A Method for Obtaining Generating Functions for Central Coefficients of Triangles

Dmitry Kruchinin and Vladimir Kruchinin Tomsk State University of Control Systems and Radioelectronics Tomsk Russian Federation

KruchininDm@gmail.com

Abstract

We present techniques for obtaining a generating function for the central coefficients of a triangle T (n, k), which is given by the expression [xH(x)]^k = ∑ n⩾k T (n, k)x^n, H(0) ≠ 0. We also prove certain theorems for solving direct and inverse problems.

1 Introduction

In [1] the second author introduced the notion of the composita of a given ordinary generating function G(x) = ∑ n>0 g(n)x^n.

Definition 1. The composita is the function of two variables defined by

G^Δ(n, k) = ∑ π_k∈C_n

g(λ_1)g(λ_2) · · · g(λ_k), (1)

where C_n is the set of all compositions of an integer n, π_k is the composition

∑_k i=1 λ_i = n into k parts exactly.

Comtet [2, p. 141] considered similar objects and identities for exponential generating functions, and called them potential polynomials. In this paper we consider the case of ordinary generating functions.

The generating function of the composita is equal to

[G(x)]^k = ∑ n⩾k G^Δ(n, k)x^n. (2)

For instance, we obtain the composita of the generating function G(x, a, b) = ax + bx^2. The binomial theorem yields

[G(x, a, b)]^k = x^k(a + bx)^k = x^k k∑ m=0 ( k m ) a^{k−m}b^mx^m.

Substituting n for m + k, we get the following expression:

[G(x, a, b)]^k = 2k∑ n=k ( k n − k ) a^{2k−n}b^{n−k}x^n = 2k∑ n=k G^Δ(n, k, a, b)x^n.

Therefore, the composita is

G^Δ(n, k, a, b) = ( k n − k ) a^{2k−n}b^{n−k}. (3)

Now we show the compositae of several known generating functions [2, 3] in Table 1.

Generating function G(x) Composita G^Δ(n, k) ax + bx^2 a^{2k−n}b^{n−k}

(_k n−k ) bx 1−ax

(_{n−1} k−1 ) a^{n−k}b^k ln(1 + x)^{k!}_{n!}

[_n k ] e^x − 1^{k!}_{n!}

{_n k } Table 1: Examples of generating functions and their compositae

The [_n k ] are the Stirling numbers of the first kind (see [2, 4]). The Stirling numbers of the first kind count the number of permutations of n elements with k disjoint cycles.

The Stirling numbers of the first kind are defined by the following generating function:

ψ_k(x) = ∑ n≥k [ n k ] x^n n! = 1 k! ln^k(1 + x).

The notation

{_n k } are the Stirling numbers of the second kind (see [2, 4]). The Stirling numbers of the second kind count the number of ways to partition a set of n elements into k nonempty subsets.

A general formula for the Stirling numbers of the second kind is given as follows: { n k } = 1 k! k∑ j=0 (−1)^{k−j} ( k j ) j^n.

The Stirling numbers of the second kind are defined by the generating function

Φ_k(x) = ∑ n≥k { n k } x^n n! = 1 k! (e^x − 1)^k.

2 Main results

In this section we present the main results of the paper:

• The method of obtaining a generating function for central coefficients of the given triangle (Theorem 3).

• Inverse problem. The method of obtaining a unique triangle, when we know only the generating function for the central coefficients of this triangle (Theorem 9).

In tabular form, the composita is presented as a triangle as follows:

G^Δ_{1,1} G^Δ_{2,1} G^Δ_{2,2} G^Δ_{3,1} G^Δ_{3,2} G^Δ_{3,3} G^Δ_{4,1} G^Δ_{4,2} G^Δ_{4,3} G^Δ_{4,4} . .. . . . ...

G^Δ_{n,1} G^Δ_{n,2} . . . . . . G^Δ_{n,n−1} G^Δ_{n,n}

Considering the triangle, we see that the central coefficients are represented by the following sequence:

G^Δ_{1,1}, G^Δ_{3,2}, . . . , G^Δ_{2n−1,n}, . . .

The generating function for the central coefficients is given as follows:

F (x) = G^Δ_{1,1} + G^Δ_{3,2}x^1 + · · · + G^Δ_{2n−1,n}x^{n−1} + · · · In the following lemma we give the Lagrange inversion formula, which was proved by Stanley [5].

Lemma 2 (The Lagrange inversion formula). Suppose H(x) = ∑ n≥0 h(n)x^n with h(0) ≠ 0, and let A(x) be defined by A(x) = xH(A(x)). (4) Then n[x^n]A(x)^k = k[x^{n−k}]H(x)^n, (5) where [x^n]A(x)^k is the coefficient of x^n in A(x)^k and [x^{n−k}]H(x)^n is the coefficient of x^{n−k} in H(x)^n.

By using the above Lemma 2, we now give our main theorems.

Theorem 3. Suppose H(x) = ∑ n≥0 h(n)x^n is a generating function, where h(0) ≠ 0, and G(x) = xH(x) with [G(x)]^k = ∑ n⩾k G^Δ(n, k)x^n, and A(x) = ∑ n>0 a(n)x^n is the generating function, which is obtained from the functional equation A(x) = xH(A(x)). Then the generating function F (x) for the central coefficients of the triangle G^Δ(n, k) is equal to the first derivative of the function A(x):

F (x) = A^′(x) = ∑ n⩾1 G^Δ(2n − 1, n)x^{n−1}. (6)

Proof. According to Lemma 2, for the solution of the functional equation A(x) = xH(A(x)), we can write n[x^n]A(x)^k = k[x^{n−k}]H(x)^n.

In the left-hand side, there is the composita of the generating function A(x) multiplied by n:

n[x^n]A(x)^k = n A^Δ(n, k). We know that (xH(x))^k = ∑ n≥k G^Δ(n, k)x^n.

Then

(H(x))^k = ∑ n≥k G^Δ(n, k)x^{n−k}.

If we replace n − k by m, we obtain the following expression:

(H(x))^k = ∑ m≥0 G^Δ(m + k, k)x^m.

Substituting n for k and n − k for m, we get [x^{n−k}]H(x)^n = G^Δ(2n − k, n).

Therefore, we get (cf. [1]) A^Δ(n, k) = k n G^Δ(2n − k, n). (7) Hence, for solutions of the functional equation A(x) = xH(A(x)), we can use the following expression: [A(x)]^k = ∑ n⩾k A^Δ(n, k)x^n = ∑ n⩾k k n G^Δ(2n − k, n)x^n.

Therefore, A(x) = ∑ n⩾1 1 n G^Δ(2n − 1, n)x^n.

Differentiating A(x) with respect to x, we obtain the required generating function:

F (x) = A^′(x) = ∑ n⩾1 G^Δ(2n − 1, n)x^{n−1}.

The theorem is proved.

For applications of Theorem 3 we give some examples.

Example 4. Consider the expression that generates Pascal’s triangle

[xH(x)]^k = ( x 1 − x

)_k = ∑ n⩾k ( n − 1 k − 1 ) x^n,

1 1 1 1 2 1 1 3 3 1 1 4 6 4 1 Let us obtain a generating function for the well-known central binomial coefficients A000984 in [6, 7]:

1, 2, 6, 20, 70, 252, 924, 3432, 12870, 48620, . . . The n^{th} central binomial coefficient is defined by ( 2n n ) . The functional equation has the form

A(x) = x 1 − A(x) . The solution of this equation is

A(x) = 1 − √ 1 − 4x 2 . Now we compute the derivative of A(x). Therefore, we obtain the generating function for the central binomial coefficients:

A^′(x) = 1 √ 1 − 4x (8) See A000984 in [6].

Example 5. Let us consider the generating function H(x) =^{1−x}_{1−2x} . Then

[xH(x)]^k = ∑ n⩾k G^Δ(n, k)x^n,

where

G^Δ(n, k) = n−k∑ i=0 (−2)^i ( k n − k − i ) ( k + i + 1 k − 1 ) (−1)^{n−k−i}.

The composita G^Δ(n, k) defines the following triangle A105306 [6] 1 1 1 2 2 1 4 5 3 1 8 12 9 4 1

Let us now compute the generating function for the central coefficients of this triangle. For this purpose we solve the following functional equation:

A(x) = x

1 − A(x) 1 − 2A(x) . Therefore,

A(x) =

1 + x − √ 1 − 6x + x^2 4 which generates the sequence A001003 in [6],

x + x^2 + 3 x^3 + 11 x^4 + 45 x^5 + 197 x^6 + 903 x^7 + · · ·

Now we compute the derivative of A(x). Therefore, we obtain the generating function for the central coefficients: A^′(x) = 1 4 − x − 3 4 √ x^2 − 6 x + 1 (9) This is the sequence A176479 [6]

1 + 2 x + 9 x^2 + 44 x^3 + 225 x^4 + 1182 x^5 + · · ·

Example 6. Let us consider the generating function H(x) = x cot(x). Then [xH(x)]^k = [x^2 cot(x)]^k defines the following triangle A199542 [6]

G^Δ(n, k) = 2^{n−2 k} (−1)^{n−k2} k∑ l=0 2^l l! ( k l )_{n−2 k+l}∑ m=0 m! [_{l+m} l ] {_{n−2k+l} m } (l + m)!(n − 2 k + l)! , 1 0 1 −^1_3 0 1 0 −^2_3 0 1 −^1_{45} 0 −1 0 1 The functional equation has the form

A(x) = xA(x) cot(A(x)). Then A(x) = arctan(x).

Therefore, the generating function for the central coefficients of the triangle A199542 [6] is A^′(x) = 1 1 + x^2

. (10)

Now we are ready to consider the inverse problem. We know the generating function for the central coefficients, and we need to find a triangle with given central coefficients.

First we consider the notion of reciprocal generating functions [3].

Definition 7. Reciprocal generating functions are functions that satisfy the condition:

H(x)B(x) = 1.

In the following lemma we give the formula of the composita of a reciprocal function, which was proved in the paper [1].

Lemma 8. Suppose H(x) = ∑ n≥0 h(n)x^n is a generating function, where h(0) = 1, and B(x) = ∑ n≥0 b(n)x^n is the reciprocal generating function, where b(0) = 1, and B^Δ_x (n, m) is the composita of xB(x). Then the composita of the function xH(x) is equal to

H^Δ_x (n, k) =

1, if n = k; n−k∑ m=1 (−1)^m

(_{k+m−1} k−1 )^m∑ j=1 (−1)^j

(_m j ) B^Δ_x (n − k + j, j), if n > k.

(11)

By using the above Lemma 8, we are now able to prove the following theorem.

Theorem 9. Suppose F (x) = ∑ n≥0 f(n)x^n is a generating function, where F (0) ≠ 0.

Then there exists a unique generating function H(x) = ∑ n≥0 h(n)x^n such that the triangle G^Δ(n, k) defined below has the central coefficients f(n),

[xH(x)]^k = ∑ n⩾k G^Δ(n, k)x^n.

Proof. To prove this theorem, we consider the proof of Theorem 3 in the reverse order.

Integrating F (x) in x, we obtain the generating function A(x)

A(x) = ∫ F (x)dx = ∑ n>0 f(n − 1) x^n n , where a(0) = 0.

To find H(x), we solve the following inverse functional equation

A(x) = xH(A(x)). (12)

Suppose A(x) = t, then x = A^{−1}(t). And we get

t = A^{−1}(t)H(t) or H(t) = t A^{−1}(t)

. (13)

We solve this equation using the notion of compositae.

The generating function B(x) =^{A−1(t)}_t is the reciprocal generating function with respect to H(t) H(t)

A^{−1}(t) t = 1.

According to Lemma 8, the composita of tH(t) is equal to

G^Δ(n, k) =

1, if n = k; n−k∑ m=1 (−1)^m

(_{k+m−1} k−1 )^m∑ j=1 (−1)^j

(_m j ) B^Δ_t (n − k + j, j), if n > k.

In our case, the composita B^Δ_t (n, k) is equal to the composita of A^{−1}(t). For obtaining the composita of A^{−1}(t), we use the following algorithm:

1. calculate the composita A^Δ(n, k) of the generating function A(x);

2. using formula (11), calculate the reciprocal composita A^Δ_R (n, k) of the composita of A^Δ(x);

3. using the reciprocal composita A^Δ_R (n, k), calculate the composita of the inverse function A^{−1}(t) A^Δ_{Inv}(n, k) = k n A^Δ_R (2n − k, n).

Therefore, H(x) = ∑ n⩾1 G^Δ(n, 1)x^{n−1}.

The theorem is proved.

Using Theorem 9, we can obtain a triangle T (n, k) given by the generating function H(x), h(0) ≠ 0 such that [xH(x))]^k = ∑ n⩾k T (n, k)x^n,

when we know only the central coefficients of the triangle.

Now we give the following example. We find a triangle T (n, k) such that a central coefficients are the Catalan numbers.

Example 10. The generating function for the Catalan numbers is defined by A000108 in [6],

F (x) = 1 − √ 1 − 4x 2x .

Let us obtain the required triangle and its expression. First we compute the integral of F (x) ∫ 1 − √ 1 − 4x 2x dx = log (√ 1 − 4 x + 1 ) − √ 1 − 4 x.

The first elements of the obtained generating function are shown below:

−1 + log 2 + x + x^2 2 + 2 x^3 3 + 5 x^4 4 + 14 x^5 5 + 7 x^6 +

132 x^7 7 + · · ·

Since a(0) = 0, we have

A(x) = 1 − log(2) + log (√ 1 − 4 x + 1 ) − √ 1 − 4 x =

= log ( 1 − 1 − √ 1 − 4 x 2 ) + 2 ( 1 − √ 1 − 4 x 2 ) . Now we obtain the composita of A(x).

A(x) = log(1 − C(x)) + 2C(x),

where C(x) = 1 − √ 1 − 4 x 2 . The composita of log(1 − x) + 2x is k∑ j=0 (−1)^{n−j} 2^j ( k j ) (k − j)! (n − j)! [ n − j k − j ] . The composita of C(x) is k n ( 2 n − k − 1 n − 1 ) . Therefore, the composita of A(x) is equal to the product of compositae C(x) and log(1 − x) + 2x

A^Δ(n, k) = n∑ m=k m n ( 2 n − m − 1

n − 1

)_k∑ j=0 (−1)^{m−j} 2^j ( k j ) (k − j)! (m − j)! [ m − j k − j ] . Using formula (11), the reciprocal composita of the composita of A(x) is

A^Δ_R (n, k) =

1, if n = k; n−k∑ m=1 (_{k+m−1} k−1 )^m∑ j=1 (−1)^j

(_m j ) A^Δ(n − k + j, j), if n > k.

Using the reciprocal composita A^Δ_R (n, k), we obtain the composita of the inverse function [A(x)]^{−1} A^Δ_{Inv}(n, k) = k n A^Δ(2n − k, n).

Therefore, we obtain the reciprocal composita of the composita of the inverse function

G^Δ(n, k) =

1, if n = k; n−k∑ m=1 (_{k+m−1} k−1 )^m∑ j=1 (−1)^j

(_m j ) A^Δ_{Inv}(n − k + j, j), if n > k.

This is the required composita.

The required triangle has the following form 1 1 2 1 5 12 1 1 1 2 13 12 3 2 1 551 720 17 12 2 2 1 11 8 529 240 23 8 19 6 5 2 1 16657 6048

2831 720 1111

240 5^{55}_{12} 3 1

4289 720 46999 6048

1329 160 6059 720 95 12 25 4 7 2 1 16491599 1209600

501353 30240

246787 15120

1841

120 14^{47}_4^{49}_6 4 1

References

[1] V. V. Kruchinin, Compositae and their properties, preprint,

http://arxiv.org/abs/1103.2582.

[2] L. Comtet, Advanced Combinatorics, D. Reidel Publishing Company, 1974.

[3] H. S. Wilf, Generatingfunctionology, Academic Press, 1994.

[4] R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics, Addison-Wesley, 1989.

[5] R. P. Stanley, Enumerative Combinatorics 2, Cambridge University Press, 1999.

[6] N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences, http://oeis.org.

[7] D. H. Lehmer, Interesting series involving the central binomial coefficients. Amer. Math.

Monthly 92 (1985), 449–457.

2010 Mathematics Subject Classification: Primary 05A15; Secondary 11B75, 05A10. Keywords: generating function, central coefficient, triangle, composita.

(Concerned with sequences A000108, A000984, A001003, A105306, A176479, and A199542.)

Received August 30 2012; revised version received November 5 2012. Published in Journal of Integer Sequences, November 20 2012.

Return to Journal of Integer Sequences home page.