University of Chicago, 1960.

86. J. M. Thomas, Differential systems. AMS, New York, 1937.

87. A. Tresse, Sur les invariants différentiels des groupes continus de transformations. Acta Math. 18(1894), 1–88.

88. E. Vessiot, Sur une théorie nouvelle des problèmes généraux d‘integration. Bull. Soc.

Math. France 52(1924), 336–395.

89. E. von Weber, Partielle Differentialgleichungen. Enzyklopädie der mathematischen Wissenschaften, Vol. II, Part 1.1, chapter A5, pages 294–399. Teubner, Leipzig, 1900.

(Received 7.08.2002)

Author’s addresses:

Larry A. Lambe School of Informatics, Mathematics Division University of Wales, Bangor Dean St., Bangor, Gwynedd LL57 1UT United Kingdom E-mail: l.lambe@bangor.ac.uk

Werner M. Seiler Lehrstuhl für Mathematik I, Universität Mannheim 68131 Mannheim Germany E-mail: werner.seiler@math.uni-mannheim.de