Journal de Théorie des Nombres de Bordeaux 11 (1999), 407–423

On the distribution of p^α modulo one

par Xiaodong CAO et Wenguang ZHAI

Résumé. Dans cet article, on donne une nouvelle majoration de la discrépance

D(N) := sup_{0≤γ≤1} | | ∑ p≤N {p^α}≤γ 1 − π(N)γ | |

de la suite (p^α), lorsque 5/3 ≤ α < 3 et α ≠ 2.

Abstract. In this paper, we give a new upper-bound for the discrepancy

D(N) := sup_{0≤γ≤1} | | ∑ p≤N {p^α}≤γ 1 − π(N)γ | |

for the sequence (p^α), when 5/3 ≤ α < 3 and α ≠ 2.

1. Introduction.

In 1940 I. M. Vinogradov [14] considered the distribution of the fractional parts of the sequence (f √ p), where p runs over the set of prime numbers and f a positive constant. This celebrated work motivated the interests of many authors to investigate the distribution of p^α modulo one for fixed α > 0, α /∈ N(see [1,2,3,4,6,7,9,10]). It is well-known that the sequence (p^α) is uniformly distributed modulo one as p runs over prime values. To make this precise, we consider the discrepancy

D(N) := sup_{0≤γ≤1} | | | | | ∑ p≤N {p^α}≤γ 1 − π(N)γ | | | | | , (1.1)

where {t} denotes the fractional part of real t.

Leitmann [10] showed that D(N) = O ( N^{1−δ} ) (1.2)

Manuscrit reçu le 21 septembre 1998.

This work is supported by NSF of China (Grant No. 19801021) and NSF of Shandong Province (Grant No. Q98A02110).

as N tends to infinity, for some δ > 0. R. C. Baker and G. Kolesnik [1] showed that (1.2) holds with

δ = (15000α^2 )^{−1}

for α > 1, α /∈ N. This is the sharpest result for large α at present.

We can do much better for small α, but one can’t find a unified method as α varies, just as Baker and Kolesnik pointed out in their paper [1]: “Of course, one can do much better for small α, although the optimal technique varies considerably as α moves over an interval such as 1 < α < 2”. By Vaughan’s identity and mean value estimates for Dirichlet polynomial, Balog [2] proved that D(N) = O ( N^{1+α2 +ε} ) (1.3)

for 1/2 ≤ α < 1. Throughout the paper, ε denotes an arbitrarily small positive constant, and m ∼ M means that M < m ≤ 2M. Harman [7] proved that (1.3) holds for α = 1/2 independently. Baker and Kolesnik [1] also proves that D(N) = O ( N^{157168 +ε} ) (1.4)

for α = 3/2 by Van der Corput’s method (essentially).

The aim of this paper is to use a new technique to study the case 5/3 ≤ α < 3, α ≠ 2. Previous methods only yield weak results in this interval. We shall combine the double large sieve inequality due to Bombieri and Iwaniec [4] and Heath-Brown’s method [8] to prove the following

Theorem 1. The estimate D(N) = O ( N^{1−δ+ε} ) (1.5)

holds for 5/3 ≤ α < 3, α ≠ 2, where

δ = δ(α) =

1/26, for 5/3 ≤ α ≤ 45/26; (5 − 2α)/40, for 45/26 < α ≤ 2.1, α ≠ 2; 1/50, for 2.1 < α ≤ 317/150; (9 − 3α)/133, for 317/150 < α ≤ 347/160; (5 − α)/151, for 347/160 < α ≤ 129/56; (3 − α)/39, for 129/56 < α < 3.

2. A special spacing problem

In 1989, Fouvry and Iwaniec [5] first used the double large sieve inequality to estimate exponential sums with monomials. If the exponential factor is large comparable to the variables,then it oscillates too rapidly and can’t be controlled by using the double large sieve inequality directly. In order to overcome this problem, Fouvry and Iwaniec appealed to Weyl’s method, which reduces the oscillatory behaviour of the exponential factor. Consequently it causes serious problems about the spacing of the resulting points. See Proposition 2 of Fouvry and Iwaniec [5] and Theorem 2 of Liu [11].

Sometimes if the exponential factor is very large, we have to use the Weyl’s shift two times. Thus it causes a new spacing problem.

In this section we shall investigate the spacing problem for the points

t(m, q; r) := (m + r + q)^α − (m − r + q)^α − (m + r − q)^α + (m − r − q)^α

(2.1)

where α(α − 1)(α − 2)(α − 3) ≠ 0, α ∈ R.

In this section all constants implied by “O”, “≪ ” depend only on α. Let M ≥ 100, Q ≥ 1, 1 ≤ r ≤ Q ≤ M/10, Δ > 0. We set T = rQM^{α−2} and L = log(2MQr). Thus for m ∼ M, q ∼ Q and r fixed, we have t(m, q; r) ∼ T . We use B(M, Q, Δ; r) to denote the number of quadruples (m, ~m, q, ~q) with m, ~m ∼ M; q, ~q ∼ Q and r fixed, such that |t(m, q; r) − t( ~m, ~q; r)| < ΔT. (2.2)

Our aim is to prove the following:

Theorem 2. Suppose that Q ≪ εM^{3/4} and r ≤ εQ, then we have

B(M, Q, Δ; r) ≪ (MQ + ΔM^2Q^2 + Q^{8/3}) log^4 2M;

(2.3)

If Q ≍ r, Q ≪ M^{2/3}, we have

B(M, Q, Δ; r) ≪ (MQ + ΔM^2Q^2 + M^{−2}Q^6) log^4 2M.

(2.4)

Remark 1. In Theorem 2, the condition r ≤ εQ can be replaced by r ≤ C(α)Q, where C(α) is a small constant depending only on α. If α > 1, then this condiction can be removed.

Remark 2. In applications, the contribution of (2.4) is always absorbed by the contribution of (2.3). Since (2.3) is proved only for r ≤ εQ, we state (2.4) for completeness of the Theorem.

Proof. Clearly (2.2) implies that | |t^1_{α−2} (m, q; r) − t^1_{α−2} ( ~m, ~q; r) | | < ΔT^1_{α−2} (2.5)

namely, | | |m^αα−2 f^1α−2 ( r m , q m ) − m̃^{αα−2} f^{1α−2} ( r m̃ , q̃ m̃ ) | | | ≪ ΔT^1α−2 , (2.6)

where

f(u, v) = (1 + u + v)^α − (1 + u − v)^α − (1 − u + v)^α + (1 − u − v)^α.

Using Taylor’s formula we have for β ≠ 0, |x| < 1/2

(1 + x)^β = 1 + C^1_βx + C^2_β x^2 + · · · + C^{11}_β x^{11} + O(|x|^{12}),

(2.7) where C^n_β =^{β(β−1)···(β−n+1)} n! . For |u| < 1/4, |v| < 1/4, it follows from (2.7) f(u, v) = 11∑ n=0 C^n_α ((u + v)^n − (−u + v)^n − (u − v)^n + (−u − v)^n) + O ( |u|^{12} + |v|^{12} )

=2 5∑ k=1 C^{2k}_α ( (u + v)^{2k} − (u − v)^{2k} ) + O ( |u|^{12} + |v|^{12} ) . (2.8)

Moreover,

(u + v)^{2k} − (u − v)^{2k} = 2k∑ n=0 C^n_{2k}u^nv^{2k−n} − 2k∑ n=0 C^n_{2k}u^n(−v)^{2k−n} (2.9)

= 2 k∑ n=1 C^{2n−1}_{2k} u^{2n−1}v^{2k−2n+1} = 2uv k∑ n=1 C^{2n−1}_{2k} u^{2n−2}v^{2k−2n}. Combining (2.6), (2.8) and (2.9) we get | | |m α α−2 ( rq m^2

)^{1α−2} g^{1α−2} ( r m , q m ) − m̃^{αα−2} ( rq̃ m̃^2

)^{1α−2} g^{1α−2} ( r m̃ , q̃ m̃ ) | | | ≪ ΔT 1 α−2 , where

g(u, v) = 2C^2_α + 5∑ k=2 C^{2k}_α k∑ n=1 C^{2n−1}_{2k} u^{2(n−1)}v^{2(k−n)} + O ( r^{12} + Q^{12} M^{10}Qr ) . By the mean value theorem and the condition r ≤ Q ≪ εM^{3/4}, we obtain | | |mh 1 α−2 ( r m , q m ) − m̃( q̃ q )^{1α−2} h^{1α−2} ( r m̃ , q̃ m̃ ) | | | (2.10)

≪ ΔM + M^{−5}(r^6 + Q^6), where

h(u, v) = 1 + d_1(u^2 + v^2) + d_2(3u^4 + 10u^2v^2 + 3v^4) + 5∑ k=4 C^{2k}_α 2C^2_α k∑ n=1 C^{2n−1}_{2k} u^{2(n−1)}v^{2(k−n)}

with d_1 =^{2C4α}_{C2α} , d_2 =^{C6α}_{C2α} .

Using (2.7) again and after a simple calculation, one has |ml(m, q : r) − m̃( q̃ q )^{1α−2} l(m̃, q̃ : r)| ≪ ΔM + M^{−5}(r^6 + Q^6),

(2.11)

where l(m, q : r) = 1 + A_1(q, r)m^{−2} + B_1(q, r)m^{−4}, with

A_1(q, r) =

2C^4_αC^1_{(α−2)−1} C^2_α

(r^2 + q^2) := d_3(r^2 + q^2)

(2.12)

B_1(q, r) =

C^6_αC^1_{(α−2)−1} C^2_α

(3r^4 + 10r^2q^2 + 3q^4) +

4(C^4_α)^2C^2_{(α−2)−1} (C^2_α)^2

(r^2 + q^2)^2

:= d_4(3r^4 + 10r^2q^2 + 3q^4) + d_5(r^2 + q^2)^2.

(2.13)

From (2.11) we see that m = ( ~q q ) 1_{α−2} ~m + O ( ΔM + M^{−1}(r^2 + Q^2) ) . (2.14)

By substituting (2.14) into (2.11) we find the first approximation

m = ( ~q q ) 1_{α−2} ~m + d_3 (( ~q q ) 1_{α−2} (r^2 + ~q^2) − ( q ~q ) 1_{α−2} (r^2 + q^2) ) ~m^{−1} (2.15)

+O ( ΔM + M^{−3}(r^4 + Q^4) ) . Again by substituting (2.15) into (2.11) we get a more precise approximation m = A(q, ~q) ~m + B(q, ~q; r) ~m^{−1} + C(q, ~q; r) ~m^{−3} (2.16) +O ( ΔM + M^{−5}(r^6 + Q^6) ) , where A(q, ~q) = ( ~q q ) 1_{α−2} , B(q, ~q; r) = d_3 (( ~q q ) 1_{α−2} (r^2 + ~q^2) − ( q ~q ) 1_{α−2} (r^2 + q^2) ) ,

C(q, ~q; r) = d^2_3 ( q ~q ) 2_{α−2} (( ~q q ) 1_{α−2} (r^2 + ~q^2) − ( q ~q ) 1_{α−2} (r^2 + q^2) ) (r^2 + q^2)

+ ( d_4(3r^4 + 10r^2 ~q^2 + 3~q^4) + d_5(r^2 + ~q^2)^2 ) ( ~q q ) 1_{α−2}

− ( d_4(3r^4 + 10r^2q^2 + 3q^4) + d_5(r^2 + q^2)^2 ) (q ~q ) 3_{α−2} . Let ‖x‖ = min_{n∈Z} |x − n|, e(x) = exp(2πix) and Δ_1 = ΔM + M^{−5}(r^6 + Q^6). We let B_0(M, Q, Δ_1; r) denote the number of triplets ( ~m, q, ~q) with ~m ∼ M; q, ~q ∼ Q, such that ‖A(q, ~q) ~m + B(q, ~q; r) ~m^{−1} + C(q, ~q; r) ~m^{−3}‖ ≪ ε^{−1}Δ_1. (2.17)

We assume that ΔM < 1/4, for otherwise Theorem 2 follows from (2.16). If ΔM < 1/4, we claim from (2.16) that B(M, Q, Δ; r) ≪ B_0(M, Q, Δ_1; r) (2.18)

Since B_0(M, Q, Δ_1; r) is non-decreasing in Δ_1, we have B_0(M, Q, Δ_1; r) ≤ B_0(M, Q, Δ_2; r),

(2.19)

where Δ_2 = ΔM + M^{−1}(r^{2/3} + Q^{2/3}).

Now we use the method of Fouvry and Iwaniec [5 ,p319—321] to estimate B_0(M, Q, Δ_2; r). For S > 0 we have the identity ∑ |s|<S ( 1 − |s| S ) e(sx) = 1 − {S} S ( sin πx[S] sin πx )_2 + {S} S ( sin πx[S + 1] sin πx )_2 . For fixed (q, ~q), the number of lattice points counted in B_0(M, Q, Δ_2; r) is bounded by S^{−1} ∑ 1≤s≤S | | | ∑ ~m∼M e(As ~m + Bs ~m^{−1} + Cs ~m^{−3}) | | | + Δ_2M,

(2.20)

where S = ε(4Δ_2)^{−1}.

Using our assumption and Lemma 4.8 of Titchmarsh [12], the innermost sum in (2.20) equals to ∫_{2M} M e(±‖As‖ξ + Bsξ^{−1} + Csξ^{−3})dξ + O(1) = I + O(1). (2.21)

Let f(t) = t^{2β}(r^2 + t^2) with β = 1/(α − 2),then f^′ (t) = 2βt^{2β−1}(r^2 + (α − 1)t^2).

(2.22)

Thus by the mean value theorem we have |B(q, ~q; r)| = |d_3(q~q)^{−β} (f(q) − f(~q))| (2.23)

= |2d_3(q~q)^{−β}q^{β−1}_0 (r^2 + (α − 1)q^2_0 )(q − ~q)| ≍ Q|q − ~q| for some q_0 ∼ Q,if r ≤ C(α)Q for some small C(α) > 0. It should be remarked that if α > 1, then this condition can be removed.

We always have |C(q, ~q; r)| ≪ |B(q, ~q; r)Q^2. This is trivial if |q − ~q| ≥ Q/20 since C(q, ~q; r) ≪ Q^4 . Now suppose |q − ~q| ≤ Q/20. For fixed t ≠ 0, we have q̃^t = q^t + O_t(|q̃ − q|q^{t−1}). Inserting this into the expression of C(q, ~q; r) we get the desired inequality.

If ‖As‖ ≥ 3s|B|M^{−2}, then by Lemma 4.2 of [12] we get I ≪ ‖As‖^{−1}, (2.24) and if ‖As‖ < 3s|B|M^{−2}, then by Lemma 4.4 of [12] we have I ≪ (|B|sM^{−3})^{−1/2}. (2.25) Combining (2.20)—(2.25) we have

B_0(M, Q, Δ_2; r) ≪ Δ_2MQ^2 + E_1(M, Q, Δ_2; r) + E_2(M, Q, Δ_2; r),

(2.26) where E_1(M, Q, Δ_2; r) = Δ_2 ∑ 1≤s≤S ∑ q,~q∼Q min ( M, 1 ‖As‖ ) , and E_2(M, Q, Δ_2; r) = Δ_2 ∑ (∗∗) min ( M, (|B|sM^{−3})^{−1/2} ) , (∗∗) : 1 ≤ s ≤ S; q, ~q ∼ Q; ‖As‖ < 3s|B|M^{−2}. E_j (M, Q, Δ_2; r)(j = 1, 2) can be estimated in the same way as Fouvry and Iwaniec [5](page 320), and we have E_1(M, Q, Δ_2; r) ≪ MQ log^3 2M,

(2.27)

E_2(M, Q, Δ_2; r) ≪ (MQ + Q^{8/3}) log^4 2M.

(2.28)

The estimate (2.3) follows from (2.26)—(2.28). To prove the estimate (2.4), we need only to consider ‖A(q, ~q) ~m + B(q, ~q; r) ~m^{−1}‖ ≪ ε^{−1}Δ_3, (2.29) where Δ_3 = ΔM + M^{−3}(r^4 + Q^4). Since the proof is almost the same as that of (2.3), we omit the details.

3. Some Preliminary Lemmas

In this section we quote some lemmas needed for our proof. We shall use the work of Heath-Brown [8] on the decomposition of sums ∑ P <n≤P_1 Λ(n)f(n) (3.1)

with P_1 ≤ 2P . Heath-Brown subdivides the sum (3.1) into expressions of the form ∑ X<x≤X_1 a(x) ∑ Y <y≤Y1 P <xy≤P_1 b(y)f(xy),

with X < X_1 ≤ 2X, Y < Y_1 ≤ 2Y , a(x) ≪ P^ε, b(y) ≪ P^ε for every fixed ε > 0. The above sum is usually called “Type I” sum if b(y) = 1 or b(y) = log y; Otherwise it is called “Type II” sum.

Lemma 1. Let f(n) (n = 1, 2, · · · ) be a complex valued function. Let P ≥ 2, P_1 ≤ 2P . Let u, v, z be positive numbers satisfying 2 ≤ u < v ≤ z ≤ P, (3.2)

u^2 ≤ z, 128uz^2 ≤ P_1, 2^{18}P_1 ≤ v^3.

(3.3)

Then the sum (3.1) may be decomposed into (log P )^6 sums, each of which is either of Type I with Y ≥ z or of Type II with u ≤ Y ≤ v.

Lemma 2. Let x_1, x_2, · · · , x_J be real and H ≥ 1. Then the discrepancy of sequence (x_j ),which is defined by

D := sup_{0≤γ≤1} | ∑ j≤J {x_j }≤γ 1 − Jγ|,

satisfies

D ≤ 6JH^{−1} + 4 H∑ h=1 h^{−1} | | | | J∑ j=1 e(hx_j ) | | | | . (3.4)

Lemma 3. Let L > K, Q > 0, and let z_k be complex numbers. We then have | | | | ∑ K<k≤L z_k | | | | 2 ≤ ( 2 + L − K Q ) ∑ |q|<Q (1 − |q| Q ) ∑ K<k±q≤L z_{k+q}z_{k−q}.

Lemma 4. Let X and Y be two finite sets of real numbers, X ⊂ [−X, X], Y ⊂ [−Y, Y ]. Then for any complex functions u(x) and v(y) we have | ∑ x∈X ∑ y∈Y u(x)v(y)|^2 ≤ 20(1 + XY ) ∑ x,x′ ∈X |x−x^′ |≤Y^{−1} |u(x)u(x^′ )| ∑ y,y′ ∈Y |y−y^′ |≤X^{−1} |v(y)v(y^′ )|.

Lemma 5. Let Q ≥ 1, m ∼ M, q ∼ Q. Let α(≠ 0, 1) be a real number, t(m, q) = (m + q)^α − (m − q)^α, T = M^{α−1}Q, and let A(M, Q, Δ) be the number of lattice points (m, m_1, q, q_1) such that m, m_1 ∼ M, q, q_1 ∼ Q, and |t(m, q) − t(m_1, q_1)| < ΔT. Suppose η is a sufficiently small positive constant. If Q < ηM^{3/4},then A(M, Q, Δ) ≪ (MQ + ΔM^2Q^2 + Q^{8/3}) log^4 4MQ, the implied constant relying at most on η and α.

Lemma 1 and 2 are Lemma 1 and 2 of Baker and Kolesnik [1] respectively. Lemma 3 is Lemma 2 of Fouvry and Iwaniec [5]. Lemma 4 is the double large sieve inequality, see Proposition 1 of Fouvry and Iwaniec [5]. Lemma 5 is Theorem 2 of Liu [11].

4. Estimations of Exponential Sums We first estimate the bilinear forms of type S(M, N) = ∑ m∼M ∑ n∼N a_mb_ne(hm^αn^α), (4.1)

with MN ∼ X and a_m ≪ 1, b_n ≪ 1.

Proposition 1. Suppose that^{223}_{139} < α < 3, α ≠ 2, 0 < θ <^3_{68} ,^{6−3α}_{37} ≤ θ ≤ 9−3α 97 , h ≤ X^θ. Then we have S(M, N) ≪ X^{1−θ+ε} (4.2) if X^{max(α+19θ−2,12θ)} ≪ N ≪ X^{min(α−1−2θ,1−32θ/3)}. (4.3)

Proof. Take Q_1 = [X^{2θ} ]. By Cauchy’s inequality and Lemma 3 we get |S(M, N)|^2 ≪ M^2N^2 Q_1 + MN Q_1

Q_1∑

q_1=1 ∑ m∼M

| | | | ∑ N<n≤2N−q_1 b_{n+q1} b_{n−q1} e (hm^αt(n, q_1)) | | | | ≪ M^2N^2 Q_1 + MN Q_1 log XS_1(Q^∗_1)

(4.4)

for some 1 ≪ Q^∗_1 ≪ Q_1, where

S_1(Q^∗_1) = ∑ q_1∼Q^∗_1 ∑ m∼M

| | | | ∑ N<n≤2N−q_1 b_{n+q1} b_{n−q1} e (hm^αt(n, q_1)) | | | | (4.5)

with t(n, q_1) = (n + q_1)^α − (n − q_1)^α.

It reduces to show that

S_1(Q^∗_1) ≪ MN log X.

(4.6)

Take Q_2 = [^{Q∗1}_{log X} ]^2 + 10. Using Lemma 3 again gives

|S_1(Q^∗_1)|^2 ≪

(Q^∗_1MN)^2

Q_2 + Q^∗_1MN log X Q_2

S_2(Q^∗_1, Q^∗_2)

(4.7)

for some 1 ≪ Q^∗_2 ≪ Q_2, where

S_2(Q^∗_1, Q^∗_2) = ∑ q_1∼Q^∗_1 ∑ q_2∼Q^∗_2 ∑ n∼N | | | | ∑ m∼M e (hm^αt(n, q_2; q_1)) | | | | (4.8)

and t(n, q_2; q_1) is defined by (3.1).

No loss of generality, we suppose that Q^∗_1 ≪ Q^∗_2. It suffices for us to show for fixed q_1 that

S_2(q_1) = ∑ q_2∼Q^∗_2 ∑ n∼N | | | ∑ m∼M e (hm^αt(n, q_2; q_1)) | | | ≪ MN log^3 X.

(4.9)

If Q^∗_1 ≫ Q^∗_2, we shall estimate the sum over q_1.

Take Q_3 = [^{Q∗2}_{log X} ]^2 + 10. Using Lemma 3 again, we get that

|S_2(q_1)|^2 ≪

(Q^∗_2MN)^2

Q_3 + Q^∗_2MN log X Q_3

S_3(Q^∗_2, Q^∗_3)

(4.10) for some 1 ≪ Q^∗_3 ≪ Q_3, where

S_3(Q^∗_2, Q^∗_3) = ∑ q_3∼Q^∗_3 ∑ m∼M

| | | | ∑ n∼N ∑ q_2∼Q^∗_2

e (ht(m, q_3)t(n, q_2; q_1)) | | | | . (4.11)

It is easy to show that Q_2 = o(N^{3/4}) and Q_3 = o(M^{3/4}). Let F = hM^αN^α and G =^{F Q∗1Q∗2Q∗3}_{MN 2} . It is easy to check that G ≫ 1. By Lemma 4 we obtain that |S_3(Q^∗_2, Q^∗_3)|^2 ≪ GAB,

(4.12)

where A is the number of quadruples (m, ~m, q_3, ~q_3) such that |t(m, q_3) − t( ~m, ~q_3)| ≪ (ht(N, Q^∗_2; Q^∗_1))^{−1} , for m, ~m ∼ M; q_3, ~q_3 ∼ Q^∗_3, and where B is the number of quadruples (n, ~n, q_2, ~q_2) such that

|t(n, q_2; q_1) − t(~n, ~q_2; q_1)| ≪ (ht(M, Q^∗_3))^{−1} , for n, ~n ∼ N; q_2, ~q_2 ∼ Q^∗_2. Then A, B can be estimated by Lemma 5 and Theorem 2, respectively; And we get that A ≪ ( MQ^∗_3 +

M^2Q^∗_3^2 G + Q^∗_3^{8/3} ) log^4 X

(4.13) and B ≪ ( NQ^∗_2 +

N^2Q^∗_2^2 G + Q^∗_2^{8/3} ) log^4 X.

(4.14)

Combining (4.12)—(4.14) we get that

S_3(Q^∗_2, Q^∗_3)^2 log^{−8} X ≪ F N^{−1}Q^∗_1(Q^∗_2Q^∗_3)^2 + M^2N^2Q^∗_2^2 + F N^{−2}Q^∗_1Q^∗_2^{11/3}Q^∗_3^2 + M^2NQ^∗_2Q^∗_3^2 + M^3N^4Q^∗_2Q^∗_3F^{−1}Q^∗_1^{−1} + M^2Q^∗_2^{8/3}Q^∗_3^2 + F (MN)^{−1}Q^∗_1Q^∗_2^2Q^∗_3^{11/3} + F^{−1}M^{−1}N^{−2}Q^∗_1(Q^∗_2Q^∗_3)^{11/3}.

(4.15)

Now it is easy to check that under the conditions of Proposition 1 we have S_3(Q^∗_2, Q^∗_3) ≪ MNQ^∗_2 log^4 X.

(4.16)

Thus Proposition 1 follows from inserting (4.16) into (4.10).

Proposition 2. Suppose that 2 < α < 3, 0 < θ ≤^{3−α}_{39} , 0 < θ ≤^3_{136} , 0 < θ ≤^{12−3α}_{269} , and 0 < θ ≤^α_2 − 1, h ≤ X^θ. Then (4.2) holds for

X^{24θ} ≪ N ≪ X^{min}(^{12−3α−197θ3 ,1− 643 θ}).

(4.17)

Proof. Take Q_1 = [X^{2θ} ] and Lemma 3 gives us

|S(M, N)|^2 ≪ M^2N^2

Q_1 + MN log X Q_1 ∑ q_1∼Q^∗_1 ∑ n∼N | | | ∑ m∼M e (hm^αt(n, q_1)) | | | (4.18)

for some 1 ≪ Q^∗_1 ≪ Q_1.

Let S_1 denote the triple exponential sum in the right side of (4.18). Take Q_2 = [^{Q∗1}_{log X} ]^2 + 10 and Lemma 3 gives

(4.19) |S_1|^2 ≪

(Q^∗_1MN)^2

Q_2 + Q^∗_1MN log X Q_2 ∑ q_2∼Q^∗_2 ∑ m∼M

| | | | ∑ n∼N ∑ q_1∼Q^∗_1 e (ht(m, q_2)t(n, q_1)) | | | | for some 1 ≪ Q^∗_2 ≪ Q_2.

Let S_2 denote the quadruple sum in the right side of (4.19). Take Q_3 = [^{Q∗2}_{log X} ]^2 + 10 and Lemma 3 gives

|S_2|^2 ≪

(Q^∗_1Q^∗_2MN)^2 Q_3 + Q^∗_1Q^∗_2MN log X Q_3

S_3

(4.20)

for some 1 ≪ Q^∗_3 ≪ Q_3, where

S_3 = ∑ q_1∼Q^∗_1 ∑ q_3∼Q^∗_3 ∑ n∼N

| | | | ∑ m∼M ∑ q_2∼Q^∗_2

e (ht(m, q_2)t(n, q_3; q_1)) | | | | . No loss of generality we suppose that Q^∗_1 ≪ Q^∗_3; Otherwise we estimate the sum over q_1. Thus we have

S_3 ≪ ∑ q_1∼Q^∗_1

S_4(q_1),

(4.21)

where

S_4(q_1) = ∑ q_3∼Q^∗_3 ∑ n∼N

| | | | ∑ m∼M ∑ q_2∼Q^∗_2

e (ht(m, q_2)t(n, q_3; q_1)) | | | | .

Take Q_4 = [^{Q∗3}_{log X} ]^2 + 10 and Lemma 3 gives

|S_4(q_1)|^2 ≪

(Q^∗_2Q^∗_3MN)^2

Q_4 + Q^∗_2Q^∗_3MN log X

Q_4

S_5

(4.22) for some 1 ≪ Q^∗_4 ≪ Q_4, where

S_5 = ∑ q_2∼Q^∗_2 ∑ q_4∼Q^∗_4 ∑ m∼M

| | | | ∑ n∼N ∑ q_3∼Q^∗_3

e (ht(m, q_4; q_2)t(n, q_3; q_1)) | | | | . Again we suppose that Q^∗_2 ≪ Q^∗_4. Let

S_6(q_1, q_2) = ∑ q_4∼Q^∗_4 ∑ m∼M

| | | ∑ n∼N ∑ q_3∼Q^∗_3

e (ht(m, q_4; q_2)t(n, q_3; q_1)) | | | , and G =^{F Q∗1Q∗2Q∗3 Q∗4} M^2N^2 .

By Lemma 4 we get that |S_6(q_1, q_2)|^2 ≪ GB_1B_2,

(4.23) where B_1 denotes the number of quadruples (m, ~m, q_4, ~q_4) such that |t(m, q_4; q_2) − t( ~m, ~q_4; q_2)| ≪ (ht(N, Q^∗_3; Q^∗_1))^{−1} , for m, ~m ∼ M; q_4, ~q_4 ∼ Q^∗_4, and where B_2 is the number of quadruples (n, ~n, q_3, ~q_3) such that |t(n, q_3; q_1) − t(~n, ~q_3; q_1)| ≪ (ht(M, Q^∗_4; Q^∗_2))^{−1} , for n, ~n ∼ N; q_3, ~q_3 ∼ Q^∗_3. By Theorem 2, we have

B_1 ≪ ( MQ^∗_4 +

M^2Q^∗_4^2 G + Q^∗_4^{8/3} ) log^4 X

(4.24) and B_2 ≪ ( NQ^∗_3 +

N^2Q^∗_3^2 G + Q^∗_3^{8/3} ) log^4 X.

(4.25)

Combining (4.23)—(4.25) we obtain S_6(q_1, q_2) ≪ MNQ^∗_3 log^4 X

(4.26) under the conditions of Proposition 2. Now Proposition 2 follows from (4.18)—(4.22) and (4.26).

Next we estimate the triple sum S(H, M, N) = ∑ h∼H ∑ m∼M ∑ n∼N a_mb_nc_he(hm^αn^α), (4.27)

with MN ∼ X and a_m ≪ 1, b_n ≪ 1, c_h ≪ 1.

Proposition 3. Suppose that 3/2 < α < 3, 0 < θ ≤^{3−α}_{30} . Then for X^{2θ} ≪ N ≪ X^{1/3}, we have S(H, M, N) ≪ HX^{1−θ+ε}. (4.28)

Proof. We apply Heath-Brown’s method [8]. Suppose 1 ≤ Q ≤ HN is a parameter to be specified later. For a fixed q(1 ≤ q ≤ Q), define T_q = {(n, h) : n ∼ N, h ∼ H, 16N^αH(q − 1) Q < hn^α ≤ 16N^αHq Q }. Then we have S(H, M, N) = Q∑ q=1 ∑ m∼M a_m ∑ (n,h)∈T_q b_nc_he(hm^αn^α). Cauchy’s inequality gives |S(H, M, N)|^2 ≪ QM ∑ q ∑ m∼M

| | | ∑ (n,h)∈T_q b_nc_he(hm^αn^α) | | | 2

≪ QM ∑ (∗) | | | | ∑ m∼M e(m^αλ) | | | | , (4.29)

where λ = h_1n^α_1 −h_2n^α_2 , and (*) denotes a sum over h_1, h_2 ∼ H, n_1, n_2 ∼ N such that |λ| ≪ HN^αQ^{−1}. Applying the exponent pair (^1_{14} ,^{11}_{14} ) we have ∑ m∼M e(m^αλ) ≪ min ( M, M M^α|λ| ) + M^{α+1014} |λ|^{114} .

(4.30)

By the same argument as in Heath-Brown [8], we get that

|S(H, M, N)|^2X^{−ε} ≪ M^2NHQ + H^{2914} M^{α+2414} N^{α+2814} Q^{−114} .

(4.31) if 1 ≪ Q ≪ HN. Finally take Q = [HNX^{−2θ}] and Proposition 3 follows.

5. Proof of Theorem 1 Let D_P denote the discrepancy of the sequence {p^α : p ∼ P }. By a simple splitting argument, there exists a P such that 1 ≤ P ≤ N and D(N) ≪ D_P log N. (5.1)

Suppose P ≫ N^{1/2}. Let H_0 = [P^δ], where δ is given in Theorem 1. Applying Lemma 2, we obtain

D_P ≪ P^{1−δ} + ∑ h≤H_0 h^{−1} | | | ∑ p∼P e(hp^α) | | |

≪ P^{1−δ} + P^{1/2} log P + ∑ h≤H_0 h^{−1} | | | | ∑ P <n≤P_1 Λ(n)e(hn^α) | | | | ≪ log P P^{1−δ} + H^{−1} ∑ h∼H

| | | ∑ P <n≤P_1 Λ(n)e(hn^α) | | |

(5.2)

for some 1 ≪ H ≪ H_0 and P < P_1 ≤ 2P .

Applying Lemma 1 with f(n) = e(hn^α), we find

D_P log^{−1} P ≪ P^{1−δ} + H^{−1} ∑ h∼H |S(h)|, (5.3)

where S(h) is either a Type I sum with Y ≥ 8^{−1}P^{1/2−δ} or a Type II sum with

8^{−1}P^{2δ} ≤ Y ≤ 2^7P^{1/3} If S(h) is a Type II sum, then by Proposition 3 (take θ = δ) we have ∑ h∼H |S(h)| ≪ HP^{1−δ+ε}. (5.4)

It suffices for us to show that for any S(h) of Type I we have S(h) ≪ P^{1−δ+ε}. (5.5)

We prove (5.5) by Propositions 1 and 2.

Case 1.^5_3 ≤ α ≤^{45}_{26} .

In this interval, we have δ =^1_{26} . We take θ =^1_{26} in Proposition 1 and we find that (5.5) holds for P^{6/13} ≪ Y ≪ P^{23/39}. For Y ≫ P^{23/39}, using the exponent pair (^1_{14} ,^{11}_{14} ) on the sum over y and estimating the sum over x trivially, we get S(h)P^{−ε} ≪ X ( hX^αY^{α−1} ) 1_{14} Y^{1114} ≪ P^{911+78α14·78} ≪ P^{2526} .

(5.6)

Case 2.^{45}_{26} < α ≤^{21}_{10} .

In this interval, we have δ =^{5−2α}_{40} . By Proposition 1 we have (5.5) holds for P^12^{−δ} ≪ Y ≪ P^{8α−5}15 . We use the exponent pair (^1_{14} ,^{11}_{14} ) again for Y ≫ P^{8α−5}15 .

Case 3.^{21}_{10} < α ≤^{317}_{150} .

In this interval, we have δ =^1_{50} . By Proposition 2 we see that (5.5) holds for P^12^{−δ} ≪ Y ≪ P^{43}75 . For Y ≫ P^{43}75 we use the exponent pair (^1_{30} ,^{26}_{30} ) and (5.5) still holds.

Case 4.^{317}_{150} < α ≤^{347}_{160} .

In this interval, we have δ =^{9−3α}_{133} and (5.5) can be proved as the same in Case 3.

Case 5.^{347}_{160} < α ≤^{129}_{56} .

In this case, we have δ =^{5−α}_{151} . By Proposition 2 we know that (5.5) holds for P^12^{−δ} ≪ Y ≪ P^12 . For P^12 ≪ Y ≪ P^{1−24δ}, (5.5) also follows from Proposition 2 with X and Y interchanged. For Y ≫ P^{1−24δ} , we use the exponent pair (^1_{30} ,^{26}_{30} ) again.

Case 6.^{129}_{56} < α < 3.

In this case, we have δ =^{3−α}_{39} and (5.5) could be proved as the same in Case 5.

Combining all the above, we see that (5.5) holds in any cases. This completes the proof of Theorem 1.

Acknowledgement. The authors thank the referee for his valuable suggestions.

References

[1] R. C. Baker, G. Kolesnik, On the distribution of p^α modulo one, J. Reine Angew. Math.

356 (1985), 174–193.

[2] A. Balog, On the fractional part of p^θ , Arch. Math. 40 (1983), 434–440. [3] A. Balog, On the distribution of p^θ (mod1), Acta. Math. Hungar. 45 (1985), 179–199 [4] E. Bombieri and H. Iwaniec, On the order of ζ(^1_2 + it), Ann. Scuola Norm. Sup. Pisa. 13 (1986), 449–472.

[5] E. Fouvry, H. Iwaniec, Exponential sums with monomials, J. Number Theory 33 (1989), 311–333.

[6] S.A. Gritsenko, On a problem of I. M. Vinogradov (in Russian), Mat. Zametki 39 (1986), 625–650 [7] G. Harman, On the distribution of √ p modulo one, Mathematika 30 (1983), 104–110.

[8] Heath-Brown, D. R. Heath-Brown, The Pjatecskil-Sapiro prime number theory, J. Number Theory 16 (1983), 242–266.

[9] R.M.Kaufman, The distribution of √ p, Mat. Zametki 26 (1979), 497–504 [10] Leitmann, On the distribution of some sequences, J. London Math. Soc. 14 (1976), 430–432. [11] H.-Q Liu, On the number of abelian groups of a given order(supplement), Acta Arith. 64 (1993), 285–296.

[12] E. C. Titchmarsh, The Theory of Riemann Zeta Function, Oxford, 1951. [13] R. C. Vaughan, The Hardy-Littlewood Method, Cambridge, 1981.

[14] I. M. Vinogradov, Special Variants of the Method of Trigonometric sums (in Russian), Izda.

Nauka, Moskow, 1976.

Xiaodong Cao Beijing Institute of Petro-chemical Technology Daxing, Beijing 102600 P. R. China E-mail : biptiao@info.iuol.cn.net

Wenguang Zhai Department of Mathematics Shandong Normal University Jinan, Shandong 250014 P. R. China E-mail : wgzhai@jn-public.sd.cninfo.net