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Abstract. In this paper we introduce a basic representation for the confluent Cherednik
algebras Hv, Hr, 'Hﬁf and 7—[%‘ defined in arXiv:1307.6140. To prove faithfulness of this
basic representation, we introduce the non-symmetric versions of the continuous dual g¢-
Hahn, Al-Salam—Chihara, continuous big g-Hermite and continuous ¢g-Hermite polynomials.
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1 Introduction

In this paper we introduce a faithful representation on the space A of Laurent polynomials for
the confluent Cherednik algebras Hy, Hi, Hﬁf and Hﬁf defined in [5]! as confluences of the
Cherednik algebra of type C1Cy [2, 6, 7]:

e My is the algebra generated by Tp, T, X*! with relations:

(T1 +ab)(T1 + 1) =0,
To(To + 1) =0,

(T X + a)(T1X +b) =0,
qToX ' +e=X(Tp + 1).

e i is the algebra generated by Ty, Th, X*! with relations:
(T1 + ab)(T1 + 1) =0,
T2 =0,
(TlX + a)(TlX + b) =0,
qToX ' +1=XTy.

° HIDH7 is the algebra generated by Ty, T, X *+1 with relations:

T (T, +1) =0, (1.9)
T8 =0, (1.10)

!See [5, Theorem 4.1] for Hy, Hir and [5, Definition 1.4] for H17 and H® — observe that in [5] W is X !
for these algebras.
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X +a—-XYT1+1)=0, (1.11)
qIoX ' +1—-XTy, = 0. (1.12)

° Hgf is the algebra generated by Ty, T1, X *+1 with relations:

T(Ty +1) =0,

5 =0,

X - X YT +1) =0,
qoX 1 4+1-XTy =0.

To prove faithfulness of our basic representation (see Theorems 2.2, 3.2 and 4.2 here below)
in each case, we select a special basis of polynomials in .4 on which the operators (or specific
combinations of them) act nicely. These bases are obtained by considering the non-symmetric
versions of the continuous dual ¢g-Hahn, Al-Salam—Chihara, continuous big ¢-Hermite and con-
tinuous g-Hermite polynomials respectively.

In [7] Sahi introduced the non-symmetric version of Koornwinder polynomials [1], and proved
that they form a basis in the space A of Laurent polynomials. A detailed discussion of the rank
one case, i.e. the non-symmetric Askey—Wilson polynomials, was presented in [6] (see also [4]). It
turns out that these non-symmetric Askey—Wilson polynomials behave well under the subsequent
degeneration limits d — 0, ¢ — 0, b — 0 and finally a — 0. However the proof of faithfulness
of our basic representation is not a straightforward limit of the same proof in the case of the
Askey—Wilson algebra, as one would naively expect. This is because the first degeneration limit
destroys some of the leading coefficients in the positive powers of 2z of half the non-symmetric
continuous dual ¢-Hahn polynomials and their degenerations. Moreover, the algebra Hyy is
not in fact the limit of Hy as ¢ — 0 but the one as ¢ — oo, which introduces the need of an
isomorphism and a few tricks. Last but not least, the Hﬁf and HI[I)f do not admit a presentation
a la Bernstein—Zelevinsky, which makes the proof of faithfulness in that case rather involved.

2 Non-symmetric continuous dual g-Hahn polynomials
and basic representation of Hy

The continuous dual g-Hahn polynomials are the following (we write them here in monic form
like in [3]):

(ab, ac; q) ¢ " az,az"!
pn(z;(% b, C) = Tn3¢2 ab, 7@0 34,4 |

and can be obtained from the Askey—Wilson polynomials as limits when d — 0. This same limit
can be performed on the non-symmetric the Askey—Wilson polynomials, leading to the following
(here we follow [4] approach):

Definition 2.1. Let
gh(z10,b,¢) == ¢"T (2 — )pn1(4 7225920, g2 b, g c),

the non-symmetric continuous dual ¢-Hahn polynomials are defined as follows:
E_p[z] == pu(z;a,b,¢) — ¢l (z;a,b, ¢), n=12,...,

E,lz] :== ¢"pn(z;a,b,¢) + (1 — q”)qIL(z; a,b,c), n=12,...,
Eplz] := 1.
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Theorem 2.2. For q,a,b,c #0, ¢ #1 (m=1,2,...), the algebra Hvy has a faithful represen-
tation on the space A of Laurent polynomials f|z] as follows:

T = E0F (111 - £ la) (2.)
@) o= O Qr ) gy Qa0 oy, (2:2)
(X)) = fle]. 23)

To prove this theorem we follow the same outline as the proof of Theorem 5.3 in [4] with
some important changes as explained in Remark 2.5 here below.

First of all, to prove that the operators defined by (2.1)—(2.3) satisfy the relations (1.1)—(1.4)
is a straightforward computation. To prove faithfulness, we need the following two lemmata:

Lemma 2.3. Let
Z:=(To+ )Tyt and Y =TTy, (2.4)

the algebra Hy can equivalently be described as the algebra generated by Ty, X+, Y, Z, satisfying
the following relations respectively:

ZY =YZ =0, (2.5)
XTy = —abT; ' X —a—b, (2.6)
Y =21 -1, (2.7)
(Ty 4 ab)(Ty + 1) = 0, (2.8)
abY X = —qT2XY — q(a+ b)ThY — abT1 X + abcTy. (2.9)

The algebra Hy is spanned by elements X™Y T} and X™Z"T?, where m € Z, n € N and
1=1,2.

Proof. To prove the equivalence it is enough to observe that by defining Z and Y as in (2.4),
relations (2.5)-(2.9) follow from (1.1)-(1.4). Vice-versa, defining Ty := Ty 'Y we see that
relations (2.5)—(2.9) imply (1.1)—(1.4).

To prove that Hy is spanned by elements X™Y"T% and X™Z"T}, where m € Z, n € N and
i = 1,2, we use the relations (2.5)—(2.9) and the further relations which can be obtained as
a consequence of (2.5)—(2.8):

YX ' '=¢ ' X WHq ' 14+a)X 2Ty — ¢ Ha+b)ZTy + ¢ ' X'} — eq T,

1+ ab a+b

1
ZX =q¢'X7Z —q X'zn + 7T — —=X'1y
ab ab

1+ab)(g—1
O Utab)lg= D) (er ©
abq ab q

to order any word in the algebra as wanted. |

Lemma 2.4. The non-symmetric continuous dual g-Hahn polynomials form a basis in the space
A of Laurent polynomials and are eigenfunctions of the operators Y := ThTy and Z = (Ty +
DA

(YE_,)[z] = qlnE_n[z], n=1,23,..., (2.10)

(YE,)[z]=0, n=0,1,2,....
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(ZE_p)[2] =0, n=1273,..., (2.11)
1

(ZEy)[z] = T abgn

E.lz], n=0,1,2,....

Proof. By using the definition of the g-hypergeometric series 3¢9 it is easy to prove that the
terms with the highest powers in z and % in £_, and F, have the following form

E_,zl=2"4-+ (abcq”*1 —a—b)z"fl, n=12,..., (2.12)
Ez]=2"+ -+ ¢"27", n=12,.... (2.13)

Using these relation it is straightforward to prove that the non-symmetric continuous dual g¢-
Hahn polynomials form a basis in A.
Now to prove (2.10), we use the fact that the operator Y acts on A as follows

(z—c¢)z(1 = (a+b)z + ab)
(1—-2%)(¢—2?%)
(1 —az)(1—02)(1—cz)
(1—=2%)(1—¢z?)

Observe that thanks to the forward shift operator relation (14.3.8) in [3], one has:

Y Pl =

q"z(z —¢)
(" = 1)(g - 2?)

so that one can express (YE_,)[z] — q%E,n[z] only in terms of p,(z;a,b,c), pn(qz;a,b,c) and

ah(za,b,c) = — (pn(z;a,b,¢) — pp(q ' 250,b,¢)),

pn(q t2;a,b, c), which can be shown to be zero by using the g-difference equation (14.3.7) in [3].
In a similar manner all other relations are proved. |

Remark 2.5. Note that as shown in (2.12), the polynomials E_,[z] do not have a term of
order z" like the non-symmetric Askey—Wilson polynomials did. This is due to the fact that
the coefficient of the term z" in the non-symmetric Askey—Wilson polynomials tends to zero as
d — 0. The absence of such term makes the end of the proof of Theorem 2.2 more tricky than
proof of Theorem 5.3 in [4].

Proof of Theorem 2.2. First by using the symmetry properties of the continuous dual g-Hahn
polynomials and their properties it is easy to show that

(TWE_;)[2] = — (1 + ab — abg’ ) E_;[z] — abE,[2],
(TiEj)[e] = (1 = o’) (1 — abg’) E_j ] — abq’ Ej[2].

Combining this with (2.10)—(2.13), we can prove the following Vn > 0,Vm € Z, Vj > 0:

XME_jlz] = 2™ 4 4 (abeg/ ™ — a — b) 2™,
X"Y"E_jlz] = ¢ 7"z + -+ g7 (abeg’ ! —a — b) 2™,

XYMV E (2] = — (1 + ab — abg)q " (2™ + -+ + (abeg! ™' — a — b) ™),
X"NE_j[2] = —(1+ab)z™ 7 + .- — abz™",

XMZNE_j[z] = 0,
LN i (e j e

ab) g (T 4 2T,

X"Ejlz] = P qum*j’ (2.14)
X"Y"E;[2] = 0,

X" Z"TVE_j|2) = <
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X"Y"T1Ej[z] = (1= ) (1= abg’) g 7" ("7 + - + (abeg’ ™ — a = b) 2" 71,
X" Ej[z] = (1 —abg’ — qj)zm_j — abg? 2™

—1
abg’
—1
abg’

X"Z"Ej[z] = ( ) (2T 4o ),

n—1
XmZnTlEj[z] = < ) (zm+j+..._|_qum*j)_

Now assume by contradiction that a linear combination acts as zero operator in our representa-
tion, let us write such linear combination as:

D amX "+ bpa XY+ Y ema XY 4D dp X T
m

m,n m,n,i m,n

) emn X" 2"+ > fmn X Z T

m,n m,n,

Take the minimum value M of m such that at least one coefficient a,,, bmn, Cmns dm, €mn,
fm,n is nonzero. Acting on E;, and collecting the terms with the minimum possible power of z,
by (2.14) we obtain the equation:

amg’ + ZCMm(l — qj) (1- abqj)q_j" + da (1 - abg’ — qj)

—1\" . —1\"" .
+ ZeM,n (abqj> ¢+ Z fMn (abqj> ¢ =0, vj>0.
n n

It is easy to prove that for generic values of the parameters a, b, ¢, this is an infinite set of
linearly independent equations, therefore the only possible solution is the trivial one. So we can
only have coefficients of type bys,, not zero. Again, acting on E_;, and collecting the terms
with the minimum possible power of z we obtain for every j > 0, the equation:

Z bM,nq_jn = Oa
n

which admit only trivial solutions. |

3 Non-symmetric Al-Salam—Chihara polynomials
and basic representation of Hijp

The Al-Salam—Chihara polynomials are the following:
ab; q)p ™ az,az"!
Qn(z;a,b) :== w3¢2 (q a0 O Q> ,

and can be obtained from the continuous dual ¢-Hahn polynomials as limits when ¢ — 0. By
taking the limit ¢ — 0 of the non-symmetric continuous dual ¢-Hahn polynomials we obtain the
following:

Definition 3.1. Let
n—1 1 1 1
Ql(za,b) :==q 2 2Qu_1(q 22;q%a,q?b),
the non-symmetric Al-Salam—Chihara polynomials are defined as follows:
E_p[z] == Qun(z;a,b) — Q! (z;a,b), n=12...,

E,[z] :=q¢"Qn(z;a,b) + (1 - q”)QIL(z; a,b), n=12 ...,
Eplz] :=1.



6 M. Mazzocco

Theorem 3.2. For q,a,b# 0, ¢ # 1 (m = 1,2,...), the algebra Hy1 has a faithful represen-
tation on the space A of Laurent polynomials f|z] as follows:

z

(T()f)[Z] = _q — 2 (f[z] - f [qz_l]) 9 (31)
@l = O ) g QU202 oy, (32
(XDl = 2f1) (33

To prove that the operators defined by (3.1)—(3.3) satisfy the relations (1.5)—(1.8) is a straight-
forward computation. To prove faithfulness, we again need to provide an equivalent represen-
tation for the algebra Hirp. This is where we need to be careful as the relation between the
non-symmetric Al-Salam—Chihara polynomials and the algebra Hypr is not as straightforward
as before because the algebra Hi was obtained as limit of Hy as ¢ — oo rather than ¢ — 0.
However, changing the definition of Z and Y we can still prove the following:

Lemma 3.3. Let
Z = XTIy + 171 and Y = —T\ XTp, (3.4)

then the algebra Hir can equivalently be described as the algebra generated by Ty, X*', Y, Z,
satisfying the following relations respectively:

ZY =YZ =0, (3.5)
XT) = —abT7' X —a —b, (3.6)
'Y =271 -1, (3.7)
(Ty + ab)(Ty +1) =0, (3.8)
abY X = —qT?XY — q(a +b)ThY — abTi X. (3.9)

The algebra Hiy is spanned by elements X™Y"T¢ and X™Z"T}, where m € Z, n € N and
i=1,2.

Proof. The relations (3.5)(3.9) follow from (1.5)-(1.8). Vice-versa, defining Ty := —X 17,1V
we see that relations (3.5)—(3.9) imply (1.5)—(1.8).

To prove that Hyy is spanned by elements X™Y T} and X™Z"T}, where m € Z, n € N and
i = 1,2, we use the relations (3.5)—(3.9) and the further equivalent relations

YX ' =¢ ' XYW q¢ ' 14+ab)X 12T, — ¢ Ha+b) 2Ty + ¢ ' X',

1 b 1 b 1 1 b -1
ta L P Gl Ul

-1
ab ab ab X

ZX =q¢'XZ—q X1zT +

to order any word in the algebra as wanted. |

Lemma 3.4. The non-symmetric Al-Salam—Chihara polynomials form a basis in the space A
of Laurent polynomials and are eigenfunctions of the operators Y and Z:
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Proof. Consider the following isomorphism:
77(T07 Tl) X) = (_XT07 T17 X) = (Tﬂv Tl) X);

which maps the algebra Hijr to the isomorphic algebra 7:[111 defined by the generators TO, T: 1, X
and relations

(T1+ab)(T1+1):O, T02+TQ:0,

(TlX + CL) (TlX + b) =0, qT()X_l = X(TO + 1)
Note that the algebra Hip is obtained by taking the limit of ¢ — 0 of the algebra Hy, so that
the proof of this lemma is based on the fact that the action of the new Y and Z defined by (3.4)

is obtained by taking the limit of ¢ — 0 of the corresponding action of the old Y and Z defined
in Section 2. |

Proof of Theorem 3.2. Similarly to the proof of Lemma 3.4, we can use the isomorphism 7
to prove this theorem by taking the limit ¢ — 0 of the proof of Theorem 2.2 — note that this
limit none of the coefficients in the relations (2.14) becomes zero, thus making this limit rather
straight-forward. |

4 Non-symmetric continuous (big) g-Hermite polynomials
and basic representations of (’Hﬁ}) ’Hﬁf

In this section we give all definitions and proof for the symmetric continuous big ¢-Hermite
polynomials and the algebra HIDIf . By taking the simple limit ¢ — 0, all proofs remain valid for
the ”HIDHS algebra and the continuous g-Hermite polynomials.

The continuous big ¢-Hermite polynomials are the following:

" az _
Hy(z5a) == 2" 260 (q a4 2 2) ;
and can be obtained from the Al-Salam—Chihara polynomials as limits when b — 0. By taking

the limit b — 0 of the non-symmetric continuous dual Al-Salam—Chihara we obtain the following:

Definition 4.1. Let
T n—1 _1 1
Qh(za) :=q 7 zHn,-1(q 22;q2a),
the non-symmetric continuous big g-Hermite polynomials are defined as follows:

E_n[Z] = Hn(27a)—QIl(Z,CL)7 n = 1727"'7
E,[2] := ¢"Hn(z;0) + (1 - ¢")Qf(z50), n=1,2,...,
Eplz] := 1.

Similarly, the non-symmetric continuous ¢-Hermite polynomials are defined by taking the
limit of the non-symmetric continuous big ¢-Hermite polynomials as a — 0.

Theorem 4.2. For q,a #0, ¢" #1 (m=1,2,...), the algebra ’Hﬁf has a faithful representa-
tion on the space A of Laurent polynomials f[z] as follows:

z

(Tof)[z] :==

(fle] = fla=""]), (4.1)

_q_ZQ
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(Tl = S (1 - 7)), (12)
(X)) = 2/ (13)

By taking the above representation for a = 0 (still assuming q # 0, ¢™ # 1 form = 1,2,...),
we obtain a faithful representation of the algebra ’HIDIf

To prove that the operators defined by (4.1)-(4.3) satisfy the relations (1.9)—(1.12) is
a straightforward computation. To prove faithfulness, we can’t use an equivalent represen-
tation a la Bernstein—Zelevinsky as there isn’t one. We proceed by proving the following two
lemmata:

Lemma 4.3. The algebras Hﬁf and HI[I)IS are spanned by the elements
XHrn),  xFmn)'n,, xFnnw), XM, for keZ,leN.

Proof. We give the proof for the algebra ’Hgf only, as the limit ¢ — 0 in this proof is a straight-
forward substitution of a by 0.

Let us consider all possible words in the algebra ’Hﬁf and order them by using relations (1.11)
and (1.12) in such a way that all powers of X are on the left. Thanks to (1.9) and (1.10) the
generators Ty and 717 may only appear with powers 1 or 0. We then are the following possible
words:

xXkmm), XM,  XF0n), XMy for ke Z,leN,
as we wanted to prove. |

Lemma 4.4. The non-symmetric big q-Hermite polynomials form a basis in the space A of
Laurent polynomials and the operators Ty and Ty act on them as follows:

(ToEj)[2] = 0, (4.4)
(TB-))le] =~ Byl (45)
(ME)E] = (1 - ) E- 2], (46)
(ThE—j)[z] = —E—j[2]. (4.7)

Proof. By using the definition of the g-hypergeometric series o¢ it is easy to prove that the
terms with the highest powers in z and % in £_, and F, have the following form

E  Z]l=2"4 - —az"1 n=12,..., (4.8)
Ez]=2"+ -+ ¢"27", n=12,....

Using these relations it is straightforward to prove that the non-symmetric big g-Hermite poly-
nomials form a basis in A.

To prove (4.4)—(4.7) we use the recurrence relation of the big ¢g-Hermite polynomials combined
with the forward shift relation. |

Proof of Theorem 4.2. To prove faithfulness we first look at how the operators X*(TpTy)!,
XE(TyTy)! Ty, X*(T1Ty)! and X*(TyTy)! Ty act on the non-symmetric big g-Hermite polynomials
for every k € Z, | € N. To this aim, using (4.4)—(4.6) one can prove the following relations:
k l 1—¢ k -1 ;
(X (T()Tl) E])[z] = —T(X (T()Tl) Ej_l)[z], V] > 0,
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(BT E=)e] = o (XHBE) B, V>

11—¢ 1 _ .
(XMToN)' ToE-j) [2] = EW(X]C(TOTOZ 'Bj o)z, Vi>1,
1—g! _
(XM To) B_)[2) = —TCJI.(Xk(TlTO)Z*IE_jH)[z], Vj>0,
1—¢ ; .
(XM(TVTH) T ;) [2] = — qjq (1— ¢ Y(XHMT) Bz, Vji>0,
1

— ok -1 :
T(X (MiTo) ' E_j1)lz],  Vj>0.

By iteration it is straight-forward to obtain:

(@7 q),

1(1425—-1)
2

-1 (qj_lH; q)lfl

1(1+25—1)
2

(XM (MTo)' T E-;) (2] =

(XM(TT) Ey)[2] = (-1) (X*B )2, V=],

(XHT)'B-j)[e] = (1)
q
(Xk(TOTQngE,j)[z] - (_1)1—1 (qulHJ)l

+H2i—b
2

(X*Ej_1_1)[2], Vi>1,

(XM To) E)[2) = (—1)lM(XkE—j+l)[z]v vizl

1(1+2j—1)
2

(@ 54),4

1(1+25—1)
2

(XMTWT)' TV Ej)[2] = (1) (X*E_;1)[2), Vi>l,
q
Jj—l.

(XM T)' T E-j)[2] = (—1)’—1%(X’“E_j+l)[z], Vi>1.

q 2

Combining these with (4.8) and (4.9), we obtain the following estimates V j > [:

(@),

1(1+2j—1)
2

(¢ "%9),_,

1(1+2j—1)
2

(Xk(ToTl)lEj) [Z] = (—1)l (zk+j—l 4+t qj—lzk—j-i-l)’

0 5 = (— - +i— q‘_Z_. ,
(XM(Tom)' E_y) 2] = (-1) (A= g il
J—l.

(XM (T ThE-;)[2] = (fl)l—lu(zkﬂ‘—l—l R A A A )

+1)(2i=0)
2

(X’“(TlTo)lE,j)[z] = (_1)ZM(2k—j+l )

(1425 —-1)
q 2
k ! A 59) k—j+ ktj—i—1
(X (TlTO) TlEJ) [Z] = (—1) W(z + - —az )7
q 2
k ! @59 e ktj—1-1
(X (TlT()) TlE_]) [Z] = (—1) m(z + - —az )
q 2

Now assume by contradiction that a linear combination acts as zero operator in our representa-
tion, let us write such linear combination as:

D a XMTT) + ) b XN To + > g XHTTH) + ) diey XF(TVTo)' T
k,l k,l k,l k.l
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Take the minimum value kg of k such that at least one coefficient a1, biy .1, Co,1, diy,1 1S DONZETO.
Acting on Fj[z], for all j > [, and collecting the terms with the minimum possible power of z,
which is z¥0=H we obtain the equation:

J—l+1. J—1. )

(g 19); z(q 19) 14 .

Zakoyl(_l) (112 1) ¢+ de()vl(_l) (12— 0, vi>I
l q 2 q 2

It is easy to prove that for generic values of a, this is an infinite set of linearly independent
equations, therefore the only possible solution is the trivial one, i.e. ag,; = 0, dg,; = 0 for all
values of [.

By acting on Ej[z], we can prove in a similar way that by, ; = 0, ci,; = 0 for all values of [,
therefore obtaining a contradiction.

To prove the same for the algebra ’Hﬁ)f we observe that the defining relations (1.13)—(1.16)
are a specialisation of the defining relations (1.9)—(1.12) of the algebra ’Hﬁf for a = 0. All results
hold true when a — 0. Indeed even if the polynomials E,, loose the terms of order 2" !, these
don’t enter in the above reasoning. This concludes the proof of our theorem. |
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