
Symmetry, Integrability and Geometry: Methods and Applications SIGMA 10 (2014), 096, 20 pages

Invariant Poisson Realizations

and the Averaging of Dirac Structures
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Abstract. We describe an averaging procedure on a Dirac manifold, with respect to a class
of compatible actions of a compact Lie group. Some averaging theorems on the existence of
invariant realizations of Poisson structures around (singular) symplectic leaves are derived.
We show that the construction of coupling Dirac structures (invariant with respect to locally
Hamiltonian group actions) on a Poisson foliation is related with a special class of exact gauge
transformations.
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1 Introduction

Our aim is to discuss some aspects of the averaging procedure on Poisson manifolds which carry
singular symplectic foliations.

Let (M,Π) be a Poisson manifold endowed with a Poisson tensor Π. The characteristic
distribution generated by the Hamiltonian vector fields on (M,Π) is integrable in the sense of
Stefan–Sussmann [20, 21], and gives rise to the smooth symplectic foliation (S, ω), having a leaf-
wise symplectic form ω. The singular situation occurs when there are points where the rank of
the Poisson tensor Π is not locally constant. In this case the leaf-wise symplectic form ω has
a singular behavior, in the sense that ω can not be represented as the pull-back of a global 2-
form on M . Given a leaf-preserving (non-canonical) action of a compact connected Lie group G
on M , we are interested in the existence of an invariant realization of Π around a (singular)
symplectic leaf S, that is, a G-invariant Poisson structure Π which is Poisson-isomorphic to Π
on a neighborhood of S. Such invariant Poisson realizations appear naturally in the theory of
normal forms for Hamiltonian systems of adiabatic type on general phase spaces [1, 28], which
is a motivation for the present work.

Our intention is to describe a natural reconstruction procedure for a G-invariant Poisson
structure Π from the original one Π. It is clear that, in the contravariant setting, the standard
averaging technique [16] does not work because of the nonlinear character of the Jacobi identity.
The alternative proposed here is the construction of an invariant Poisson structure Π by applying
averaging arguments to the leaf-wise symplectic form ω. In doing so, we must deal with smooth-
ness and non-degeneracy issues, which are not trivial at all in the singular case. The crucial point
is that the smoothness condition for leaf-wise pre-symplectic forms can be formulated within the
category of Dirac structures [7, 8]. This allows us to develop the reconstruction procedure within
the framework of the Dirac formalism, starting with the Dirac structure D = Graph Π ⊂ TM ⊕
T ∗M associated with Π. We remark that if the G-action is compatible in an appropriate way
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with the leaf-wise pre-symplectic form ω, then its G-average is a smooth leaf-wise pre-symplectic
form on S inducing a G-invariant Dirac structure D. Moreover, the Dirac structures D and D
are related by a gauge transformation [4, 5, 18] associated to an exact 2-form on M . Therefore,
by the averaging procedure we mean here the passage from D to D. When a non-degeneracy
condition holds, the Dirac structure D is the graph of a Poisson bi-vector field Π with the prop-
erty that Π is invariant with respect to the G-action, and gauge-equivalent to Π. Combining
these arguments with the Moser path method for Poisson structures [9, 12, 17, 26], we get that
the Poisson structure Π gives an invariant realization of Π around the symplectic leaf S.

If the manifold M carries the additional structure of a regular foliation F , we apply the above
results to the class of F-coupling Poisson tensors [23, 25]. Let Π = Π2,0 + Π0,2 be a coupling
Poisson tensor on (M,F), where the “regular part” Π2,0 ∈ Γ(∧2H) is a bi-vector field of constant
rank, and the “singular part” Π0,2 ∈ Γ(∧2V) is a leaf-tangent Poisson tensor. We show that,
if the G-action is compatible with the singular part Π0,2 and the symplectic leaf S of Π is
transversal to the foliation F , then Π admits an invariant realization around the leaf which is
again a F-coupling Poisson structure Π = Π2,0 + Π0,2, with G-invariant regular and singular
parts. In particular, the compatibility condition automatically holds when the G-action is locally
Hamiltonian on (M,Π0,2).

We also present an alternative approach to the construction of Dirac manifolds with symmetry
within the class of coupling Dirac structures [2, 10, 11, 24, 29]. Starting with a Poisson foliation
(M,F , P ) endowed with the locally Hamiltonian action of a compact Lie group G, we describe
an averaging procedure D 7→ D, for compatible F-coupling Dirac structures D on (M,F , P ),
in terms of the gauge transformations of the corresponding integrable geometric data [27]. This
approach is based on the averaging technique for Poisson connections originally developed, for
Hamiltonian group actions on Poisson fiber bundles, in [16]. Here we use a foliated version of
this technique which does not require the existence of a global momentum map. With a different
perspective, an averaging procedure was also introduced in [13, 14], to construct induced Dirac
structures in the context of the reduction method on Dirac manifolds with symmetry.

The paper is organized as follows: General properties of averaging operators are reviewed in
Section 2. In Section 3, we describe the averaging procedure on Dirac manifolds with respect
to a class of compatible G-actions, and study its relation with exact gauge transformations. In
Section 4, we formulate and prove the Poisson averaging theorem on the existence of invariant
realizations of Poisson structures around (singular) symplectic leaves. In Section 5, within the
class of coupling Poisson structures on a foliated manifold, the G-invariant splittings for Poisson
models around a symplectic leaf transversal to the foliation, are described by using the bi-graded
contravariant calculus and gauge type transformations. Section 6 is devoted to the study of some
symmetries of the structure equations (integrability conditions) for geometric data on Poisson
foliations. We describe a class of gauge transformations of integrable geometric data which are
equivalent with exact gauge transformations of Dirac structures preserving the coupling property.
In Section 7, these results are used for the construction of coupling Dirac structures on a Poisson
foliation, invariant with respect to locally Hamiltonian G-action, in terms of the “averaged”
integrable geometric data. We also describe some cohomological obstructions to the construction
of Dirac manifolds with Hamiltonian G-symmetry in the context of the averaging procedure.

2 Averaging operators

Let G be a compact connected Lie group and g its Lie algebra. Suppose we are given a smooth
(left) action Φ : G × M → M , (g,m) 7→ Φ(g,m) = Φg(m). Denote by aM ∈ χ(M) the
infinitesimal generator of Φ associated to an element a ∈ g,

aM (m) =
d

dt

∣∣∣∣
t=0

Φexp(ta)(m).
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Let T rs (M) be the space of all smooth tensor fields on M of type (r, s). The G-average of every
F ∈ T rs (M) is a tensor field of the same type 〈F 〉G ∈ T rs (M) given by the formula

〈F 〉G :=

∫
G

Φ∗gF dg, (2.1)

where dg is the normalized Haar measure on G. A tensor field F is said to be G-invariant
if Φ∗gF = F for any g ∈ G or, equivalently, 〈F 〉G = F . In infinitesimal terms, using the Lie
derivative, the G-invariance of F reads LaMF = 0 ∀ a ∈ g. Moreover, we have the useful identity
〈LaMF 〉G = 0, for every F ∈ T rs (M).

Since G is compact and connected, the exponential mappings exp : g→ G, constructed from
the Lie group structure and from the corresponding bi-invariant Riemannian structure, coincide,
and this map is surjective. Consider the cut locus C of the identity e ∈ G. Then,

exp |D : D → G \ C

is a diffeomorphism between an open, bounded, star-shaped neighborhood D of 0 ∈ g, and the
complement G \ C. Moreover, exp(∂D) = C has zero measure (these are standard results in
Riemannian geometry; for instance, see chapter III in [6]). Let µ = dg be the normalized Haar
measure on G, considered as a left (right) volume form on G, and denote by Hom(g; T rs (M))
the space of R-linear mappings λ : g→T rs (M). Then, we can define an averaging operator
δG : Hom(g; T rs (M))→ T rs (M) as follows:

δG(λ) :=

∫
D

(∫ 1

0
Φ∗exp(ta)λa dt

)
exp∗ µ. (2.2)

Example 2.1. Let G = S1 = R\2πZ. Suppose that an S1-action is generated by the 2π-periodic
flow of a vector field Υ on M . Then, formula (2.2) reads

δG(λ) = − 1

2π

∫ 2π

0
(t− π)(FltΥ)∗F dt+ π〈F 〉S1 ,

where λ = aF , F ∈ T rs (M), and a ∈ R.

Consider also the mapping lG : T rs (M)→ Hom(g; T rs (M)) given by

lG(F ) : g 3 a 7→ LaMF.

The following useful fact follows from standard averaging arguments [16].

Lemma 2.2. The averaging operator 〈·〉G : T rs (M)→ T rs (M) has the representation:

〈·〉G = id +δG ◦ lG. (2.3)

Proof. Firstly, we have (for any F ∈ T rs (M)),

Φ∗exp aF − F =

∫ 1

0
Φ∗exp ta(LaMF ) dt. (2.4)

On the other hand, since C is a subset of measure 0, the average of every F ∈ T rs (M) can be
written as

〈F 〉G =

∫
D

(Φ∗exp aF ) exp∗ µ.

Using this property, and integrating equation (2.4) over D, we get (2.3). �

The operators 〈·〉G, δG, and lG can be restricted to the spaces of multi-vector fields χk(M)
and differential forms Ωk(M). In particular, it follows from (2.3) that the G-average of a closed
k-form, β ∈ Ωk

cl(M), is

〈β〉G = β − d ◦ δG(ρ), (2.5)

where ρ ∈ Hom(g; Ωk(M)) is given by the insertion operator ρa := −iaMβ.
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3 Compatible group actions

3.1 Generalities on Dirac structures

First, we recall some basic properties of Dirac structures which can be found, for example,
in [4, 5, 7, 8, 13].

A Dirac structure on a manifold M is a smooth distribution D ⊂ TM ⊕ T ∗M which is
maximally isotropic with respect to the natural symmetric pairing

〈(X,α), (Y, β)〉 := β(X) + α(Y ),

and involutive with respect to the Courant bracket

[(X,α), (Y, β)] :=

(
[X,Y ],LXβ − LY α+

1

2
d(α(Y )− β(X))

)
.

Here (X,α) ∈ Γ(D) is a (local) smooth section of D. Let pT : TM ⊕ T ∗M → TM be
the natural projection. It follows that rankD = dimM , and the characteristic distribution
C = pT (D) ⊂ TM is integrable in the sense of Stefan and Sussmann. As a consequence, the
Dirac manifold (M,D) carries a (singular) pre-symplectic foliation (S, ω): the leaves are max-
imal integral manifolds of C = TS, and the leaf-wise pre-symplectic structure ω is defined by
ωm(X,Y ) = −α(Y ), where (X,Y ) ∈ Cm and (X,α) ∈ Dm. In particular, the foliation (S, ω)
is symplectic if and only if D is the graph of a Poisson structure on M . Reciprocally, one can
associate to a pre-symplectic foliation (S, ω) on M , the distribution

Dω := {(X,α) ∈ TmM ⊕ T ∗mM |X ∈ TmS, α|TmS = −iXωm}.

We say that ω is smooth if Dω is a smooth sub-bundle of TM ⊕ T ∗M . In this case, Dω is
a Dirac structure whose pre-symplectic foliation is just (S, ω). Thus, there is a one-to-one
correspondence between Dirac structures and smooth pre-symplectic foliations on M .

Notice that every Poisson structure on M induces a Dirac structure for which the involutive
property follows from the Jacobi identity. Indeed, given a bi-vector field Π ∈ Γ(∧2TM), we
define the smooth sub-bundle

DΠ := Graph(Π) = {(X,α) ∈ TmM ⊕ T ∗mM |X = iαΠ}.

Then, DΠ is a Dirac structure if and only if [[Π,Π]] = 0, that is, Π is a Poisson bi-vector field.
Here [[·, ·]] denotes the Schouten bracket for multi-vector fields on M [22]. In this case, (S, ω)
is in fact the symplectic foliation of the Poisson structure Π. Reciprocally, if the characteristic
foliation of a Dirac structure D is symplectic, then D is the graph of a Poisson structure.

One can modify the leaf-wise pre-symplectic structure ω of a Dirac structure D by using the
pull back of a closed 2-form B ∈ Ω2(M): for each pre-symplectic leaf (S, ωS), we define the new
pre-symplectic structure as ωS − ι∗SB, where ιS : S ↪→M is the inclusion map. Then, the folia-
tion S endowed with the deformed leaf-wise pre-symplectic structure gives rise to the new Dirac
structure τB(D) = {(X,α−iXB) : (X,α) ∈ D}. Therefore, for every closed 2-form B, the trans-
formation τB (called the gauge transformation [5, 18]) sends Dirac structures to Dirac structures.

A Dirac structure D on M is said to be invariant with respect to a diffeomorphism φ :
M → M if (φ∗X,φ∗α) ∈ Γ(D) for every (X,α) ∈ Γ(D). In this case, φ is called a Dirac
diffeomorphism. In particular, if D = Graph Π is the Dirac structure associated to a Poisson
bi-vector field Π on M , then the φ-invariance of D is equivalent to the condition φ∗Π = Π, that
is, φ is a Poisson diffeomorphism. An action of a Lie group on (M,D) by Dirac diffeomorphisms
is called canonical.
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A vector field X on M is Hamiltonian relative to a Dirac structure D if there exists a function
F ∈ C∞(M) such that

(X,dF ) ∈ Γ(D). (3.1)

A G-action on (M,D) by Dirac diffeomorphisms is said to be Hamiltonian, with momentum
map J ∈ Hom(g;C∞(M)), if the infinitesimal generator aM of every a ∈ g is a Hamiltonian
vector field,

(aM ,dJa) ∈ Γ(D).

The integrability and reduction for these actions has been studied in [3].

3.2 Averaging procedure: D 7→ D̄

Now, let (M,D) be a Dirac manifold and (S, ω) the associated pre-symplectic foliation. Suppose
we are given the action of a connected compact Lie group G on M which preserves each leaf
of S but is not necessarily canonical relative to D. Therefore, the G-action is tangent to the pre-
symplectic leaves, aM (m) ∈ TmS, for all m ∈ M , a ∈ g. Applying the averaging operator (2.1)
to ωS on every pre-symplectic leaf (S, ωS), gives the averaged leaf-wise pre-symplectic form 〈ω〉G
on S.

We say that the leaf-preserving G-action on the Dirac manifold (M,D) is compatible if there
exists a R-linear mapping ρ ∈ Hom(g,Ω1(M)) such that, for each leaf S,

iaMωS = −i∗Sρa, (3.2)

for every a ∈ g, where iS : S ↪→ M is the canonical injection. This compatibility condition can
be rewritten as follows

(aM , ρa) ∈ Γ(D), ∀ a ∈ g.

It is clear that this condition always holds for Hamiltonian G-actions on (M,D), and also when
the pre-symplectic foliation is regular (of constant rank).

Proposition 3.1. If the G-action is compatible on (M,D), then the average 〈ω〉G is smooth,
and can be represented as

〈ω〉G = ω − i∗SdΘ, (3.3)

where Θ ∈ Ω1(M) is the 1-form given by

Θ := δG(ρ). (3.4)

The associated Dirac structure D := D〈ω〉
G

is G-invariant and related to D by an exact gauge
transformation,

D = {(X,α+ iXdΘ) : (X,α) ∈ D}.

Proof. It follows directly from (2.5), (3.2) and the properties of the gauge transformations. �

Remark 3.2. The 1-form Θ in (3.3) is defined up to the addition of an arbitrary 1-form on M
which is closed on each leaf S. It follows from (3.3), and the fact that 〈·〉G commutes with
pull-backs, that ι∗S〈dΘ〉G = 0, and hence one can always choose the gauge 1-form having zero
average, by making Θ0 = Θ− 〈Θ〉G.
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We will use the following notations. For an arbitrary bi-vector field Π ∈ Γ(∧2TM), and
a 2-form B ∈ Ω2(M), we denote by Π] : T ∗M → TM and B] : TM → T ∗M the vector bundle
morphisms given by α 7→ iαΠ and X 7→ iXB, respectively.

Now, we formulate the following “Poisson version” of Proposition 3.1.

Corollary 3.3. Let (M,Π) be a Poisson manifold and (S, ω) its symplectic foliation. Suppose
that an action of a compact connected Lie group G on M is compatible with the Poisson tensor Π,
in the sense that

aM = Π]ρa, ∀ a ∈ g, (3.5)

for a certain ρ ∈ Hom(g,Ω1(M)), and consider the 1-form Θ in (3.4). If the endomorphism

Id +(dΘ)] ◦Π] : T ∗M → T ∗M is invertible, (3.6)

then the G-average 〈ω〉G is non-degenerate on each leaf of S, and there exists a unique G-inva-
riant Poisson tensor Π on M whose singular symplectic foliation is just (S, 〈ω〉G). The Poisson
structures Π and Π are related by the exact gauge transformation,

Π
]

= Π] ◦
(

Id +(dΘ)] ◦Π]
)−1

. (3.7)

Therefore, under the non-degeneracy condition (3.6), one can get a Poisson structure which
is invariant with respect to the compatible G-action.

4 The averaging theorem around symplectic leaves

Here, we apply the results of the previous section to the construction of invariant Poisson models
around a (singular) symplectic leaf.

Theorem 4.1. Let (M,Π) be a Poisson manifold, and S a symplectic leaf of the foliation
induced by Π. Suppose we are given an action of a compact connected Lie group G on M , which
is compatible with Π (recall (3.5)). If G acts canonically on S (but not necessarily on the other
leaves), that is, recalling (3.2)

ι∗Sρa is closed on S, (4.1)

then (3.7) determines a G-invariant Poisson bi-vector Π, well-defined in a G-invariant neigh-
borhood N of S in M . Moreover, if

S ⊂MG (the set of fixed points), (4.2)

then, the germs at S of Π and Π are isomorphic by a local Poisson diffeomorphism φ : N →M ,

φ∗Π = Π, φ|S = id. (4.3)

Proof. Fix a sub-bundle, VS ⊂ TSM , which is transverse to the symplectic leaf,

TSM = TS ⊕ VS .

Then,

T ∗SM = V0
S ⊕ (TS)0, (4.4)
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and it follows from Π](T ∗SM) = TS that

Π]
(
(TS)0

)
= 0, Π]

(
V0
S

)
= TS. (4.5)

Let Θ be the 1-from on M given by (3.4). Consider the bundle morphism B] : TM → T ∗M
induced by the 2-form B = −dΘ. By condition (4.1), Θ is closed on S, and hence ι∗SB = 0 or,
equivalently,

B](TS) ⊆ (TS)0.

From that result, and properties (4.5), we get

B] ◦Π]
(
V0
S

)
⊆ (TS)0, and B] ◦Π]

(
(TS)0

)
= 0.

These relations, together with (4.4), mean that, for each t ∈ [0, 1], the restriction of the vector
bundle morphism Id−tB] ◦Π] to T ∗SM is invertible, with(

Id−tB] ◦Π]
)−1

= Id +tB] ◦Π] on T ∗SM. (4.6)

Then, there exists an open neighborhood N , of S in M , such that the restriction of Id−tB] ◦Π]

to T ∗NM is invertible for all t ∈ [0, 1]. Since the Lie group G is compact, one can choose the
neighborhood N as being G-invariant. Applying to Π the gauge transformation determined
by tB, we get a t-dependent family of Poisson tensors Πt on N , such that:

Π]
t := Π] ◦

(
Id−tB] ◦Π]

)−1
.

This family joins the original Poison structure, Π, with the G-invariant one Π = Π1. Next, one
can verify [9, 12, 25, 26] that the time-dependent vector field on N given by

Zt = −Π]
t(Θ) = −Π] ◦

(
Id +t(dΘ)] ◦Π]

)−1
(Θ),

satisfies the homotopy equation

[[Zt,Πt]] = −dΠt

dt
.

Finally, hypothesis (4.2) implies that Θ|TSM ∈ (TS)0, and hence, by (4.6), we get Zt|S = 0.
Therefore, shrinking if necessary the neighborhood N , we can make the flow FltZt

of Zt well
defined on N , for all t ∈ [0, 1]. The Poisson diffeomorphism in (4.3) is then given by the flow
at time 1, φ = FltZt

|t=1. �

5 G-invariant splittings

According to the coupling procedure [25], in a neighborhood of a closed symplectic leaf, a Poisson
structure splits into “regular” and “singular” parts, where the singular part is called a transverse
Poisson structure of the leaf. In this section, by using Theorem 4.1, we show that, with respect
to a class of transversally compatible G-actions, such a splitting can be made G-invariant, and
compute the invariant regular and singular components in terms of gauge transformations.

Let F be a regular foliation on a manifold M . Denote by V := TF the tangent bundle of F ,
and by V0 ⊂ T ∗M its annihilator. Recall that a Poisson bi-vector field, Π ∈ Γ(∧2TM), on the
foliated manifold (M,F) is said to be F-coupling [23, 25], if the associated distribution

H := Π]
(
V0
)
,
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is a normal (regular) bundle of F , that is,

TM = H⊕ V,

and hence

T ∗M = V0 ⊕H0.

These splittings define an H-dependent bi-grading of differential forms and multi-vector fields
on M :

Ωk(M) =
⊕
p+q=k

Ωp,q(M), Γ
(
∧kTM

)
=
⊕
p+q=k

χp,q(M),

where the elements of the sub-spaces Ωp,q(M) = Γ(∧qV0⊗∧pH0), and χp,q(M) = Γ(∧pH⊗∧qV),
are said to be differential forms and multi-vector fields of bi-degree (p, q), respectively. For
any k-form ω, and k-vector field A, the terms of bi-degree (p, q) in the above decompositions
will be denoted by ωp,q and Ap,q, respectively. Moreover, we will use the following bi-graded
decomposition of the exterior differential, d, on M [22, 23]:

d = d1,0 + d2,−1 + d0,1. (5.1)

For every F-coupling Poison tensor Π, the mixed term Π1,1, of bi-degree (1, 1), vanishes and
we have the decomposition

Π = Π2,0 + Π0,2,

where the “regular part”, Π2,0 ∈ Γ(∧2H) is a bi-vector field of constant rank,

rank Π2,0 = dimH = codimF , (5.2)

and the “singular part”, Π0,2 ∈ Γ(∧2V), is a leaf-wise tangent Poisson tensor,

Π]
0,2(T ∗M) ⊂ V, and [[Π0,2,Π0,2]] = 0.

It follows from (5.2) that the restriction of Π]
2,0 to V0 is a vector bundle isomorphism onto H,

Π]
2,0

(
V0
)

= H.

For every 1-form β = β1,0 + β0,1, where β1,0 ∈ Γ(V0) and β0,1 ∈ Γ(H0), we have

Π]β = Π]
2,0β1,0 + Π]

0,2β0,1. (5.3)

Therefore, the characteristic distribution of Π is the direct sum of the normal bundle H, and
the characteristic distribution of Π0,2,

Π](T ∗M) = H⊕Π]
0,2

(
H0
)
.

This shows that the sets of singular points of the Poisson structures Π and Π0,2 coincide. More-
over, the symplectic leaves of Π intersect the leaves of F transversally and symplectically. Notice
also that Π2,0 is a Poisson tensor if and only if the distribution H is integrable.

Now, given an F-coupling Poisson structure Π = Π2,0 + Π0,2 on (M,F), we will assume that
the action of a compact connected Lie group G on M is defined, such that it is compatible with
the leaf-wise tangent Poisson tensor Π0,2 in the sense that

aM = Π]
0,2µa, ∀ a ∈ g, (5.4)
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for a certain µ = µ1,0 + µ0,1 ∈ Hom(g,Ω1(M)). Let

Θ := δG(µ0,1),

and consider the 2-forms on M

B := −dΘ, B0,2 = −d0,1Θ0,1.

Theorem 5.1. Let S ⊂M be a symplectic leaf of Π, such that

TSM = TS ⊕ TSF . (5.5)

Then, in a G-invariant open neighborhood, N , of S in M , the Poisson tensor Π is isomorphic
to a F-coupling Poisson tensor Π = Π2,0 + Π0,2, whose regular and singular components

Π2,0 and Π0,2 are G-invariant. (5.6)

Around the leaf S, the Poisson structures Π and Π0,2 are related with Π and Π0,2 by the gauge
transformations

Π
]

= Π] ◦
(

Id−B] ◦Π]
)−1

, (5.7)

Π
]
0,2 = Π]

0,2 ◦
(

Id−B]
0,2 ◦Π]

0,2

)−1
. (5.8)

Proof. It follows from (5.3) and (5.4) that

aM = Π]
0,2(µa)0,1 = Π](µa)0,1

and hence condition (3.5) holds for ρ = µ0,1. Therefore, the G-action is also compatible with Π.
The transversality condition (5.5) says that Π0,2 vanishes on S, and hence aM |S = 0. Then, by
Theorem 4.1, in a G-invariant neighborhood N of S, the gauge transformation (5.7) determines
the G-invariant Poisson tensor Π, which is isomorphic to Π by a local diffeomorphism φ which
restricts to the identity on S. Since the characteristic distributions of Π and Π coincide on N ,
we conclude that S is a symplectic leaf of Π. Again by (5.5), one can choose the neighborhood N

(shrinking it, if needed) in such a way that H := Π
]
(V0) is a normal bundle of F , and hence

Π = Π2,0 +Π0,2 is a F-coupling Poisson tensor on N (see, for example [23]). It follows from (5.4)
that aM ∈ Γ(V), and hence we have the inclusions

[[Π2,0, aM ]] ∈ χ2,0(M)⊕ χ1,1(M), [[Π0,2, aM ]] ∈ χ0,2(M),

where the bi-grading is taken with respect to the decomposition TM = H̄ ⊕ V. These pro-
perties, and the G-invariance of Π, imply that [[Π2,0, aM ]] = [[Π0,2, aM ]] = 0, for every a ∈ g.
This proves (5.6). Now, let us check (5.8). Consider the projection p̄V : TM → V, along H̄.
Equality (5.7) reads

Π
]
2,0 + Π

]
0,2 −Π

]
2,0 ◦B] ◦Π] −Π

]
0,2 ◦B] ◦Π] = Π]

2,0 + Π]
0,2,

but taking into account the properties Π
]
2,0(T ∗M) = H̄, and Π

]
0,2(T ∗M) ⊂ V, this equality is

equivalent to the following relations, involving p̄V ,

Π
]
2,0 −Π

]
2,0 ◦B] ◦Π] = (id−p̄V ) ◦Π]

2,0, Π
]
0,2 −Π

]
0,2 ◦B] ◦Π] = p̄V ◦Π]

2,0 + Π]
02.

As Π]
2,0(H0) = 0, and Π

]
0,2(V0) = Π]

0,2(V0) = 0, we conclude that the last equality splits into
the following:

Π
]
0,2 −Π

]
0,2 ◦B] ◦Π]

0,2 = Π]
0,2, Π

]
0,2 ◦B] ◦Π]

2,0 = −p̄V ◦Π]
2,0.
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By decomposing B = B2,0+B1,1+B0,2, and using the properties B]
2,0(V) = 0, and B]

1,1(V) ⊂ V0,

we get Π
]
0,2 ◦ (B2,0 +B1,1)] ◦Π]

0,2 = 0. Hence Π̄]
0,2−Π

]
0,2 ◦B

]
0,2 ◦Π]

0,2 = Π]
02. To finish, it suffices

to notice that Id +B]
0,2 ◦ Π]

0,2 is invertible around the leaf S, because of the property Π0,2 = 0
at S. �

Corollary 5.2. The regular component of Π is given by

Π
]
2,0 = (id−p̄V ) ◦Π]

2,0 ◦
(

Id−B] ◦Π]
)−1

. (5.9)

Remark 5.3. If the distribution H is integrable, then Π splits into two G-invariant Poisson
structures: Π2,0, and Π0,2. Locally, around the fixed points of canonical group actions, such
splitting always exists due to the equivariant versions of Weinstein splitting theorem [12, 17].

Now, consider the case of a G-action which is locally Hamiltonian on (M,Π0,2), that is, the
compatibility condition (5.4) holds for a certain µ ∈ Hom(g,Ω1

cl(M)). That means dµa = 0, for
every a ∈ g, and the infinitesimal generator aM is locally Hamiltonian vector field on (M,Π0,2).
Then, 0 = (dµa)0,2 = d0,1(µa)0,1, and hence B0,2 = 0. Notice that the operator δG is compatible
with the filtration given by Ωp,•, so

δG
(
Hom

(
g,Ωp,q(M)

))
⊂
⊕
k≥0

Ωp+k,q−k(M).

Moreover, since δG commutes with the exterior derivative, the 1-form δG(µa) is closed, and the
gauge 2-form in (5.7) can be represented as B := −dQ, where

Q := −δG(µ1,0) ∈ Ω1,0(M) = Γ
(
V0
)
.

Here we are using the property δG(Hom(g,Ωp,0(M))) ⊂ Ωp,0(M). It follows that B = B2,0+B1,1,
with

B2,0 = d1,0 ◦ δG(µ1,0), and B1,1 = d0,1 ◦ δG(µ1,0).

Thus, in this case Theorem 5.1 guarantees that, around the symplectic leaf S, Π is Poisson-
diffeomorphic to the G-invariant F-coupling Poisson tensor Π, with Π0,2 = Π0,2.

In particular, if the action of the Lie group G on (M,Π0,2) is Hamiltonian with momentum
map J ∈ Hom(g, C∞(M)), so

aM = Π]
0,2dJa, ∀ a ∈ g,

then

Q = −δG(d1,0J).

For example, in the case G = S1 = R \ 2πZ, we have:

Q =
1

2π

∫ 2π

0
(t− π)

(
Flt

Π]
0,2dJ

)∗
d1,0J dt− π〈d1,0J〉.

The adiabatic situation described in the following example, typically occurs in the theory of
perturbations of Hamiltonian systems [1, 28].

Example 5.4. Let M be a connected symplectic manifold (viewed as a parameter space), and
let P be a Poisson manifold endowed with a smooth family of locally Hamiltonian actions Φm :
P×G→ P (where m ∈M), of a compact connected Lie group G. Let x0 ∈ PG be a fixed point
at which the Poisson structure on P has zero rank. Then, around the slice M×{x0} (considered
as a singular symplectic leaf), the product Poisson structure on M ×P is Poisson equivalent to
the G-invariant Poisson tensor which gives rise to the averaged Hamiltonian dynamics.
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6 Gauge transformations of geometric data

In this section we describe a class of exact gauge transformations of coupling Dirac structures
on a foliated manifold which preserve the coupling property.

6.1 Connections on foliated manifolds

Suppose we have a regular foliated manifold (M,F). Let be V = TF the tangent bundle, also
called the vertical distribution. Recall that a vector valued 1-form γ ∈ Ω1(M ;V) is a connection
on (M,F) if the vector bundle morphism γ : TM → V satisfies the projection property γ◦γ = γ,
and Im γ = V. Then, H := ker γ is a normal bundle of F , called the horizontal sub-bundle (with
respect to the leaf space M \ F). Reciprocally, given a normal bundle H of F , one can define
the associated connection as the projection γ = pV : TM → V, according to the decomposition
TM = H⊕ V.

The curvature of a connection γ is the vector valued 2-form Rγ ∈ Ω2(M ;V) on M given by
Rγ = 1

2 [γ, γ]FN. Here [, ]FN : Ωk(M ;TM)×Ωl(M ;TM)→ Ωk+l(M ;TM) denotes the Frölicher–
Nijenhuis bracket [15] of vector-valued forms on M . For example, for any K,L ∈ Ω1(M ;TM),
we have

[K,L]FN(X,Y ) = [KX,LY ]− [KY,LX]− L ([KX,Y ]− [KY,X])

−K ([LX, Y ]− [LY,X]) + (LK +KL)[X,Y ], (6.1)

where X,Y ∈ X(M).

Recall also that a vector field X on M is said to be projectable (on the leaf space M \ F)
if [X,Γ(V)] ⊂ Γ(V). The space of all (local) projectable vector fields is denoted by χpr(M,F).
For a given connection γ, by Γpr(H) we denote the set of all (local) projectable sections of the
horizontal subbundle H. Then, the spaces χ(M) and Γ(H) are locally generated by the elements
of χpr(M,F) and Γpr(H), respectively. In particular, the curvature of a connection γ is uniquely
determined by the relations

Rγ(X,Y ) = γ([X,Y ]), ∀X,Y ∈ Γpr(H),

and iVR
γ = 0 for all V ∈ Γ(V).

Fix a connection γ; then, any other connection γ̃ is of the form γ̃ = γ−Ξ, where Ξ ∈ Ω1(M ;V)
is a vector valued 1-form satisfying the condition V ⊆Ker Ξ. The horizontal subbundle of γ̃ can
be represented as

H̃ = ker γ̃ = (Id +Ξ)(H). (6.2)

Moreover, the transition rule for the curvature form reads

Rγ̃ = Rγ −
(

[γ,Ξ]FN −
1

2
[Ξ,Ξ]FN

)
. (6.3)

Suppose now that the foliated manifold (M,F) is endowed with a leaf-wise tangent Poisson
bi-vector field P ∈ Γ(∧2V). Then, each leaf of F inherits a Poisson structure from P and
we have a Poisson foliation denoted by (M,F , P ). A connection γ is said to be Poisson on
(M,F , P ) if every projectable section X ∈ Γpr(H) of the horizontal bundle H is a Poisson vector
field on (M,P ). In this case, for every X ∈ Γpr(H), Rγ(X,Y ) is a vertical Poisson vector field.
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6.2 Coupling Dirac structures

By a set of geometric data on a foliated manifold (M,F), we mean a triple (γ, σ, P ) consisting
of a connection γ ∈ Ω1(M ;V), a horizontal 2-form σ ∈ Γ(∧2V0) on M , and a leaf-wise tangent
Poisson tensor P ∈ Γ(∧2V). The geometric data (γ, σ, P ) are said to be integrable if they satisfy
the structure equations

LXP = 0, (6.4)

dγ1,0σ = 0, (6.5)

Rγ(X,Y ) = −P ]dσ(X,Y ), (6.6)

for any X,Y ∈ Γpr(H). Here H = ker γ is the horizontal sub-bundle and dγ1,0 is the operator of
bi-degree (1, 0), in the decomposition (5.1), associated to H. In particular, one has

dγ1,0β(X0, X1, . . . , Xq) = dβ(X0, X1, . . . , Xq) (6.7)

for any β ∈ Γ(∧qV0), and X0, X1, . . . , Xq ∈ Γpr(H). Here d is the exterior differential on M .
Conditions (6.4) and (6.5) say that γ is a Poisson connection on (M,F , P ), whose curvature
takes values in the vertical Hamiltonian vector fields.

As is known [23, 25], every F-coupling Poisson structure Π on (M,F) is equivalent to a set of
integrable geometric data (γ, σ, P ), such that the restriction of σ to H is non-degenerate, that is,

σ]|H : H→ V0 is invertible. (6.8)

The bi-vector field Π can be reconstructed from (γ, σ, P ) by means of the formula Π = Π2,0+Π0,2,

where Π0,2 = P , and Π2,0 ∈ Γ(∧2H) is uniquely determined by the relation Π
]

2,0|V0 = −(σ]|H)−1.
Therefore, the structure equations (6.4), (6.5), (6.6), give a factorization of the Jacobi identity
for Π.

A Dirac structure D ⊂ TM ⊕ T ∗M is said to be F-coupling [24] if the associated tangent
distribution H = H(D,F),

Hm :=
{
Z ∈ TmM : ∃α ∈ V0 and (Z,α) ∈ D

}
, (6.9)

is a normal bundle of F . By lifting the non-degeneracy condition (6.8), we get the following
fact [11, 24, 29]: There exists a one-to-one correspondence (γ, σ, P ) 7→ D, between integrable
geometric data and F-coupling Dirac structures on (M,F), which is given by

D =
{(
X + P ]α, α− iXσ

)
: X ∈ Γ(H), α ∈ Γ

(
H0
)}

or, equivalently,

D = Graph(σ|H)⊕Graph
(
P |H0

)
.

The leaf-wise pre-symplectic structure associated to an F-coupling Dirac structure D, can be
described in terms of the corresponding geometric data as follows: Recall that the characteristic
distribution pT (D), of D, is integrable, and gives rise to the singular pre-symplectic foliation
(S, ω), where ω is a leaf-wise pre-symplectic form. Then, F ∩ S is a symplectic foliation of P ,
and we have

TS = H⊕ P ]
(
V0
)
. (6.10)

This implies the point-wise splitting

ωm = σm ⊕ τm, ∀m ∈M, (6.11)
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where τ is the leaf-wise symplectic form associated to P . It follows that TS ∩ V is the charac-
teristic distribution of P , and in terms of the pre-symplectic form, the characteristic sub-bundle
of the F-coupling Dirac structure D, is represented as

Hm = (TmS ∩ Vm)ω ≡
{
X ∈ TmS : ωm(X,P ]df) = 0, ∀ f ∈ C∞loc(M)

}
.

It is useful to rewrite condition (3.1) (for a vector field X on M to be Hamiltonian, relative
to the F-coupling Dirac structure D) in terms of the geometric data (γ, σ, P ). It easy to see
that the vector field X = X1,0 + X0,1 is Hamiltonian on (M,D) if and only if the components
X1,0 ∈ Γ(H), and X0,1 ∈ Γ(V), satisfy the relations:

X0,1 = P ]dF, (6.12)

iX1,0σ = −dγ1,0F, (6.13)

for a certain F ∈ C∞(M).
We remark that there is a natural class of coupling Dirac structures on vector bundles, which

comes from transitive Lie algebroids and plays an important rôle in constructing linearized
models around (pre) symplectic leaves of Poisson and Dirac manifolds [9, 24, 25].

6.3 Q-gauge transformations

Here, we will describe some symmetries of the structure equations (see also [26]). Let (γ, σ, P )
be some geometric data on (M,F) and Q ∈ Γ(V0) a horizontal 1-form. For every β ∈ Γ(∧qV0),
denote by {Q ∧ β}P the element of Γ(∧q+1V0) given by

{Q ∧ β}P (X0, X1, . . . , Xq) :=

q∑
i=0

(−1)i
{
Q(Xi), β

(
X0, X1, . . . , X̂i, . . . , Xq

)}
P
,

where {f1, f2}P = P (df1, df2) is the Poisson bracket associated to P . Define

γ̃ := γ − ΞQ, (6.14)

σ̃ := σ −
(

dγ1,0Q+
1

2
{Q ∧Q}P

)
, (6.15)

where ΞQ∈Ω1(M ;V) is the vector-valued 1-form uniquely determined by the condition ΞQ(X) =
P ]dQ(X), for every X ∈ χpr(M,F). Evidently, the vector-valued 1-form γ̃ determines a con-
nection on (M,F), and σ̃ ∈ Γ(∧2V0). One can think of the mapping (γ, σ, P ) 7→ (γ̃, σ̃, P ) as
a gauge transformation defined on the set of all geometric data on (M,F), leaving fixed the
Poisson tensor P . The following result shows that such gauge transformations preserve the
coupling property.

Proposition 6.1. Let D be a F-coupling Dirac structure, associated to the integrable geometric
data (γ, σ, P ) on (M,F), and let Q ∈ Γ(V0) be an arbitrary horizontal 1-form on M . Then, the
triple (γ̃, σ̃, P ) defined by (6.14), (6.15), satisfies the structure equations (6.4) to (6.6). Moreover,
the F-coupling Dirac structure D̃, associated to the integrable geometric data (γ̃, σ̃, P ), is related
to D by the exact gauge transformation:

D̃ =
{

(X,α− iXdQ) : (X,α) ∈ D
}
. (6.16)

Proof. Let H̃ = ker γ̃ be the horizontal bundle of γ̃. From (6.2) and (6.14), we get that every
projectable vector field X̃ ∈ Γpr(H̃) can be represented as

X̃ = X + P ]dQ(X), X ∈ Γpr(H), (6.17)
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and hence X̃ is a Poisson vector field with respect to P . That the curvature identity (6.6) for Rγ̃

is satisfied, can be straightforwardly checked, by using the fact that γ is a Poisson connection,
the equality γ(X̃) = ΞQ(X̃) = P ]dQ(X), and relations (6.1), (6.3). The corresponding coupling
form σ̃ is just given by (6.15). The structure equations for (γ, σ, P ) imply the following identities:

(dγ1,0)2Q = {Q ∧ σ}P , dγ1,0{Q ∧Q}P = −2{Q ∧ dγ̃1,0Q}P .

Moreover, by (6.14), we have

dγ̃1,0β = dγ1,0β + {Q ∧ β}P , β ∈ Γ
(
∧q V0

)
.

Using these relations, it can be readily checked that dγ̃1,0σ̃ = 0. This proves the integrability of

(γ̃, σ̃, P ). Now, consider the Dirac structure D̃, induced by (γ̃, σ̃, P ). Relations (6.10) and (6.17),
show that pT (D̃) = pT (D). Let (S, ω̃) and (S, ω) be the pre-symplectic foliations associated to D̃
and D, respectively. Then, TS is generated by local projectable vector fields of the form (6.17),
and P ]df , where X ∈ Γpr(H), and f ∈ C∞loc(M). Evaluating the pre-symplectic forms ω̃ and ω
on this family of vector fields, and using the point-wise splitting (6.11) for ω̃, we can verify, by
a straightforward computation, that

ω̃S + ι∗SdQ = ωS (6.18)

at every pre-symplectic leaf S of S. This means that D̃ is given by (6.16). �

Therefore, gauge transformations of integrable geometric data lead to exact gauge transfor-
mations of Dirac structures. The reciprocal is also true.

Proposition 6.2. For every Q ∈ Γ(V0) and an F-coupling Dirac structure D, the exact gauge
transformation (6.16) takes D to the F-coupling Dirac structure D̃, whose geometric data are
given by (6.14), (6.15).

Proof. Let us show first that D̃ is F-coupling. The Dirac structures D̃ and D determine the
same leaf partition S of M , and the corresponding pre-symplectic structures ω̃ and ω, are related
by (6.18). Because of (6.10), any vector field X ∈ Γ(H) and Hamiltonian vector field P ]df , are
tangent to the foliation S, and ω-orthogonal. Then, any arbitrary projectable vector field X̃, of
the form (6.17), and P ]df are ω̃-orthogonal,

ω̃
(
X̃, P ]df

)
= τ

(
P ]dQ(X), P ]df

)
− dQ

(
X̃, P ]df

)
= {Q(X), f}P + LP ]dfQ(X) = 0.

According to (6.17), the tangent distribution (6.9), associated to D̃, is given by

H̃ =Span
{
X̃ = X + P ]dQ(X) : X ∈ Γpr(H)

}
, (6.19)

and hence it is a normal bundle of F . Therefore, D̃ is a F-coupling Dirac structure. Let
(γ̃, σ̃, P̃ ) be the corresponding integrable geometric data. The connection γ̃, induced by H̃, is
given by (6.14). Moreover, by (6.18) and the condition that Q is horizontal, we conclude that the
restriction of ω̃ to TmS ∩Vm coincides with τm. Thus, P̃ = P . Finally, using (6.18) and (6.19),
we compute the coupling 2-form σ̃

σ̃
(
X̃1, X̃2

)
= ω̃

(
X̃1, X̃2

)
= ω(X̃1, X̃2)− dQ

(
X̃1, X̃2

)
= σ(X1, X2) + {Q(X1), Q(X2)}P − dQ(X1, X2)− 2{Q(X1), Q(X2)}P
= σ(X1, X2)− dQ(X1, X2)− {Q(X1), Q(X2)}P .

Therefore, σ̃ is just given by (6.15). �

Remark 6.3. Gauge transformations of the form (6.14), (6.15), appear naturally in the clas-
sification theory of Poisson structures around a symplectic leaf [26], and in the gauge theory on
principal bundles [10].
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7 Averaging of coupling Dirac structures

In this section we present a generalization of some results obtained in [27] in the case of Hamil-
tonian actions on Poisson fiber bundles. This time, without the requirement of the existence of
a global momentum map, we describe the averaging procedure for coupling Dirac (not just Pois-
son) structures on a foliated manifold with respect to a class of locally Hamiltonian group actions.

Suppose we have an action Φ : G×M →M , of a compact connected Lie group G on a foliated
manifold (M,F), which preserves the foliation, (Φg)∗mVm = VΦg(m), for all g ∈ G. It is clear
the pull-back Φ∗g preserves the subspaces Ωp(M ;V) ⊂ Ωp(M ;TM), and hence the averaging

operator 〈·〉G : Ωp(M ;V)→ Ωp(M ;V) is well-defined on vector valued forms through

〈K〉G(X) =

∫
G

Φ∗g(K((Φg)∗X)dg,

for every K ∈ Ωp(M ;V), X ∈ χ(M). Notice that K is G-invariant if and only if K = 〈K〉G.
In particular, by averaging a connection γ we obtain a G-invariant connection 〈γ〉G. Indeed,

taking into account that the G-action preserves the subspace of vertical vector fields, it easy to
see that 〈γ〉G(V ) = V , for all V ∈ Γ(V). The difference vector 1-form Ξ := γ−〈γ〉G ∈ Ω1(M ;V)
has zero average, 〈Ξ〉G = 0, and admits the representation Ξ = δG ◦ lG(γ). Here the R-linear
mapping lG : Ω1(M ;V) → Hom(g; Ω1(M ;V)) is defined by lG(γ)a = [aM , γ]FN. The horizontal

bundle H̄ = (Id +Ξ)(H) of 〈γ〉G, and the curvature form R〈γ〉
G

, are also G-invariant.

7.1 G-invariant integrable geometric data

As we have seen in Sections 2 and 6, the averaging procedure for Dirac structures is well-defined
with respect to the class of compatible compact group actions, and is related to the existence
exact gauge transformations. Here we show that the G-average D = D〈ω〉

G
of a F-coupling Dirac

structure D, with respect to a locally Hamiltonian G-action, inherits the coupling property and
give computational formulae for the corresponding invariant geometric data.

First, we observe that given a foliation-preserving action Φ : G×M →M , of a Lie group G
on (M,F), we have an induced G-action on the set of all geometric data on (M,F), defined by
the transformations

(γ, σ, P ) 7→
(
Φ∗gγ,Φ

∗
gσ,Φ

∗
gP
)
.

It is easy to see that these transformations are symmetries of the structures equations (6.4)
to (6.6). In other words, the induced action preserves the subset of integrable geometric data.
Recall that a Dirac structure D is G-invariant if, for any (α,X) ∈ Γ(D) and g ∈ G, we have
(Φ∗gα,Φ

∗
gX) ∈ Γ(D). Then, it is possible to show that an F-coupling Dirac structure is invariant,

with respect to the G-action on (M,F), if and only if the associated integrable geometric data
(γ, σ, P ) are G-invariant, that is, invariant with respect to the induced G-action [24, 26].

Theorem 7.1. Let D be a F-coupling Dirac structure on (M,F), associated to the integrable
geometric data (γ, σ, P ). Let Φ : G ×M → M be a locally Hamiltonian action of a compact
connected Lie group G on (M,F , P ),

aM = P ]µa, dµa = 0. (7.1)

Then, the G-average D = D〈ω〉
G

of D, is an F-coupling Dirac structure on (M,F), associated
to the G-invariant geometric data (γ, σ, P ),

D = Graph
(
σ|H
)
⊕Graph

(
P |H0

)
, (7.2)
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which are given by

γ := 〈γ〉G ≡ γ − ΞQ, (7.3)

σ := 〈σ〉G +
1

2
〈{Q ∧Q}P 〉G − dγ1,0〈Q〉

G. (7.4)

Here

Q = −δG(µ1,0) ∈ Γ
(
V0
)
. (7.5)

Proof. It follows from (7.1) that the locally Hamiltonian G-action is compatible with D, and

hence, by Proposition 3.1, the average D〈ω〉
G

is well-defined and related to D by the exact gauge
transformation (6.16), where the horizontal 1-form Q is given by (7.5). Then, by Proposition 6.2,

D〈ω〉
G

is an F-coupling Dirac structure associated to the geometric data (γ, σ, P ), where γ is
given by (7.3), and

σ := σ −
(

dγ1,0Q+
1

2
{Q ∧Q}P

)
.

Since the averaged Dirac structure is invariant with respect to the G-action, the data (γ, σ) are
also G-invariant. Averaging (7.3), and the identity(

dγ1,0Q
)

= dγ1,0Q+ {Q ∧Q}P ,

we get the relations

σ = 〈σ〉G = 〈σ〉G −
〈
dγ1,0Q

〉G − 1

2
〈{Q ∧Q}P 〉G,

and 〈
dγ1,0Q

〉G
= dγ1,0〈Q〉

G + 〈{Q ∧Q}P 〉G.

This proves (7.4). �

As a consequence of this result, we have the following alternative version of Theorem 5.1.

Corollary 7.2. Under the hypotheses of Theorem 7.1, suppose that D = GraphΠ is the graph
of a Poisson tensor Π on M , which has a symplectic leaf S satisfying the transversality con-
dition (5.5). Then, in a neighborhood of S, we have D = GraphΠ, where Π = Π2,0 + P is
a G-invariant coupling Poisson tensor, whose geometric data are given by (7.3) and (7.4). In
particular, the G-invariant component Π2,0 is defined by (cf. (5.9)):

Π
]

2,0|V0 = −
(
σ̄]|H

)−1
.

In terms of the geometric data, a Poisson diffeomorphism φ, between the Poisson structures Π
and Π, can be constructed in the following way [26]: Consider the family of integrable geometric
data (γt, σt, P ), defined by γt = γ − tΞQ, and

σt = σ −
(
tdγ1,0Q+

t2

2
{Q ∧Q}P

)
.

Because of the transversality condition, in a neighborhood of S, σt|Ht is non-degenerate for all
t ∈ [0, 1]. As a consequence, there exists a unique time-dependent vector field Zt ∈ Γ(Ht)
satisfying the equation iZtσt = Q. Then, φ is defined by evaluating the flow of Zt at time t = 1.
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7.2 Invariant sections of D

This brief subsection is devoted to some remarks about invariant sections of the averaged Dirac
structure D. First, notice that the G-invariant sections of the horizontal bundle H of the
averaged Poisson connection γ (7.3), can be described in the following way. Let X ∈ Γpr(H) be
a projectable section of H, defined on an invariant domain of M . Then, the G-average 〈X〉G is
a projectable section of H, of the form

〈X〉G = X + P ]dQ(X) ∈ Γpr(H), (7.6)

where Q is given by (7.5). It follows that(
X + P ]dQ(X),−iXσ

)
(7.7)

is a G-invariant section of the Dirac structure D. Moreover, the sub-bundle H0 ⊂ T ∗M is

invariant under the action of G, and every G-invariant 1-form β ∈ Γ(H0
) induces the G-invariant

section

(P ]β, β) (7.8)

of D. However, notice that in general these sections do not generate D; in the following sub-
section we will consider a case where they do. On the other hand, it can be shown [19] that
the Dirac structure D is locally spanned by G-invariant sections; this fact is based on the tube
theorem and the averaging procedure for proper Lie group actions [13, 14].

7.3 Hamiltonian actions

Below we will assume that the hypotheses of Theorem 7.1 hold, and the foliation F is a fibration.
Therefore, the leaf space B = M \F is a smooth manifold and the natural projection π : M → B
is a submersion, which we will assume has connected fibers. In this case, every projectable
section X ∈ Γpr(H) is the γ-horizontal lift of a smooth vector field on B and, hence, it is well-
defined on a G-invariant open domain of M . This implies the following important property:
The horizontal bundle H of γ is spanned by G-invariant Poisson vector fields of the form (7.5).
As a consequence, we also get that the averaged Dirac structure D is spanned by G-invariant
sections of the form (7.7) and (7.8).

Now, suppose that the action of the Lie group G on (M,P ) is Hamiltonian, with momentum
map J ∈ Hom(g;C∞(M)),

aM = P ]dJa, ∀ a ∈ g.

In general, the G-action is not Hamiltonian with respect to the original coupling Dirac struc-
ture D. As it follows from (6.12), (6.13), this happens only in the particular case dγ1,0J = 0.
Thus, it is natural to ask whether the G-action is Hamiltonian with respect to the averaged
Dirac structure D (7.2). The key property in this regard is that, for every X ∈ Γpr(H), we have

〈LXJa〉G = L〈X〉GJa ∈ Casim(M ;P ), (7.9)

where Casim(M ;P ) denotes the space of Casimir functions of P . Indeed, noticing first that

P ]d
(
L〈X〉GJa

)
=
[
〈X〉G, P ]dJa

]
= 0,

we can use (7.6) to get

L〈X〉GJa = LXJa + {Q(X), Ja}P = LXJa − LaMQ(X).
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Averaging this equality, and taking into account that every Casimir function is G-invariant, we
obtain

L〈X〉GJa =
〈
L〈X〉GJa

〉G
= 〈LXJa〉G − 〈LaMQ(X)〉G = 〈LXJa〉G.

This proves (7.9). Moreover, since the group G acts along the fibers of the projection π, the
averaging operator preserves the subspace of horizontal 1-forms. In particular, 〈dγ1,0Ja〉G ∈
Γ(V0). Using this fact and properties (6.7), (7.6) and (7.9), we get

i〈X〉Gdγ1,0Ja = i〈X〉GdγJa = i〈X〉GdJa = L〈X〉GJa = 〈LXJa〉G

=
〈
i〈X〉Gdγ1,0Ja

〉G
= iX

〈
dγ1,0Ja

〉G
, (7.10)

for every X ∈ Γpr(H).
In this way, we arrive at the following criterion.

Proposition 7.3. The G-action is Hamiltonian on the Dirac manifold (M,D), with momentum
map J ,

(aM ,dJa) ∈ Γ(D), ∀ a ∈ g,

if and only if〈
dγ1,0J

〉G
= 0. (7.11)

Proof. It follows from (6.12), (6.13), that the infinitesimal generator aM of the G-action is
Hamiltonian, relative to the Dirac structure D and the function Ja, if and only if dγ1,0Ja = 0.
This equality, together with (7.10), implies (7.11). �

Therefore, condition (7.11) (known as the “adiabatic hypothesis” in the theory of Hannay–
Berry connections on Poisson fiber bundles [16]), appears in the context of the Hamiltonization of
the G-action with respect to the Dirac structure D. The freedom in the choice of the momentum
map is given by the transformation J 7→ J − K, for arbitary K ∈ Hom(g; Casim(M ;P )).
Fixing J , the point is to choose K in such a way that J −K satisfies (7.11). This question can
be reformulated in cohomological terms. Let CkB := Ωk(B) ⊗ Casim(M ;P ) be the space of k-
forms on the base B, with values in the algebra of Casimir functions of the Poisson structure P .
Consider the operator ∂ : CkB → C

k+1
B defined by (∂β)(u1, . . . , uk) = d(π∗β)(X1, . . . , Xk). Here,

Xi ∈ Γpr(H) is the γ-horizontal lift of a vector field ui on B, and π∗ : CkB → Γ(∧kV0) is the
pull-back. Then, it follows from the curvature identity (6.6) that ∂ is a coboundary operator,
∂2 = 0 [26]. Property (7.9) implies〈

dγ1,0J
〉G

= π∗ζ

for a certain ζ ∈ Hom(g; C1
B). Moreover one can prove [16] that, for all X,Y ∈ Γpr(H),

iX iY d
〈
dγ1,0Ja

〉G
= 0,

and hence ζa ∈ CkB is a ∂-closed 1-form, for every a ∈ g. Finally, we conclude that the G-action
admits a momentum map satisfying (7.11) if and only if the ∂-cohomology class of ζ is trivial.

Example 7.4. Consider the particular case in which the Poisson bundle (π : M → B,P ),
associated to the original coupling Dirac structure D, is a locally trivial Lie–Poisson bundle
over B with typical fiber h∗, the dual of a Lie algebra h. Therefore, the restriction of P to
each fiber of π is isomorphic to the Lie–Poisson structure on the co-algebra h∗. Assume also
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that the Poisson connection γ is homogeneous in the sense that the Lie derivative along every
X ∈ Γpr(H), preserves the space of fiber-wise linear functions C∞lin(M) on the total space of π.
Finally, suppose that the momentum map J of the Hamiltonian G-action on (M,P ), is fiber-
wise linear, J ∈ C∞lin(M). It follows that, for every a ∈ h, the 1-form ζa on B takes values in the
fiber-wise linear Casimir functions of P . Our remark is that if the center is trivial, Z(h) = {0},
then ζ = 0, and hence the G-action is Hamiltonian relative to the Dirac structure D, with the
same momentum map J .

Notice also that, in the case in which the Casimir functions of P can be described as pull-backs
of functions on the base, Casim(M ;P ) = π∗C∞(B), the cohomology class of ζ is trivial if B is
simply connected. This setting appears in the symplectic case, where the Poisson structure P
is non degenerate (see also [16]).
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