Homology, Homotopy and Applications, vol.4(1), 2002, pp.175–189

SEMI-ABELIAN EXACT COMPLETIONS

MARINO GRAN

(communicated by Walter Tholen)

Abstract We characterize the categories which are projective covers of regular protomodular categories. Our result gives in particular a characterization of the categories with weak finite limits with the property that their exact completions are semi-abelian categories. As an application, we obtain a categorical proof of the recent characterization of semi-abelian varieties.

Introduction

The theory of protomodular categories provides a simple and general context in which the basic theorems needed in homological algebra of groups, rings, Lie algebras and other non-abelian structures can be proved [2] [3] [4] [5] [6] [7] [9] [20].

An interesting aspect of the theory comes from the fact that there is a natural intrinsic notion of normal monomorphism [4]. Since any internal reflexive relation in a protomodular category is an equivalence relation, protomodular categories also have all the nice properties of Maltsev categories [12], so that there is in particular a good theory of centrality of equivalence relations [7] [8] [22] [25].

In many respects protomodular and, more specifically, semi-abelian categories are in the same relationship with the varieties of groups, rings and other non-abelian varieties, as abelian categories are with the varieties of abelian groups and modules over a ring. Abelian and semi-abelian categories are related by the nice “equation”

(Semi − abelian) + (Semi − abelian)^{op} = Abelian

asserting that a category C is abelian if and only if both C and its dual category C^{op} are semi-abelian [20]. Semi-abelian categories appear then as a natural non-additive generalization of abelian categories. On the one hand, they are general enough to include also many important algebraic examples such as any variety of Ω-groups [19] and Heyting algebras; on the other hand, their axioms allow one to distinguish their exactness properties from the properties of the category of monoids, or from those of the category of sets.

In the present article we study protomodular and semi-abelian categories in relationship with the interesting construction of the free exact completion of a category

Received October 15, 2002, revised December 6, 2002; published on December 16, 2002. 2000 Mathematics Subject Classification: 18E10, 18A35, 18B15, 18G05, 18G50, 08C05. Key words and phrases: exact completion, protomodular and semi-abelian categories, semi-abelian varieties.

© 2002, Marino Gran. Permission to copy for private use granted.

with weak finite limits [14]. A motivation to do this also comes from the importance, in homological algebra, of abelian categories with enough projectives, so that it seems reasonable to expect further developments in the non-additive setting of semi-abelian categories with enough projectives (for instance by extending the theory developed in [16] and [17] for varieties of Ω-groups). Now, a classical result by Freyd [15] asserts that a category is equivalent to a projective cover of an abelian category if and only if it is preadditive and it has weak finite products and weak kernels; a first natural question then arises to determine which are the categories which occur as projective covers of exact protomodular or of semi-abelian categories. There are some technical difficulties in order to answer this question, essentially due to the fact that the protomodularity property is defined in terms of a pullback functor, and we can not expect to define such a functor in the projective cover P of a semiabelian category, since P only has weak finite limits in general. However, it turns out that it is possible to solve this problem, and this is our main result, by using an equivalent formulation of the protomodularity property, which is probably also the most effective tool when dealing with protomodularity. We then characterize the categories C with the property that their exact completion C_{ex} is protomodular or semi-abelian. Our characterization of projective covers of exact protomodular categories applies at the same time to the free algebras of any protomodular variety, as well as to the projective objects in the dual category of any elementary topos, this latter being always an exact protomodular category with enough projectives. In the last section we show how this categorical characterization provides an alternative proof of the recent characterization of the varieties of universal algebras that are semi-abelian [10].

The results in the present paper follow the same line of research developed in various recent papers, where necessary and sufficient conditions on a category C with (weak) finite limits have been determined in order that C_{ex} is abelian [11], extensive [18], (locally) cartesian closed [13] [23], a topos [21], or a Maltsev category [24].

Acknowledgements: the author would like to thank Aurelio Carboni, Enrico Vitale and the anonymous referee for some very useful suggestions.

1. Preliminaries

In this section we briefly recall some elementary categorical notions and two known results needed in the following.

A category with finite limits is regular if any kernel pair has a coequalizer and regular epimorphisms are stable under pullback. A regular category is Barr-exact [1] if any equivalence relation is a kernel pair. A functor F : A → B between regular or exact categories is exact if it preserves finite limits and regular epimorphisms.

By dropping the assumption of the uniqueness of the factorization in the definition of a limit, one obtains the definition of a weak limit. For brevity, we shall call weakly lex a category with weak finite limits. If A is a weakly lex category and B is a finitely complete category, a functor F : A → B is left covering if, for any finite diagram D in A and for each weak limit W of D, the comparison arrow from F (W ) to the limit of F (D) is a strong epimorphism. Let us then recall that an object P in a category is (regular) projective if, for any arrow f: P → X and for any regular epimorphism g: Y → X there exists an arrow h: P → Y such that g ∘ h = f.

Following the terminology in [14] we say that a full subcategory C of A is a projective cover of A if two conditions are satisfied: 1) any object of C is regular projective in A; 2) for any object X in A there exists a C-cover of X, that is an object C in C and a regular epimorphism C → X.

When A admits a projective cover, one says that A has enough projectives, that is any object in A is the codomain of a regular epimorphism whose domain is a projective object.

An important result in [14] asserts that exact categories with enough projectives are the exact completions of their full subcategories of projective objects. Let us then briefly recall the construction of the free exact completion C_{ex} of a weakly lex category C (see [14] for more details). An object in C_{ex} is a pseudo-equivalence in C, which will be represented by a diagram

X_1^d � c � X0. � A pseudo-equivalence relation as above can be thought as an equivalence relation except that one does not require that the pair of arrows d and c are jointly monic. A pre-arrow in C_{ex} is a pair of arrows (f_0, f_1) in C

X_1 d � c �

f_1 �

Y_1 δ � γ � X_0

�

f_0

� Y_0

�

with δ ∘ f_1 = f_0 ∘ d and γ ∘ f_1 = f_0 ∘ c. An arrow in C_{ex} is an equivalence class [f_0, f_1] of pre-arrows, where two parallel pre-arrows (f_0, f_1) and (g_0, g_1) are identified if there exists an arrow h: X_0 → Y_1 such that δ ∘ h = f_0 and γ ∘ h = g_0. The identities and the composition are the obvious ones.

The main facts concerning the free exact completion of a weakly lex category we shall need later on are recalled in the following

1.1. Theorem. [14] Let C be a weakly lex category. Then there exists an exact category C_{ex} and a fully faithful functor Γ: C → C_{ex} with the following properties:

1. Γ(C) is a projective cover of C_{ex} 2. for any exact category B, the composition − ∘ Γ with the functor Γ determines an equivalence of categories between the category of exact functors from C_{ex} to B and the category of left covering functors from C to B: Ex[C_{ex}, B] ≃ Lco[C, B]. The second subject we shall be interested in is the notion of protomodular category. When C is a finitely complete category, we denote by P t(C) the category whose objects are the split epimorphisms with a given splitting and morphisms the commutative squares between these data. Let π: P t(C) → C be the functor sending a split epi to its codomain. The existence of pullbacks implies that the functor π is a fibration, which is called the fibration of pointed objects. We denote by P t_B (C) the fibre of this fibration over a fixed object B; if f: E → B is an arrow in C, then we denote by f^∗ : P t_B (C) → P t_E (C) the associated change-of-base functor with respect to the fibration π. A protomodular category C is a left exact category with the property that every change-of-base functor with respect to the fibration π is conservative (i.e. it reflects isomorphisms) [2]. Any protomodular category is a Maltsev category [3], this meaning that any internal reflexive relation is an equivalence relation (for the notion of a Maltsev category see for instance [12], and references therein).

If C has a zero object, the protomodularity property is equivalent to the validity of the split short five lemma. A semi-abelian category is an exact protomodular category with a zero object and finite coproducts [20].

There are many interesting examples of semi-abelian categories: among these, let us recall the varieties of groups, rings, associative algebras, Lie algebras, crossed modules (more generally, any variety of Ω-groups [19]), and Heyting algebras. Any abelian category is semi-abelian, as well as the dual category of the category of pointed sets. If C is a category with finite limits then the category Grp(C) of internal groups in C is protomodular, as are the fibres of the fibration Grpd(C) → C sending a groupoid in C to its object of objects. The dual category of any elementary topos is exact protomodular [3].

As mentioned by Bourn [5], the protomodularity property can be equivalently stated as follows:

1.2. Lemma. Let C be a category with pullbacks. Then the following conditions are equivalent:

1. C is protomodular 2. in any pullback P g � f � A g � C_f � B i �

along an epimorphism g: A → B split by an arrow i: B → A (g ∘ i = 1_B ), the pair of arrows f and i is jointly strongly epimorphic.

Proof: Let C be a protomodular category and let us assume that h: E → A is a monomorphism with the property that the pullbacks h_1 and h_2 along f and i respectively are isomorphisms. Then the fact that h_2 is an iso implies that h is an arrow in P t_B (C). The fact that h_1 is an iso precisely means that f^∗(h) is an iso in P t_C (C), and then h itself is an iso by protomodularity.

Conversely, if C satisfies property 2, it is not difficult to prove that any changeof-base functor with respect to the fibration π is conservative on monomorphisms. Since any change-of-base functor preserves finite limits, and then in particular kernel pairs, this is sufficient to conclude that it reflects isomorphisms. Indeed, if h: E → A is an arrow in P t_B(C) such that f^∗(h) is an iso, then the diagonal Δ: E → E ×_A E

is a mono such that f^∗(Δ) is an iso. Accordingly, Δ itself is an iso, and then h is a mono. Finally, the fact that f^∗ is conservative on monomorphisms implies that h is an iso.

1.3. Remark. If C has binary coproducts, the conditions in Lemma 1.2 are easily seen to be equivalent also to the following property: in any pullback as above the induced arrow (f, i): P + B → A is a strong epimorphism.

2. Projective covers of protomodular categories

We are now going to present a characterization of the weakly lex categories C whose exact completion C_{ex} is protomodular. When C has finite coproducts and a zero object, this condition can be expressed in terms of weak kernels.

We begin with the following definition:

2.1. Definition. A weakly lex category C is weak protomodular if any weak pullback P in C P g � f � A g � C_f � B i �

along a split epimorphism g: A → B (with g ∘ i = 1_B ) has the following property: if f and i both factorize through an arrow h: E → A in C E h � P g � f �

�

A g � C_f � B i �

�

then h is a split epimorphism.

2.2. Remark. If C is finitely complete and weak protomodular, then C is protomodular. Indeed, let h be a monomorphism with the property that the pullbacks h_1 and h_2 along f and i respectively are isomorphisms. This means that f and i both factorize through h, so that h is a split epi and then an iso.

On the other hand, there seems to be no reason for a protomodular category to be weak protomodular, in general. The property of weak protomodularity should be thought as a simple way of guaranteeing protomodularity when only weak finite limits exist.

2.3. Proposition. Let C be a projective cover of a regular category A. Then A is protomodular if and only if C is weak protomodular.

Proof: Let A be a regular protomodular category. Consider a weak split pullback (i.e. a weak pullback along a split epimorphism) in C: P

g �

f � α � C ×_B A g_1 � f_1 � A g � C^f � B. i �

This weak pullback can be obtained by taking the actual pullback (C ×_B A, g_1, f_1) of f along g in A, and by then covering it with a regular epimorphism α: P → C ×_B A, where P is in C. By Lemma 1.2 we know that the arrows f_1 and i are jointly strongly epimorphic, thus f = f_1 ∘α and i are jointly strongly epimorphic since α is a regular epi.

Now, let f and i both factorize through an arrow h: E → A in C, so that there are two arrows l: P → E and m: B → E such that h ∘ l = f and h ∘ m = i E h� � � � P g � f � l �

A g � C^f � B i � m

�

Then the fact that the pair of arrows f and i is jointly strongly epimorphic implies that h is a strong epi in A and then a regular epi, because A is regular. Since the arrow h is a regular epi in A between projective objects, it splits, proving that C is weak protomodular.

Conversely, let us assume that C is a weak protomodular category. We first remark that in any weak split pullback in C P g � f � A g � C_f � B i �

the pair of arrows f and i are jointly strongly epimorphic in A. Indeed, if h: E → A is a monomorphism in A such that the actual pullbacks h_1 and h_2 of h along f and i are isomorphisms, then the arrows f and i both factorize through h. Consequently h is a split epi and then an iso, as desired.

In order to complete the proof, let us consider an actual split pullback in A

C ×_B A g_1 �

f_1 � A g � C_f � B i �

and we are going to prove that f_1 and i are jointly strongly epimorphic in A. It is not difficult to show that the split epimorphism g in A can be “covered” by a split epimorphism g̃ in C so that in the diagram

Ã g̃ � a � A g � B̃_b � ĩ �

B i �

a ∘ ĩ = i ∘ b, b ∘ g̃ = g ∘ a and a, b are regular epimorphisms. Moreover, if c: C̃ → C is a projective cover of C, then there is an arrow f̃: C̃ → B̃ with b ∘ f̃ = f ∘ c. Let us then form a weak pullback P̃ of f̃ along g̃

P̃ g̃_1 �

f̃_1 � Ã g̃ � C̃_{f̃} � B̃ ĩ �

and we know that the pair of arrows f̃_1 and ĩ in this weak pullback is jointly strongly epimorphic in A. There is a factorization d: P̃ → C ×_B A

P̃^{f̃1} �

g̃_1

�

d �

Ã

g̃ �

a � � � � � � �

C ×_B A^{f1} �

g_1 �

A

g

�

C̃^{f̃} � c � � � � � � � B̃

ĩ �

b � � � � � � �

C^f � B

i

�

with f_1 ∘ d = a ∘ f̃_1 and g_1 ∘ d = c ∘ g̃_1. Now, f̃_1 and ĩ are jointly strongly epimorphic, so that the pair of arrows (a ∘ f̃_1, a ∘ĩ) = (f_1 ∘ d, i ∘ b) is jointly strongly epimorphic, and finally f_1 and i are jointly strongly epimorphic, proving that A is protomodular, as desired.

In the presence of binary coproducts, the weak protomodularity property is also equivalent to the following one:

2.4. Proposition. Let C be a weakly lex category with binary coproducts. Then C is weak protomodular if and only if in any weak split pullback P (1) g � f � A g � C_f � B i �

the canonical arrow (f, i): P + B → A is a split epimorphism.

Proof: Clearly any weak protomodular category with finite coproducts satisfies the property here above. On the other hand, assume that this latter property holds in C, and let the square (1) be a weak split pullback such that there exists an arrow h: E → A with the property that the arrows f and i both factorize through h. If l: P → E and m: B → E are two arrows such that h ∘ l = f and h ∘ m = i, then the universal property of the coproduct P + B gives a unique arrow (l, m): P + B → E with the property that h ∘ (l, m) = (f, i). By assumption the arrow (f, i) is a split epi, and consequently the arrow h is a split epi as well.

When C has binary coproducts and a zero object the property of weak protomodularity can be expressed in terms of weak (split) kernels:

2.5. Proposition. Let C be a weakly lex category with binary coproducts and a zero object. Then the following conditions are equivalent:

1. C is weak protomodular 2. in any weak split kernel in C K

� k � A g � 0 � B i �

the canonical arrow (k, i): K + B → A is a split epimorphism

Proof: Only the implication 2 ⇒ 1 needs to be proved. Given any weak split pullback P g � f � A g � C_f � B i �

a weak kernel of g is given by the outer rectangle

K^k �

�

P g � f � A g � 0 � C^f � B, i �

where the left hand square is a weak kernel of g. Now by assumption the induced arrow (f ∘ k, i): K + B → A is a split epi. Since (f, i) ∘ (k + 1_B) = (f ∘ k, i), this implies that (f, i) is a split epi. □ 3. Semi-abelian exact completions

The aim of this section is to study the exact categories with enough projectives which are semi-abelian.

Let us first introduce a new definition:

3.1. Definition. A category is weak semi-abelian if it is weak protomodular, it has finite coproducts and a zero object.

By Remark 2.2, if C is finitely complete and weak semi-abelian, then C is semiabelian. It is also clear that a weakly lex category with finite coproducts and a zero object is weak semi-abelian exactly when the weak (split) kernels satisfy the condition 2 in Proposition 2.5.

3.2. Proposition. Let C be a weakly lex category. The following conditions are equivalent:

1. the Cauchy completion C_{cc} of C is weak semi-abelian

2. C_{ex} is semi-abelian

Proof: 1 ⇒ 2 Since (C_{cc})_{ex} ≃ C_{ex}, we just need to prove that (C_{cc})_{ex} is semiabelian. By Proposition 2.3 we know that (C_{cc})_{ex} is protomodular, so in particular (C_{cc})_{ex} is exact Maltsev, and this will imply that (C_{cc})_{ex} has finite coproducts. Indeed, if (R, X) and (S, Y ) are two pseudo-equivalence relations, then their coproduct is given by the central part of the diagram R d � c �

i_R � R + S d+δ � c+γ �

S δ � γ �

i_S �

X

�

i_X � X + Y

�

Y, i_Y �

�

which is a reflexive graph in an exact Maltsev category, ans so a pseudo-equivalence relation (the same argument holds for any finite coproduct). Moreover, the functor Γ: C_{cc} → (C_{cc})_{ex} preserves the zero object, and (C_{cc})_{ex} is semi-abelian.

2 ⇒ 1 If C_{ex} is semi-abelian, then C_{cc} is weak protomodular, being a projective cover of (C_{cc})_{ex} ≃ C_{ex}. C_{cc} has finite coproducts, since a coproduct of two regular projective objects is regular projective. It is also clear that C_{cc} has a zero object, since (C_{cc})_{ex} has a zero object 0, and 0 is regular projective.

The following useful property of exact Maltsev categories will be needed:

3.3. Lemma. Let A and B be exact Maltsev categories with finite coproducts, and let F : A → B be an exact functor that preserves finite coproducts. Then the categories A and B have finite colimits and the functor F preserves them.

Proof: Given two arrows f and g G f � g � A in a category A with finite coproducts, it is easy to check that an arrow p is the coequalizer of f and g precisely when it is the coequalizer of the arrows (f, 1_A, g) and (g, 1_A, f) G + A + G (f,1_A,g) � (g,1_A ,f ) � A. �

This fact will be useful to construct the coequalizer of f and g in any exact Maltsev category A. Indeed, let I be the regular image factorization of this reflexive graph G + A + G (f,1_A,g) � (g,1_A,f ) � q � � � � � � � A p � �

�

B

I. d � c �

I determines a reflexive relation on A in an exact Maltsev category, hence an equivalence relation on A. Accordingly, the quotient p: A → B of this (effective) equivalence relation exists, and p also is the coequalizer of (f, 1_A, g) and (g, 1_A, f), since q is an epimorphism. An exact functor preserving finite coproducts preserves each part of this construction and so preserves the coequalizer p.

Since the definition of semi-abelian category is given only in terms of finite limits and finite colimits, it is reasonable to give the following

3.4. Definition. Let A and B be two semi-abelian categories. A functor F : A → B is called semi-abelian if it preserves finite limits and finite colimits.

Let us denote by SA[A, B] the category of semi-abelian functors from A to B, and by F CLCo[C, D] the category of finite coproduct preserving left covering functors from a weakly lex category C with coproducts to a semi-abelian category D.

In the context of semi-abelian categories Theorem 1.1 gives the following result (see also [15] and [24]), which can be interpreted as the fact that C_{ex} is the “semiabelian completion of C”:

3.5. Corollary. Let C be a weak semi-abelian category. Then, for any semi-abelian category B, the functor (Γ ∘ −): SA[C_{ex}, B] → F CLCo[C, B] gives an equivalence of categories.

Proof: As shown in the proof of Proposition 3.2, if C is weak semi-abelian, then C_{ex} is semi-abelian. By Lemma 33 in [14], the functor Γ: C → C_{ex} preserves finite coproducts. By using the description of coproducts in the semi-abelian category C_{ex} given in Proposition 3.2, one can then show that a left covering functor F : C → B preserves finite coproducts precisely when its exact extension F : C_{ex} → B preserves finite coproducts. By Lemma 3.3 and by Theorem 1.1 the proof is complete.

4. Semi-abelian varieties

Any finitary variety of universal algebras is the exact completion of its (Kleisli) subcategory of free algebras [14]. In this last section we consider the special situation when C_{ex} is a semi-abelian variety of universal algebras and C is its subcategory of free algebras.

Varieties of universal algebras which are semi-abelian were characterized in [10]. A slightly different proof of this fact can be deduced from the general categorical results of the previous section.

4.1. Corollary. Let A be a variety of universal algebras and C its full subcategory of free algebras. Then the following conditions are equivalent:

1. A is semi-abelian 2. C_{cc} is weak semi-abelian 3. C is weak semi-abelian 4. A has a unique constant 0, n binary terms α_1(x, y), . . . , α_n(x, y) and a (n + 1)-ary term β such that β(α_1(x, y), . . . , α_n(x, y), y) = x, and α_i(x, x) = 0 for i = 1, . . . , n Proof: Conditions 1 and 2 are equivalent by Proposition 3.2, while 3 is also equivalent since C and A both have coproducts.

We are now going to prove that 3 and 4 are equivalent. It is clear that C has a zero object exactly when the theory has a unique constant, that we shall denote by 0. Let us first assume that C is a weak semi-abelian category. Let F (x, y) and F (y) be the free algebras on two and one generators, respectively, and let us consider the actual (split) kernel in A K

� k � F (x, y) g � 0 � F (y) i �

where g: F (x, y) → F (y) is determined by g(x) = y = g(y) and i: F (y) → F (x, y) is determined by i(y) = y. Let j: K ∨ F (y) → F (x, y) be the union of k: K → F (x, y) and i: F (y) → F (x, y) as subobjects of F (x, y):

K^l � k � � � � � K ∨ F (y) j �

F (y) i � � � � m �

F (x, y) Let p: K → K be a regular epi, with K in C, so that the square K

� k∘p � F (x, y) g � 0 � F (y) i �

is a weak kernel. Then the fact that C is weak protomodular and that k ∘ p and i both factorize through j implies that j is a split epi, and then an iso. The element x therefore belongs to K ∨ F (y), and this proves the existence of k_1, k_2, . . . , k_n in K and an (n + 1)-ary term β such that β(k_1, . . . , k_n, y) = x. But K is a subalgebra of F (x, y) and then there exist n binary terms α_i(x, y) = k_i for i = 1, . . . , n, so that β(α_1(x, y), . . . , α_n(x, y), y) = x. By definition of K, α_i(x, x) = g(α_i(x, y)) = 0 for i = 1, . . . , n. Conversely, let us assume that the terms satisfying the conditions in 4 exist in the variety A. Let the exterior of the diagram K

g �

k∘p � p � K � k � A g � 0^f � B. i �

be a weak split kernel of the split epi g obtained by “covering” the actual kernel K of g with a regular epi p: K → K, with K in C. It is clear that the induced arrow p + 1_B: K + B → K + B is a regular epi in A. Accordingly, it suffices to prove that (k, i): K + B → A is a regular epi in A, so that the arrow (k ∘ p, i): K + B → A will be a regular epi in A, and then it will be split, because it lies in C.

For any a in A we have g(α_i(a, i ∘ g(a)) = α_i(g(a), g ∘ i ∘ g(a)) = α_i(g(a), g(a)) = 0, so that α_i(a, i ∘ g(a)) = k(x_i), for some x_i in K. Now (k, i) ∘ β(i_K (x_1), . . . , i_K (x_n), i_B ∘ g(a)) = β(k(x_1), . . . , k(x_n), i ∘ g(a)) = β(α_1(a, i ∘ g(a)), . . . , α_n(a, i ∘ g(a)), i ∘ g(a)) = a, and the arrow (k, i) is then surjective. □

References

[1] M. Barr, Exact Categories, LNM 236, Springer-Verlag, Berlin, 1971, 1-120. [2] D. Bourn, Normalization, equivalence, kernel equivalence and affine categories, LNM 1488, Springer-Verlag, 1991, 43-62.

[3] D. Bourn, Mal’cev categories and fibration of pointed objects, Appl. Categorical Structures, 4, 1996, 307-327.

[4] D. Bourn, Normal subobjects and abelian objects in protomodular categories, Journal of Algebra, 228, 2000, 143-164.

[5] D. Bourn, 3 × 3 lemmma and Protomodularity, Journal of Algebra, 236, 2001, 778-795.

[6] D. Bourn - M. Gran, Central extensions in semi-abelian categories, J.

Pure Appl. Algebra, 175, 2002, 31-44.

[7] D. Bourn - M. Gran, Centrality and normality in protomodular categories, Theory and Applications of Categories, Vol. 9, No 8, 2002, 151-165.

[8] D. Bourn - M. Gran, Centrality and connectors in Maltsev categories, to appear in Alg. Universalis.

[9] D. Bourn - G. Janelidze, Protomodularity, descent and semi-direct products, Theory and Applications of Categories, Vol. 4, 1998, 37-46.

[10] D. Bourn - G. Janelidze, Characterization of protomodular varieties of universal algebras, Preprint of the Instituto Superior Técnico - Lisbon, 16/2002.

[11] A. Carboni - R. Celia Magno, The free exact category on a left exact one, J. Austr. Math. Soc. Ser., A 33, 1982, 295-301.

[12] A. Carboni - G.M. Kelly - M.C. Pedicchio, Some remarks on Maltsev and Goursat categories, Appl. Categorical Structures, 1, 1993, 385-421.

[13] A. Carboni - G. Rosolini, Locally cartesian closed exact completions, J.

Pure Appl. Algebra, 154, 2000, 103-116.

[14] A. Carboni - E.M. Vitale, Regular and exact completions, J. Pure Appl.

Algebra, 125, 1998, 79-116.

[15] P. Freyd, Representations in Abelian categories, Proc. Conf. Categ. Algebra La Jolla 1965, 1966, 95-120.

[16] A. Frölich, Baer-invariants of algebras, Trans. Amer. Math. Soc., 109, 1963, 221-244.

[17] J. Furtado-Coelho, Homology and Generalized Baer Invariants, Journal of Algebra, 40, 1976, 596-600.

[18] M. Gran - E.M. Vitale, On the exact completion of the homotopy category, Cah. Top. Geom. Diff. Catégoriques, XXXIX-4, 1998, 287-297.

[19] P.J. Higgins, Groups with multiple operators, Proc. London Math. Soc., (3), 6, 1956, 366-416.

[20] G. Janelidze - L. Marki - W. Tholen, Semi-Abelian categories, J. Pure Appl. Algebra, 168, 2002, 367-386.

[21] M. Menni, A characterization of the left exact categories whose exact completions are toposes, J. Pure Appl. Algebra, 177, 2003, 287-301.

[22] M.C. Pedicchio, A categorical approach to commutator theory, Journal of Algebra, 177, 1995, 647-657.

[23] J. Rosicky, Cartesian closed exact completions, J. Pure Appl. Algebra, 142, 1999, 261-270.

[24] J. Rosicky - E.M. Vitale, Exact completions and representations in abelian categories, Homology, Homotopy and Applications, 3, 2001, 453-466.

[25] J.D.H. Smith, Mal’cev Varieties, LNM 554, Springer-Verlag, 1976.

This article may be accessed via WWW at http://www.rmi.acnet.ge/hha/ or by anonymous ftp at

ftp://ftp.rmi.acnet.ge/pub/hha/volumes/2002/n1a10/v4n1a10.(dvi,ps,pdf)

Marino Gran gran@lmpa.univ-littoral.fr

Université du Littoral Laboratoire de Mathématiques Pures et Appliquées 50 Rue F. Buisson BP 699 62228 Calais France