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Abstract. In analogy to Wong’s equations describing the motion of a charged relativistic
point particle in the presence of an external Yang—Mills field, we discuss the motion of such
a particle in non-commutative space subject to an external U, (1) gauge field. We conclude
that the latter equations are only consistent in the case of a constant field strength. This
formulation, which is based on an action written in Moyal space, provides a coarser level of
description than full QED on non-commutative space. The results are compared with those
obtained from the different Hamiltonian approaches. Furthermore, a continuum version for
Wong’s equations and for the motion of a particle in non-commutative space is derived.
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formalism; symmetries and conservation laws
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1 Introduction

Over the last twenty years, non-commuting spatial coordinates have appeared in various contexts
in the framework of quantum gravity and superstring theories. This fact contributed to the
motivation for studying classical and quantum theories with a finite or infinite number of degrees
of freedom on non-commutative spaces. Different mathematical approaches have been pursued
and various physical applications have been explored, e.g. see references [8, 11, 24, 35, 39] for some
partial reviews. Beyond the applications, classical and quantum mechanics on non-commutative
space are of interest as toy models for field theories which are more difficult to handle, in
particular in the case of interactions with gauge fields. In this respect, we recall a similar
situation concerning the coupling of matter to Yang—Mills fields on ordinary space: A coarser
level of description for the latter theories has been proposed by Wong [45] who considered
the motion of charged point particles in an external gauge field [6, 7, 9, 15, 16, 26, 27, 44].
The latter equations allow for various physical applications, e.g. to the dynamics of quarks
and their interaction with gluons [26, 27]. Somewhat similar equations, known as Mathisson—
Papapetrou-Dixon equations [13, 30, 33] appear in general relativity for a spinning particle in

*This paper is a contribution to the Special Issue on Deformations of Space-Time and its Symmetries. The
full collection is available at http://www.emis.de/journals/SIGMA /space-time.html
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curved space. In this spirit, we will consider in the present work the dynamics of a relativistic
“point” particle in non-commutative space subject to an external U,(1) gauge field (thereby
implementing a suggestion made in an earlier work [38], see also [20] for some related studies
based on a first order expansion in the non-commutativity parameter).

More precisely, we are motivated by the motion in Moyal space, the latter space having been
widely discussed as the arena for field theory in non-commutative spaces. By proceeding along
the lines of Wong’s equations (which are discussed in Section 2), we derive a set of equations
for the dynamics of the particle in Moyal space in Section 3. For the description of the coupling
of a particle to a gauge field, the relativistic setting is the most natural one, but our discus-
sions (of Wong’s equations in commutative space or of a particle in non-commutative space)
could equally well be done within the non-relativistic setting. The particular case of a con-
stant field strength is the most tractable one (and the only consistent one for Wong’s equations
in non-commutative space) and will be considered in some detail in Section 4. Subsequently
in Section 5, we briefly recall the different Hamiltonian approaches which have previously been
pursued for the formulation of classical mechanics in non-commutative space and we compare
the resulting equations governing the dynamics of particles coupled to an electromagnetic field.
In the appendix we present a continuum formulation of Wong’s equations on a generic space-time
manifold, a formulation which readily generalizes to Moyal space.

For the motion of a relativistic point particle in four-dimensional (commutative or non-
commutative) space-time, the following notations will be used. The metric tensor is given by

(nuu)u,ue{0,1,2,3} = diag(la _1a _17 _1)

and we choose the natural system of units (¢ = 1 = h). The proper time 7 for the particle is
defined (up to an additive constant) by

dr* =ds*,  with  ds® = datdr, = (dt)? — (dT)?, (1.1)
and for the massive particle we have ds? > 0. From (1.1) it follows that 2% = 1 where % =
and &t = dxH /dr.

< fb;
rrxy,

2 Reminder on particles in commutative space

Abelian gauge field in flat space. We consider the interaction of a charged massive rela-
tivistic particle with an external electromagnetic field given by the U(1) gauge potential (A*).
The motion of this particle along its space-time trajectory 7 — z#(7) is described by the action!

Slz] = —m/ds - q/da:“AM(a:(T)) = —m/dma?— q/dTi”Au(a:(T)). (2.1)

Here, g denotes the conserved electric charge of the particle associated with the conserved current
density (j*):

() =g / drit(r)i(y —a(r),  Oujh =0, / Pyiy) = g (2.2)

We note that the interaction term in the functional (2.1) may be rewritten in terms of the above
current according to

; / drit Ay (x(r)) = / dhy# (5) Ay (y). (2.3)

'To be more precise, in the integral (2.1) the variable 7 is viewed as a purely mathematical parameter which is
only identified with proper time after deriving the equations of motion from the action. Thus, the relation % = 1
is only to be used at the latter stage.
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This expression is invariant under infinitesimal gauge transformations, i.e. 9y A, = 9, A, thanks
to the conservation of the current:

5A/d4yjuf4u = /d4yj“3u/\ = —/d4y(3uj“)/\ = 0.

We note that the parameter ¢ which describes the coupling of the particle to the gauge field
might in principle depend on the world line parameter 7: if this assumption is made, ¢(7) appears
under the 7-integral in (2.2), the current j* is no longer conserved and the coupling (2.3) is no
longer gauge invariant. Thus, ¢ is necessarily constant along the path.

Variation of the action (2.1) with respect to 2* and substitution of the relation #? = 1 leads
to the familiar equation of motion

mit = qF"&,,  with  F,, = 0,A, — 0,A,.

As is well known, the free particle Lagrangian Lie. = —m+/42 which represents the first term of
the action (2.1) and which is non-linear in &2 can be replaced by Lireo = %:)’32 which is linear in 2
since both Lagrangians yield the same equation of motion. Indeed, we will consider the latter
Lagrangian in equation (2.12) and in Section 5 where we go over to the Hamiltonian formulation.

The aim of this work is to generalize this setting to a non-commutative space-time. Since
a gauge field on non-commutative space entails a non-Abelian structure for the field strength
tensor F),,, due to the star product, it is worthwhile to understand first the coupling of a spinless
particle to a non-Abelian gauge field on commutative space-time.

Non-Abelian gauge field in flat space. We consider a compact Lie group G (e.g. G =
SU(N) for concreteness) with generators T satisfying

(7%, T°] =if**T° and  Tr (T°T°) = 5.

Just as for the Abelian gauge field, the source jj(x) of the non-Abelian gauge field A,(z) =
Al (z)T* (e.g. a field theoretic expression like @fyuf‘llb involving a multiplet 1 of spinor fields)
is considered to be given by the current density ]l‘j(x) of a relativistic point particle [6, 7, 15, 16,
26, 27, 44, 45]. Instead of an electric charge, the particle moving in an external Yang—Mills field
is thus assumed to carry a color-charge or isotopic spin ¢ = (¢%)4=1,....dim¢ Which transforms
under the adjoint representation of the structure group G. Henceforth, one considers the Lie
algebra-valued variable ¢(7) = ¢%(7)T® which is assumed to be 7-dependent. The particle is then
described in terms of its space-time coordinates z*(7) and its isotopic spin ¢(7), i.e. it is referred
to with respect to geometric space and to internal space. For the moment, we assume ¢(7) to
represent a given non-dynamical (auxiliary) variable and we will comment on a different point
of view below. Its coupling to an external non-Abelian gauge field (A,) is now described by the
action

S[z] = —m / ds — / drit Tr{q()Au(z(7))}
—m / drVi? - / dritq(r) A% (z(T)). (24)

The current density (2.2) presently generalizes to a Lie algebra-valued expression j, = Jul
given by

J(y) = / drit (r)q(r)6(y — (7)), (2.5)

and thereby the interaction term in the functional (2.4) can be rewritten as

— /d4y Tr(j*A,). (2.6)



4 H. Balasin, D.N. Blaschke, F. Gieres and M. Schweda

For an infinitesimal gauge transformation with Lie algebra-valued parameter A, i.e. 6y A4, =
D\ = 0, —ig[A,, A], we have

o [aty(a) = [aly (D) = - [ dy (D), (2.7)

Thus, gauge invariance of the action (2.4) requires the current to be covariantly conserved,
ie. D,j* = 0. From (2.5) we can deduce by a short calculation that

Dq* _ dq®

dr dr

(Du") ) = [ drot sty -~ a(r), with ~ g (A (), ", (28)

hence j* is covariantly conserved if the charge ¢ is covariantly constant along the world line:
Dq“/dr = 0 (subsidiary condition).
Variation of the action with respect to 2* (and use of #? = 1) yields the equations of motion

mit = Tr(¢FH )y, where =0, (2.9)

dr
and F,, = 0,4, — 0,A, —ig[A,, A)]. By construction, these equations are invariant under
infinitesimal gauge transformations parametrized by A(x) since the charge ¢ is a non-dynamical
(auxiliary) variable transforming as d\q(7) = —ig[q(7), A(z(7))] = 0 for all 7, hence

57 (Te(gFw)i”) = —ig Tr(g[Fu A2 = ig Tr(g, N Fyu )i =0,

D\ ., _ [DAx]_ . D. .
oy <dT> igit [0z Ay, q] = —ig [dT,q} ig——[A.q =0.

Equations (2.9), which represent the Lorentz—Yang—Mills force equation for a relativistic particle
in an external Yang-Mills field, are known as Wong’s equations [45]. More specifically, the rela-
tion Dq®/dr = 0 may be viewed as charge transport equation and it is the geometrically natural
generalization (to the charge vector (¢%)) of the constancy of the charge ¢ in electrodynamics.

A few remarks are in order here. We should point out that the equation of motion for x* had
already been obtained earlier in curved space by Kerner [25], but the charge transport equation
was not established in that setting. We refer to the works [6, 7, 26, 27] for a treatment of
dynamics involving the Lagrangian —i [ &3z Tr(F*F,,) of the gauge field: the latter approach
yields the covariant conservation law D,j#* = 0 as a consequence of the equation of motion
D,F"" = j* and the relation [D,, D,]F"* = 0. For a general discussion of the issue of gauge
invariance for the coupling of gauge fields to non-dynamical external sources, we refer to [34].
Equations (2.9) and their classical solutions have been investigated in the literature and applied
for instance to the study of the quark gluon plasma [26]. The particular case of a constant field
strength F),, (“uniform fields”) exhibits interesting features [9] which will be commented upon
in Section 4.

If one regards (¢%) as a dynamical variable which satisfies the equation of motion Dg®/dT = 0
and which transforms under gauge variations with the adjoint representation, i.e.

oxq(7) = —iglg(7), Az (7))], (2.10)

then equations (2.9) are obviously gauge invariant since F),, also transforms with the adjoint
representation?. However, we emphasize that we started from the action (2.4) to obtain the
equation of motion of z#, the one of ¢ following from the requirement of gauge invariance of the

2If j* is assumed to transform covariantly, then gauge invariance of the action (2.6) implies 9,,j* = 0 as has
already been noticed in reference [36].
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initial action®. An action which yields the equations (2.9) as equations of motion of both z*

and ¢ has been constructed in the non-relativistic setting in reference [28]. The relativistic gene-
ralization of this approach proceeds as follows. (For simplicity, we put the coupling constant g
equal to one.) One introduces a Lie algebra-valued variable A(7) = A%(7)T* where the func-
tions A%(7) are Grassmann odd, the charge g being defined as an expression which is bilinear
in A (i.e. a description which is familiar for the spin):

]' : a 1 aoc (&
¢=—35AA de ¢t =—5f bepbAC, (2.11)

The Lagrangian

i

Mo 1
2 2

i? + = Tr(AA) + i Tr(gA,), (2.12)

L(z,i,AA) = %iQ +lilmy (A?) =
-

is invariant under gauge transformations for which dyA, = D, A and
OAA(T) = —i[A(7), Alz(7))],

which implies the transformation law (2.10). Moreover, the Lagrangian leads to the following
equations of motion for x* and A%:

_ DA®
odr

mi, = 2" Tr{q(0 A, — 0, AL)} + Tr(¢A,), 0 (2.13)

From (2.11) it follows that % =— [A DA]+, hence (2.13) implies that % = 0, i.e. the charge ¢

) dr
is covariantly conserved. Substitution of the latter result into the first of equations (2.13) yields
the equation of motion mz* = Tr(qF"")x,. We note that the Hamiltonian associated to the

Lagrangian (2.12) reads

1
H = o [p" — Tr(¢A")][pu — Tr(gAu)],
m
or H= %:'UQ if expressed in terms of the velocity. The Poisson brackets

{xuapl/} - 657 {A(la Ab} - _i(saba

which imply the non-Abelian algebra of charges

{Qaa Qb} = fabele,

again allow us to recover all previous equations of motion from the evolution equation of dynami-
cal variables F', i.e. from F' = {F, H}. In terms of the kinematical momentum II,, = p,—Tr(qA,),
the Hamiltonian reads H = ﬁHQ and the Poisson brackets take the form

{x#7]:[y} = 557 {HM7HV} = Tr(qu/), {Qaa Qb} = fachC-

The dynamical variable A which allowed for the Lagrangian formulation is well hidden in the
latter equations.

Continuum formulation of the dynamics. The field strength F},, manifests itself physi-
cally by the force field, i.e. by an exchange of energy and momentum between the charge carrier

3In fact, if the charge q is treated as a dynamical variable in the action (2.4), then it amounts to a Lagrange
multiplier leading to the equation of motion #"Aj(x(7)) = 0 which is not gauge invariant. We thank the
anonymous referee for drawing our attention to this point.
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and the field [40]. In the framework of field theory, the physical entities are described by lo-
cal fields, i.e. one has a continuum formulation. In order to obtain such a formulation for the
particle’s equations of motion (2.9), we have to integrate these relations over the variable 7
with a delta function concentrated on the particle’s trajectory. The resulting expressions then
involve the current density j*(y) defined in equation (2.5) as well as the energy-momentum
tensor (density) of the point particle which is given by (see Appendix A)

TH (y) = / drmiti 5ty — z(1)). (2.14)
More explicitly, by using

Y (y — 2(r)) = 05y — 2(7)) = — L5y — (), (215)
we have

oyre(y) = [ drmitiayst(y — a(r)) = - [ drmir L5ty - o(r)

= /ddeE'“54(y — (7)),

and substitution of the particle’s equation of motion mi#* = Tr(¢F*)z, then yields

ouT" () = [ drig"F (a(r))5 (g — () = F2(0) [ dri5'(y - a()
= F" ()i ().
The continuum version of Wong’s equations (2.9) thus reads
0,T"" = Tr(F"j,), where D, j" = 0. (2.16)

These equations describe the exchange of energy and momentum between the field F*¥ and
the current j* (i.e. the matter). They admit an obvious generalization to Moyal space, see
equation (3.8) below. In Appendix A, we show that they also admit a natural extension to
curved space (endowed with a metric tensor (g, (z))). Moreover, we will prove there that they
have to hold for arbitrary dynamical matter fields ¢ whose dynamics is described by a generic
action S[¢; g, AZ] which is invariant under both gauge transformations and general coordinate
transformations (g,, and Aj representing fixed external fields). We note that the expectation
values of equations (2.16) viewed as operatorial relations in quantum field theory imply Wong’s
classical equations of motion for sufficiently localized, quantum “wave-packet” states [9].
Curved space. Finally, we also point out that equations which are somewhat similar to
Wong’s equations appear in general relativity for a spinning particle in curved space, for which
case the contraction of the Riemann tensor Raﬁw with the spin tensor S*” plays a role which is
similar to the field strength F*” in Yang-Mills theories. The explicit form of these equations of
motion, which are known as the Mathisson—Papapetrou—Dizon equations [13, 30, 33], is given by

V, .1 vses
— —SPu’R,,, =0 =0
dr (mu ) + 9 u ouv ) dr ’
where % denotes the covariant derivative along the trajectory and (u*) is the particle’s four-

velocity.
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3 Lagrangian approach to particles in NC space

Moyal space and distributions. We consider four dimensional Moyal space, i.e. we assume
that the space-time coordinates fulfill a Heisenberg-type algebra (for a review see [8, 35, 39] and
references therein). Thus, the star product of functions is defined by

(f % 9)(x) = (2" %% f(2)g(y))|

where the parameters 0*” = —0"* are constant, and their star commutator is defined by [f ¥
g] = fxg — g f, which implies that [z ¥ 2] = i#*". In the sequel we will repeatedly use the
following fundamental properties of the star product:

/d%f*g:/d%f.g, /d%f*g*hz/d%h*f*g. (3.1)

An important point to note is that in Moyal space, the integral f d*z plays the role of a trace?,
and hence equations of motion must always be derived from the action rather than the Lag-
rangian. For a detailed discussion of the algebras of functions and of distributions on Moyal
space in the context of non-commutative spaces and of quantum mechanics in phase space, we
refer to [43] and [21, 42], respectively. Here, we only note that the star product of the delta
distribution 6, (with support in y) with a function ¢ may be defined by application to a test
function ¢:

=y’

(8, %, ) = / a6, ) (2)p(x) = / a8, b ) (z) = / 08, (2) () % 0) (2)
= (P *o)(y).

Hence, the action of the distribution d, x %) on the test function ¢ is equal to the action of the
distribution d,, on the test function 1 % ¢. Similarly, we find

(%8, 0) = / At % 6,)(x)p(x) = / A+ 6, % 9)(w) = / 28, % 0 %) (2)
= (p*9)(y).

The following considerations hold for an arbitrary antisymmetric matrix (6#"), but for the
physical applications it is preferable to assume that 40 = 0, i.e. assume the time to be commut-
ing with the spatial coordinates. This choice is motivated by the fact that the parameters 6
have close analogies with a constant magnetic field both from the algebraic and dynamical points
of view [11], and by the fact that a non-commuting time leads to problems with time-ordering
in quantum field theory [5].

Charged particle in Moyal space. Since a U,(1) gauge field (A*) on Moyal space entails
a non-Abelian structure for the field strength tensor (F),,) due to the star product [8, 35, 39],

F. =0,A,-0,A, —iglA, % A,

one expects that the treatment of a source for this gauge field as given by a “point” particle
should allow for a description of such particles on non-commutative space which is quite similar
to the one found by Wong in the case of Yang—Mills theory. If the matter content in field theory
is given by a spinor field v, then the interaction term with the gauge field reads

/d‘{yJ“*AM, with JH = gyt %),

4This is best seen by employing the Weyl map from operators to functions, and is also the reason for the
cyclicity property (3.1). Furthermore, when considering gauge fields only the action is gauge invariant, not the
Lagrangian.
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i.e. it involves two star products. By virtue of the properties (3.1) one of these star products can
be dropped under the integral, but not both of them. If we consider the particle limit (i.e. J*
representing the current density of the particle), it is judicious to maintain the star product
between J# and A, so as not to hide the non-commutative nature of the underlying space (over
which we integrate) and to allow for the use of the cyclic invariance property (3.1) later on in
our derivation. In fact, the pairing (J, A) = [ dyJH * A, represents the analogue of the pairing
(j,A) = [d'yTr(j#A,) in Yang-Mills theory on commutative space. Accordingly, we will
require the action for the particle to be invariant under non-commutative gauge transformations
defined at the infinitesimal level by 6,4, = D,\ = 0, — ig[A, ¥ A] where the parameter \ is
an arbitrary function. As was done for Wong’s equations, we assume that the charge ¢ of the
relativistic particle in non-commutative space depends on the parameter 7 parametrizing the
particle’s world line and that it represents a given non-dynamical variable. The coupling of this
particle to an external U, (1) gauge field (A*) can be described by the action®

S[z] = Steelx] — Sint[x] = —m/dT\/ﬁ — /d4yJ“AN, (3.2)
where
Ji(y) = / drq(r)it ()6 (y — (7). (3.3)

Keeping in mind the formulation of field theory on non-commutative space [8, 35, 39|, we
will argue directly with the action rather than the Lagrangian function and require this ac-
tion to be invariant under non-commutative gauge transformations. For such an infinitesimal
transformation we have

@/ﬁ@ﬂAw3/&wM%A:—/&mQJw*x

Hence, invariance of the action (3.2) under non-commutative gauge transformations requires the
current to be covariantly conserved, i.e. D,J" = 0. By virtue of equation (3.3) we now infer
that

0L (D)) = [ drai DSy~ a(r)
=/dmﬂ{%fw—mﬁﬁ—mMAWtfw—$UM}- (3.4)

Equation (2.15) entails that the first term in the last line can be rewritten as

/qu:t“BlyLé‘l(y —x(7)) = /quj7_54(y —x(7)) = /dTch;‘L(y —z(1)).

T

From condition (3.4) it thus follows that the charge ¢ has to be covariantly conserved along the
world line in the sense that

0= [ sty atr) = [[ar { o~ 2(r) ~ 00 4,0 £y - o] | 55

For later reference, we note that this relation yields the following equality after star multiplication
with A, (y)dy” and integration over y:

[ty [ aroar sty - a0 < A,)

®We note that the coupling of U, (1) gauge fields to external currents has also been addressed in the recent
work [4].
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—ig [ dy [ droa(nait(4,(0) 1 540 - a(r))] = Aulw)
— g / d'y / droa” (r)gi sy — o(r)) % [Au() * Au(y)]. (3.6)

In order to derive the equation of motion for the particle determined by the action (3.2), we
vary the latter with respect to z#. The variation of Ske being the same as in commutative
space, we only work out the variation of the interaction part Siy, all star products being viewed
as functions of the variable y:

68t =0 / dty / dr{itqs*(y — (1)) x Au(y) }
= [aty [[ar{sirast - a(r) = Aufw) + 03[ — a(r)] = 4u(0)
= [ty [[ar {08t~ () o) + (851026 — (7)) Au() |
= [ty [artor) { 100" = )] % Al + 800"y ) < AL |

By virtue of the product rule, the first term in the last line yields two terms, one involving
d— which can be rewritten using relation (3.6), and one involving d 464y — (7)) which can be
rewritten using (2.15):

- [ty [ aror)a st - 20 < A)

= [ aty [[ar@a)air 036y - a(r))] * A0
—/d4y/d7(5aj”)qiﬁ“54(y—m(T))*asz(y).

Hence, we arrive at
0Sine = /d4y/d7(5w”)ﬂb“q54(y—x(T))*{33Au(y) — O Au(y) +ig[Au(y) ¥ Au(y)]}
:/d4y/d7(5a:”):'n“q54(y— z(7)) * Fuu(y) /dT (0z")itqF,(x(T)).

Note that it is the constraint equation (3.6) following from (3.5) that yields the terms which
are quadratic in the gauge field. This is very much the same mechanism as in the commutative
space calculation which leads to Wong’s equations, cf. (2.4)-(2.9).

In conclusion, we obtain the following equation of motion for the charged relativistic particle
m non-commutative space:

mit = qF" %, with Fu = 0,A, — 0,A, —ig[A, T A)). (3.7)
We note that the antisymmetry of F),, with respect to its indices implies

1 di?

0= =55

which is consistent with #? = 1. Consistency of the equation of motion (3.7) requires its gauge
invariance, i.e. the gauge invariance of its right-hand-side. Since

SN(qF" i) = q(6\F" )iy, = —igq[F" * Ny, = gq0”° (0,F"™)(0,\)i,, + O(6?),
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the gauge invariance only holds for constant field strengths by contrast to the case of Wong’s
equation for Yang—Mills fields in commutative space. This difference can be traced back to
the fact that the analogue of the trace in Yang—Mills theory is given in Moyal space by the
integral [ d*z: since such an integral does not occur in the differential equation (3.7), the gauge
invariance is only realized for constant F),,. We will further discuss the latter fields and the
comparison with Yang—Mills theory in Section 4 where we will also consider the subsidiary
condition for the charge ¢q. Here we only note the following points in this respect. The equation
of motion (3.7) taken for itself is consistent for any constant values of ¢ and F},,. Furthermore
in non-commutative space the auxiliary variable ¢ cannot be rendered dynamical with a non-
trivial gauge transformation law (2.10) for ¢(7) since the star commutator of ¢(7) with a gauge
transformation parameter A\(x(7)) vanishes.

In summary, the coupling of a relativistic particle to a gauge field (A*) is described in general
by the Lagrangian

L(z, &) = —mVi? — qA, ", or L(z,%) = %ﬁ + qAu 3t
The non-commutativity of space-time can be implemented in the Lagrangian framework by
rewriting the interaction term of the action as an integral [ dy(J#xA,)(y) where the current J*
is defined by (3.3) and by requiring this action to be invariant under non-commutative gauge
transformations. The resulting equation of motion (3.7) is only gauge invariant for constant
field strengths.

Continuum formulation of the dynamics. By following the same lines of arguments as for
the Lorentz—Yang-Mills force equation (see equations (2.14)—(2.16)), we can obtain a continuum
version of the equation of motion (3.7) by multiplying this equation with §*(y—(7))¢(y), where
©(y) is a suitable test function, and integrating over 7 and over y. More explicitly, by starting
from the energy-momentum tensor (2.14) for the point particle and using relation (2.15), we get

/ d*y (0, T"")( / dy / drmita” 046" (y — =(7))e(y)

/d4 /d7m$“54 — a( /d4 /dfm:r“é y —x(7))e(y).

Substitution of equation (3.7) then yields the expression

/ dy / drqF™ (2(r))i, 6 (y — (7)) oly) = / d'y / drqF™ (y)i, 64y — (1)) o (y)
- / dy(F™ 1,) (9) o),

where we considered the current density (3.3) in the last line. Thus, we have the result
0, T"" = FH ], where D,J" =0, (3.8)

and these relations are completely analogous to the continuum equations (2.16) which correspond
to Wong’s equations (apart from the fact that the invariance of (3.8) under non-commutative
gauge transformations requires the field strength F*¥ to be constant).

4 Case of a constant field strength

We will now discuss the dynamics of charged particles coupled to a constant field strength on the
basis of the results obtained in Sections 2 and 3. Indeed this case represents a mathematically
tractable and physically interesting application of the general formalism.

We successively discuss the case of non-Abelian Yang—Mills theory on Minkowski space and
the case of a U,(1) gauge field on Moyal space while emphasizing the differences that exist for
constant field strengths.
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4.1 'Wong’s equations in commutative space

The case of a “uniform field strength” in Yang—Mills theory has been addressed some time ago
by the authors of reference [9], see also [19] for related points. Since the Yang-Mills field strength
F(z) = Fj, ()T is not gauge invariant, but transforms under finite gauge transformations
as F),, = U"'F,U (with U(z) € G = structure group), one has to specify first what is meant
by a constant field. The field Fy, is said to be uniform if the gauge field A,(z) = Af(z)T*
at a point z can be related by a gauge transformation to the gauge field A,(y) at any other
point y. More precisely, for a space-time translation parametrized by a € R*, there exists a gauge
transformation x +— U(x;a) € G such that

Az +a) = U (230) Au(@)U (5 0) + iU~ (0:0)0,U (w5 a),
and thereby
Fyua +a) = U~ (2:0) F (@)U (5 a).

In this case a gauge may be chosen in which all components of F},, are constant because F},, at
the point x can be made equal to its value at some arbitrary point y by transforming it by an
appropriate gauge group element.

Since the field strength F),, = 0,4, — 0, A, +i[A,, A,] contains two terms, namely 0,4, —
0y A,, which has the Abelian form, and [A,,, A,] which does not involve derivatives, a constant
non-zero field strength F),,, can be obtained either from a linear gauge potential (i.e. an Abelian-
like gauge field),

1
A, = —EF“,,l'V, oA, — 0,A, = F,,, = const, [A,, A)] =0,

or from a constant non-Abelian-like gauge potential,
A, = const, oA, =0, i[A,, A)] = F),, = const.

In fact [9], these two types of potentials exhaust all possibilities for a constant field strength.
It has been shown for the structure group SU(2) that the two types of gauge potentials leading
to a same constant field strength are gauge inequivalent and result in physically different be-
havior when matter interacts with them, e.g. the solutions of Wong’s equations have completely
different properties in both cases. An explicit example for G = SU(2) is given by a constant
magnetic field in z-direction [19]: let oy (with & = 1,2, 3) denote the Pauli matrices and suppose

Fyi =0, F;j = €iji By, with (Bi)k=1,2,3 = (0,0, 203).

This constant field strength derives from the linear Abelian-like potential
. 1. ~
A= (Ap)r=123 = 5T A B = (=y,2,0)03,

or from a constant non-Abelian-like potential A = (—02,01,0).

4.2 'Wong’s equations in non-commutative space
The field strength associated to a U, (1) gauge field (A,) on Moyal space reads
F = 0,A, — 0,A, —ig[A, s A)) = 0,4, — 0, A, + 9077 (9,4,)(0,A)) + O(67).

Due to the derivatives appearing in the star commutator, the Abelian-like term 9,4, — 0, A,
and the non-Abelian-like term —ig[A, % A,] cannot vanish independently of each other: the
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non-commutative field strength F, can only be constant for a linear Abelian-like potential.
More precisely, for

1_
AN = —§Bl“,l'y, (4].)
where the coefficients B;w = —BW are constant, we obtain
F;w = Buu - %Bupepagazx- (42)

This field strength is constant, but dependent on the non-commutativity parameters 6*”. If we
interpret B, = 9,4, — 0, A, as the physical field strength, then (4.2) means that the non-
commutativity parameters 6*¥ modify in general the trajectories of the particle as compared to
its motion in commutative space®.

Since the field strength transforms under a finite gauge transformation U(z) € U,(1) as
F,= U_l*FW*U , a constant field F},, is gauge invariant. Thus, for constant field strengths the
situation is quite different for U, (1) gauge fields and for non-Abelian gauge fields on Minkowski
space despite the fact that we encounter the same structure for the gauge transformations, the
field strength and the action functional in both cases.

Let us again come back to the expression (4.1) for the gauge field. Substitution of this
expression into the subsidiary condition (3.5) yields

0= / dr{i6*(y — 2(r)) — igai" [Au(y) * 64y — x(r))]}

. 9 .5
_ / ar {84y — 2(7)) — Sqi" B, 077 05" (y — (7)) }. (4.3)
If the matrix (Bj,) is the inverse of the matrix (0/), i.e. B,,077 = 67, then F,, = (1 — §) B,
and, by virtue of (2.15) and an integration by parts, condition (4.3) takes the form

0= /qu'54(y — (1)) {1 - %} .

The latter relation is obviously satisfied for a constant ¢q. In this case, the equation of mo-
tion (3.7) for the particle in non-commutative space, i.e. mi* = qF"",, has the same form as
the one of an electrically charged particle in ordinary space. This result is analogous to the one
obtained for a constant magnetic field in z3-direction within the Hamiltonian approaches, see
equations (5.10) and (5.13) below.

5 Hamiltonian approaches to particles in NC space

To start with, we briefly review the Hamiltonian approaches in commutative space before con-
sidering the generalization to the non-commutative setting. In the latter setting, we will notice
that various approaches yield different results since several expressions which coincide in com-
mutative space no longer agree.

SWe note that the latter dependence on the non-commutativity parameters can be eliminated mathematically
if one assumes that B,, depends in a specific way on the parameters #** and some #-independent constants B, .
To illustrate this point [11], we assume that the only non-vanishing components of B, and 6" are as follows:
Bis = —Boy = B, = —0?' =0, i.e. F12 = B(1+ %03) = —Fy. If B depends on 6 and on a #-independent
constant B according to

B=DB(B:6) = g%(,/ugeB— 1) =5(1-28) +0(e"),

then relation (4.2) implies that the non-commutative field strength Fiz is a f-independent constant: Fio = B.
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5.1 Reminder on the Poisson bracket approach

The Hamiltonian formulation of relativistic (as well as non-relativistic) mechanics is based on two
inputs (e.g. see reference [29]): a Hamiltonian function and a Poisson structure (or equivalently
a symplectic structure). If one starts from the Lagrangian formulation, the Hamiltonian function
is obtained from the Lagrange function by a Legendre transformation. E.g. the Lagrangian
L(z,%) = %.@2 +eA, 4" (involving the constant charge e) yields the Hamiltonian

H(r,p) = 5 (p = AV = o (o~ cA")(py — eAy). (5.1)

2m
The trajectories in phase space are parametrized by 7 +— (x(7),p(7)) where 7 denotes a real
variable to be identified with proper time after the equations of motion have been derived. The
Poisson brackets {-,-} of the phase space variables x*, p* are chosen in such a way that the
evolution equation F' = {F, H} (where F' = dF/dr) yields the Lagrangian equation of motion
for z#, though written as a system of first order differential equations. For instance, if we
consider the usual form of the Poisson brackets, i.e. the canonical Poisson brackets

{xu’xV} =0, {p,u’pu} =0, {xlt7pV} = 77W7 (52)

then substitution of F = z# and F = p# into F' = {F, H} (with H given by (5.1)) yields the
system of equations

mat = pt — eA¥, mpt = e(p, — eA, )M AV,
from which we conclude that

mit = pt — eA* = %(p,, —eA)) 0" AY — ez 0, A" = ex,, (a“A” - 8”A“) =efMi1,.
—=el,

This equation coincides with the Euler—Lagrange equation for z* following from the Lagrangian
L(z,d) = 24? + eAy it

Concerning the gauge invariance, we emphasize a result [40] which does not seem to be
very well known. The Hamiltonian (5.1) is not invariant under a gauge transformation 4, —
A, + Oy A which is quite intriguing. However, it is invariant if this transformation is combined
with the phase space transformation (x#,p#) — (z*,pt 4+ ed*\), the latter being a canonical
transformation since it preserves the fundamental Poisson brackets (5.2). Indeed, under this
combined transformation the kinematical momentum IT* = p* —e A* (which coincides with ma*)
is invariant.

We note that the Hamiltonian (5.1) can be rewritten in terms of the variable II, = p, — eA,,
as H = ﬁHQ. Thereby H has the form of a free particle Hamiltonian, but the Poisson brackets
are now modified: from II, = p, —eA, and (5.2) it follows that

{zV, 2"} =0, {IIM, 11"} = efH(x), {zI', 11"} = nh", (5.3)

with f* = gHAY — 9V A*. Since the electromagnetic field strength f** is gauge invariant, the
latter invariance is manifestly realized in this formulation.

In summary, the coupling of a charged particle to an electromagnetic field can either be
described by the canonical Poisson brackets (5.2) and the minimally coupled Hamiltonian (5.1)
or by introducing the field strength into the Poisson brackets (as a non-commutativity of the
momenta) and considering a Hamiltonian which has the form of a free particle Hamiltonian.
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5.2 Reminder on the symplectic form approach

If we gather all phase space variables into a vector E = (51) = (2% ...,23,p° ..., p%), the

fundamental Poisson brackets (5.2) read
0 ntv
—p0 |

The inverse of the Poisson matrix 2 = (Q!7) is the matrix with entries w;; = (271);; which
defines the symplectic 2-form

{. ¢y =0 with (Q")

_1 I 7
w=s Iz;w,Jdg AdeT = dp* A day, (5.4)

e.g. see reference [29] for mathematical details. The Hamiltonian equations of motion can be
written as

¢h=1el 7} = X0l 95H, ie. ¢ =0"Y9;H,

or equivalently as wUfJ =0/H.
In terms of the phase space variables (z#,II*) appearing in the non-canonical Poisson brac-
kets (5.3), the symplectic 2-form (5.4) reads

1
w=dIl" Ndzx, + §efw,da:“ A dx”.

This formulation of the electromagnetic interaction based on the symplectic 2-form and the
evolution equation wy ;&7 = dH goes back to the seminal work of Souriau [37].

5.3 Standard (Poisson bracket) approach to NC space-time

In order to introduce a non-commutativity for the configuration space, one generally starts
from a function H on phase space to which one refers as the Hamiltonian without any ref-
erence to a Lagrangian, e.g. we can consider the function H given in equation (5.1). The
non-commutativity of space-time is then implemented by virtue of the Poisson brackets

{ah 2"} = 6", {p",p"} =0, {zt p"} =™, (5.5)

where 0 = —@"# is again assumed to be constant. (For an overview of the description of non-
relativistic charged particles in non-commutative space we refer to [3, 11, 24|, the pioneering
work being [17, 18], see also [1, 2, 31, 32] for some subsequent early work. We also mention that
dynamical systems in non-commutative space can be constructed by applying Dirac’s treatment
of constrained Hamiltonian systems to an appropriate action functional, see [12] and references

therein.)
As in the commutative setting, we gather all phase space variables into a vector { =h =
(2°,...,2%,p°,...,p?), the fundamental Poisson brackets (5.5) being now given by
oHv v
I ¢Jy _ lJ : IJy — n
{5)5 }_Q ) with (Q ):|:77[,LV 0:|

Quite generally, the Poisson bracket of two arbitrary functions F', G on phase space reads

OF 96 OF 0G 0F 0G
Ozt dzv Ozt dp,  Opt Oz,

{F,G}=> Q"0,F0,G = 6"
I,J
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Substitution of F' = z# and F = p* into F' = {F,H} (with H given by (5.1)) yields the
system of equations

mit = (p, — eAy) (" — e0"°9,A"),
mp" = e(p, —eA, )M A”. (5.6)

In the present case, the phase space transformation (z#, p*) — (x*, p*+e0"\) does not represent
a canonical transformation since it does not preserve the Poisson brackets (5.5) if 0#¥ # 0. Hence,
the resulting Hamiltonian equations of motion (5.6) are not gauge invariant, as has already been
pointed out in reference [11] by considering different gauges.

In the next two subsections, we recall how this problem can be overcome for the particular
case of a constant field strength as well as more generally, and we compare with the results
obtained in Section 3 from the action involving star products. Here, we only note that a non-
Abelian structure of the field strength is hidden in equation (5.6). To illustrate this point, we
consider the particular case where the only non-vanishing components of 0* are §9 = ¢ig
(with 4,5 € {1,2} and ¢!2 = —¢?! = 1) and where the only non-vanishing components of A
are A'(z!,2?) (with i € {1,2}). For this situation which describes a time-independent magnetic
field perpendicular to the z!z?-plane, the first of equations (5.6) yields

mi; = (pg — eAy) (0 — ef2i;0; Ay,

and implies

d
ma(xl + €9€Z‘jAj) = (1 + eflg)(pi - GAZ) (57)
with
Flo = 01 A9 — O9A1 + e{Al, AQ} = 01 A3 — A1 + €9pa(apA1)(agA2). (58)

Thus, we find a non-Abelian structure for the generalized field strength, but in the present
approach the field ¥, is only linear in the non-commutativity parameters in contrast to the
field F,, in (3.7) which involves the star commutator

—i[A, ¥ A)] = 077 (9,A,)(0-A,) + O(6?).

If the gauge potential is linear in «, the field strengths F,,, and F},, as defined by equations (5.8)
and (3.7), respectively, coincide with each other (if one identifies the coupling constant g with e).

To conclude, we note that (5.7) can be solved for p; — eA; in terms of md;: the system of
first order differential equations (5.6) can then be written as a second order equation for x*,
but the resulting equations of motion are not gauge invariant and they cannot be derived from
a Lagrangian [3].

5.4 Standard approach to NC space-time continued

The reasoning presented concerning the brackets (5.3) suggests to consider a Hamiltonian which
has a free form and to introduce a field strength B*” () as a non-commutativity of the momenta,
i.e. consider phase space variables (z#,p*) satisfying the non-canonical Poisson algebra

{2} =0, {p"p"} =eB",  {a"p"} =0, (5.9)

with 0" constant. As pointed out in reference [22], the Jacobi identities for the algebra (5.9)
are only satisfied if the field strength is constant:

A : - A
{a#, {p”,p"}} + {cyclic permutations of u, v, \} = e#*?0,B"".
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Thus, the dynamics of a charged particle coupled to a constant field B*” on non-commutative
space-time can be described in terms of phase space variables (z#,p*) satisfying the non-
canonical Poisson algebra (5.9), the Hamiltonian being given by H(p) = ﬁpQ = %p“pu.

The Hamiltonian equations of motion
mat = pH, mp" = eB"'p,,
then imply the second order equation
mit = eB" 1. (5.10)

This equation of motion for z* coincides with the one that one encounters for #* = 0 since the
Hamiltonian only depends on p and not on the coordinates z* whose Poisson brackets do not
vanish. However the non-commutativity parameters 6 appear in quantities like the volume
form on phase space which is the 4-fold exterior product of the symplectic form with itself,
1, 1

dV = —w* =
4! vdet(2

where €2 denotes the Poisson matrix and where we suppressed the exterior product symbol.

dfl---dfg,

5.5 “Exotic” (symplectic form) approach to NC space-time

The Hamiltonian approach to mechanics on non-commutative space based on the simple
form (5.9) of the Poisson algebra (in which the Poisson bracket {z*,p”} has the canonical
form) has been nicknamed the standard approach. As we just recalled, it does not allow for the
inclusion of a non-constant field strength. By contrast, the so-called ezotic approach [18, 24]
which is based on a simple form of the symplectic 2-form allows us to describe generic field
strengths B, (Z). In this setting, the constant non-commutativity parameters 6*” are intro-
duced into the symplectic 2-form” defined on the phase space parametrized by (z#,p"):

1 1
w=dp" Ndx, + ieBWd:U“ Adx¥ + §9de“ A dp”.

The Poisson matrix is obtained by the inversion of the symplectic matrix (e.g. see reference [41]
for the case of a space-time of arbitrary dimension), and therefore it has a more complicated form
than the one corresponding to (5.9). By way of illustration, we recall the result that one obtains
for the simplest instance [18] where one has only two spatial coordinates, i.e. ¥ = (x1,z2):

{z1, 22} = &0, {p1,p2} = v 'eB, {zi,p;} = "85,

where k(Z) =1 — efB(Z) with 615 = 6 and Bj2 = B. None of the brackets now has a canonical
form. The equations of motion following from the Hamiltonian H (¥, p) = ﬁﬁg + eV (Z) read

p; =ek; + eBe’:‘iji'j, with E; = -0;V, 1€ {1, 2}
m*&; = p; — embei; Ej, with m* = km, K(Z) =1 — edB(Z), (5.11)

where €;; denotes the components of the constant antisymmetric tensor normalized by €12 = 1.
The parameter m*(Z) = mk(Z) may be viewed as an effective mass depending on the position
of the particle. Various physical applications of this system of evolution equations have been
found in recent years, see [24] and references therein. For V' = 0, we have p; = m*&; = mk;,
hence

pi = mid; +mrd;,  with &= —efB = —efi;0;B.

"One may as well consider p-dependent parameters 6.
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Substitution of this expression into the first of equations (5.11) yields a second order differential
equation for xz;:

1
m*(f)xl = €€ij.i‘jB*, with B*=DB+ 577196,].7}1(833) (5.12)

This equation, which looks somewhat exotic, includes a #-dependent term depending on the
derivative of the field strength and it involves an r-dependent mass, i.e. there is a dependence
of parameters on the localization of the particle in the space in which it evolves.

The expressions in (5.12) simplify greatly in the case of a constant magnetic field: equa-
tion (5.12) then reduces to

mi; = e—e;jdy, with k=1—elB = const. (5.13)
K

As was pointed out earlier [23], this equation of motion coincides with the “standard approach”
equation (5.10) after a rescaling of time t — xt. We note that the value B = % coincides with
the one obtained for a constant magnetic field in two dimensions from the Seiberg—Witten map
in non-commutative gauge field theory [11], but it differs from the constant non-commutative
field strength

F12 = 81A2 — 62141 — ie[A1 f AQ] = 81A2 — 82A1 + G{Al,AQ},

e.g. in the symmetric gauge (Aj, Ag) = (—g.’fjg, gml), where one finds Fijo = B(1 + %).

In conclusion, different Hamiltonian formulations for a charged “point” particle in a non-
commutative space lead to different results. However, for the special case of a constant magnetic
field strength we have seen in the previous two subsections that the different Hamiltonian
formulations lead to the same results (or to results that are related to each other by a redefinition
of the magnetic field). So does the Lagrangian formulation of Section 3 as we have shown in

Section 4.

6 Concluding remarks

Just as there exist different approaches to the formulation of gauge field theories on non-
commutative spaces (e.g. the star product approach [39], the approach of spectral triples [10], of
matrix models [14], ... ), there appear to exist different approaches to the dynamics of relativistic
or non-relativistic particles in non-commutative space which are subject to a background gauge
field. It is plausible that these approaches yield essentially the same results in the particular case
of a constant magnetic field, i.e. a field strength which does not depend on the non-commuting
coordinates. The “exotic” (symplectic form) approach to non-commutative space-time can be
viewed as an extension of all other approaches to the case of a generic field strength.

A Continuum formulation on a generic manifold

In this appendix, we show that Wong’s equations, as formulated on a generic space-time man-
ifold, admit a simple continuum version. Moreover, we will prove that the latter formulation
has to hold for arbitrary dynamical matter fields ¢ whose dynamics is described by a generic
action S[¢; g, Aﬁ] which is invariant under both gauge transformations and general coordinate
transformations (g,,, and Aj, representing fixed external fields). These arguments generalize to
Moyal space in the particular case of a constant field strength.

Let M be a four dimensional space-time manifold endowed with a fixed metric tensor (g..)
of signature (4, —,—,—). We denote the covariant derivative of a tensor field with respect
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to the Levi-Civita-connection by V, (e.g. V, V¥ = 9,V + I'}, ,V* where the coefficients I},
are the Christoffel symbols) and the gauge covariant derivative as before by D), (e.g. 0, A}, =
D, \* = 0,A* — ig[A,, \]* for the infinitesimal gauge transformation of the Yang-Mills gauge
field (A}})). Since we used the notation % = ##D,q" in the main body of the text, we will write
Vd‘i# = ¢¥V,V*# for the derivative of the vector field V#(z(7)) along the trajectory 7 +— z(7).
Lorentz-force and its non-Abelian generalization. The Lorentz-force equation on the

space-time manifold M reads

Vut
dr

m =eF" u”, (A.1)
where u# = 2# denotes the 4-velocity of the particle of constant charge ¢ = e and where F},,
represents a given electromagnetic field strength. This equation of motion follows from the point
particle action

Slz] = % / A7 g (x(7))it " + e / dr A, (z(r))i"

upon variation with respect to z*.
The natural generalization of (A.1) to non-Abelian Yang—Mills theory is given by Wong’s
equations as written on the space-time manifold M :

V2H . Dqg*®
7 = q F* g where i

m =0. (A.2)

Here, the covariant constancy of the charge-vector (¢%) represents the geometrically natural
generalization of the ordinary constancy of the charge e appearing in the Abelian gauge theory.
The equation of motion of z* follows from the action functional

Swlz] = ?/dTgW(x(T))js“i:”-|—/d7'q“AZ(m(7’))x'“. (A.3)

Continuum formulation. The components T"" of the energy-momentum tensor (density)
and the components of the current density may be defined as functional derivatives of the action,

O Sw () = dSw
89 ()’ N 0AL ()

TH () = 2
so that expression (A.3) implies

1 (y) = [ drti(y - alr)mi(7)i (o),

5w = [ drotty - s () (o).

We note that the energy-momentum 4-vector is then given by P* = ng d32TH0 which yields the
standard expressions:

mut

V1—92

The 4-divergence of the energy-momentum tensor can be evaluated by substituting the equa-

. . 2.1 .
tion of motion mvdfé = q*F%, 3"

dt , .
PY = / BT = mi® =m— = L, P'=mz' =
R3 dr 1—¢2

2:1:1/
V() = [ dr@ ety - a(r)mit () = [ drm 5 (n)8y - 2()
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= / drq® (1), (a(7))a" ()0 (y — a(7)) = F*,(y)j" (y).

Similarly, substitution of the charge transport equation Dd = 0 into the gauge covariant diver-
gence of the current density gives
) . Dq®*(7
D) = [ ar@ Doty — et () = [ drsty - o) 2L <0
Therefore the continuum version of equations (A.2) reads
vV, T"H = F% 497 where D,j*" =0. (A.4)

These relations may be called continuum Lorentz—Yang—Mills equations.

General derivation of the continuum equations. Actually equations (A.4) do not only
hold for point particles but in a rather general context as will be shown in the sequel. To this
end let us consider an arbitrary action functional

S = S[; g AZ]a

where (g,,,) and (Af,) denote a fixed 4-geometry and Yang-Mills potential respectively, whereas ¢
denotes arbitrary dynamical matter fields. Taking the action S to be gauge invariant entails the
vanishing of its gauge variation:

S a
0=109,5= /<5>\¢+ 5A“5>\A )

Together with the matter field equations of motion 65/d¢ = 0 and the gauge variation of the
Yang-Mills connection, dyAf, = D, A%, this implies

0S
6A%(x)’

D,k =0, where Jh(z) = (A.5)

i.e. the second of equations (A.4).

The fact that S is geometrically well defined is reflected by its invariance under general
coordinate transformations (diffeomorphisms). The latter are generated by a generic vector
field £ = £#0,,. Thus, we have

55 55
0= 5&5 / < (5§¢ —|— (5§glw 5Aa (SgA ) (AG)

where the matter field equations again imply the vanishing of the first term. The metric tensor
field and the Yang-Mills connection 1-form A = A dat = AjT*dz# transform [40] with the Lie
derivative with respect to the vector field &:
559#1/ = (Lﬁg),uu = vugu + vl/é-,ua
GeAu = (LeA)y = ((ied + dig) A),, = (ig(dA — 1514, A]) — ig[A,igA] + digA),
=&"F,,+D,("A)). (A7)
Here, i¢ denotes the inner product of differential forms with the vector field £ and F' = dA —

i2[A, A] = $F,,da" Adz” the Yang-Mills curvature 2-form. Substitution of the variations (A.7)
into (A.6) and use of relation (A.5) now yields

58S
89 ()’
i.e. the first of equations (A.4), thereby completing the proof of our claim.

v, = F* g, where T (z) =2
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