Journal de Théorie des Nombres de Bordeaux 14 (2002), 553–560

Polynomial growth of sumsets in abelian semigroups

par Melvyn B. NATHANSON^∗ et Imre Z. RUZSA^{∗∗}

To Michel Mendès France

Résumé. Soit S un semi-groupe abélien et A un sous-ensemble fini de S. On désigne par hA l’ensemble de toutes les sommes de h éléments de A, et par |hA| son cardinal. On montre, par des arguments élémentaires de comptage de points dans les réseaux, qu’il existe un polynôme p(t) tel que pour tout entier h assez grand |hA| = p(h). Plus généralement, on étend ce résultat aux ensembles h_1A_1 +· · ·+h_rA_r en obtenant la croissance polynomiale du cardinal en termes des variables h_1, h_2, . . . , h_r.

Abstract. Let S be an abelian semigroup, and A a finite subset of S. The sumset hA consists of all sums of h elements of A, with repetitions allowed. Let |hA| denote the cardinality of hA. Elementary lattice point arguments are used to prove that an arbitrary abelian semigroup has polynomial growth, that is, there exists a polynomial p(t) such that |hA| = p(h) for all sufficiently large h. Lattice point counting is also used to prove that sumsets of the form h_1A_1 + · · · + h_rA_r have multivariate polynomial growth.

Melvyn B. Nathanson Department of Mathematics Lehman College (CUNY) Bronx, New York 10468 USA E-mail : nathansn@alpha.lehman.cuny.edu

Imre Z. Ruzsa Alfréd Rényi Mathematical Institute Hungarian Academy of Sciences

Manuscrit reçu le 19 janvier 2001.

This work was begun while the authors were participants in the Combinatorial Number Theory Workshop, which was organized and supported by the Erdős Center in Budapest, Hungary.

∗Supported in part by the Hungarian National Foundation for Scientific Research, Grants No. T 025617 and T 29759.

∗∗Supported in part by grants from the PSC–CUNY Research Award Program and the NSA Mathematical Sciences Program.

554 Melvyn B. Nathanson, Imre Z. Ruzsa

Budapest, Pf. 127 H-1364 Hungary E-mail : ruzsa@renyi.hu