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Abstract. We present an in-depth investigation of the SL(2, R) momentum space describing
point particles coupled to Einstein gravity in three space-time dimensions. We introduce
different sets of coordinates on the group manifold and discuss their properties under Lorentz
transformations. In particular we show how a certain set of coordinates exhibits an upper
bound on the energy under deformed Lorentz boosts which saturate at the Planck energy.
We discuss how this deformed symmetry framework is generally described by a quantum
deformation of the Poincaré group: the quantum double of SL(2,R). We then illustrate how
the space of functions on the group manifold momentum space has a dual representation on
a non-commultative space of coordinates via a (quantum) group Fourier transform. In this
context we explore the connection between Weyl maps and different notions of (quantum)
group Fourier transform appeared in the literature in the past years and establish relations
between them.
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1 Introduction

General relativity in three space-time dimensions offers an unparalleled insight on how quantum
group deformed relativistic symmetries replace ordinary structures linked to the Poincaré group.

The simple picture is that relativistic point particles are coupled to the theory as conical
defects owing to the topological nature of Einstein gravity in three dimensions [15, 31]. For
vanishing cosmological constant the resulting space-time is flat everywhere except at the location
of the particle, the conical singularity. The parametrization of a moving defect, like e.g. the
conical particle, requires their momentum to be described by an element of the isometry group
of the ambient space. In our specific case it turns out that momenta are no longer vectors in
three dimensional Minkowski space but elements of the double cover of the Lorentz group in
three dimensions, SL(2,R) [23, 29]. Lorentz transformations are easily implemented for this
curved momentum space in terms of the action of SL(2,R) on itself.

*This paper is a contribution to the Special Issue on Deformations of Space-Time and its Symmetries. The
full collection is available at http://www.emis.de/journals/SIGMA /space-time.html
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At the group theoretic level such transition from vector-like to group-like momenta is captured
by the transition from the (group algebra of) the Poincaré group to the quantum double of
SL(2,R), a non-trivial Hopf algebra in which the three-dimensional Newton’s constant appears
as a deformation parameter [11, 12]. Functions on SL(2,RR) provide now the space on which
representations of the double of SL(2,R) are defined [9, 21]. A notion of Fourier transform can
be introduced which maps these functions on a group onto functions of non-commutative space in
which coordinates obey non-trivial commutation relations given by the brackets of the Lie algebra
of SL(2,R) [17, 28]. Alternatively one can map these functions onto ordinary three-dimensional
Minkowski space equipped with a non-commutative star-product determined by the non-abelian
group structure of SL(2,R) [16]. Thus the study of relativistic point particles coupled to three-
dimensional gravity leads us to consider all the important aspects of deformation of relativistic
symmetries and non-commutativity within a clear geometric picture.

Our aim in this work will be to review the main features discussed above and point out some
new results which will help link the structures emerging in this three-dimensional context to
other models of deformed symmetries and non-commutativity in four space-time dimensions.

We start in the next section by reviewing how momenta of conical defects in three dimensions
are parametrized by SL(2,R) group elements. In particular we show how the usual notion of
mass-shell describing the momentum of physical particles is replaced by the condition that group
valued momenta belong to the conjugacy class of a rotation by a deficit angle characterizing the
conical defect. In Section 3 we describe coordinate systems on SL(2, R) starting with two choices
which are popular in the literature and introducing a new parametrization based on Fuler angles.
For each parametrization we write down the explicit form of the conjugacy class condition which
represents the realization of a deformed mass-shell in each choice of coordinates and show that for
the new parametrization introduced on-shell momenta exhibit a maximum energy. Furthermore
we discuss the action of Lorentz transformations on the SL(2, R) momentum space case by case.
In particular we show that the Euler angle coordinates transform non-linearly under the action
of a boost and that the energy saturates at the maximum value when the boost parameter is let
to infinity. Thus we find a set of momentum coordinates which provide an explicit realization
of doubly special relativity for a particle coupled to three-dimensional gravity [5, 7]. In Section 4
we review what is the structure of the underlying quantum group symmetry associated with
the SL(2,R) momentum space given by the quantum double of SL(2,R) and we show how such
Hopf algebra can be obtained as a deformation of the group algebra of the Poincaré group. Next
we discuss non-commutative plane waves with SL(2, R) momenta and the associated notions of
(quantum) group Fourier transform (a thorough investigation on this and a detailed description
of the symmetries arising in this context can be found in the recent work [30]). This gives us the
opportunity to clarify the connection between different notions of Fourier transform appearing
in the literature and to discuss their relation with Weyl maps which have been extensively
used in the literature on non-commutative space-times in 3 + 1 dimensions [2, 3, 24]. Finally
we provide a master equation for the group Fourier transform which for each choice of Weyl
map, corresponding to a given group parametrization, reproduces the different group Fourier
transforms appeared in the literature. Section 5 is devoted to brief concluding remarks.

2 The SL(2,R) momentum space of particles coupled
to (2 + 1)-dimensional gravity

2.1 Particles as conical defects in 2 + 1 gravity

General relativity in three space-time dimensions has the well known property of not possess-
ing local degrees of freedom. All solutions of Einstein’s equations with vanishing cosmological
constant are locally flat and the only non-trivial degrees of freedom have to be of topological
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nature. This must be taken into account when coupling particles to the theory. Indeed, as
already shown by Staruszkiewicz in his seminal work [31], later thoroughly extended by Deser,
Jackiw and 't Hooft [15], point-like degrees of freedom carrying mass and spin can be added
introducing “punctures” on the space-time (flat) manifold. In the simplest case of a spinless
particle, which will be of interest for the present work, one can picture such a puncture as
creating a conical singularity resulting in a space-time which is flat everywhere except at the
location of the particle (see Fig. 1).

Figure 1. Point particle generating a conical defect. The particle of mass m is located at the tip of the
cone.

This conical space can be characterized by a deficit angle « = 8wGm where m is the mass of
the particle and G is Newton’s constant in three dimensions.

The deficit angle is simply the angle formed by the missing wedge obtained when “opening
up” the conical space on a flat Minkowski space (see Fig. 2). The metric of such conical space-
time is given by

ds® = —dt* + dr® + r?dy?,

with the azimuthal angle ¢ having period 27 — a.. Alternatively we can write the metric keeping
the angular ¢-coordinate with a period 27 as:

ds® = —dt® + dr?® + (1 — 4Gm)*r?dy?.

The deficit angle can be measured by calculating the holonomy of the connection associated to
the metric along a loop encircling the particle. This describes the parallel transport of a vector
around the singularity [23], which results in a rotation by an angle @« = 87Gm. Roughly
speaking we have that the mass, i.e. the three-momentum at rest of the point particle/defect,
is characterized by a rotation proportional to the mass of the particle multiplied by Newton’s
constant.

To characterize the physical momentum of a moving defect let us briefly recall how physical
momenta of a relativistic point particle are described in ordinary Minkowski space. In three
space-time dimensions Minkowski space R?! is isomorphic, as a vector space, to sl(2,R), the
algebra of the Lie group SL(2,R).! If 4 is a basis of traceless 2 x 2 matrices, given an element
p € 5[(2,R) and a vector 5 € R?! we can write [23]

1
p=p'y, <= = iTr(p’y“).
Momenta are thus given by the following s[(2,R) algebra element

2 1 0
= | PP +p]
P=D"u [plpo 7p2 )

1For our readers convenience we recall the basic properties of the SL(2,R) group in Appendix A.
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Figure 2. The cone is cut out along the dashed line and flattened on a plane. The dashed lines and the
squares identify the same points.

whose determinant is detp = (p°)? — ]Q|2. We can describe physical momenta by boosting

the momentum at rest of a particle. The latter will be given in matrix representation by

p=my= [ ?n 73} and the boost is achieved via the adjoint action of SL(2,R) on sl(2,R)

so that a physical momentum will be given by
p =h"'ph. (2.1)

Such action preserves the determinant and the physical momenta, obtained by boosting the
three momentum at rest, will be characterized by the mass-shell condition

detp = (p0)2 — [p|* = m™.

We thus have that in three-dimensional Minkowski space the extended momentum space of
a relativistic point particle can be identified with s[(2,R) and the physical momenta belong to
orbits of SL(2,R) on sl(2,R) which determine the mass-shell.

We can now have an intuitive characterization of the momentum space of a moving conical
defect in three dimensions (for more formal discussions we refer the reader to [9, 23]). As
discussed above the momentum at rest of a conical defect can be parametrized by a rotation
g = efrtmo ¢ SL(2,R), i.e. a group element rather than the vector p = m~yy. The action of
a Lorentz boost on the momentum at rest will be described just by an action of SL(2,R) on itself

g =h"'gh (2.2)

and thus physical momenta of a defect of mass m will be given by elements of SL(2, R) belonging
to the conjugacy class of a rotation by an angle 4wGm. Therefore, when gravity is switched on,
the extended momentum space of a point particle is given by the group manifold SL(2,R) (to
be contrasted with the vector space s[(2,R) in the ordinary Minkowski case) while its physical
momentum space is given by the action by conjugation of SL(2,R) on the momentum at rest
g = G0 (t0 be contrasted with the adjoint action in the ordinary case) [9, 23]. In Section 4.2
we will discuss how the transition from vector valued momenta to group valued momenta viz.
from equation (2.1) to (2.2) can be understood from a mathematical point of view in terms
of a lift morphism between functions on Minkowski space to functions on SL(2,R). Physically
speaking the transition from (2.1) to (2.2) simply reflects the fact that the phase space of a point
particle coupled to 2 + 1 gravity is the cotangent bundle of SL(2,R) with the latter describing
the momentum degrees of freedom? of the particle [23]. In the next section we give a detailed
account of the group momentum space of the particle and of the classification of the conjugacy
classes describing “on-shell” momenta.

2Very similar structures arise in loop quantum gravity and group field theory where the configuration space
is given by a Lie group, see e.g. [13, 14, 26].
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2.2 Conjugacy classes as deformed mass-shell

In order to introduce the conjugacy classes of the group SL(2,R) we start by recalling the
expansion of the generic group element g € SL(2,R) in terms of the unit and the v matrices:

g=ul+ f“'}ﬂu? (2~3)
which can be written in the following matrix form:
u -+ 52 é—l + €O:|
= . 2.4
g |:§1 _ €0 u — 52 ( )

The unit determinant condition on this matrix gives u? — ()% — (¢2)2 + (¢°)2 = 1 and thus
the u parameter can be expressed in terms of the other free parameters and can be either
positive or negative. If we were considering instead of SL(2,R) the proper orthocronous Lorentz
group SO, (1,2) positive and negative values of u would be identified. This reflects the fact
that SL(2,R) is a double cover of SO (1,2). Now the action by conjugation of SL(2,R) on itself
leaves the trace invariant, therefore the number « is an invariant under action by conjugation. In
particular, the group SL(2,R) is composed by five different subclasses, called conjugacy classes,
which are invariant under conjugation [10]. These subclasses can be described by the eigenvalues
of the matrix (2.4). The secular equation for the generic element of SL(2,R) reads

ut+-x g+
=€ u—--2
whose solutions are given by
_ Tr(g) + /[Tr(g)]* — 4
5 .

We can now classify group elements according to their trace, in fact we see that the above
equation has different behaviours according to the value of the discriminant [Tr(g)]? — 4, in
particular the sign of this term will determine the different sets of solutions, i.e. group elements:

det[g — A\1] = =0,

A

o If [Tr(g)| < 2 (Jul < 1), then g is called elliptic (the geometry of the parameter space is
given by the elliptic hyperboloid in Fig. 7 in Appendix A) and it is conjugate to rotations
r € SL(2,R):

. [ cos(a) sin(a)}
—sin(a) cos(a)|’
where «a € [0,27) and —2 < Tr(r) < 2.

o If Tr(g)| > 2 (Ju| > 1), then g is called hyperbolic (the geometry of the parameter space is
given by the hyperbolic hyperboloid in Fig. 9 in Appendix A) and it is conjugate to boosts
b or antiboosts b:

8 . _peb
e 0 e 0
b_[O e_ﬂ]’ b_[O —6_’8:|,

where 3 € [0,00), Tr(b) > 2 and Tr(b) < —2.

o If |Tr(g)| = 2 (Ju] = 1), then g is called parabolic (the geometry of the parameter space
is given by the cone in Fig. 8 in Appendix A) and it is conjugate to the shears s or
antishears s:

_ L s_ |71 7
=l =)

where v = 0,+1, Tr(s) = 2 and Tr(S) = —2.
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To make contact with the ordinary classification of particles according to the sign of their
mass squared, we have here that a group element obtained by conjugating the momentum at
rest of a gravitating particle

cos(drGm)  sin(4rGm)

g = cos(dnGm)1 + sin(dnGm)yo = | sin(4rGm) cos(4nGm) |’

belongs to the class of elliptic transformations, which represent massive particles. Analogously,
hyperbolic elements will represent tachyons and the parabolic elements photons as we can deduce
by taking the G — 0 limit and checking that for the former we have a negative mass squared,
while for the latter the mass is vanishing.

The deformed mass-shell condition assigning a group element to the conjugacy class describing
massive particles can be obtained by putting a constraint on its trace which, in light of what we
said above, will be given by

1
iTr(g) = cos(47Gm), (2.5)
with 0 < m < % = 5 where we defined a new deformation parameter with dimensions of

mass K = ﬁ for later convenience. This range of masses implies a choice of positive sign
of the variable u discussed above. This choice of sign, widely adopted in the literature, is
mathematically equivalent to considering the quotient SO, (1,2) = SL(2,R)/Z2, where Z3 is the
cyclic group.

In what follows, we will give concrete examples of group parametrizations and their (de-
formed) mass-shell, before moving on to the description of how relativistic symmetries are im-
plemented for such particles.

3 Coordinates and symmetries on the SL(2,R) momentum space

In this section we recall some known parametrizations of SL(2,R) group elements/momenta
and introduce others which will help us get insight on the kinematical properties associated to
each set of coordinates. Furthermore, we will implement Lorentz transformations in the picture
discussing how these are realized for each choice of parameterization adopted.

3.1 Cartesian coordinates

Cartesian coordinates on the SL(2,R) group manifold are the most used in the literature. They
are based on the parametrization (2.3) which we introduced in Section 2.2

g =ul + &y,
We define
u=V1+pel% € =p,  =p, =1
where we introduced the notation pi; = p—#, pw = 0,1,2, so that the group parameters £ are

K
dimensionless and the coordinates p* have the dimensions of energy. The deformed mass-shell

constraint (2.5) in Cartesian coordinates reads

1
iTr(g) =u=+/1+ |ps|? = cosmy,

which after easy manipulations gives

|ﬁ,{|2 = —sin’m, = (p0)2 = |g|2 + k% sin® m,. (3.1)
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In the limit Kk — oo the dispersion relation (3.1) reproduces the usual mass-shell relation valid for
an ordinary (flat) momentum space of a massive particle, i.e. (p°)? = |p|?+m?. The deformation
given by the gravity effects, using this parametrization, appears as a renormalization of the mass
which is no longer m but M = ksinm,.

3.1.1 Boosts for Cartesian coordinates

We show now how momenta described by cartesian coordinates transform under Lorentz boosts.
Without loss of generahty we consider a Lorentz boost in ~vi-direction. This is represented by
the group element b = e3™M2 where 7 is the boost rapidity. The action of SL(2,R) on itself is
realized by conjugation

g =brg=Db"'gb,

which in components will read

L+ [BPL+ pl = 7272 [T+ [BalP1 + pli]e2™.

Writing down the product on the right hand side above, using the multiplication properties of
the v matrices and putting together the terms proportional to the same v matrix we obtain the
expressions for the boosted parameters p’# in terms of the old parameters p#

> =1p*,  p°=p"coshn—p'sinhn,  p* =p'coshn—p’sinhy,  p?=p’

We thus obtain the ordinary action of a Lorentz boost in the 2! direction.

3.2 Exponential coordinates

This set of coordinates is widely used in the works on Euclidean models (see e.g. [19]) in which
SU(2) is considered instead of SL(2,R). The parametrization is defined as follows (see also [27])

smh]k \ 1 smh|]<; | 5 smh\k |

u:cosh\En|, §0 H, m
| K| K

57

It is trivial to check that for this parametrization the determinant constraint is satisfied

. inh? |k,| - , .
det g = cosh? |k,| — w% > = cosh? |k, | — sinh? |k, | = 1,

|
and a generic group element can be written in terms of k-coordinates as

sinh |k |

g = cosh k|1 + kv, = eFm M,

k|

where the last equality shows that this parametrization is equivalent to considering the expo-
nential of the s[(2,R) generators, from this the name “exponential coordinates”. The conjugacy
class constraint this time leads to the mass-shell condition

cosh |kx| = cosm, < cosh |ky| = coshim, = (k0)2 = E[QE} = |k|* + m?,

which is just an ordinary mass-shell relation where, however, the values of the mass m are
limited by x% due to the limits on the deficit angle.
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3.2.1 Boosts for exponential coordinates

As in the previous case we consider the action by conjugation of the Lorentz boost in a ;-
direction

g =bprg = ek — =32 ki g3
In analogy with the previous case we can find an explicit expression for the boosted parameters
using the matrix expansion of the exponentials

k') = |k|?, E° = k% coshn — k' sinh 7, k' = k' coshn — kY sinh 7, K? = k2
and thus also the exponential coordinates transform as ordinary momenta in Minkowski space
under a boost.
3.3 Time-symmetric parametrization: Euler coordinates

In this section we develop a set of coordinates on SL(2,R) based on a choice of energy and linear
momentum introduced in earlier works on the coupling of point particles to 2 + 1 gravity [23,
32, 33]. The idea is to describe the momenta of a gravitating particle using a parametrization
in terms of angles (closely related to the Euler angles parametrizing SU(2))

u = cosh y cos p, €% = cosh y sin p, ¢! = sinh y cos ¢, €2 = sinh y sin ¢,

where x € [0,00) and p, ¢ € [0,27) (see Fig. 3).

Figure 3. Group manifold SL(2,R) embedded in R?? with £2 coordinate suppressed. The grid lines on
the AdS are the Euler angles p and x, the third angle ¢ does not appear in the picture but we have to
imagine it as a rotation in the suppressed dimension &£2.

Now, using this set of coordinates, we can rewrite the expansion of the group element g in
terms of the v matrices as [23]:

g = e3P0 X7 o3 (P=#)%0

This choice of coordinates shows clearly that the Lorentz transformation represented by g is
decomposed in a spatial rotation of angle p+ ¢ in the plane 1 — 2, a boost in v, direction with
the x parameter and another rotation in the same plane of the previous but by angle p — ¢.

In order to interpret our coordinates as momenta we rewrite the expansion of the group
element using p and x as dimensionful parameters p — p,, and x — X, obtaining

u = cosh y cos py, €% = cosh y sin py, ¢! = sinh y cos &, €2 = sinh v sin ¢.
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Now, as in the previous cases, if we impose the condition which projects the group element into
the conjugacy class of rotations, i.e. %Tr(g) = cos My, we obtain

cosh x,; cos py, = cos my,, (3.2)

which is the deformed mass-shell relation in our new coordinates. If we take the limit kK — oo

m2

X2 p2
14 Xe 0(54)} [1 S o(eh)| =1 T o),

which, simplifying the leading terms and identifying the terms proportional to k™2, gives
0% =2+ m?.

Such equation reproduces an ordinary relativistic mass-shell relation if one identifies p and x
respectively with the energy and the norm of the spatial momentum. This leads us to define
the following momenta for the gravitating particles

Y = p, ' = y cos ¢ = |II| cos ¢, 1% = y sin ¢ = |II| sin ¢.

In terms of the new Ii-coordinates we have

sinh |11 sinh |11
u = cosh|II,|cosTI?,  ¢° =cosh|II |sinIl?, ¢&!'= AH}W 2 | ”|Hi.
‘Hn‘ ‘EK’
Using this parametrization, the generic group element can be written as
0 0
g = 6%’)’061—[};%4-1_[2’726%70’ (3'3)

as shown in detail in Appendix B. The mass-shell relation (3.2) can be rewritten in terms of
the II momenta as

cosh [II, | cos TIY = cosm,,

which solved for the energy gives

oo _ COS My
II° = E[H] = tkarccos (cosh |H;~;‘> ,

showing that the energy IIY is limited by the range values II° € [m, %] (see Fig. 4). This
was somewhat an expected result, since the energy in this set of coordinates is proportional
to the deficit angle but we will have more to say about this feature when considering Lorentz

transformations in the next sections.

3.3.1 Boosts on Euler coordinates

Again, we can compute the expression g’ = b > g using the same steps of the previous cases.
This leads us to write the following system

cosh [IT,| cos TI'Y = cosh |II, | cos T1Y,
sinh |II, |

cosh |II’. | sin IT"" = cosh |II, | sin ITY cosh 7 — T
)

11! sinh 7,

sinh [II, | _,;  sinh |II
. " |IL, |

sinh IT,| ,  sinh|IL|
. " 1L |

x| I1 cosh ) — cosh |IL, | sin I sinh 7,

2
IT:,
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I-IO
ZAJ_’ |_|1

m

-m

-Kn/2

Figure 4. Deformed mass-shell in terms of the parameters IT#, u = 0,1,2. Note that when m reaches
its maximum value % the momentum space collapses into two parallel infinite planes at I° = 55

whose solution is given by

tanh |11
1% = karctan (tan 112 coshny — a]fl’H’ln’Hl sinh n) ,
H”::Hlamhn—~—lgL——$nH0$nhn, (3.4)
tanh |II, | "

m? = 1%

We thus have that Euler coordinates on the SL(2,R) provide a non-linear realization of Lorentz
boosts (see Fig. 5). Obviously in the limit kK — oo the transformations (3.4) become just ordinary
Lorentz boosts. Consider now a particle initially at rest (namely 119 = m, II' = II? = 0), the
system of equations (3.4) simplifies to

0 = /iarctan(tan m,, cosh 7]), " = —msinh7, 2 = 0.

We see that in the limit when the boost parameter goes to infinity, 7 — oo, the energy does
not grow arbitrarily but saturates at the value 5. We thus have that the non-linear realization
of Lorentz boosts given in Euler coordinates is just an example of deformed or doubly special
relativity [5, 6] in which we have a maximum energy built in the deformed structure of Lorentz
transformations.

4 The quantum double of SL(2, R)

In this section we show how the transition from a Minkowski to SL(2,R) momentum space
translates for the structure of relativistic symmetries in a deformation of the Poincaré group
to the quantum double of SL(2,R), a quantum group denoted as D(SL(2,R)). We start by
recalling the definition and Hopf algebra properties of D(SL(2,RR)). For a gentle introduction to
the necessary notions of Hopf algebras we refer the reader to [18] while a rigorous introduction
to D(SL(2,R)) can be found in [21].

The quantum double D(SL(2,R)) is defined, as a vector space, by the tensor product [20]

D(SL(2,R)) = C(SL(2,R)) ® C(SL(2,R)),

where C(SL(2,R)) is the space of complex functions on SL(2,R) and C(SL(2,R)) the group
algebra of SL(2,R) which, roughly speaking, can be thought of as a vector space comprised by
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n

Figure 5. Boosted energy IT'° calculated for I1? = 0. The value of the mass is m = 2%, For m =

KT

this surface becomes an infinite plane at 11’ = 5

the elements of the group itself. Let us denote an element of the double as (f®g) € D(SL(2,R)),
the Hopf algebra structure is given by

product: (fi®g)-(f2@h)=(fi -adgfo ® gh),

co-product: Apsrer)(f@g) = Z(f(l) ®8g)® (fiz) ®8),
()

unit: (1®e),

co-unit: e(fog) = fle),

antipode: S(feg) = (Ladgflf ® gil)a

complex conjugate: (feg)' = (adg_1f ® g_l),

where adg f(h) e f(ghg™!) and (f(g) e f(g™1). The explicit expression for the co-product

on C(SL(2,R)) is given by

Acsrer)f(8®@h) =Y fuy(8)fz)(h) = f(gh),
(f)

telling us that for such space the co-product is simply a way of extending the notion of function
on the group to a tensor product of the latter in a way compatible with the composition of the

group.

4.1 D(SL(2,R)) as a deformation of C(ISL(2,R))

Here we show how the quantum double of SL(2,R) can be interpreted as a deformation of
the group algebra of the three dimensional Poincaré group, or inhomogenous Lorentz group
ISL(2,R). The group algebra C(ISL(2,R)) is defined as a vector space by the tensor product

C(ISL(2,R)) = C(R*! x SL(2,R)) = C(R*') ® C(SL(2,R)),

where R%! is the group of translations which we denote as 7, with = € R2!. The group
algebra C(R*!) is the set of elements [ d3zf(x)T,, with f(z) a function (or distribution) with
compact support. C(R*!) can be identified with a subalgebra C(R?*!) of functions on R*!.
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This means that for any element J d3x f (z)T, of the group algebra we can associate a function
f(p) = [z f(z)e”* € C(R*!) whose Fourier transform has compact support. This amounts
to identify

C(R*!) ~C(R*>) < T, € C(R*') = Tu(p) = e " € C(R*').
In conclusion, the group algebra C(ISL(2,R)) can be identified with the tensor product
C(ISL(2,R)) = C(R*') ® C(SL(2,R)) ~ C(R*') ® C(SL(2, R)).

At this point it is evident that the difference with the quantum double is that we have C(R?1)
instead of C'(SL(2,R)). Thus the connection between C(ISL(2,R)) and D(SL(2,R)) is a “lift”
or “deformation map” from C(R?*') to C'(SL(2,R)). This will turn out to be an algebra but not
a co-algebra morphism [20] since the structure of the co-product for C(R?*!) will be different
than the one for C'(SL(2,R)).

To obtain this map we write down the Hopf algebra structure of C(ISL(2,R))

product: (fi®wg) (f2@h) =(fi-Rgf2 ®gh),

co-product: Agasrier)(f®g) = Z(f(l) ®g)® (fr2) ®8),
(f)

unit: (1®e),

co-unit: e(f®g) = fle),

antipode: S(feog) = (LRg—lf ® gil)’

complex conugate: (feg)' = (Rg—1f ® g_l),

where the inverse map ¢ is defined as in the quantum double Rg f(p) o f(R(g™1)p) where R(g)
is a vector representation of SL(2,RR). The explicit expression for the co-product of C(R>!) is
given by

Acreny (B2 D) = fuiyB) fo)(@ = F(5+ D), (4.1)
(f)

which differs from the co-product for C'(SL(2,R)) since the composition law of the arguments
of f is abelian while in the co-product for C(SL(2,R)) is not. Notice however that the Hopf
algebra structure of C(ISL(2,R)) is very similar to the one of the quantum double of SL(2,R).
In particular instead of the map adg(-) we now have Rg(-), thus to pass from one Hopf algebra
to the other we need a connection between the two maps. In other words we are looking for an
algebra morphism ¢ such that

C(Rz’l) ® C(SL(2,R)) moﬂsm C(SL(2,R)) ® C(SL(2,R)),

(fos fog)l=(elfl®e),
where f(p) € C(R*1) is lifted to o(f(p)) = f(g) € C(SL(2,R)). Looking at the two Hopf algebra
structures it is clear that the morphism should satisfy the relation

¢(Re f(P)) = adg f(h),

which written explicitly reads

o(f(R(g")p)) = f(g” 'hg).
Clearly the morphism depends on the choice of group parametrization [20] indeed each sets of
coordinates on SL(2,R) can be used to map C(R*!) into C'(SL(2,R)). Below we will see how
group parametrization are associated to different examples of non-commutative plane waves (as
it has been shown for SU(2) [17, 19, 25]) and we will link them to the notion of Weyl map used
in the literature on non-commutative space-times.

morphism
) — ¢l
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4.2 Non-commutative plane waves and Weyl maps

In order to establish a link between plane waves and Weyl maps we start by reviewing the
different notions of non-commutative plane waves that are found in the literature on non-
commutative spaces in 2 4+ 1 dimensions in connection with SL(2, R) momentum space.

The x-product, that is customarily introduced on C(R?) in the literature on discrete Euclidean
quantum gravity models [16, 17], in the Lorentzian case is defined by

o5 Tr(Xg) | 5 Tr(Xh) _  FTr(Xgh) (4.2)

)

where # € R*! are coordinates of X = x#y, € sl(2,R), u = 1,2,3. The group element appearing
in the plane wave is taken in the Cartesian parametrization g(p) = ul+pl7y,. These plane waves
can be obtained through a map E given by

E: SL(2,R) = {C(R*!),x} = C(R*1),
g — Eg(7) def o 5Tr(Xe) — e,
where {C(R?1),«} is the set of functions on R*! equipped with the x-product (4.2). In this way
we have an ordinary plane wave equipped with a non-commutative star-product determined by

the non-abelian composition rule of the group e?% x ¢P2% = iP19P2) T which at leading order
in the deformation parameter reads

. . . . 1, N N . 1, . 1
P1 D p2 = up,p1 + up P2 + ;pl Am D2 = p1+p2+ ;pl Am P2 + O </§2> )

- - f 5. - -
where i Am B2 < diag(—, +,+) 71 A fa.
Another set of plane waves [22] labelled by the group element g € SL(2,R) is given in terms
of the map

e: SL(2,R) — Cy(R*1),
g — €g(§3)7
g =" S g (7) = e (4.3)

where C,(R?!) is the non commutative version of Cy(R?1), i.e. coordinates on R*! equipped
with the non trivial Lie bracket

A 21 N

[Ty, L)) = ;ew”mp. (4.4)

Thus Cy(R*!) can be seen as the universal enveloping algebra U(sl(2,R)) [17]. The k* in (4.3)
are the exponential coordinates introduced before

sinh |k, | i

u = cosh |ky|, Pu = o
K

e

Notice that the map e clearly depends on the group parametrization. Indeed using Cartesian
coordinates p, we have

- arcsinh |k |

g e 6kﬁ(ﬁ)’y’“’ i) eg(f) = 61 [Pk | p“i# (: \/ ]_ + ‘]7,{|2]]_ + lpp'ilu) .

The same could be repeated for other sets of coordinates. The different plane waves will be
linked by a map ¢ such that

¢ Co(R¥) — O (R,
eg (%) = Eg(&) = ¢(eg(d)).
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This map is an isomorphism between algebras, in particular considering the product of two
non-commuting functions we have

A@) (@) = 071 (8(H@) * 6(f2(D))).

otice that the map = @ " : 0 ’ —>A,.i »+) such that
Notice that th Q% y-1. 0 (R21) = C,.(R>!) such th

eg(F) = QEg (7)) © ¢~ (Eg(@)),

can be interpreted as a Weyl map [3]. Indeed the x-product can be written in terms of Q as

(@) % f2(8) = QHQUUA@D) QU f2(F))), (4.5)

just as in the case of Weyl maps for Lie algebra non-commutative space-times in 341 dimensions
as discussed for example in [2]. Notice how the notion of *-product defined on commuting
function depends on the choice of Weyl map €.

4.3 (Quantum) group Fourier transform

The non-commutative plane wave eg(f) is associated to a notion of quantum group Fourier
transform which maps functions on a n-dimensional Lie group G to functions in Cy(R™) [17]:

F: C(G) = Cu(R™),
f(g) = F(F) = F(f(g) = / dg f(g)eq(3).

G

In the case of SL(2,R) associated to the non-commutative plane wave eg (%) = e*" % we have

F: C(SL(2,R)) — Cy(R>1),

. - 2 .
f(g) — F(E) =: f(f(g)) = / d];,_i (Smh“{”’) f(]%‘)eik-z’

SL(2,R) ||

where the Haar measure on the group is expressed in terms of “exponential” coordinates k,, (see
Appendix D for a review of the Haar measure in the various parametrizations). This Fourier
transform is related to the group Fourier transform discussed in [4, 16, 26] via the map ¢
introduced in the previous section. Indeed the following diagram holds

C(G) 5 GRS O (R).
The composition of maps F o ¢ is the group Fourier transform
CG) 2 o,®mm).

Notice that the quantization maps Q discussed in [19] in our picture coincides with the Weyl
map in (4.5). Moreover if we change coordinates on the group and pass from the plane wave in
exponential coordinates k to cartesian coordinates p

arcsinh |pk |

"
g(ﬁ) =ul —|—p"léf)/u —e sl PRy o'

carcsinh |Pr |, g -

YL
the quantum group Fourier transform by construction will read

F(@) = F(F(e) = | N

SL(2,R) \/1 + |Pi|?

Below we show how to describe these Fourier transforms in a unified framework.
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4.4 The master Fourier transform

In this section we exhibit an alternative route to construct non-commutative plane waves and
the quantum group Fourier transform. This will lead us to an implicit definition of both which
for each group parametrization reproduces the corresponding Fourier transforms found in the
literature. We start by considering the group elements written in the three different sets of
coordinates introduced above
arcsinh |px |, pn
- \/1+‘ﬁn‘21 +p’z7ﬂ = € [Pk | p'{yu,
g(k) =

—

g () = eMr0 e,

If we take the generators of the algebra s((2,R) as 7, def ikZ,, we immediately recover the non-
commutative plane waves introduced above, in the cartesian and exponential parametrization,
and we also obtain a new plane wave for the Il parametrization

_, - arcsinh [P | Pl
(%) \/1+|pﬁl2]1+2p“xuze L
z

oA
zk xM

~—

R‘l

(
5 0 0.
Cq(iy (£) = SR

)

where the coordinates &, obey the non-trivial Lie bracket (4.4). Notice also that the plane wave
in the parametrization I1 is known in the literature on non-commutative spaces as the “time
symmetrized” plane wave and has an associated Weyl map [1, 2]. The quantum group Fourier
transform for the three sets of coordinates reads

arcsmh arcsinh |Pg| - =

px

= dpm
F(z :/ ple TPkl ,
() SL(2,R) \/1 + |Pi|? J@e

F(F) = / di, (S 7
SL(2,R) K

F(é’) _ / dﬁnSthQ‘H ’]?(ﬁ) i—aco 1I1° mlezn—omo
SL(2,R) 2|IL,|
Now we can introduce a formal expression which defines the quantum group Fourier transform
in terms of a generic group element g.
We define a master plane wave (for SL(2,R)3) given by

. . i arcsinh A(g) <
eg(i) —¢'27 Al Tr(gyu)®

)

where A(g) f 3/[Tr(g)]? — 4. It is easy to show that this definition of plane waves reproduces
all the cases above. We can thus write down an implicit definition of Fourier transform, the
master quantum group Fourier transform

3(F) = F(f(g) /G () f(g)e" (4.6)

where

def K arcsinh A(g) def 1

Kulg) = 5 Alg) Tr(gna),  Alg) = 5vITi(e )2 — 4.

3For the case of SU(2) we simply substitute hyperbolic functions with trigonometric functions and Pauli
matrices instead of v matrices.
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Equation (4.6) provides a formal definition of (quantum) group Fourier transform which repro-
duces the known Fourier transforms appeared in the literature when a quantization/Weyl map
is specified*. We conclude by stressing that the choice of quantization (Weyl) map determines
uniquely the form of the plane waves entering the (non-commutative) Fourier transform and is
equivalent to a choice of coordinates on the Lie group momentum space [19].

5 Conclusions

In this work we offered a quick, but we hope comprehensive, journey through the notions of
deformed symmetry and non-commutativity which are encountered in the study of a relativistic
point particle coupled to three-dimensional gravity. In doing so we reviewed and clarified various
notions that appear scattered in the literature but also provided some valuable new insights on
these models.

On one side we showed for the first time, introducing the new set of Euler coordinates, how
the framework of doubly or deformed special relativity is realized in the context of SL(2,R)
momentum space. In particular we showed that the model considered introduces a notion of
maximal energy which is compatible with a deformed action of boosts on momenta living on
a group manifold. From a more abstract point of view we connected several important notions
which have appeared in the past in the literature on non-commutative spaces with those recently
studied within the community working on group field theory [13, 14]. Specifically we clarified the
status of the different notions of (quantum) group Fourier transforms appearing in the literature
and we were able to formulate an implicit master Fourier transform which, for each choice of
star-product or Weyl map, reproduces the various group Fourier transforms proposed in the
literature. Particularly significant is the explicit connection we established between different
notions of group Fourier transforms, Weyl maps and choices of coordinates on the momentum
group manifold. Such connection provides further evidence that models resulting from different
quantizations/Weyl maps correspond to different physical scenarios [8]. Moreover our findings
bridge an important gap between the two fields and we believe this work will provide a useful
reference for those seeking cross-fertilization between the techniques used in the research areas
of non-commutative field theory and group field theory.

A SL(2,R)

In this section we want to characterize the Lie group SL(2,R), in particular we will recall its
basic general properties and its description as a manifold.

A.1 Basic general properties

The group SL(2,R) is represented by the set of all 2 x 2 matrices

M = [Mn M12] ’

Moy Moo

in which M;; € R and det M = M1 Mss — M21Mi2 = 1. The number of free parameters,
considering the determinant constraint, is n = 4—1 = 3. A way to represents a group element g
as a matrix of SL(2,R) is using the expansion in terms of the unit and the v matrices

0 1 01 1 0
— — — — fP
Yo = |:1 0:| ) 71 = |:1 O:| ) Y2 = |:0 1:| (SuCh that [’Y;M ’YV] - f,uyf)/p)a

“The implicit Fourier transform (4.6) is analogous to the general form of “non-commutative” Fourier transform
discussed in Section IV of [19].
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namely

g = ul + &y,

where u, €0, €', €2 are real parameters. This expression can be explicitly rewritten as a matrix
_ u -+ 52 51 + EO

g = él _ 50 U — 52 ’
whose determinant constraint is detg = u? — (£1)? — (£2)? + (¢°)2 = 1. This equation shows
that the u parameter can be expressed as a function of the other parameters: u? = 1 — (£9)2 +
(€12 + (£€2)2. At this point, we make another step, namely characterize geometrically the group
SL(2,R).
A.2 SL(2,R) as a manifold
We start this section considering the determinant constraint just written

(€)= () =)+ =1
This equation defines an hyperboloid embedded in R?? (signature (4, —, —, +), see Fig. 6).

Figure 6. The group manifold SL(2,R) embedded in R?2. The coordinates are (£#,u) with £2 sup-
pressed. This space is known as Anti de Sitter (AdS).

Now it is clear that, for different values of the parameter u, we have different geometries for
the space of the free parameters £#. In particular if we write

(€)= () = (&) =1-2 (A1)

for 1—u? >0 < (1—u)(14+u) > 0 (namely |u| < 1), we can rewrite the equation (A.1), defining
the quantity 72 =1 —u? > 0, as

(€)= (€)= ()" =1~

which is the equation of an elliptic hyperboloid (see Fig. 7).
Afterwards, if we take the quantity 1 —u? = 0 (namely |u| = 1), the equation becomes

(€)= ()" = (&) =0,

which is the equation of a cone (see Fig. 8).



18 M. Arzano, D. Latini and M. Lotito

Figure 7. Space of parameters £* (u = 0,1,2) for |u| < 1. This elliptic spatial geometry is known as
Lobacevskij space.

Figure 8. Space of parameters &* (u = 0,1,2) for |u| = 1.

Figure 9. Space of parameters ¢* (u=0,1,2) for |u| > 1.

Finally, if we take 1 — u? < 0 (namely |u| > 1), the determinant reads
2 2 2 2 2 2
(€)= () = () == = (&) + () + () =
which is the equation of an hyperbolic hyperboloid (see Fig. 9).
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These are all the geometries of the parameter space of the group SL(2,R). In particular, we
must imagine that for a fixed value of the parameter u, also known as embedding parameter,
we generate one of these geometries. We can clarify our ideas observing Fig. 10.

Figure 10. The left part of the figure shows the intersection of the X-plane, which represents a surface
with uw = const, with the AdS-manifold. The value of the constant is such that |u| < 1 and, as seen
before, this implies a Lobacevskij geometry, obtained rotating the intersection of the ¥-plane, for the
parameter space (right part of the figure).

B Euler coordinates expansion

Starting by the following expression for the group element

1 1
— 5Pt K S \FPr™
g = e3Pt )10eXsM o5 (Px—0)%0

in terms of the dimensionful parameters p, and ., we can separate the exponentials as follows
g = 6%PH'YO€%¢'YO€XN'YIe*%d’VOe%PH’YO, (B.1)
this is because 7, obviously, commutes with itself and then we can divide the exponential in

two parts. Now, we focus on the three central exponentials.
Rewriting the latter in matrix form we have

390 XnM g =570 — |:COS g]l + sin (570] [cosh xx 1 4 sinh x,;71] [cos %]l — ¢in 270

2 @

= cosh x,x1 + [cos2 % — sin 2} sinh xx7v1 + 2 cos g sin g sinh y«72

= cosh xx 1 + cos ¢ sinh x,vy1 + sin ¢ sinh x,va.
At this point, considering that we defined our spatial momenta as
IT! = x cos ¢ = |II| cos ¢, I1? = xsin ¢ = || sin ¢,
substituting these expressions we obtain

e2$0 XK T16=38%0 — cosh Xx1 4 cos ¢ sinh x.71 + sin ¢ sinh x .o
sinh |II, |
i
sinh |II, |
L |
where the last equality can be easily obtained using the properties of the v matrices in the

resummation of the exponential. In conclusion, substituting also the Euler angle p with our
momentum II° and putting together the exponentials, we obtain the expression (3.3).

= cosh |IL,.|1 + [Ty + T2,

= cosh |II.|1 + [H};'}/l + Hiw] _ 61'1,1ﬂl+1'li'yz7
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C Change of coordinates between different parametrizations

Let us start by writing all together the set of coordinates on the manifold we considered

u = /14 |p|? = cosh k| = cosh |IL, | cos 1,

inh |k
K
sinh |ke|,, sinh|IL|
¢t = pl = TRl - SEL Sy
K ‘kn‘ K |Hn| K
sinh |kx| » sinh|I|
62 :p2 = — k = i H s Cl
K ‘kﬁ| K |En| K ( )

Now, starting by the system (C.1), we can find the transformation laws from a set of coor-
dinates to another.

C.l pvs k
( : 7
0_ smli\kﬂko’ (10 _ arcsinh |ﬁﬁ|p0
|kNL |ﬁn| ’
, _ sinh ‘k”’kl pl arcsinh \ﬁn]pl
= gL = —— 7P,
o [P
, sinh %, , 2 arcsinh |pi| o
TR 7
C.2 pvsIi
0
0 .0 0 = g arctan | ——2r )
p” = kcosh|Il, |sinII;, 1+ P2
inh |II ;
o= SlIl|H||H‘H1’ — arcsinh |p | |
Rt p,] ’
,_sibIL b
p? = i 117, 2 arcsinh [p_| 2
{ p,|
C.3 kvsIl

arcsinh 4/ cosh? |II, | cos2 TIO — 1

- kY =
1Y = k arctan <tarﬂj|k“’k2> ’ \/Cosh2 IIT,. | cos? 10 — 1
' h’lfﬁl x k cosh |II, | cos TTY,
. sinh |kx
! — arcsinh ( lFer | |E”‘) 1 arcsinh 4/ cosh? [II, | cos2 IO — 1 gip 1, IIL, |
k| R 2L,
. h<SIHhEK||]{? |) \/COSh2 |HH|COS2H2—1 ‘—/@‘
arcsin .
ke 7H
\HQ = |E,L| | ; 2 arcsinh 4/ cosh? [II, | cos? IO — 1 gip 1, IIL, | 2
L

\/ cosh? |II, | cos2 10 — 1
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D The Haar measure

Following [18, 23], we can write the Haar measure on SL(2,R) in terms of the coordinates which
parametrize the group element g = ul + &M, as

—

> d
dug(g) = dudéd(detg — 1) = 75, (D.1)
V1€
where, as always, |2 = —(£9)% + |€|?. In this way we can characterize the Haar measure on

SL(2,R) for every parametrization.

D.1 Haar measure in Cartesian parametrization
Using the p~parametrization we have
= 1 1 2 _ 2
w=\V1+p:l%  C=p), =p, E=pL,

is immediate to write the Haar measure on the group; in fact, substituting the parameters £ in
the formula (D.1), we obtain

dy __ dps
8D T+ el

D.2 Haar measure in exponential parametrization

Using the E—parametriza‘cion the matter is more complicated. This is because these coordinates
appear as a combination of hyperbolic functions

50 _ sinh |k | 0
(K|

sinh |ky|

i 52 _ sinh k| 5
K|

&= =k,
]

u = cosh |ky|,
and thus the form of the Haar measure (D.1) is more difficult to obtain. In particular, we have
to calculate the determinant of the Jacobian matrix J related to the transformation £ — k.
Performing the calculation, we obtain

0&°(k)  96°(k)  9€°(F)

Ok® okt ok? L
det J — o (k) ogl (k) 9&\ (k)| _ cosh|l<:,$\i1nh |kﬁ|’

Ok® okt ok? K3 k|2

08*(k) o€ (k) 0€(k)
kO Okt Ok?

which, given equation (D.1), allows us to write the Haar measure as
sinh? |k,| -
n= dk,.
SRS

D.3 Haar measure in Euler parametrization

The Haar measure in the II-parametrization can be found in the same way as the previous ones.
In particular the new parametrization

0
u = cosh |II,. | cosII,,

€% = cosh I |sinTI®, &' =

sinh |II, |
1L,

inh |II
m, &= SITH’H’Hz’

il
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leads to the following Jacobian determinant

o) og°() 9 (th)

ang aﬂi aH‘i ) .
det J — |00 o¢' (i) o€ (IT) | _ cosh” [ILy| cos IT, sinh [IL |

o1 oIt o112 k3|10, |

oex() ag2() oe(I)

o110 OIIL o112

which implies that the Haar measure in this parametrization is given by

cosh? |II.| cos I19 sinh [T, |dI1

d S =
He (i) x3|IL,,| cosh |II,,| cos IT9
namely
cosh |II,.|sinh |IL,.| - sinh2|II,.| -
dp_ iz = - = = — " dIl,.
Petth L] ©Toem T
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