124 (1999) MATHEMATICA BOHEMICA No. 2–3, 231–244

MODULAR INEQUALITIES FOR THE HARDY AVERAGING OPERATOR Hans P. Heinig, Hamilton (Received November 24, 1998)

Dedicated to Professor Alois Kufner on the occasion of his 65th birthday Abstract. If P is the Hardy averaging operator—or some of its generalizations, then weighted modular inequalities of the form ∫ uφ(P f) � C ∫ vφ(f)

are established for a general class of functions φ. Modular inequalities for the two- and higher dimensional Hardy averaging operator are also given.

Keywords: Hardy inequality, modular inequality, weight functions MSC 2000 : 26D15, 46E30, 46M35, 26A33

1. Introduction Let P denote the Hardy averaging operator

(P f)(x) = 1 x ∫_x 0 f, x > 0, f � 0,

then the classical Hardy inequality asserts that for 1 < p < ∞, the inequality

(1.1)

∫_∞ 0 (P f)(x)^p dx � ( p p − 1

)_p ∫ ∞ 0 f(x)^p dx

holds.

Research supported by NSERC Grant A-4837.

Here and in the sequel, functions are assumed to be measurable, weight functions, denoted by u, v and w, are locally integrable, and the left sides of inequalities exist if the right sides do. Also, constants are positive and denoted (sometimes with subscripts) by C.

Extensive generalizations and applications of (1.1) exist and we refer to [9] and the bibliography cited there.

The generalizations considered here are the modular forms of (1.1), obtained by replacing the power function φ(x) = x^p, p > 1 by a general function φ. To explain some results in this direction, the notion of N-function is required.

A function φ: R_+ → R_+ is an N-function if it has the form

φ(x) =

∫_x 0 p(t) dt, x > 0,

where p is non-decreasing, right continuous on R_+ with p(0+) = 0, p(∞) = ∞, p(t) > 0 if t > 0, and lim x→0+

φ(x) x = lim_{x→∞} x φ(x)

= 0.

The complementary function ~φ of φ is given by ~φ(y) = sup_{x>0}{xy − φ(x)}. Recall also that a function φ: R_+ → R_+ satisfies the Δ_2 condition (φ ∈ Δ_2), if there is a constant C > 1, such that φ(2x) � Cφ(x) for all x > 0.

Let v be a weight function, V (x) =

∫_x 0 v, such that V (∞) = ∞, then (see [6]) for any N-function φ

(1.2)

∫_∞ 0 φ [ 1 V (x)

∫_x 0 fv ] v(x) dx �

∫_∞ 0 φ[Cf(x)]v(x) dx

holds, if and only if ~φ ∈ Δ_2. (For other weighted generalizations of this type see [7]).

If φ is not an N-function, then modular inequalities of the form (1.2) (with v ≡ 1) still hold. For example, if φ: R_+ → R_+ and φ(0+) = 0 then (see [1])

(1.3)

∫_∞ 0 φ[(P f)(x)] dx � C_1

∫_∞ 0 φ(C_2f(x)) dx

is satisfied, if and only if, for all t > 0 t ∫_t 0 φ(y) y^2 dy � 2C_1φ(2C_2t)

holds.

In this and the previous result the functions φ are increasing and satisfy φ(0+) = 0. However, it is well known that (1.1) holds also for the negative index p. In fact, the function φ(x) = x^α, α < 0 is neither an N-function, nor does it satisfy the condition of the previous result, yet (1.3) holds for this function. This follows from a general result of Levinson ([8]), who proved in 1964 that if φ: R_+ → R_+ satisfies

(1.4) φ(x)φ^{′′} (x) � ( 1 − 1 p ) [φ^′(x)]^2, x > 0

for some p > 1, then modular inequalities of the form (1.3) with C_1 = (p/(p − 1))^p and C_2 = 1 hold.

The object of this paper is to extend Levinson’s results to modular inequalities involving weights and to consider operators more general than the averaging operator. Specifically we prove (1.2) where φ is not necessarily an N-function but satisfies a condition similar, but more general than (1.4).

Recall that the limiting case p → ∞ in (1.1) yields the inequality

(1.5)

∫_∞ 0 exp((P g)(x)) dx � e

∫_∞ 0 exp(g(x)) dx

due to Knopp ([4, Thm. 2.50]) (actually the inequality is in the form exp g(x) = f(x)), and various weighted generalizations of (1.5) are known (cf. [5], [10]). Here we shall show via a simple adaptation of the method in [8] that the function φ(x) = exp x in the weighted analogue of (1.5) can be replaced by any convex function φ satisfying (1.4) with p = ∞.

If 0 < p � 1 then it is known that (1.1) fails unless the L^p-spaces on the right are replaced by the Hardy spaces H_p. If however the range of integration is finite, then such inequalities hold, where the constant depends on the length of the interval.

In the next section, we begin with a characterization of functions for which such “finite” Hardy inequalities hold. This result is an adaptation of Kolmolgorov’s principle ([2]) and seems to be new. Following this, weighted extension of Levinson’s modular inequalities are given. The final section contains weighted modular inequalities for the two-dimensional and n-dimensional case.

2. A modular characterization and weighted extensions of Levinson’s modular inequality

The first result is a characterization for the averaging operator over finite intervals (0, ℓ) ℓ > 0, via an adaptation of Kolmolgorov’s principle ([2]).

Theorem 2.1. Suppose φ: R_+ → R_+ is increasing, differentiable, and satisfies φ(0+) = 0, lim_{x→∞}^{φ(x)}_x = 0. Then

(2.1)

∫_ℓ 0 φ(P f(x)) dx � Cℓψ (1 ℓ ∫_ℓ 0 f ) , f � 0 is satisfied for all ℓ ∈ (0, ∞), if and only if, for each t > 0

(2.2) t

∫_∞ t φ(y) y^2 dy � Cψ(t).

Here the constants in (2.1) and (2.2) are the same.

Proof. If χ_{(0,ℓ)} denotes the characteristic function of the interval (0, ℓ) then the distribution function of χ_{(0,ℓ)}P f is

λ_{χ(0,ℓ) P f} (y) = | | | { x ∈ (0, ∞):

χ_{(0,ℓ)}(x) x ∫_x 0 f > y }| | � min ( ℓ, ‖f‖_1 y ) ,

where |E| denotes Lebesgue measure of E and ‖f‖_1 =

∫_ℓ 0 f. Applying Fubini’s theorem, then for any s > 0

∫_ℓ 0 φ((P f)(x)) dx =

∫_∞ 0 φ^′(y)λ_{χ(0,ℓ) P f} (y) dy � ℓ ∫_s 0 φ^′(y) dy + ‖f‖_1

∫_∞ s φ^′(y) y dy. But as a function of s, the minimum of the right side occurs at s = ‖f‖_1/ℓ, so that

∫_ℓ 0 φ((P f)(x)) dx � ℓφ

(‖f‖_1 ℓ ) + ‖f‖_1 [ φ(y) y | | |^∞_{‖f ‖1/ℓ} +

∫_∞

‖f ‖_1/ℓ

φ(y) y^2 dy ]

= ℓ ‖f‖_1 ℓ ∫_∞

‖f ‖_1/ℓ

φ(y) y^2 dy � Cℓψ

(‖f‖_1 ℓ ) .

Here (2.2) was applied with t = ‖f‖_1/ℓ. Therefore (2.2) implies (2.1).

Conversely, let f(y) = ℓχ_{(0,t)}(y), t > 0 fixed, in (2.1) then (P f)(x) =^ℓ_x min(x, t), so that for t < ℓ ∫_t 0 φ(ℓ) dx +

∫_ℓ t φ ( ℓt x ) dx � Cℓψ(t)

or via the change of variable tℓ/x = y

tφ(ℓ) + ℓt

∫_ℓ t φ(y) y^2 dy = tℓ [ φ(ℓ) ℓ + ∫_ℓ t φ(y) y^2 dy ] � Cℓψ(t).

But since (2.1) holds for all ℓ > 0, then the condition^{φ(ℓ)}_ℓ → 0 as ℓ → ∞, shows that this implies (2.2). □

Note that φ(t) = t^α, 0 < α < 1, satisfies the conditions of the theorem with ψ(t) = t^α and C = 1/(1 − α), so that (2.1) holds in this case.

Another example is obtained by taking φ(t) = log(1 + t), t > 0, then (2.1) holds with C = 1 and ψ(t) = log(1 + t) + t log

(_{1+t} t ) . To give the weighted extensions of Levinson’s modular inequality we require the following:

Definition 2.1. A function φ: (a, b) → R_+ , 0 � a < b � ∞, belongs to the class Φ_p, p > 1, if φ(x)φ^{′′} (x) � (1 − 1/p)[φ^′(x)]^2

holds for all x > 0. If p = ∞ we write Φ_∞ = Φ.

Clearly Φ ⊂ Φ_p, and since φ(x) = x^q , q � p is in Φ_p but not in Φ, the inclusion is strict.

Note that φ(t) = t^{−a}, a > 0, φ(t) = e^{−ta} , 0 < a � 1, φ(t) = e^{tb} , b � 1 are in the class Φ and hence in Φ_p for any p > 1. However, if in the last two examples a > 1, respectively, 0 < b < 1 then neither of these functions is in Φ_p for any p > 1.

Lemma 2.1.

(i) If φ ∈ Φ_p, p > 1, then ψ = φ^{1/p} is convex. (ii) If φ ∈ Φ, then ψ = log φ is convex.

Proof. We only need to show that ψ^{′′} � 0. Since for (i) p(p − 1)ψ^{2p−2}(ψ^′)^2 + pψ^{2p−1}ψ^{′′} = φφ^{′′} � (1 − 1/p)p^2ψ^{2p−2}(ψ^′)^2 and for (ii), ψ^{′′} =^{φφ′′−(φ′)2}_{(φ)2} if φ ∈ Φ, it follows in each case that ψ^{′′} � 0. □

In what follows, we shall always assume that domain of φ is so chosen that it contains the range of f � 0.

The weighted extension of Levinson’s result [8] is the following:

Theorem 2.2.

(i) If φ ∈ Φ_p, p > 1, and sup_{r>0}

(∫_∞ r u(t) t^p dt

)_{1/p} (∫_r 0 v(t)^{1−p′} dt

)_{1/p}′ < ∞, then

(2.3)

∫_∞ 0 uφ(P f) � C

∫_∞ 0 vφ(f).

(ii) If φ ∈ Φ, and v(x) = x^α

∫_∞ x u(t) t^{α+1} dt, α > 0 then (2.3) holds with C = e α.

Proof. (i) By Lemma 2.1 (i), ψ = φ^{1/p} is convex, hence by Jensen’s inequality and the well known weight conditions of Muckenhoupt (cf. [9]) we obtain ∫_∞ 0 u(x)φ ( 1 x ∫_x 0 f ) dx �

∫_∞ 0 u(x) [ 1 x ∫_x 0 ψ(f(t)) dy

]_p dx � C ∫_∞ 0 v(x)ψ(f(x))^p dx = C ∫_∞ 0 v(x)φ(f(x)) dx,

which proves the first part.

For the second part we apply Lemma 2.1 (ii), Jensen’s inequality and the fact that

−α =

∫_1 0 log y^α dy, α > 0.

Interchanging the order of integration twice (Fubini) and making obvious changes of variables yields ∫_∞ 0 uφ(P f) =

∫_∞ 0 u(x) exp [ ψ ( 1 x ∫_x 0 f )] dx � ∫_∞ 0 u(x) exp [ 1 x ∫_x 0 ψ(f(t)) dt ] dx = ∫_∞ 0 u(x) exp [ 1 x ∫_x 0 log φ(f(t)) dt ] dx = ∫_∞ 0 u(x) exp

[ ∫ 1 0 log φ(f(xy)) dy ] dx = e^α

∫_∞ 0 exp [ ∫ 1 0 log[y^αφ(f(xy))] dy ] dx � e^α

∫_∞ 0 u(x)

∫_1 0 y^αφ(f(xy)) dy dx

= e^α

∫_1 0 y^α

∫_∞ 0 u(x)φ(f(xy)) dx dy

= e^α

∫_1 0 y^{α−1}

∫_∞ 0 u ( t y ) φ(f(t)) dt dy

= e^α

∫_∞ 0 φ(f(t))

∫_1 0 y^{α−1}u ( t y ) dy dt

= e^α

∫_∞ 0 φ(f(t)) [ t^α

∫_∞ t u(x) x^{α+1} dx ] dt from which the result follows. □

If u = v = 1 in the first part of the theorem, then the constant in (2.1) is [p/(p−1)]^p and we obtain the result in [8]. If u(x) = 1 then v(x) =^1_α , and since min α^{−1}e^α = e, then with φ(x) = e^x we obtain from the second part of the theorem a result of Knopp [4, Thm. 2.50].

Note that if φ is monotone, so that φ^{−1} exists, then we obtained ∫_∞ 0 u(x)φ ( 1 x ∫_x 0 φ^{−1}(f) ) dx � e^α

∫_∞ 0 v(x)f(x) dx.

Such inequalities when φ(x) = e^x were studied in [5] and [10] where weight characterizations were also given.

It is clear that the argument of Theorem 2.2 carries over to more general positive integral operators of the form

(Kf)(x) =

∫_∞ 0 k(x, y)f(y) dy f � 0

where the kernel satisfies certain natural conditions.

Corollary 2.1. Suppose φ ∈ Φ_p, p > 1 and the kernel k is homogeneous of degree −1. If ∫_∞ 0 k(x, y) dy = 1 and

∫_∞ 0 k(1, t)t^{−1/p} dt = C < ∞,

then ∫_∞ 0 φ[(Kf)(x)] dx � C^p

∫_∞ 0 φ(f(x)) dx.

Proof. Since ψ = φ^{1/p} is convex by Lemma 2.1, then Jensen’s inequality yields

ψ[(Kf)(x)] �

∫_∞ 0 k(x, y)ψ(f(y)) dy =

∫_∞ 0 k(1, t)ψ(f(xt)) dt.

Integrating and applying Minkowski’s inequality shows that

∫_∞ 0 ψ[(Kf)(x)] dx =

∫_∞ 0 [ψ((Kf)(x))]^p dx �

∫_∞ 0 [ ∫ ∞ 0 k(1, t)ψ(f(xt)) dt

]_p dx � { ∫ ∞ 0 k(1, t)

( ∫ ∞ 0 ψ(f(xt))^p dx

)_{1/p} dt }_p

= { ∫ ∞ 0 t^{−1/p}k(1, t)

( ∫ ∞ 0 ψ(f(y))^p dy

)_{1/p} dt }_p

= C^p

∫_∞ 0 φ(f(y)) dy.

If α > 0, then the kernel k(x, y) = αx^{−α}(x−y)^{α−1}χ_{(0,x)}(y) satisfies the conditions of the Corollary, and hence the result holds in this case.

A modification of the conditions on the kernel provides also results for φ ∈ Φ. □

It is reasonable to assume that Levinson’s method carries over to other than L^pmappings of operators. This is indeed possible if one generalizes the Φ_p classes of Definition 2.1. To do this, note that if P is an N-function, then P is convex and hence P^{′′} � 0 exists a.e. We require however that for an N-function P^{′′} exists everywhere.

Definition 2.2. Let P be an N-function, such that P^{′′}(x) � 0, x ∈ R_+ , and that ~P ∈ Δ_2. We say that the function

φ: (a, b) → R_+ 0 � a < b � ∞,

belongs to Φ^N_γ if

(2.4) φ(x)φ^{′′} � γ[φ^′(x)]^2

is satisfied, where γ = sup_{0<x}^{P ′′ (x)P (x)}_{[P ′ (x)]2} .

If γ = 1 we write φ ∈ Φ^N .

Note that if P (x) = x^p/p, p > 1, then ~P (x) = x^{p′} /p^′ ∈ Δ_2 and

P^{′′}(x)P (x)/[P^′(x)]^2 = 1 −^1_p ,

so this generalized class contains the class of Definition 2.1. Also the N-function given by P (x) =

∫_x 0 (e^t − 1) dt

satisfies Definition 2.2. In fact a straightforward calculation shows that the complementary function ~P of P is

~P (x) =

∫_x 0 ln(y + 1) dy = (x + 1) ln(x + 1) − x,

which is clearly in Δ_2. Moreover, since sup_{x>0}^{P ′′ (x)P (x)}_{[P ′ (x)]2} = 1 it follows that P ∈ Φ^N .

A generalization of Theorem 2.2 (i) is the following:

Theorem 2.3. Suppose φ ∈ Φ^N_γ and v a weight function and V (x) =

∫_x 0 v where V (∞) = ∞. Then ∫_∞ 0 φ [ 1 V (x)

∫_x 0 fv ] v(x) dx �

∫_∞ 0 φ(Cf(x))v(x) dx.

Proof. First we show that ψ = P^{−1}(φ) is convex. Since φ = P (ψ), φ^′ = P^′(ψ)ψ^′; φ^{′′} = P^{′′}(ψ)(ψ^′)^2 + P^′(ψ)(ψ^{′′}), so (2.4) is satisfied if and only if

P (ψ) [ (ψ^′)^2P^{′′}(ψ) + P^′(ψ)ψ^{′′} ] � γ [P^′(ψ)ψ^′]^2

is satisfied. But this is equivalent to

P^′(ψ)ψ^{′′} �

P^′(ψ)^2(ψ^′)^2 P (ψ) [ γ − P^{′′}(ψ)P (ψ)

[P^′(ψ)]^2 ] . But since the right side is non-negative it follows that ψ^{′′} � 0.

Now since ψ is convex, Jensen’s inequality yields

∫_∞ 0 φ [ 1 V (x)

∫_x 0 fv ] v(x) dx =

∫_∞ 0 P [ ψ ( 1 V (x)

∫_x 0 fv )] v(x) dx � ∫_∞ 0 P [ 1 V (x)

∫_x 0 ψ(f(t))v(t) dt ] dx �

∫_∞ 0 P [Cψ(x)]v(x) dx � ∫_∞ 0 P ψ(Cf(x))v(x) dx =

∫_∞ 0 φ(Cf(x))v(x) dx.

Since C > 1 (w.l.g.) the last inequality follows from the convexity of ψ and the second to last inequality is (1.2) of [6]. (Note that the characterization of (1.2) requires V (∞) = ∞ only in the necessity part.) □

3. Higher dimensional cases

Higher dimensional analogues of the previous results can be given. Here we consider first the two dimensional case, where the two dimensional averaging operator is defined by

(P_2f)(x, y) = 1 xy ∫_x 0 ∫_y 0 f(s, t) dt ds x, y > 0, f � 0.

Before proving the analogue of Theorem 2.2, the following special case of a theorem of Sawyer [11] is required.

Theorem 3.1. Let u and v be weight functions on R^2_+ = (0, ∞) × (0, ∞). Let 1 < p < ∞, then

(3.1) ∫ R^2_+

u[(P_2f)]^p � C ∫ R^2_+

vf^p is satisfied, if and only if, for all a > 0, b > 0

(3.2)

(∫_∞ a ∫_∞ b u(x, y) (xy)^p dy dx

)_{1/p}(∫_a 0 ∫_b 0 v(x, y)^{1−p′} dy dx

)_{1/p}′ � A < ∞

(3.3)

∫_a 0 ∫_b 0 (∫_x 0 ∫_y 0 v^{1−p′}

)_p

u(x, y) (xy)^p dy dx � A

∫_a 0 ∫_b 0 v^{1−p′} and (3.4) ∫_∞ a ∫_∞ b (∫_∞ x ∫_∞ y u(s, t) (st)^p dt ds

)_p′ v(x, y)^{1−p′} dy dx � A

∫_∞ a ∫_∞ b u(x, y) (xy)^p dy dx

are satisfied.

The corresponding modular inequality is now the following:

Theorem 3.2.

(i) If φ ∈ Φ_p, p > 1, and (3.2), (3.3), (3.4) hold, then

(3.5) ∫ R^2_+

uφ(P_2f) � C ∫ R^2_+

vφ(f)

is satisfied.

(ii) If φ ∈ Φ, then (3.5) holds with C = e^{α+β} , α > 0, β > 0 and

v(x, y) = x^αy^β

∫_∞ x ∫_∞ y u(s, t) dt ds s^{α+1}t^{β+1} .

Proof. The proof of (i) follows as in Theorem 2.2 (i) only now Theorem 3.1 is applied. We omit the details.

The proof of (ii) is also as in the proof of Theorem 2.2 (ii) and is given here for completeness.

By Lemma 2.1, ψ = log φ is convex. Hence by Jensen’s inequality and changes of variables ∫ R^2_+

uφ(P_2f) =

∫_∞ 0 ∫_∞ 0 u(x, y) exp[ψ(P_2f)(x, y)] dy dx � ∫_∞ 0 ∫_∞ 0 u(x, y) exp [ 1 xy ∫_x 0 ∫_y 0 (ψf)(s, t) dt ds ] dy dx = ∫_∞ 0 ∫_∞ 0 u(x, y) exp

[∫_1 0 ∫_1 0 (ψf)(xσ, yτ) dτ dσ ] dy dx.

But since −δ =

∫_1 0 log t^δ dy, δ > 0, then with δ = α and δ = β the last integral is equal to

e^{α+β}

∫_∞ 0 ∫_∞ 0 u(x, y) exp

[∫_1 0 ∫_1 0 log[σ^ατ^β (φf)(xσ, yτ)] dτ dσ ] dy dx

� e^{α+β}

∫_∞ 0 ∫_∞ 0 u(x, y)

[∫_1 0 ∫_1 0 σ^αt^β (φf)(xσ, yτ) dτ dσ ] dy dx

= e^{α+β}

∫_1 0 ∫_1 0 σ^ατ^β

[∫_∞ 0 ∫_∞ 0 u(x, y)(φf)(xσ, yτ) dy dx ] dτ dσ

= e^{α+β}

∫_1 0 ∫_1 0 σ^{α−1}τ^{β−1}

[∫_∞ 0 ∫_∞ 0 u ( s σ , t τ ) (φf)(s, t) dt ds ] dτ dσ

= e^{α+β}

∫_∞ 0 ∫_∞ 0 (φf)(s, t)

[∫_1 0 ∫_1 0 σ^{α−1}t^{β−1}u ( s σ , t τ ) dτ dσ ] dt ds

= e^{α+β}

∫_∞ 0 ∫_∞ 0 (φf)(s, t) [ s^αt^β

∫_∞ s ∫_∞ t u(x, y) x^{α+1}y^{β+1} dy dx ] dt ds,

and the result follows. □

Observe that if φ is monotone then φ^{−1} exists and writing φ(f) = g the inequality may be written as ∫_∞ 0 ∫_∞ 0 u(x, y)φ [ 1 xy ∫_x 0 ∫_y 0 (φ^{−1}g)(st) dt ds ] � e^{α+β}

∫_∞ 0 ∫_∞ 0 v(x, y)g(x, y) dy dx.

Specifically, if φ(t) = e^t, this generalizes a result of [5] and if u = v = 1 one obtains the two dimensional analogue of [4, Thm. 250].

If n > 2, a corresponding weighted inequality as in Theorem 3.1 is not available. However, if one defines in the n-dimensional setting the averaging operator P by

(P f)(x) = 1 |B(|x|)| ∫ B(|x|)

f(y) dy, x ∈ R^n , f � 0,

where B(|x|) is the n-ball in R^n , centred at zero with radius |x| and |B(|x|)| its volume, then modular inequalities are possible. Note that

|B(|x|)| = ∫ |y|⩽|x|

dy =

|x|^n|Σ_{n−1}| n where Σ_{n−1} is the surface of the unit ball in R^n and |Σ_{n−1}| its area.

Theorem 3.3.

(i) If φ ∈ Φ_p, p > 1 and the weight functions U, V in R^n satisfy

sup_{a>0} {∫ |x|⩾a

U(x) dx |B(|x|)|^p

}_{1/p}{∫

|x|⩽a

V (x)^{1−p′} dx

}_{1/p}′ < ∞

then

(3.6) ∫ R^n

Uφ(P f) � C ∫ R^n

V φ(f)

holds.

(ii) If φ ∈ Φ and V (x) = |x|^α ∫ |y|⩾|x|

U(y) dy y^{n+α} , α > 0, then (3.6) holds with C = e^{α/n}n |Σ_{n−1}| .

Proof. Since part (i) follows as in the proof of Theorem 2.2(i), (but now applying [3, Theorem 2.1]) we only prove part (ii).

By Lemma 2.1 ψ = log φ is convex, so by Jensen’s inequality ∫ R^n

Uφ(P f) = ∫ R^n

U(x) exp[ψP (f)(x)] dx � ∫ R^n

U(x) exp [ 1 |B(|x|)| ∫ B(|x|)

(ψf)(y) dy ] dx.

Let U(t) = ∫ Σ_{n−1} U(tτ)dτ, then, since ψ = log φ a change to polar coordinates shows

that the last integral is

∫_∞ 0 U(t)t^{n−1} exp [ n t^n|Σ_{n−1}|

∫_t 0 s^{n−1} ∫ Σ_{n−1}

log(φf)(sσ) dσ ds ] dt = ∫_∞ 0 U(t)t^{n−1} exp [ n |Σ_{n−1}|

∫_1 0 v^{n−1} ∫ Σ_{n−1}

log(φf)(tvσ) dσ dv ] dt (s = tv).

But if α > 0, then

e^{−α/n} = exp [ n |Σ_{n−1}|

∫_1 0 v^{n−1} ∫ Σ_{n−1}

log v^α dσ dv ] so that the previous integral is equal to

e^{α/n}

∫_∞ 0 U(t)t^{n−1} exp [ n |Σ_{n−1}|

∫_1 0 v^{n−1} ∫ Σ_{n−1}

log[v^α(φf)(tvσ) dσ dv ] dt � e^{α/n}n |Σ_{n−1}|

∫_∞ 0 U(t)t^{n−1}

∫_1 0 v^{n−1} ∫ Σ_{n−1}

v^α(φf)(tvσ) dσ dv dt = e^{α/n}n |Σ_{n−1}|

∫_1 0 v^{n+α−1}

∫_∞ 0 t^{n−1}U(t) ∫ Σ_{n−1}

(φf)(tvσ) dσ dt dv = e^{α/n}n |Σ_{n−1}|

∫_1 0 v^{α−1}

∫_∞ 0 s^{n−1}U ( s v ) ∫ Σ_{n−1}

(φf)(sσ) dσ ds dv (tv = s) = e^{α/n}n |Σ_{n−1}|

∫_∞ 0 s^{n−1} (∫ Σ_{n−1}

(φf)(sσ) dσ

)(∫_1 0 v^{α−1}U ( s v ) dv ) ds = e^{α/n}n |Σ_{n−1}|

∫_∞ 0 s^{n−1} (∫ Σ_{n−1}

(φf)(sσ) dσ

) ∫_∞ s s^α t^{α+1} (∫ Σ_{n−1}

U(tτ) dτ ) dt ds = e^{α/n}n |Σ_{n−1}| ∫ R^n

φ(f(x))V (x) dx.

Here we applied Jensen’s inequality again and interchanged the order of integration twice, with obvious changes of variables. □

Again, if φ is monotone, so that φ^{−1} exist, then with φ(f) = g the inequality takes the form ∫ R^n

U(x)φ(P (φ^{−1}g)(x)) dx � e^{α/n}n |Σ_{n−1}| ∫ R^n

V (x)g(x) dx

which was obtained in [3, Thm. 4.1] in the case φ(x) = e^x.

References

[1] Maria J. Carro, Hans Heinig: Modular inequalities for the Calderón operator. Tohoku Math. J. To appear.

[2] M. DeGuzmán: Real Variable Methods in Fourier analysis. Univ. Complutense de Madrid, Fac. Mat., 1977.

[3] P. Drábek, H. P. Heinig, A. Kufner: Higher dimensional Hardy inequality. Internat. Ser.

Numer. Math. 123 (1997), 3–16.

[4] G. H. Hardy, J. E. Littlewood, G. Pólya: Inequalities. Cambridge, 1934. [5] H. P. Heinig, R. Kerman, M. Krbec: Weighted exponential inequalities. Preprint, vol. 79, Math. Inst., Acad. Science, Praha, 1992, pp. 30.

[6] Hans P. Heinig, Qinsheng Lai: Weighted modular inequalities for Hardy-type operators on monotone functions. Preprint.

[7] Qinsheng Lai: Weighted modular inequalities for Hardy-type operators. J. London Math. Soc. To appear.

[8] N. Levinson: Generalizations of an inequality of Hardy. Duke J. Math. 31 (1964), 389–394.

[9] B. Opic, A. Kufner: Hardy type inequalities. Pitman Series 219, Harlow, 1990. [10] B. Opic, P. Gurka: Weighted inequalities for geometric means. Proc. Amer. Math. Soc.

120 (1994), no. 3, 771–779.

[11] E. Sawyer: Weighted inequalities for the two dimensional Hardy operator. Studia Math.

82 (1985), 1–16.

Author’s address: Hans P. Heinig, Department of Mathematics and Statistics, Mc- Master University, 1280 Main Street West, Hamilton, Ontario, Canada L8S 4K1, e-mail: heinig@mcmail.CIS.McMaster.ca.