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Abstract. A category of coefficients for Hopf cyclic cohomology is defined. It is shown
that this category has two proper subcategories of which the smallest one is the known
category of stable anti Yetter—Drinfeld modules. The middle subcategory is comprised of
those coefficients which satisfy a generalized SAYD condition depending on both the Hopf
algebra and the (co)algebra in question. Some examples are introduced to show that these
three categories are different. It is shown that all components of Hopf cyclic cohomology
work well with the new coefficients we have defined.
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1 Introduction

A suitable class of coefficients for Hopf cyclic cohomology was first introduced in [6, 7]. These
coefficients generalize modular pairs in involution discovered by Connes—Moscovici for Hopf
cyclic cohomology [4], and are called stable anti Yetter—Drinfeld (SAYD) modules. Hopf cyclic
cohomology is defined for a datum consisting of a symmetry, a space, and a space of coefficients.
The symmetry is defined by a Hopf algebra, the space is defined by an algebra or a coalgebra
on which the Hopf algebra acts or coacts, and the coefficients space is a module and comodule
over the Hopf algebra satisfying two conditions defined merely by the Hopf algebra structure.
One notes that bialgebra cyclic cohomology introduced in [8] extends the Hopf cyclic cohomo-
logy tremendously by relaxing the symmetry to be a bialgebra and the coefficients to be just
stable module-comodule. However for computing the latter cohomology one cannot rely on the
homological algebra of coalgebras and algebras. What we introduce in this paper is a class
of coefficients larger than SAYD modules but still computable in terms of derived category of
(co)algebras. We show that the bialgebra cyclic cohomology for the new coefficients coincide
with their Hopf cyclic cohomology.

Based on examples, we observe that Hopf cyclic cohomology works well with some coefficients
which are not SAYD modules over Hopf algebras. We study these modules and prove that
there are at least three noticeable categories of such coefficients. The idea is to show that the
coefficients not only depend on the Hopf algebra in question but that they may also be related
to the (co)algebra on which the Hopf algebra (co)acts. This observation unties our hands in
situations where the Hopf algebra lacks a large class of SAYD modules. Existence of such a Hopf
algebra is already shown in [15], where it is proved that any finite-dimensional SAYD module
over Connes—Moscovici Hopf algebra is a direct sum of the original modular pair in involution
found in [4].

*This paper is a contribution to the Special Issue on Noncommutative Geometry and Quantum Groups in
honor of Marc A. Rieffel. The full collection is available at http://www.emis.de/journals/SIGMA /Rieffel.html
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We cover two cases of Hopf cyclic cohomology in this paper. For an H-module coalgebra C'
we define ¢ H-SAYD modules and for an H-module algebra A we introduce 4 H-SAYD modules.
We show that SAYD modules are both ¢ H-SAYD modules and 4 H-SAYD modules for any A
and C, however we give several examples showing that these inclusions of categories are proper.

Next we show that there are examples of coefficients for H-module (co)algebras (C')A which
are not even (¢ H)4H-SAYD modules, while the correspondent Hopf cyclic complexes are well-
defined. We call these coefficient Hopf cyclic coefficients (HCC). It is not difficult to see that
the cup product in Hopf cyclic cohomology works well with these new coefficients.

One notes that after introducing Hopf cyclic cohomology with coefficients in [6, 7], there
are some generalizations of the theory in [1, 8, 11]. However in all computable examples the
authors had to transform their examples into the original Hopf cyclic complexes of some new
Hopf algebras. As an important example of such, in [8] the coefficients are module/comodules
over bialgebras and do not have to satisfy any YD like condition. However, the author in [§]
proves that if these coefficients are SAYD, when the bialgebra is Hopf algebra, then the Hopf
cyclic cohomology and bialgebra cyclic cohomoloy coincide. We prove that the same result holds
for new coefficients. The proof is a modification of the proof given in [8] for SAYD modules
over Hopf algebras.

Hopf cyclic cohomology generalizes Lie algebra cohomology. One of the most useful features
of Lie algebra cohomology is the induction/restriction functor which simply allows us to use
a subalebra of the Lie algebra in question to calculate the Lie algebra cohomology of the Lie
algebra with coefficients in the induced module in terms of the Lie algebra cohomology of the
subalgebra with coefficients in the given module. This feature is successfully adopted for Hopf
cyclic cohomology in [7]. Thanks to one of the referees some of our examples can be calculated
via the induction procedure.

Notations. In this paper we denote a Hopf algebra by H and its counit by . We use
the Sweedler summation notation A(h) = h(!) ® h® for the coproduct of a Hopf algebra.
Furthermore ¥(h) = h/_1y @ h(gy and ¥(h) = h(y ® h(yy are used for the left and right coactions
of a coalgebra, respectively.

2 Hopf cyclic cohomology coefficients

In this section we introduce two generalized versions of SAYD modules for module coalgebras
and module algebras. Let a Hopf algebra act on an algebra or a coalgebra, this action being
compatible with (co)algebra structure. The main idea here is to show that there are coefficients
by which the Hopf cyclic cohomology of the datum is well-defined where these coefficients are
not only (co)representations of the Hopf algebras but also represent the algebra or coalgebra
in question. Let us recall from [6] that a right-left SAYD module M over a Hopf algebra H is
a right module and a left comodule over H such that

v(mh) = S(h¥)m_yhY @ mpyh®  (AYD condition),
myM(—1y = m (stability condition).
Since bicrossed product Hopf algebras will be used repeatedly in this paper, let us recall
this notion here. Let U and F be Hopf algebras and furthermore let ¢/ be a right F-comodule

coalgebra. One then forms a cocrossed product coalgebra U »< F that has F @ U as underlying
vector space and the following coalgebra structure

A(f p<u) = fO) < ug(l)g ® f(2)ug§ < u?), e(f o< u) =e(f)e(u).
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Dually if F is a left ¢/-module algebra, we can endow the underlying vector space F @ U with an
algebra structure, to be denoted by F > U, with 1 > 1 as its unit and the product given by

(f >1u)(g >1v) = ful g >3 uPv.

The Hopf algebras U and F as above, with the action and coaction as above, form a matched
pair of Hopf algebras if they satisfy the following compatibility conditions for any u € U, and
any f € F

c(uf) = cwe(f),  Auf) =ul fVoul) Wr®),  vi)=1e1,
1 1 2 2 1 1
¥ (uv) = UEO§U<0> ® Uglg (U(2)U<1>), ugog ® (u(l)f)uglg = ugoi ® uglg (U(Z)f),

One forms a new Hopf algebra F »< U, called the bicrossed product of the matched pair (F,U);

it has F »< U as underlying coalgebra, F >J U as underlying algebra and the antipode is
defined by

S’(f><lu):(1><IS(u<0>))(S(fu<1))><]1), fer, uel.

Throughout the paper all Hopf algebras are assumed to have invertible antipodes.

2.1 The ¢ H-SAYD modules for module coalgebras

For basics of (co)cyclic modules and their correspondence cyclic (co)homology we refer the
reader to [3] and [12]. If M is a right module and left comodule over a Hopf algebra H,
then for any left H-module coalgebra C one defines the following para-cocyclic structure on
C*(C, M) :== M @ C®n+1)

6¢(m®a:m®co®---®cgl)

®c§2)®-'-®cn,
On(m ® ¢) = my) ®cé2)®cl®~-®cn®m<,1>cél),
gi(mRe)=mRcuR- - ®e(c;) @+ cp,

Tn(m ® ¢) =m) ¥c1 &+ @ cp @ m_q)Co, (2.1)

where ¢ = ¢y ® - -+ ® ¢p. In addition, when M is SAYD module over H, it is shown in [5] that
the above para-cocyclic structure is well-defined on C%(C, M) := M @y @C®"*1. Here H acts
on C®"*! diagonally.

However the cyclic structure on C;(C, M) can be well-defined for some other types of mo-
dules M which are not SAYD over H.

Definition 2.1. Let C' be a left H-module coalgebra. A right-left module-comodule M over H
is called a ¢ H-SAYD module if for any m € M, h€ H, c€ C, d € C®* we have

(cH-AYD) (mh)<_1>c & (mh)(()) = S(h(g))m<_1>h(1)c ® m<0>h(2),

(CH—stability) m)y @ m<_1>c7: mQy 6?
Here the action of H on C®* is diagonal. We use the symbol ¢H-SAYD for the category

whose objects are ¢ H-SAYD modules and whose morphisms are H-module and H-comodule
morphisms.

Let us introduce some examples of ¢ H-SAYD modules which are not necessarily a SAYD
module over Hopf algebras. First we generalize the notion of modular pair in involution [4].
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Lemma 2.2. Let C be an H-module coalgebra, 6 a character and o a group-like element for H.
Let (6,0) be a modular pair, i.e. 5(o) =1 and ¢ H-in involution, i.e.

S2(h)c = (aha_l)c, he H, ceC,

where Ss(h) = 5(h(1))S(h(2)). Then °Cs is a ¢ H-SAYD module via the action and coaction
induced by 6 and o respectively.

Proof. One checks that S5 '(h) = S71(h(V)§(h?). On the other hand we have
S orWew §(h?) = S5(h@)on Ve 1 = S3(S51 (h@))ohMew 1
=08, (M) o lohWe@1 =057 (M) (K3 WDe@ 1 = oc @ d(h).
Using the fact that (J,0) is a modular pair, the ¢ H-stability condition is obvious. |

For any H-module coalgebra C, the following lemma introduce a one-dimensional p H-SAYD
module for some H-module coalgebra D.

Lemma 2.3. Let (0,0) be a modular pair for the Hopf algebra H and C be a left H-module
coalgebra. We define the following subspace of C

I= {Sg(h)c— (Uha_l)c}for allh € H, andc € C}.

Then I is a coideal of C and D := % is an H-module coalgebra. Furthermore °Cs is a pH-SAYD
module.

Proof. Since
S3(h) = 6(h1)S2(AP)5(S(n®)),
is a coalgebra map, for any ¢ € C' and h € H we have
A (Sg(h) - aha_l c) =S} (h(l))c(l) ® S2 (h(Q))c(Q) - (ah(l)o_lc(l)) ® (Uh(z)a_lc(z))
2(0 ) @ 6 S — 0 6 8F(1)
(ah (M (ah<2> 1) 4 oh g1 g 2 (h2)) @
(Sg(h ) (1 ) —ohWg— (1)) ® Sg(h@))c@)
+ (oh Dg=tel) ) @ (S3 (h( ))0(2) - (O'h(Q)O'_lC(Q))).

CQ

This shows A(I )CI®C+C®I. Also we have e(y) = 0 for all y € I. Therefore I is a coideal
of C and D = 7 is coalgebra. Now it is enough to show that I is an H-module. To do this we
show that for all h,g € H and ¢ € C we have

hS%(g)c — hogo™t € I. (2.2)
First we observe that

o(o7 ha)o (S5 (g)c) — S5 (o ha) S5 (g)c € I.
Since Sg is an algebra map, we have

hS%(g)c — o 1S2(h)oSE(g)c € 1. (2.3)
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On the other hand we have
Sg (a_lhag)c — a(o*_lhag)a_l el
Therefore
o 152(h)oS3(g)c — hogo™' € 1. (2.4)

Adding relations (2.3) and (2.4), we obtain (2.2). Therefore I is an H-module coalgebra and
using definition of I, (§,0) is a p H-modular pair in involution. Thus by Lemma 2.2 we obtain
that ?Cs is a pH-SAYD module. [ |

To exemplify, let us recall that H := H]P, the co-opposite Hopf algebra of the Connes—
Moscovici Hopf algebra in codimension one, [4] is generated by the elements X, Y and J;, where
k € N, subject to the following relations

[Y,X] =X, [Y,(;k] = kdy, [X,ék] = Of+1, [5k,5i] =0, k,i e N.
Its coalgebra structure and antipode are defined as follows

AY)=10Y +Y®@1LA(6)=0®1+1®4,
AX)=X®14+10X+Y ®4d,
e(X)=e(Y)=¢e(ds) =0, S(X)=-X+Y8, SY)=-Y,  S(b)=—0.

Let U be the enveloping algebra of the Lie algebra generated by X and Y. Also suppose F is the
co-opposite Hopf algebra of the Hopf algebra generated by all the 0. It is shown in [13] that H
is canonically isomorphic to the bicrossed product Hopf algebra F »<1 U where U acts on F via

X = Opt1, Yo = kg,
and F coacts on U via

VX)=X®1+Y ®d, vVY)=Y®Il1.
A similar decomposition exists for the higher dimensions of this Hopf algebra denoted Hj .
Its is shown in [15, Theorem 3.16] that there is only one-dimensional SAYD module for the
co-opposite Hopf algebra of the Connes—Moscovici Hopf algebra H{°", namely !Cs. Since for

H{P we have S? # 1d, it follows that § # e. But in the following example we show that 'C.
defines a ¢H]*P-SAYD module.

Example 2.4. In Lemma 2.3, let # = H{’, § = ¢, 0 = 1 and C = H, where the H-module
structure is given by the multiplication. The relations

S2Y)=Y,  S%6) =6  S*X)=X -4,
show that [ is the coideal generated by the elements of the form
{S*(X™)h — X"h|n € N}.
Using S%(X) = X — 01, X&; = 0;41 + 6; X and the fact that S? is a morphism of algebras, one

obtains the following relation easily by induction

n—1
SHX™) = X" =0+ Y il
=1
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where h,,; are certain elements in H. This shows that the coideal I is generated by
{;h, h € H, i € N}.
We define a coalgebra map ¢ : H — U, given by

One checks that ker(yp) = I and therefore % = U. As a result the action of H on D = U which
has been defined by multiplication simplifies to

(f »au)(1 < v) = (f »auv) = e(fuv

where f »d uw € H and 1 it v € U = D. Therefore D = # > U is a H-module coalgebra
and 'C, is a zyH-SAYD module.

2.2 HCC modules for coalgebras

Definition 2.5. Let C' be a coalgebra which is also an H-module but not necessarily module-
coalgebra where the action of H on C®* is diagonal. A module-comodule M over H is called
a (H,C)-Hopf cyclic coefficients, abbreviated by ¢« H-HCC, if the cosimplicial and cyclic ope-
rators on C};(C, M) are well-defined and turn it to a cocyclic module. We use the symbol
cH-HCC for the category whose objects are ¢ H-HCC modules and whose morphisms are H-
module and H-comodule morphisms

In the following statement we show that for any ¢H-SAYD module the cocyclic module
structure defined in (2.1) is well-defined and therefore we obtain a Hopf cyclic cohomology with
these new coefficients:

Proposition 2.6. Let C' be an H-module coalgebra. Then any ¢ H-SAYD module M is a ¢ H -
HCC.

Proof. Since C' is assumed to be an H-module coalgebra, all cosimplicial structure operators
except the very last coface are well-defined. On the other hand, the last coface is a composition
of the first coface and the cyclic operator. Therefore it is enough to show that the cyclic operator
is well-defined. Let 7 : C™(C, M) — C}(C, M) be the natural projection then we see that the
same proof as in [5] works here
T(Th(Mh @ cr @ -+ R cy)) = (mh)<0> RHCAO R Ry ® (mh)<,1>c0

= m<0>h(2) QHCL Ry ® S(h(3))m< >h(1)60

=m) Qn h(2)01 Q& h("+1)c @ h("t2)g (h "+3)) h( )co

=m) OH h(2)C1 Q- ® h(""'l)c @ m_ 1>h(1)

We use the ¢ H-AYD module condition in the second equality. To verify the cocyclicity condition,
using the ¢ H-stability condition one has

Tg+1(m®Ha:m<0> ®Hm<,1>E:m®HE. |
Lemma 2.7. Let C be an H-module coalgebra. If the action of H on C' is cocommutative, i.e.
rWe; @ ey = hPe; @ h(l)CQ, he H, c¢1,c0€C, (2.5)

then any module M over H, with the trivial coaction, defines a ¢ H-HCC.
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Proof. Since C is assumed to be an H-module coalgebra it suffices to show that 7, is well-
defined. Indeed, let 7 : C™(C, M) — C}(C, M) be the natural projection, then
W(Tn(m ® h(l)Co R & h(n+1)cn)) =mepy h(2)01 R ® h("+1)cn ® h(l)C(]
=meghWMey @ @h™e, @ " eg =mh @ @+ @ en @ o
=m(Th(Mh Qg o @ -+ @ ¢)).
We use (2.5) in the second equality. |

The following statement is a dual result to the previous lemma.

Lemma 2.8. Let C an H-module coalgebra. If H acts on C' commutatively, i.e.
hgc = ghc, h,ge H, ceC,

then any comodule M over H, by endowing it with the trivial action, defines a ¢H-SAYD
module.

Proof. Using the fact that the action of H on M is via ¢ and H acts commutatively on C we
have

S(h)mayhVe @ mght® = BDS (RO )m e @ mg =m e @me(h).
The ¢ H-stability condition is obvious by the triviality of the action. |

Example 2.9. Let G be a discrete group acting on a set X normally, i.e. ghe = hgx for all
g,h € G and x € X. Then consider the group algebra H = CG and the obvious coalgebra
structure C'x on X where each element is considered to be a group-like element. Obviously Cx
is a module coalgebra over CG by the action of G on X. The action of H on Cx is commutative.
This introduces a source of ¢ H-SAYDs which are not ordinary SAYD modules over H = CG.
One notes that all types of SAYD modules M on CG are known, see [6], which in all cases G-
graded vector spaces M = P, My where for the (non-trivial) action we have gm = m for all
m € My and hm € Mjgp,-1.

We present another example. Since F is a Hopf subalgebra of H = F w1 U, the Hopf
algebra H acts on the coalgebra C':= H ®x C via left multiplication. It is easy to see that as
a coalgebra C' is isomorphic to U via u — (1 < u) ®7 1. Via this identification, the action
of H on C'is as follows. Let h= f»iu € H, and v € C' =U. Then

(fpau)v = ((f pu)(1pdv) ®F1)
=(frtuw)@rl=[(1m u(l)v(l))(S((u(z)v(2)))f 1) ®r1
= (1w u(l)v(l)) ®F E(S((u@)v@)))f) = (1w uwv) @r e(f) = e(f)uv.

One easily checks that for any bicrossed product Hopf algebra F m»<i U, the Hopf algebra U is
an H-module coalgebra via this action.

Example 2.10. Consider any bicrossed product Hopf algebra H = F »<1 Uf where U is a cocom-
mutative Hopf algebra. We have seen that C' = U is an H-module coalgebra by the following
action

(f»au)v =e(f)uw. (2.6)

Since U is cocommutative, it is obvious that H acts on C' cocommutatively. Therefore any
comodule M over H with the trivial action defines a 3y H-SAYD module.
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Example 2.11. Consider any bicrossed product Hopf algebra H = F »<i U where U is a co-
commutative Hopf algebra. Consider the module coalgebra U with the action defined in (2.6).
We show that H acts on U cocommutatively. First let us recall that

A(fpau) = fO e uly) © FOul) maugp).
Using the cocommutativity of U, for h := f » u we get
Ryl @ B2 = z-:(f(l))ug gv ®e(f@ (1)) (22,
e(fHuMo! @ uPv? = e(fHuPv? @ uVot = Pvt @ hVy?
Therefore any module M over H, providing it with the trivial coaction of H, defines a ;,H-HCC.

As an example the co-opposite Hopf algebra of Connes-Moscovici Hopf algebra H{°" = F w1 U
acts cocommutatively on U.

Here we introduce an example of ¢ H-HHC which is not a ¢ H-SAYD module. We have shown
that if H acts on C' cocommutatively then any module M defines an ¢ H-HHC. Indeed in this
example, we introduce a triple (H,C, M) such that H acts on C' cocommutatively but M is not
a ¢ H-SAYD module.

Example 2.12. Consider H = H{® = F w1 U. We have seen that C = U is a H-module
coalgebra by the action (f »<3 u)v = e(f)uv and that this action is a cocommutative action by
Example 2.11. Now let M = H be a right H-module via multiplication and left H-comodule by
trivial coaction. Since the action is cocommutative, it is a ;;H-HCC module. We show that M
is not a ¢ H-SAYD. Let fodu:=0 90X e H,c:=X €elU,and m:=1wi1 1€ M. First we

notice that

(f »au)® Umw Umw“

— @ FOull) wauZ) © Ol wa u®. 2.7)

After substituting into the AYD condition we observe that

S((f »< 1)) (f paw)De@m(f wau)®
(f(3 ug 2 u(3)) (f(l) > ug(l]g)c ® mf (1) ] ug 2
= S(f(2 uggug ; u(3)) Eé§c® mf(l)u( ) »< uggg

(2)

)
2
i (0)

(1’45(7123;))(5( @ (gu )Pﬂ ) g>c®mf(1) ) >l u
= S(x®) <(1>) ®(1><11)(61X 1 X 2)

= XX @ (01 X1y < 1) + X @ (61 p<3 X) + S(X)X @ (01 »a 1)
=X2@ (O e )+YX @ (67 a1) + X @ (6 pa X) — X2 (61 p 1)
=X pX)+YX®(0Tpal) #X @ (6 »d X) =c®@mh.

~ \/\_/

(3

(1
(1
a

2.3 Relation to Kaygun’s cyclic cohomology of bialgebras

In this subsection we first recall the bialgebra cyclic cohomology developed by Kaygun in [§]
and then show that for any ¢ H-SAYD module the result of these two cohomology coincide.
Let H be a bialgebra, C' be an H-module coalgebra, M be a right module and left comodule
over H.
We let H act on C™(C, M) from left by

Lim®cy®@- - ®@cy) = mS(g(l)) 29D ®-- g™,
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and defines the following subspace of C™(H, M)
W™(C, M) := {[Lg, '] (C"(H,M))|g € H,i € Z*}.

Here [Ly, 7| := Lgm — TL,.
Let us see that W is stable under cyclic structure of C*(C, M). Indeed for 7 we simply see
that

7[Lg, 7] = [1, Lg]7" + [Lg, 7"11].

For Op,, where 0 < m < n, we use the identity 0,7 = 70,,41 and the fact that 0,,Ly = L;0,, to
see that

Om, [Lg,Ti] = [Ly, T|Om+1-
For 0p4+1 = 70y we have
90 [Ly, 7| = 7[Ly, 7|01 = [1, Lg]7"01 + [Lg, 7] 01
Using the facts that Lyo; = 0;L4 and 70j = 017, we see that for 1 < j < n, we have
0;[Lg, 7] = [Lg, '] 01,
Finally for oy = 0,7 we obtain

0o [Lg,Ti] = O’nT[Lg,Ti] = [r, Lg]an,lTi + [Lg,TiH}an,l.

So V?/i((%%)) is a paracocyclic H-module. This paracocyclic module is denoted by PCM*(C, M)

in [8]. On the other hand if M is stable then
Tn+1(m R ® -+ ®cy) = mgy @ M(—p—1)Co @ -+ D M(_1)Cp
= 1140) 1 —n—3) S (MY —n—2)) ® MY—p—1)C0 ® * -+ @ M(_1)Cn

= Lin_o) (moym—1y @ co @ - @ n) = Lin_,, (M) @ o @ -+ @ ),

which proves that the paracocyclic module CM*(C, M) := Co gPCM*(C, M) is in fact a cocyclic
module.

Proposition 2.13. Let H be a Hopf algebra, C' be an H-module coalgebra, and M be a ¢H -
SAYD module. Then W C kerm, where m : C"™(C, M) — Cp(C, M) is the canonical projection.

Proof. Let us fix m® ¢y ® -+ ® ¢, € C"(C, M). Using the ¢ H-SAYD property of M, we see
that

TLi(Mm®Rc® - Rc,) = T(mS(g(l)) 2 gV ® g(n+2)cn)
= (mS(g(l)))<0> @@ @ g" Ve, ® (ms(g(l)))<—1>9(2)00
= m<0>5(9(2)) ®¢%e @ @ ¢ e, © 52 (g(l))m<71>5(g(3))g(4)00
= m<0>5(g(2)) ® 9(3)01 R ® g(”+2)cn ® S2 (9(1))m<_1>60'

On the other hand we have

Lygr(m®co @ -+ ®cp) = Lg(my @c1 ® -+ ® cp @ my_yyco)
— m<O>S(g(1)) ® 9(2)01 R--® g(n+1)cn ® g(n+2)m<71>co.

Som(TLy(m®@cy® - ®¢cp)) =e(g)TM@co @+ Rcp) =T(LgT(M @ o @ -+ R ¢p)).
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To finish the proof one uses the facts that, by Proposition 2.6, 7 on C'y(C, M) is well-defined,
and that [Ly, —] is a derivation. Indeed,

([Ly T (m@ @ @ cn))
=7([Lg, 7T (Mm@ co® - ®¢y)) + 7 ' 1([Lg, TI(M @ g @ -+ - ® ¢p)) = 0. u
Finally we prove the main result of this subsection.

Proposition 2.14. Let H be a Hopf algebra, C' be an H-module coalgebra, and M be a ¢H -
SAYD module. Then CM*(C, M) and C3(C, M) are isomorphic as cocyclic modules.

Proof. The proof is similar to the case of of the SAYD modules [8]. By Proposition 2.13 we
have the H-linear map between paracocyclic modules

m: PCM"(C,M) — C{(H,M).

Here we assume that the action of H on C};(C, M) is trivial. It is easily seen that
INLyg(m®Recop® - Rcy)) =e(g)m(MR@cu @+ ® cp).

So 7 induces a map of cocyclic modules
II: CM"(C,M) — CK(C,M).

On the other hand since W* is a para-cocyclic submodule of C*(C, M) we have projections of
para-cocyclic modules.

' C"(C,M) — CM"(C, M).

Let us check that 7’ is balanced over H. In the following we use [z] as the class of z € C"(C, M)
in PCM"(C, M) and 1 € C as the generator of C as trivial H-module.

T(Mg®c®- - ®ey) =10y Mg@co® -+ ®cp) = 10g [mgWe(g@) @@ -+ @ )
=1®y [mg(l)S(h(2)) ohP¥e®-- ® h(n+3)cn]
=1®y [m ® g(l)co R ® g(”+1)cn] =7 (m® g(l)c0 Q- ® g("+1)cn).
So 7' induces a map of cocyclic modules
n: C}(C,M) — CM"™(C, M).

It is obvious that IT and I’ are inverse to each other. [ |

2.4 The 4,H-SAYD and HCC modules for module algebras

Let A be a left H-module algebra and M be a right-left SAYD module over H. We notice
that M ® A®("*+D) is a right H-module via (m @ @)h := mh") @ S(h(®)@ and the right H-
module structure of the ground field C is given by rh := ¢(h)r for all r € C and h € H. It
is shown that the following cocyclic structure on the space of right H-linear homomorphisms

Cp (A, M) := Homp(M @ A®("+1) C) is well-defined [6]

(dif)(m®a)=f(M®a @ @ ajai+1 @ @ ap), 0<i<n,

(nf)(’m® a) = f(my ® (S (m_y))an)ao ® a1 @ -+ @ an_1),
Bnf)(m®a)=f(MRa® - @a; Q1@ @ ay), 0<i<n,

(tnf)(m®@a) = f(my ® S (m_1y)an ® ap @ -+ ® ap_1). (2.8)

where a = ag ® - - ® a,.
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Definition 2.15. Let A be a left H-module algebra. A right-left module-comodule M over H
is called an 4 H-SAYD module if for allm € M, h € H, a € A and ¢ € C};(A, M)

i) S_l((mh)<,1>)a ® (mh)<0> =61 (m<,1>h(1))h(3)a & m<0>h(2),
i) @(my ® S~ (m_1y)ao @ - © an) = p(m a).
Here the action of H on A®("+1) is diagonal. We use the symbol 4 H-SAYD for the category

whose objects are 4 H-SAYD modules and whose morphisms are H-module and H-comodule
morphisms

Lemma 2.16. Let A be an H-module algebra. Then any SAYD module over H is an 4H-SAYD
module.

Proof. One easily checks that the following properties are satisfied: i) mg)S~!(m_1y) = m,
i) (m@ha) = p(mh®a) if and only if p € C% (A, M), i.e. p(mhM2S(h?)ad) = e(h)p(mea). W

Definition 2.17. Let A be an algebra and an H-module (not necessarily an H-module algebra).
A module-comodule M over H is called an 4H-Hopf cyclic coefficients (4 H-HCC), if the cosim-
plicial and cyclic operators on C}; (A, M) are well-defined and turn it into a cocyclic module.
Here the action of H on A®(*1) is diagonal. We use the symbol 4 H-HCC for the category whose
objects are 4 H-HCC modules and whose morphisms are H-module and H-comodule morphisms.

Proposition 2.18. Let A be a left H-module algebra. Then any aH-SAYD module is an s H -
HCC.

Proof. Let M be a right-left 4 H-SAYD module. To show that M is 4 H-HCC it is enough to
check that the cyclic map is well-defined

(taf) (M@ ag @ --- ®an)h) = (taf) (mhD © S(hP)(ag ® - - © an))

= (taf) (mhWY @ S(A"ag @ - - @ S(h?)ay)

= f((mh") g © 57 ((mh W) _))S(h®)an © S (1" P)ag @ --- © S (b)) an-1)

— f(m<0>h(2) Q S_l(S(h(3))m<_1>h(1))S(h(4))an ® S(h(”+4))ao Q- ® S(h(5))an 1)

= o @ 57205 S 0 (O N -0 510
= f(m) ® KD [STHRM) S (m_1y)an @ S(h"™)ag @ -~ @ S( ) 1))

= f(my) ® KPS (AW) S (m_1y)an @ KOS (W) ag @ - - @ KT (AT a,, )
= f(my ® ST (m_1y)an ® ag ® -+ @ an_1)e(h)

=({tnf)(M®Rag® - Rap)e(h) = ((tnf)(MRag @ -+ R ay)) h.
To prove the cyclicity, using the 4 H-stability condition we have

") (Mm@ ag @ @ an) = (tnf) (mgy ® S~ (m_1))a1 ® -+ @ ay @ ag)
:(tnf)(m®a1®---®an®ao)—f(m®a0®---®an). [ |

Lemma 2.19. Let A be a left H-module algebra, and (§,0) be a modular pair and 4H-in
involution, i.e.

5’5_2(h)a =o"thoa, forany a€ A, heH.

Then °Cg is an AH-SAYD module.
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Proof. The following computations show the 4 H-AYD condition

STH(1ah)(—1y)a® (1ah) ) = 6(h) S (o)a® 1 =06 (hM)S(h®)hPa w1
= 07155( (1))00 1hge1 = Sy Q(Sg(h(l)))aflh@)a@? 1
= S—l(h(l)) 113 & ( ) S_l(1<_1>h(1))h(3)a® 1<0>h(2).

The stability condition is obvious from the modular pair condition. |

Proposition 2.20. Let (6,0) be a modular pair for H and A be a left H-module algebra. We
define the following subspace of A

B={acAl S;2(h)a = o 'haa, for allh € H}.
Then B is an H-module subalgebra of A and (6,0) is a pH-modular pair in involution.

Proof. It is obvious that 1 € B. Since A is an H-module algebra, o is a group-like element
and 55_2 is a coalgebra map, the following computation shows that B is a subalgebra of A

S52(h)(ab) = (S52(h)a) (S5 2(h?)b) = (67 'hWaa) (0 hPab) = o~ ho(ab).

Let h € H and b € B. The following computation shows that hb € B and therefore that B
is a left H-module

o tka(hb) = (o~ kaha Do )b—S‘Q(kahU_l)b
= S5%(k)[S5 2 (cho™")b] = o Y (oho ') ob = S5 ?(k)(hb).

Therefore B is an H-module subalgebra of A and (4, 0) is a g H-modular pair in involution. W
Lemma 2.21. Let A be a left H-module algebra. If the action of H on A is cocommutative, i.e.

hYa; @ hPay = hPa; @ h(l)ag, he H, ai,ag€ A, (2.9)
then any module M over H, with the trivial coaction of H, defines an 4H-HCC.

Proof. The 4H-stability condition is obvious by the triviality of the coaction. Since A is
assumed to be H-module algebra it suffices to show that the cyclic map 7 is well-defined

(tnf)((m @ a0 @+ @ an)h) = (tnf) (mhY & S (A H)ag @ - & §(h® ) an)
= f(mh™ @ S(h®)a, ® S("Nag® - @ S(h®)a,_1)
= f(mhM @ S(h" ) a, @ S(h™)ag @ - ® S(h?)ap_1)
=f(m®an@ag® @ an_1)e(h) = (tnf) (M@ a0 @ - ® an)e(h).

We use (2.9) in the third equality. [
Lemma 2.22. Let A be a left H-module algebra. If H acts on A commutatively, i.e.
hga = gha, h,g € H, ac€A,

then any comodule M over H, endowed with the trivial action from H, defines an sH-SAYD
module.
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Proof. The 4 H-stability condition is obvious. The following computation proves the 4 H-AYD
condition

e(h)S_l(m<_1>)a ® myoy = h2 g1 (h(l))S_l(m<_1>)a @ M)
= S_l (m<_1>h(1))h(2)a X Mmooy = S_l (m<_1>h(1))h(3)a & m<0>h(2).

We use the commutativity of the action on the second equality. |
Here we introduce an example of the preceding lemma.

Example 2.23. Similar to Example 2.9, let G be a group acting normally on a set X from
the right and H = CG be the group algebra of G acting on A = Fun(X, C), the commutative
algebra of all complex valued functions on X, by (¢gf)(z) = f(xg). It is easy to check that A is
a left H-module algebra and furthermore that this action is commutative.

One notes that for any bicrossed product Hopf algebra H = F »< U, the Hopf algebra F is
an H-module algebra by the following action

(foau)g:=e(f)(ug),  fgeF, uel. (2.10)

Example 2.24. Let H := F » U be any bicrossed product Hopf algebra where U is a co-
commutative Hopf algebra. Then the following computation proves that the action in (2.10) is
cocommutative

( pa 0) Doy @ (F pa )Py = (FO ma all))or @ (FOull) wa u® )y

= s(f(l))ugé;vl ® a(f(z)ugg)u(z)vg = e(f)uMv; @ uPvy = (f »au)Pvy @ (f wa u) Doy,

Therefore any module M over H, with the trivial coaction of H, defines a xH-HCC.

Here we introduce an example which shows that the categories of 4H-HCC and o4 H-SAYD
modules are different. In fact we introduce an example of an 4 H-HCC module which is not
a AH-SAYD.

Example 2.25. Consider H = H{® = F » U and let M = H be a right H-module via
multiplication and left comodule by trivial coaction. We have seen that the Hopf algebra F
is a left H-module algebra by the action defined in (2.10) and this action is a cocommutative
action by Example 2.24 and therefore that M is a fH-HCC module. We show that M is not
a rH-AYD. First one notices that using the formula

S7Hh) = 5(S(h™))s(hV) S (h?),

we obtain
ST mal) == pal, ST HGwal) = —dpal,
STHomaY) = aY +5 a1,  STHImY) =101,
STHIwa X)=—(1wa X)+ (6, paY),
ST waY) = -5 (267 ma 1) — (67 maY),
ST X) = (61 pa X) — (S p<1 1) — (67 p Y).

Using (2.7) and the triviality of the coaction, by substituting h = §; »1 X, m = 1 »d 1 and
a = 01 into the pH-AYD condition we have

STH(1 ma X)W (6, ma X)B6) @ m(6; pa X)P)
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(07 X ) X () wa XD)or @ (1w 1) (57 X () wa X))
(2) y(
X

>) > X ()
(5 g X< 0))d1 ® (5§2>X<1> b1 1) + 571 (61 ma 1), @ (672 ma X)
+ 571 (6 wa 1) X6 @ (62 wa 1)
= 5715 wa X) 81 ® (67 wa 1) + 578 ma Y61 @ (8175, ma 1)
+ 57160 ma 1) @ (62 ma X) + 571 (6 ma 1) X6 © (6 wa 1)
=S e X)61 @ (1w 1)+ S7H1 wa X)6; @ (61w 1)
+S7H S maY )0 @ (16, < 1) + ST »a V)61 @ (6161 w1 1)
+ 5716 ma 1) @ (1w X) +S7H1 w1 1)6; @ (61 »a X)
+ ST S ma )XS @ (1w 1) +S7H1pa 1) X6 @ (61 »a1 1)
=((61 A X)— (G2 1) — (63 A Y))51 @ (1w 1) + (—(1 »a X) + (01 B )3y
@@ pd 1)+ (1Y) + 61 1)51 @ (61 b 1) — (1 YV); @ (67 w1 1)
— (011 1) @ (1 e X))+ (1px11)d @ (61 p1 X)
— (< DX @(1wal)+ (1 pa1)X ® (61 P 1)
—(X61) @ (61w 1) — (Y1) @ (621 1) + 61 @ (6, 3 X) + (X61) @ (61 a1 1)
:51®(51NX)—51®(5%><1)
#01 @01 I X)=01® (1»a11)(61 P X).

3 Cup products in Hopf cyclic cohomology

In this section we show that all features of Hopf cyclic cohomology work well with the new
coefficients which we have defined in Section 2.1. One of the most important features of Hopf
cyclic cohomology is its cup product [9, 10, 14] as a generalization of the Connes—Moscovici
characteristic map [4]. We show that this cup product works well with the new coefficients in
this paper. One may construct an AYD module over a Hopf algebra as the tensor product of
a YD module with a AYD module [6, 16]. This shows that the category of AYD modules is
a C-category over the category of YD-modules. In this section we show the same expectation
for generalized modules is satisfied. In other words we prove that the category of o H-SAYD
modules is a C-category over the category of ¢ H-YD modules.

Definition 3.1. Let C be a left H-module coalgebra. A left-right module-comodule M over H
is called an ¢ H-YD module if for m € M, h € H, and ¢ € C' we have

(mh)<_1>c & (mh)<0> =51 (h(3))m<_1>h(1)c & m<0>h(2)

Lemma 3.2. Let M and N be right-left ¢ H-anti- Yetter—Drinfeld and Yetter—Drinfeld module
respectively. Then M ® N is an ¢ H -anti- Yetter—Drinfeld module via

(m X n)h = mh(2) [ nh(l), m@n+— M(—1)T(—1) X m (o) (024 n(_1)-
Proof. The following computation shows that M ® N is an ¢ H-anti-Yetter—Drinfeld module
(m@n)h)_1ye® ((m@n)h) g = (mh® @ nhV) 1
= (mh®) _,nbM)qye@ (mh®) o © (nhD)
= S(h(ﬁ))m<,1>h(4)5*1 (h(?’))n<,1>h(1)c ® m<0>h(5) ® n<0>h(2)

,C® (mh(2) ® nh(l)) o
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= S(h(4))m<,1>n<,1>h(l) ® m<0>h(3) ® n<0>h(2)
= S(h(g)) (m ® n)<,1>h(1) ®(m® n)<0>h(2) |

The rest of this section is devoted to the cup product in Hopf cyclic cohomology with gene-
ralized coefficients.

Let C be an H-left module coalgebra acting from left on an H-left module algebra A satisfying
the following conditions

(hc)a = h(ca), c(ab) = (c(l)a) (C(Q)b), cl =¢(c)l. (3.1)

Let B = Hompg(C, A) denotes the convolution algebra of all H-linear maps from C' to A with
the following multiplication

(f#9)(c) = f(cV)g(c?).

This algebra has the unit element 7o e where n : C — A is the unit of A. Let C};(C, M)
and C};(A, M) be the cocyclic modules which are defined in (2.1) and (2.8) where M’s are
right-left ¢ H and 4 H-SAYD modules respectively. Consider the diagonal complex

i = C(C, M) ® Cj(A, M) = Homy (M @ A®"*!,C) @ (M @y C®" ),

which is a cocyclic module by the following coface, codegeneracy and cyclic maps, (d,, ® d,,, S5, ®
Onstn @ 7). For all ¢ € Hompy (M @ A®"*1 C), f; e Band m®¢ € M @y C®"*1) | we define
the following map

Ve O —s Hom (B¥™V, C),
Vac(p@m@co @ - @ cn)(fo @ ® fn) = o(m®u folco) ®--- @ falen))-
Similar to [14] one has the following statement.
Lemma 3.3. The map VU, . is a well-defined map of cocyclic modules C** and C*(B).
Using (3.1), one shows that the following map is an unital algebra map
X: A— Homp(C, A),
x(a)(c) = c(a).

Therefore we obtain a cyclic map x : C*(B,C) — C*(A,C). As a result we have the following
cyclic map

U=xoW,.: Cp' — C"(A,C).
Now we define
cri= P Ch(A M) Cl(C, M),
p+q=n

to be a tensor product of cocyclic modules which has a mixed complex structure [2, 12]. The
cyclic cohomology of this mixed complex is

P HCY (A, M) ® HC}(C, M).

p.q

As in [14], one uses the Alexander—Whitney map to obtain the following map
AW : HCY (A, M)® HC{(C,M) — HCP+’1(05;3) — HC™(Cp).

Now we obtain the following statement.
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Proposition 3.4. Let C be an H-left module coalgebra acting from the left on an H-left module
algebra A satisfying (3.1). Let M be an aH and cH-SAYD module, and let C3(C, M) and
Ch (A, M) be the cocyclic modules which are defined in (2.1) and (2.8). The following maps
define cup products on the level of Hopf cyclic cohomology

U=WUoAW: HCY(A M)® HCY(C, M) — HCPTU(A).

Proof. This can be proved similarly as the author did in [14]. |
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