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Abstract. We investigate topological properties of a completely integrable system on S2×
S2 × S2 which was recently shown to have a Lagrangian fiber diffeomorphic to RP 3 not
displaceable by a Hamiltonian isotopy [Oakley J., Ph.D. Thesis, University of Georgia, 2014].
This system can be viewed as integrating the determinant, or alternatively, as integrating
a classical Heisenberg spin chain. We show that the system has non-trivial topological
monodromy and relate this to the geometric interpretation of its integrals.
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1 Introduction

The Hamiltonian

H(X,Y, Z) =
√

3 + 〈X,Y 〉+ 〈Y, Z〉+ 〈Z,X〉

models pairwise interaction of three identical spin vectors X,Y, Z ∈ S2 which are fixed to the
vertices of an equilateral triangle. Systems of this type – called Heisenberg spin chains – are
of interest to physicists as they provide a classical model for quantum spin in a fixed lattice.
Together with the Hamiltonians

I(X,Y, Z) = 〈X + Y + Z, e3〉 and J(X,Y, Z) = det(X,Y, Z),

this Heisenberg spin chain becomes a completely integrable system on (S2 × S2 × S2, ωSTD ⊕
ωSTD ⊕ ωSTD). Lagrangian fibers of this system were recently studied in [16], and it was shown
that the system has a Lagrangian fiber L ∼= RP 3 which is not displaceable by Hamiltonian
diffeomorphisms.

There is an analogous coupled spin system given by the Hamiltonians

H1(X,Y ) =
√

1− 〈X,Y 〉 and H2(X,Y ) = 〈X + Y, e3〉,

which has provided interesting examples of non-displaceable Lagrangian tori in (S2×S2, ωSTD⊕
ωSTD) [7, 8, 17, 20]. In fact, (H1, H2) is the moment map of a Hamiltonian T 2-action on the
complement of the Lagrangian sphere ∆̃ of anti-diagonal elements (X,−X), where H1 fails to
be smooth.

?This paper is a contribution to the Special Issue on Algebraic Methods in Dynamical Systems. The full
collection is available at http://www.emis.de/journals/SIGMA/AMDS2014.html
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In this note we study the integrable system H = (H, I, J) from the perspective of Lagrangian
torus fibrations and global action-angle coordinates, as introduced by Duistermaat in [5]. Unlike
the system on S2×S2\∆̃, the systemH is not toric on the set where it is smooth, S2×S2×S2\L,
and cannot be made so: there is a global obstruction to the existence of a diffeomorphism f such
that the Hamiltonian flow of f ◦ J is periodic. We compute this obstruction, called topological
monodromy, explicitly

Theorem 1.1. The topological monodromy of the system H is generated by the matrix1 0 0
0 1 3
0 0 1

 .

Thus the system does not admit global action coordinates (since H and I are already periodic,
this implies that there does not exist a diffeomorphism f : Im(J)→ R such that the Hamiltonian
f ◦ J is periodic).

Although topological monodromy of a given integrable system may be computed directly
using elliptic integrals – as has been done in [2, 5] and many other places – we derive this
result from general theorems of Zung and Izosimov about the structure of integrable systems
near singularities [12, 21]. Section 2 reviews the theory of singularities for integrable systems
developed in [21] and the relation of this theory to the topological monodromy obstruction.
Section 3 establishes basic facts and notation for adjoint orbits in Lie algebras which we use
throughout the paper. Section 4 introduces the system H and provides an algebraic proof
that the Hamiltonians H, I, J Poisson commute. In order to apply the theorems of Zung and
Isozimov to this system, we must describe the topology of the critical fibers of the map H. In
Section 5 we use the underlying Euclidean geometry of the system and the structure of the Lie
algebra so(3) to completely describe the critical set, critical values and image of H,

Theorem 1.2. The image of the moment map H is the set of points (r, s, t) ∈ R3 that satisfy
the equations

|t| ≤

√
1 + 2

(
r2 − 3

6

)3

− 3

(
r2 − 3

6

)2

, |s| ≤ r, and 0 ≤ r ≤ 3 (1.1)

(see Figs. 1 and 2). The set of critical values consists of the boundary of this set, together with
the line segment {(1, s, 0) : −1 < s < 1}.

We show in Section 7 that the critical fibers above the line segment {(1, s, 0) : −1 < s < 1},
which we call the ‘critical line’, are all topologically stable, rank 1, focus-focus (see Section 2 for
definitions). Theorem 1.1 follows from this by the theorems of Zung and Izosimov.

Although it is not necessary in order to prove Theorem 1.1, we give a hands-on proof that
the regular fibers of H are all connected in Section 6. Combining our description of the moment
map image, and results of [5], the Lagrangian torus fibration over the set of regular values of H
is determined up to fiber-preserving symplectomorphism by Theorem 1.1 (see Remark 7.3).

2 Singularities and topological monodromy
of integrable systems

In this section we review the theory of singularities for integrable systems developed in [21] and
its relation to topological monodromy. We make several simplifying assumptions (such as fiber
connectedness) and the reader should note that Theorem 2.10 is not stated in full generality.
Historical background and further details can be found in [3, 21].
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Figure 1. The moment map image is a solid with one ‘orbifold’ corner, four ‘toric’ faces, and a ‘critical

line’ through the interior (red).

Definition 2.1. An integrable system is a triple (M,ω,H) where (M,ω) is a symplectic manifold
of dimension 2n, and H = (H1, . . . ,Hn) : M → Rn is a smooth map such that

1) the Poisson bracket {Hi, Hj} = 0 for all i, j, and

2) there is an open, dense subset of M where the functions H1, . . . ,Hn are all functionally
independent (i.e., dH1 ∧ · · · ∧ dHn 6= 0).

We denote the image of H by B, the set of regular values by Breg, and preimage H−1(Breg)
by Mreg.

Definition 2.2. An integrable system (M,ω,H) admits global action coordinates if there is
a diffeomorphism a = (a1, . . . , an) : B → Rn such that the Hamiltonian flow of ai ◦ Hi is
periodic for each 1 ≤ i ≤ n. The map a is often referred to as global action coordinates for H.

If an integrable system with compact fibers admits global action coordinates, then (M,ω,
a ◦ H) is a symplectic toric manifold. Thus, an important question in the study of integrable
systems is

Question 2.3. Does a given integrable system (M,ω,H) admit global action coordinates?

Suppose the fibers of H are compact and connected; then the regular fibers are Lagrangian n-
tori and the Arnold–Liouville theorem implies that the restricted map H : Mreg → Breg is a fiber
bundle of compact, connected Lagrangian tori Tn that is locally symplectically equivalent to the
trivial system

H = (x1, . . . , xn) :
(
Dn × Tn, dx ∧ dθ

)
→ Dn.

Regular integrable systems such as this are called Lagrangian torus fibrations. Given a Lagran-
gian torus fibration, there is a natural fiber-wise action

T ∗B ×B M →M

defined by (αb,m) 7→ φ1αb
(m) where φ1αb

is the time-1 flow of the vector-field ω−1H∗α for some
1-form α ∈ Ω1(B) such that α(b) = αb. The stabilizer of this action is a smooth submanifold Λ ⊂
T ∗B that is a full rank lattice in each fiber, called the period lattice of the fibration. Restricting
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Figure 2. Projections of the moment map image.

the projection map π : T ∗B → B to this lattice, we obtain a covering space π : Λ → B whose
topological monodromy is a group homomorphism mb : π1(B, b) → GL(n,Z) after identifying
the fiber Λb with Zn by a choice of basis (see, e.g., [15] or [5] for full details of this construction).
The topological monodromy of a Lagrangian torus fibration is the topological monodromy of its
period lattice, and its non-triviality is the obstruction to the torus fiber bundles

T ∗B/Λ→ B and M → B

being principal, and thus to H admitting global action coordinates. In his seminal 1980 paper
On global action-angle coordinates, Duistermaat proved

Theorem 2.4 ([5]). A Lagrangian torus fibration H : M → B admits global action coordinates
if and only if the topological monodromy of the period lattice is trivial.

An integrable system with compact, connected fibers admits global action coordinates only if
the corresponding Lagrangian torus fibration Mreg → Breg admits global action coordinates, so
to answer Question 2.3 one may begin by studying the topological monodromy of this fibration.
On the other hand, there is a subtle interplay between the topological monodromy ofMreg → Breg

and the critical fibers of H. To describe this interplay we need to recall several definitions and
theorems from [12, 21].

Let p be a critical point of rank n− k of an integrable system H = (H1, . . . ,Hn) on (M,ω).
Without loss of generality, we may assume that dH1, . . . , dHk = 0. The operators ω−1d2H1,
. . . , ω−1d2Hk form a commutative subalgebra h of sp(L⊥/L) ∼= sp(R, 2k) where the subspace
L ⊂ TpM is the span of the vector fields XHk+1

, . . . , XHn and L⊥ is its symplectic ortho-
complement. A generic critical point of H will satisfy the following Morse–Bott type condition
for integrable systems:

Definition 2.5. A rank n−k critical point p of an integrable system H is non-degenerate if the
subalgebra h defined above is a Cartan subalgebra. Similarly, a critical fiber of an integrable
system is non-degenerate if all of its critical points are non-degenerate.

Equivalently, p is non-degenerate if some linear combination of the operators ω−1d2H1, . . . ,
ω−1d2Hk has 2k distinct eigenvalues (and the operators are independent). It was shown in [19]



Topological Monodromy of an Integrable Heisenberg Spin Chain 5

that a Cartan subalgebra h ⊂ sp(R, 2k) decomposes as a direct sum of three types of Lie
subalgebra, called elliptic, hyperbolic, and focus-focus, and the conjugacy class of a given Cartan
subalgebra h can be described by the three positive integers he, hh, and hf , which denote the
number of elliptic, hyperbolic, and focus-focus blocks respectively in this decomposition1.

Definition 2.6. The Williamson type of a non-degenerate critical point p for an integrable
system H is the 3-tuple (he, hh, hf ) corresponding to the Cartan subalgebra h ⊂ sp(R, 2k).

The remainder of this paper is primarily concerned with critical points for which the William-
son type is (he, 0, hf ); such critical points are sometimes called almost toric. A fiber is called
almost toric if all the critical points it contains are almost toric.

It was shown in [21] that the Williamson type of a critical point of lowest rank in a non-
degenerate critical fiber is an invariant of the fiber, which allows the definition,

Definition 2.7. The Williamson type of a non-degenerate critical fiber N in an integrable
system (M,ω,H) with compact and connected fibers is the Williamson type of any critical
point of lowest rank in the fiber. The rank of N is the rank of these critical points.

Assuming once again that all the fibers of an integrable system are compact and connected,
we are interested in the foliation of a neighbourhood U(N) of a critical fiber N by the fibers
of H (this is the Liouville foliation, although it is defined differently in more general settings,
see [21]). We consider neighbourhoods of the form U(N) = H−1(D) where D is a small disc
centred at H(N). Two foliations are said to be topologically equivalent if they are related by
a foliation preserving homeomorphism. A singularity of an integrable system is an equivalence
class of a Liouville foliation in a neighbourhood of N .

Let (H1, H2) be an integrable system with compact, connected fibers on a symplectic 4-
manifold M . The (topological equivalence class of a) Liouville foliation in a neighbourhood
of critical fiber N whose only critical points are non-degenerate, rank 0, focus-focus is called
a stable focus-focus singularity. The critical fiber N of such a singularity is a disjoint union
of c ≥ 1 critical points x1, . . . , xc and c open annuli A1, . . . Ac, Ai ∼= R × S1, such that each
annulus Ai has {xi, xi+1} as its boundary.

Theorem 2.8 ([22]). If N is a stable focus-focus singularity of an integrable system which
contains c ≥ 1 critical points then there is a neighbourhood U(N) = H−1(D2) such that H(N) = 0
is the only critical value in D2, and the topological monodromy of the torus fibration U(N)\N →
D2 \ {0} is generated by

A =

(
1 c
0 1

)
(i.e., up to a choice of basis for Zn, mb(γ) = A for a representative γ of a generator of πb(D

2 \
{0})). Furthermore, every two such Liouville foliations are topologically equivalent.

Note that since mb is a group homomorphism,

mb

(
γ−1

)
= A−1 =

(
1 −c
0 1

)
,

but A−1 and A are in the same GL(n,Z) conjugacy class.

In particular, a model Liouville foliation U(Nf
c )→ D2 can be constructed for any c ≥ 1 [22].

It has been shown that this prototypical model can be used to understand almost toric Liou-
ville foliations in higher degrees of freedom up to topological equivalence, under an additional
assumption:

1See Appendix A for a more explicit description of these subalgebras.
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Definition 2.9 ([21, Definition 6.3]). A non-degenerate singularity H : U(N) → Dn of an
integrable system is called topologically stable if the local critical value set of the moment map
restricted to U(N) coincides with the critical value set of the moment map restricted to a small
neighbourhood of a singular point of minimal rank in N .

The following theorem was proven for more general singularities, but we only state it for
almost toric fibers.

Theorem 2.10 ([21]). Suppose N is a rank n − k, topologically stable, almost toric critical
fiber of an integrable system H with compact and connected fibers. Then the Liouville foliation
of U(N) is topologically equivalent to a finite quotient of the product foliation:((

Dn−k × Tn−k
)
× U

(
N e
he

)
× U

(
Nf
c1

)
× · · · × U

(
Nf
chf

))
/G,

where G is a finite group which acts freely and component-wise on each factor in a foliation
preserving manner2. Moreover, G acts trivially on the elliptic component.

This result was later strengthened by Izosimov,

Theorem 2.11 ([12]). The Liouville foliation of U(N) in the preceding theorem is topologically
equivalent to the product foliation of(

Dn−k × Tn−k
)
× U

(
N e
he

)
×
(
U
(
Nf
c1

)
× · · · × U

(
Nf
chf

))
/G.

Given an almost toric critical fiber, this theorem implies that the associated Lagrangian torus
fibration is topologically equivalent to the associated Lagrangian torus fibration of a model pro-
duct system. In particular, both fibrations will have the same topological monodromy, since it
is a topological invariant of torus fibrations. The topological monodromy of a product of Lag-
rangian torus fibrations H×H′ : M×M ′ → B×B′ is a the topological monodromy of the lattice
ΛH×H′ ⊂ T ∗B × T ∗B′ which decomposes as the product covering space ΛH × ΛH′ → B × B′,
and the topological monodromy of this covering space decomposes as

mb(γ) =

(
mb,H(γ) 0

0 mb,H′(γ)

)
.

Remark 2.12. In Section 7 we will use Theorem 2.11 to conclude that (for the Heisenberg
spin system) the Liouville foliation above the critical line is homeomorphic to a product, and
thus the topological monodromy around the critical line decomposes as a product, as in the
preceding discussion. In fact, one can prove this more directly by using the description in [21]
of the group G appearing in Theorem 2.10, and our explicit identification of the singular fibers
with the product S1 × Nf

3 (Remark 7.1) to show that the group G will vanish, and hence the
foliation is homeomorphic to a product.

3 Symplectic geometry of coadjoint orbits

Let G be a compact, connected Lie group with Lie algebra g endowed with an Ad-invariant
inner product 〈 , 〉. After G-equivariant identification of g with g∗ via the inner product, the
Kostant–Kirillov–Souriau symplectic structure on an adjoint orbit OZ of Z ∈ g is given by

ωZ([X,Z], [Y,Z]) = 〈Z, [X,Y ]〉,
2Here U(Ne

he
) is the model Liouville foliation D2he → Rhe given by (x1, y1, . . . , xhe , yhe) 7→ (x2

1 + y2
1 , . . .,

x2
he

+ y2
he
) as proven by [6].
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where X,Y ∈ g. Hamilton’s equation for a function H : g→ R can be written as

dZ

dt
= XH(Z) = [∇H(Z), Z],

where ∇H is the gradient vector field defined by the equation 〈∇H(Z), Y 〉 = dHZ(Y ) for all
Y ∈ TZO. Hence, the Poisson bracket of two functions H, F can be conveniently written as

{H,F}Z = ωZ(XH , XF ) = ωZ([∇H,Z], [∇F,Z]) = 〈Z, [∇H,∇F ]〉.

A direct sum of semisimple Lie algebras g1⊕· · ·⊕gN is endowed with direct sum Lie brackets and
Killing forms. An adjoint orbit in g1⊕· · ·⊕gN is a product of adjoint orbits OZ1×· · ·×OZN

and
the symplectic structure coincides with the direct sum of their respective symplectic structures,
ω = ω1 ⊕ · · · ⊕ ωN .

The moment map for the adjoint action of G on an orbit in g is inclusion of the orbit into g∗

via the Ad-equivariant identification. The moment map for the diagonal adjoint action of G on
OZ1 × · · · × OZN

is hence the map (X1, . . . , XN ) 7→
∑
Xi.

Example 3.1. Let G = SO(3) be the group of rotations of R3 equipped with the standard basis
and inner product. Its Lie algebra is

so(3) =


 0 x1 x2
−x1 0 x3
−x2 −x3 0

 : x1, x2, x3 ∈ R

 ,

which has the Ad-invariant inner product 〈X,Y 〉 = −1
2 tr(XY ) and Lie bracket [X,Y ] = XY −

Y X. The map Ψ: so(3)→ (R3,×) given by 0 x1 x2
−x1 0 x3
−x2 −x3 0

 7→ (x1, x2, x3) ∈ R3

is an isomorphism of Lie algebras, where (R3,×) is the cross-product Lie algebra. Under this
identification, the adjoint action of SO(3) on so(3) is identified with the standard action on R3,
and the Ad-invariant inner product is simply the standard Euclidean inner product:

〈X,Y 〉 = x1y1 + x2y2 + x3y3 = −1

2
tr(XY ).

Thus, the adjoint orbits are identified with concentric spheres in R3 and the symplectic structure
on an adjoint orbit through the point Z = (z1, z2, z3) is

ωZ([X,Z], [Y,Z]) = 〈Z, [X,Y ]〉 = det

z1 z2 z3
x1 x2 x3
y1 y2 y3

 ,

which is precisely the standard symplectic structure on a sphere with radius |Z|. In what follows,
we will consider the adjoint orbit in so(3)⊕ so(3)⊕ so(3) that is a product of three spheres with
radius 1, (S2 × S2 × S2, ωSTD ⊕ ωSTD ⊕ ωSTD).

4 An integrable Heisenberg spin chain

As in Example 3.1, consider a product of three spheres of radius 1 whose elements are triples
(X,Y, Z) ∈M = S2 × S2 × S2. Define the Hamiltonians

H(X,Y, Z) = |X + Y + Z| =
√

3 + 〈X,Y 〉+ 〈Y,Z〉+ 〈Z,X〉,
I(X,Y, Z) = 〈X + Y + Z, e3〉, and J(X,Y, Z) = 〈X, [Y, Z]〉 = det(X,Y, Z).
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By ad-invariance of the inner product, the Hamiltonian vector fields of these functions are

XH = [∇H, (X,Y, Z)] =
1

H(X,Y, Z)
([Y + Z,X], [X + Z, Y ], [X + Y, Z]),

XI = [∇I, (X,Y, Z)] = ([e3, X], [e3, Y ], [e3, Z]), and

XJ = [∇J, (X,Y, Z)] = ([[Y, Z], X], [[Z,X], Y ], [[X,Y ], Z]).

The flow ϕt[v,X] of a vector field [v,X] acts by rotation of the vector X around the axis v with

period 2π/|v|, which we denote as Rvt ,

ϕt[v,X]X = RvtX.

Thus, the Hamiltonian flow of I acts by rotating each sphere around the e3-axis with period 2π,

ϕtXI
(X,Y, Z) =

(
Re3t X,R

e3
t Y,R

e3
t Z
)
.

Where defined, the Hamiltonian flow of H rotates each sphere around the axis X +Y +Z with
period 2π,

ϕtXH
(X,Y, Z) =

(
RvtX,R

v
t Y,R

v
tZ
)
,

where v = (X + Y + Z)/|X + Y + Z|. This is perhaps best visualized as rotating the polygon
with edges X, Y , Z, −X − Y − Z around the edge −X − Y − Z.

Proposition 4.1. {H,J} = {H, I} = {J, I} = 0.

Proof. It is a nice exercise to see that this is true based on the geometric description of the
Hamiltonians and their flows given above. More algebraically, one can see this using the Lie
algebra structure that is present. For example,

{J, I}(X,Y,Z) = 〈(X,Y, Z), [([Y, Z], [Z,X], [X,Y ]), (e3, e3, e3)]〉
= 〈[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]], e3〉 = 0

by the Jacobi identity and ad-invariance of our inner product. A similar calculation shows that
{H, I} = {H,J} = 0. �

Remark 4.2. The Hamiltonian flow of J is less straightforward to describe, but we can say
something about how it acts on the submanifold

L = {(X,Y, Z) ∈M : X + Y + Z = 0} = H−1(0).

There the vectors X, Y , and Z are coplanar and the vector field

XJ(X,Y, Z) = ([[X,Y ], X], [[Y,Z], Y ], [[Z,X], Z]).

The flow of this vector field acts on L by rotation of each vector X, Y and Z around the axis
n = [X,Y ] = [Y, Z] = [Z,X] with constant period: since each component of XJ is tangent to the
plane spanned by X, Y , and Z, and the flow of XJ preserves L, the vector [X,Y ] is preserved
by XJ , so

XJ = ([n,X], [n, Y ], [n,Z]).

In [16] it was shown that the fiber L is a non-displaceable Lagrangian submanifold of (S2 ×
S2 × S2, ωSTD ⊕ ωSTD ⊕ ωSTD). To see that it is an embedded Lagrangian RP 3, observe that it
is the zero level set for the moment map of the diagonal SO(3)-action, (X,Y, Z) 7→ X + Y + Z,
and the diagonal action of SO(3) is free and transitive.
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Remark 4.3. The Hamiltonian H has several important symmetries. First, note that H is
invariant under the diagonal Hamiltonian SO(3)-action, whose moment map is

S2 × S2 × S2 (X,Y,Z)7→X+Y+Z−−−−−−−−−−−−→ so(3) ∼= so(3)∗.

Thus H is non-commutatively integrable, or super-integrable. Indeed, there are three indepen-
dent choices for our second integral

Iv(X,Y, Z) = 〈X + Y + Z, v〉,

which do not pairwise Poisson commute.
In addition, all three Hamiltonians, H, I, J have a symplectic Z3-symmetry by cyclic permu-

tations (X,Y, Z) 7→ (Z,X, Y ). As we will see, this symmetry of the system by a group of order 3
is also a symmetry of the rank 1 focus-focus critical fibers, and thus the system’s topological
monodromy contains the number 3 (see Theorem 2.8).

5 Image of the moment map

In this section we give a complete description the image, critical set, and critical values for the
moment map H = (H, I, J).

The image of the moment map has two reflective symmetries coming from the fact that
J(X,Y, Z) = −J(X,Z, Y ) and I(−X,−Y,−Z) = −I(X,Y, Z). It is obvious that |I| ≤ H, with
equality when X + Y + Z ∈ span(e3), and that 0 ≤ H ≤ 3 with equality when X = Y = Z.

Observe that

H =
√

3 + 2(a+ b+ c) and |J | =
√

1 + 2abc−
(
a2 + b2 + c2

)
,

where a = 〈X,Y 〉, b = 〈Y,Z〉 and c = 〈Z,X〉 (the second formula is the volume of a paral-
lelpiped). If we maximize |J | with the constraint H = const, then we must have a = b = c (the
interior angles between the three vectors are the same). Using this we can deduce that

|J | ≤

√
1 + 2

(
H2 − 3

6

)3

− 3

(
H2 − 3

6

)2

,

and equality is achieved when a = b = c.

Proposition 5.1. The image of the moment map H is the set of points (r, s, t) ∈ R3 that satisfy
the equations

|t| ≤

√
1 + 2

(
r2 − 3

6

)3

− 3

(
r2 − 3

6

)2

, |s| ≤ r, and 0 ≤ r ≤ 3.

Proof. Observe that the level sets of H are all connected (see the proof of Theorem 6.1 in
Section 6). For a given tuple (r, s, t) ∈ R3 that satisfies the inequalities of (1.1), consider the
restriction of the map J to the connected set H−1(r). Since 0 ≤ r ≤ 3, we can construct a tuple
(X,Y, Z) ∈ H1(r) such that

〈X,Y 〉 = 〈Y, Z〉 = 〈Z,X〉 =
r2 − 3

6
.

J(X,Y, Z) is maximal or minimal depending on the orientation of the basis {X,Y, Z} (if r = 0
or 3 then {X,Y, Z} does not form a basis and J(X,Y, Z) = 0 is both maximal and minimal).
It follows by the Intermediate Value Theorem that there is a tuple (X,Y, Z) ∈ S2 × S2 × S2

such that H(X,Y, Z) = r and J(X,Y, Z) = t. Using the Intermediate Value Theorem again, it
is easy to see that there exists a θ ∈ [0, 2π] such that I(Re3θ X,R

e3
θ Y,R

e3
θ Z) = s. Since H and J

are invariant under diagonal rotations, we are done. �
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Next, we turn our attention to the critical set for the system. The critical set consists of
several subsets:

1. The sets where H is critical:

(a) the embedded SO(3) ∼= H−1(0), which lies over the vertex (0, 0, 0),

(b) the three embedded spheres S1 = {(−X,X,X)}, S2 = {(X,−X,X)}, and S3 =
{(X,X,−X)}, which lie over the critical line (H = 1 and J = 0), and

(c) the diagonally embedded sphere S4 = {(X,X,X)}, which lies over the edge H = 3.

2. The set C1 = {(X,Y, Z) : X + Y + Z ∈ Span(e3)} where dI is proportional to dH. This
contains the critical set of I and is mapped to two opposite faces of the moment map
image.

3. The set C2 = {(X,Y, Z) : 〈X,Y 〉 = 〈Y,Z〉 = 〈Z,X〉} where dJ is proportional to dH. Note
that S4, H

−1(0) ⊂ C2. This set maps to the other two opposite faces of the moment map
image. Points in C1 ∩ C2 map to edges of the moment map image.

Proposition 5.2. The critical set for H is

C = C1 ∪ C2 ∪ S1 ∪ S2 ∪ S3.

The set H(C1 ∪C2) is the boundary of the image H(M) and the set H(S1) = H(S2) = H(S3) is
the line segment H(M) ∩ {H = 1, J = 0} (see Fig. 1).

In the terminology of integrable systems, the set of critical values is the system’s ‘bifurcation
diagram’. This description of the bifurcation diagram will be of use to us in Section 7. Note that
the three critical spheres S1, S2, S3 are permuted by the system’s Z3-symmetry (cf. Remark 4.3).

Proof. Throughout we use the fact that df = 0 if and only if Xf = 0 (when f is smooth).

1. Since 0 is the global minimum for H, the set H−1(0) is critical. To find the other critical
sets of H, observe that XH = 0 if and only if [X + Y + Z,X] = 0, [X + Y + Z, Y ] = 0,
and [X + Y + Z,Z] = 0. If X + Y + Z 6= 0, this occurs if and only if X + Y + Z is is
contained in the lines spanned by X, Y , and Z, so this happens if and only if X, Y , and Z
are collinear. This entails cases (1b) and (1c).

2. Observe that XI = αXH for some α 6= 0 if and only if

[e3, X] = α[X + Y + Z,X], [e3, Y ] = α[X + Y + Z, Y ], and

[e3, Z] = α[X + Y + Z,Z],

which is true if and only if X + Y + Z ∈ span(e3).

3. Observe that XJ = αXH if and only if

[[Y,Z], X] = α[Y + Z,X], [[Z,X], Y ] = α[X + Z, Y ], and

[[X,Y ], Z] = α[X + Y,Z]

for some α. If α = 0 then the 3-tuple X, Y , Z forms an oriented or anti-oriented orthonor-
mal frame, or X, Y and Z are collinear. If α 6= 0 then

(a) [Y,Z], Y + Z, and X are coplanar,

(b) [Z,X], X + Z, and Y are coplanar, and

(c) [X,Y ], X + Y , and Z are coplanar.
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Since X, Y and Z all have the same length, the three items listed above are true if and
only if X, Y , Z are collinear, or 〈X,Y 〉 = 〈Y,Z〉 = 〈Z,X〉 (this fact is a straightforward
exercise in Euclidean geometry).

Finally, suppose that αXI + βXH + γXJ = 0 for α, β, γ ∈ R not all zero. Then

α[e3, X] + β[Y + Z,X] + γ[[Y,Z], X] = 0,

α[e3, Y ] + β[X + Z, Y ] + γ[[Z,X], Y ] = 0, and

α[e3, Z] + β[X + Y,Z] + γ[[X,Y ], Z] = 0.

Adding these equations together we obtain

α[e3, X + Y + Z] + γ ([[X,Y ], Z] + [[Y, Z], X] + [[Z,X], Y ]) = 0,

which by the Jacobi identity reduces to α[e3, X + Y + Z] = 0. If [e3, X + Y + Z] = 0, then
(X,Y, Z) ∈ C1. If α = 0, then (X,Y, Z) is in the set S1 ∪ S2 ∪ S3 ∪ C2. �

Combining Propositions 5.1 and 5.2, we have Theorem 1.2. Since we now know that our
Hamiltonians are independent on an open dense subset of M , we can conclude:

Corollary 5.3. H is a completely integrable system. In particular, the regular level sets of H
are homeomorphic to a disjoint union of finitely many 3-tori.

Corollary 5.4. The set of regular values is homotopy-equivalent to S1.

In the next section, we will see that the regular level sets are connected and in Section 7 we
will describe the structure of the associated Lagrangian torus fibration.

6 Connectedness of regular level sets

In this section we prove

Theorem 6.1. The regular fibers of the map H = (H, I, J) are all connected.

Proof. The proof will have two parts. For H 6= 1 we can make a general argument and for
H = 1 we will apply Ehresmann’s theorem.

Pick a regular value (r, s, t) with r 6= 1. Since H generates a Hamiltonian S1-action on
M \ H−1(0), it is a Morse–Bott function such that all critical sets have even index [1]. Thus,
the level sets of H are connected. Since the regular level sets of H are compact and connected,
the symplectic reductions Mr ≡ H−1(r)/S1 are all compact, connected symplectic manifolds.
Since s is a regular value of the reduced Hamiltonian Ĩ, and Ĩ generates a free S1-action, we
can reduce once more to obtain the compact and connected manifold Mr,s = Ĩ−1(s)/S1.

The image of the twice-reduced Hamiltonian J̃ on Mr,s is a line segment with the only critical
values being the maximum and minimum. Recall from Proposition 5.2 that in the unreduced
manifold, dJ is dependent on dH and dI at a point (X,Y, Z) ∈ H−1(r)∩I−1(s) if and only if dJ
is proportional to dH, and this occurs if and only if 〈X,Y 〉 = 〈Y,Z〉 = 〈Z,X〉. It is easy to see
geometrically that the set of all 3-tuples of unit length vectors which satisfy the conditions

1) 〈X,Y 〉 = 〈Y, Z〉 = 〈Z,X〉,

2) |X + Y + Z| = r, and

3) 〈X + Y + Z, e3〉 = s.
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is two orbits of the Hamiltonian T 2-action generated by (H, I), which are distinguished by
whether the basis {X,Y, Z} is positively or negatively oriented, corresponding to being the
maximum or minimum set for J on H−1(r) ∩ I−1(s). Thus there are two critical points of J̃
on Mr,s and the regular fibers J̃−1(s) are all connected. This implies that the regular fiber
H−1(r, s, t) ⊂M is connected.

Now consider a regular value (1, s, t). Since the map H is proper, Ehresmann’s theorem
implies that the fiber H−1(1, s, t) is diffeomorphic to a nearby fiber H−1(r, s, t) with r 6= 1,
which we have just shown is connected. �

Remark 6.2. The image of the invariant Lagrangian L = H−1(0) in the reduction at 0 by I is
a Lagrangian S2.

Remark 6.3. In [18] it is shown that if (M4, ω, (H1, H2)) is a non-degenerate completely inte-
grable system (cf. Definition 2.5) with two degrees of freedom, whose set of critical values has
no vertical tangent lines, then the system has connected fibers. After rotating the moment map
image, and checking that the boundary of H(M) consists generically (almost all values of H
or I) of non-degenerate elliptic critical values one could deduce connectedness of almost all the
fibers of H or I by applying this theorem to the reduced systems, then applying Ehresmann to
the remaining fibers. For example, the systems obtained by reducing at H = 0 or ±1 will have
degenerate critical points (the Lagrangian S2 of the previous remark and image of intersections
Si ∩ C1, respectively), so the theorem of [18] cannot be applied directly.

7 Topological monodromy around the critical line

As we have seen, the regular fibers of the moment map H = (H, I, J) for the Heisenberg spin
chain are connected and, because of the critical line, the set of regular values Breg is homotopy
equivalent to S1. Thus, the associated Lagrangian torus fibration Mreg → Breg of the Heisenberg
spin chain may have non-trivial topological monodromy. This section uses our understanding
of the critical set and critical values of H from Section 5, together with a non-degeneracy
computation that is relegated to Appendix A, to deduce the topological monodromy directly
from Theorem 2.11. Recall

Theorem 1.1. The topological monodromy of the Lagrangian torus fibration associated to the
integrable system (H, I, J) is generated by the matrix

A =

1 0 0
0 1 3
0 0 1

 .

Thus the system does not admit global action coordinates.

Proof. Consider critical the fibers N(s) = H−1(1, s, 0) for −1 < s < 1. The condition J = 0
implies that the unit-length vectors X, Y , Z are coplanar and the condition H = 1 implies that
they form three sides of the parallelogram X, Y , Z, −X − Y − Z. The set of all such vectors
is compact and connected (see the remark following the proof). By Proposition 5.2, the set of
critical points in the fiber N(s) contains three connected components:

N(s) ∩ S1 =
{

(−X,X,X) ∈ S2 × S2 × S2 : 〈X, e3〉 = s
}
,

N(s) ∩ S2 =
{

(X,−X,X) ∈ S2 × S2 × S2 : 〈X, e3〉 = s
}
,

N(s) ∩ S3 =
{

(X,X,−X) ∈ S2 × S2 × S2 : 〈X, e3〉 = s
}
,
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each homeomorphic to S1, and they are permuted by the system’s Z3 symmetry (cf. Remark 4.3).
Each critical fiber is topologically stable (Definition 2.9) since the system’s Z3 × S1-symmetry
acts transitively on the critical set in each fiber N(s), and preserves the map H.

By Proposition A.1 the critical points in N(s) are rank 1 non-degenerate, with Williamson
type (0, 0, 1). Thus by Theorem 2.11, the Liouville foliation of U(N(s)) is topologically equivalent

to the product foliation of (D1 × S1) × U(Nf
3 ). As noted in Section 2, this implies that the

topological monodromy of our system is the same as the product foliation of (D1×S1)×U(Nf
3 ),

which decomposes into blocks for each component of the direct sum,

A =

1 0 0
0 a22 a23
0 a32 a33

 .

By Proposition 2.8, the bottom right minor is(
1 3
0 1

)
. �

Since the Hamiltonian flows of H and I are periodic, the 1-forms dH and dI are global
sections of the period lattice Λ → Breg. Thus if {dH(b), dI(b), αb} is a Z-basis for Λb, and γ is
a choice of generator for π1(Breg, b), then we must have

mb(γ) =

1 0 ∗
0 1 ∗
0 0 ±1

 .

Theorem 1.1 tells us that

mb(γ) =

 1 0 0
0 1 3
0 0 1


up to a choice of basis fixing dH(b) and dI(b).

Remark 7.1. It is easy to see how the fiber N(s) is homeomorphic to S1 ×Nf
3 , where Nf

3 is
the focus-focus fiber with three critical points as described in Section 2. First note that the set

S = {(X,Y, Z) ∈ S2 × S2 × S2 : X + Y + Z = βe1 + se3, β ∈ R+}

is a slice for the Hamiltonian S1-action generated by I in a neighbourhood of N(s). Since this
S1-action is free in a neighbourhood of N(s), the fiber N(s) is homeomorphic to S1×(N(s) ∩ S).
The set N(s) ∩ S consists of: the three annuli,

{(X,βe1 + se3,−X) ∈ S|X ∈ S2 \ {±(βe1 + se3)}},
{(βe1 + se3, X,−X) ∈ S|X ∈ S2 \ {±(βe1 + se3)}},
{(X,−X,βe1 + se3) ∈ S|X ∈ S2 \ {±(βe1 + se3)}}

together with the three points,

(−βe1 − se3, βe1 + se3, βe1 + se3), (βe1 + se3,−βe1 − se3, βe1 + se3),

(βe1 + se3, βe1 + se3,−βe1 − se3).
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Figure 3. Reduced system on Ms for −1 < s < 1, t 6= 0.

Remark 7.2. The fact that this system has non-trivial monodromy should be unsurprising for
the following reason: the topology of the H-level sets changes as you pass through the critical
value 1. This can be seen directly with Morse theory, but there is also a natural interpreta-
tion in terms of the topology of polygon spaces (as introduced by [13]). There is a natural
diffeomorphism of the level set H−1(r) with the manifold M(1, 1, 1, r) of closed 4-gons in R3

with side lengths 1, 1, 1, and r. When r 6= 1, it has been observed by Knutson, Hausmann [10],
and Kapovitch and Millson [13] that the quotient M(1, 1, 1, r)/SO(3) is homeomorphic to S2,
and that the quotient map π : M(1, 1, 1, r)→ S2 is a principal SO(3)-bundle. Further, the cha-
racteristic classes of this principal SO(3)-bundle were described by Knutson and Hausmann in
their paper [11]. Their result says that for 0 < r < 1 the bundle is trivial, whereas for 1 < r < 3
the bundle is non-trivial. It is a fun exercise to check that SO(3)×S2 and the total space of the
non-trivial principal SO(3)-bundle over S2 are not homeomorphic3.

It was observed in [4] that such a change in the topology of the level set H−1(r) as r passes
through an interior critical value indicates that there must be non-trivial monodromy around
the associated critical fibres, since this forces the pullback of the torus bundle to any circle
around the critical line to be non-trivial.

Remark 7.3. Since Breg is homotopy equivalent to S1, the Chern class of the torus fibration
Mreg → Breg is trivial, so there exists a global section σ : Breg → Mreg. Since the Lagrangian
Chern class [5] also vanishes, σ can be chosen to be Lagrangian, so the map

Ψ: T ∗(Breg)/Λ×Breg Mreg →Mreg

gives a symplectomorphism α 7→ Ψ(α, σ(π(α))) which is an isomorphism of the Lagrangian torus
fibrations (T ∗(Breg)/Λ, dλ)→ Breg and (Mreg, ω)→ Breg (see [5, 15] for details).

Remark 7.4. For −1 < s < 1, the reduced system on Ms = I−1(s)/S1 has a stable focus-
focus critical fiber with three critical points. The manifold Ms is the blow-up Bl3CP 2, and the
reduced moment map image has 3 vertices (see Fig. 3). A quick comparison with the list of
almost toric systems in [14] shows that this checks out.

8 Further directions

In quantum mechanics, the spin-S isotropic Heisenberg spin chain on the lattice L = Z is an
operator K on the tensor product V =

⊗
LC2S+1 of irreducible su(2) representations, defined as

K =
∑
i∈L
〈Xi, Xi+1〉 =

∑
i∈L

(
X1
i ◦X1

i+1 +X2
i ◦X2

i+1 +X3
i ◦X3

i+1

)
,

3Hint: compute their fundamental groups.
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where Xj
i are the Pauli matrices

X1
i =

1

S

(
0 −1
1 0

)
, X2

i =
1

S

(
0 i
i 0

)
, X3

i =
1

S

(
−i 0
0 i

)
acting on V by the irreducible representation of su(2) in the ith factor. This operator models
‘nearest-neighbour’ spin coupling on the lattice. One may consider the infinite chain L = Z or
a chain with boundary conditions, L = ZN . For a chain with boundary conditions, the large-S
limit of this system is the Hamiltonian

K =
∑
i∈L
〈Xi, Xi+1〉

on the symplectic manifold MN = (S2×· · ·×S2, ωSTD⊕· · ·⊕ωSTD) with elements (X1, . . . , XN ).
In the case N = 3, this is related to the Hamiltonian H studied in this paper by the identity

3−H2 = K

(of course, the analogous identity fails for N > 3). In [9], the algebraic structure of the spin-12
representation was used to find a recursive formula for the operators commuting with K for any
lattice L and S = 1

2 . Inspired by this, one might ask if there is a similar combinatorial pattern
generating integrals of the classical Hamiltonians K or H on MN , where we might define HN

for N > 3 as the Hamiltonian describing ‘complete graph’ coupling

HN =
∑

i,j∈L, i 6=j
〈Xi, Xj〉.

Question 8.1. How is the structure of the Lie algebra so(3) ∼= su(2) reflected in the conservation
laws of the Hamiltonians HN on MN .

For example, for arbitrary N one can check using the Jacobi identity and ad-invariance of 〈 , 〉,
as in the proof of Proposition 4.1 that HN has integrals

Iv =
∑
i∈L
〈Xi, v〉, v ∈ R3, J =

∑
i∈L
〈Xi, [Xi+1, Xi+2]〉

with {HN , J} = {HN , Iv} = {J, Iv} = 0, and one could ask if further independent integrals exist.
As in Remark 7.2, the level sets H−1N (h) are diffeomorphic to the space M(1, . . . , 1, h) of N -gons
in R3 with corresponding edge lengths, and come with a quotient map to the associated polygon
space M(1, . . . , 1, h)/SO(3). As h passes through critical values (which are even or odd integers
depending on the parity of N) the topology of this bundle will change, as described in [11], so
if HN is completely integrable we anticipate non-trivial topological monodromy, provided these
critical values lie in the interior of the moment map image.

A Non-degeneracy computation

In this appendix we prove

Proposition A.1. The critical points of H = (H, I, J) which lie above the critical line {(1, s, 0) :
−1 < s < 1} are non-degenerate and have Williamson type (0, 0, 1) (see Definitions 2.5 and 2.7).

As we have seen, this set of critical points is precisely

{(X,Y, Z) ∈ S1 ∪ S2 ∪ S3 : I(X,Y, Z) 6= ±1} .
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On this set dJ = dH = 0 and dI 6= 0, so these points are all rank 1. To show the non-degeneracy
of these critical points, we need to show that for each such p, the operators AJ(p) = ω−1d2J(p),
and AH(p) = ω−1d2H(p) span a Cartan subalgebra (see Section 2). Equivalently, we must find
a linear combination of the operators AJ(p) and AH(p) which has 4 distinct eigenvalues. Note
that it is sufficient to check non-degeneracy of a single critical point in each fiber H−1(1, s, 0)
because each connected component of the critical set is an orbit of the Hamiltonian flow of XI ,
and the symplectic Z3-action generated by the permutation σ(X,Y, Z) = (Z,X, Y ) preserves H
and permutes these connected components transitively.

According to the classification of [19], the Williamson type of p will then be determined by
the form of these eigenvalues: in sp(R, 4) there are four conjugacy classes of Cartan subalgebras
corresponding to four possible combinations of eigenvalues for a generic element:

1) elliptic-elliptic: ±iA, ±iB,

2) elliptic-hyperbolic: ±A, ±iB,

3) hyperbolic-hyperbolic: ±A, ±B, and

4) focus-focus: A± iB, −A± iB.

In Darboux coordinates the operator AH(p) is equal to the linearization of the Hamiltonian
vector field XH at p, since

∂Xi
H

∂xj
=

∂

∂xj

(
ωik

∂f

∂xk

)
= ωik

∂2f

∂xj∂xk
=
(
ω−1d2H

)i
j
.

Consider the cylindrical coordinates (θ, z) ∈ (−π/2, 3π/2)×(−1, 1) with symplectic form dθi∧dzi.
The map φ : (−π/2, 3π/2)× (−1, 1)→ S2 given by

φ(θ, z) =
((

1− z2
)1/2

cos(θ),
(
1− z2

)1/2
sin(θ), z

)
is a symplectomorphism. In cylindrical coordinates (θ1, z1, θ2, z2, θ3, z3), the Hamiltonians are

Ĥ =

∑
j

(
1− z2j

)1/2
cos(θj)

2

+

∑
j

(
1− z2j

)1/2
sin(θj)

2

+

∑
j

zj

2

,

Ĵ =
∑

j=1,2,3

zj
(
1− z2j+1

)1/2(
1− z2j−1

)1/2
sin(θj−1 − θj+1), Î = z1 + z2 + z3

(where we have pulled back (H2−3)/2 instead of H for computational convenience). Hamilton’s
equations tell us that

Xf =
∂f

∂zi

∂

∂θi
− ∂f

∂θi

∂

∂zi
.

The linearization of Xf at a fixed point of the flow of f is then

Af =


(
−∂2f
∂zk∂θi

)
ik

(
−∂2f
∂θk∂θi

)
ik(

∂2f

∂zk∂zi

)
ik

(
∂2f

∂θk∂zi

)
ik

 .

In order to check non-degeneracy, one therefore computes the partial derivatives:

∂2Ĥ

∂zk∂zi
=


−2
(
1− z2i

)−3/2∑
j 6=i

(
1− z2j

)1/2
cos(θi − θj)

 , k = i,

2zizk
(
1− z2i

)−1/2(
1− z2k

)−1/2
cos(θi − θk) + 2, k 6= i,
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∂2Ĥ

∂θk∂zi
=


2zi
(
1− z2i

)−1/2∑
j

(
1− z2j

)1/2
sin(θi − θj)

 , k = i,

−2zi
(
1− z2i

)−1/2(
1− z2k

)1/2
sin(θi − θk), k 6= i,

∂2Ĥ

∂θk∂θi
=


−2
(
1− z2i

)1/2∑
j 6=i

(
1− z2j

)1/2
cos(θi − θj)

 , k = i,

2
(
1− z2i

)1/2(
1− z2k

)1/2
cos(θi − θk), k 6= i,

∂2Ĵ

∂zk∂zi
=



−
(
1− z2i

)−3/2(
zi−1

(
1− z2i+1

)1/2
sin(θi+1 − θi)

+ zi+1

(
1− z2i−1

)1/2
sin(θi − θi−1)

)
, k = i,

−zi(
1− z2i

)1/2
((

1− z2i+1

)1/2
sin(θi+1 − θi)−

zi+1zi−1(
1− z2i−1

)1/2 sin(θi − θi−1)

)

−
zi−1

(
1− z2i+1

)1/2(
1− z2i−1

)1/2 sin(θi−1 − θi+1), k = i− 1,

−zi
(1− z2i )1/2

(
−zi−1zi+1(
1− z2i+1

)1/2 sin(θi+1 − θi) +
(
1− z2i−1

)1/2
sin(θi − θi−1)

)

−
zi+1

(
1− z2i−1

)1/2(
1− z2i+1

)1/2 sin(θi−1 − θi+1), k = i+ 1,

∂2Ĵ

∂θk∂zi
=



−zi
(
1− z2i

)−1/2(
zi+1

(
1− z2i−1

)1/2
cos(θi − θi−1)

− zi−1
(
1− z2i+1

)1/2
cos(θi+1 − θi)

)
, k = i,

zizi+1

(
1− z2i−1

)1/2(
1− z2i

)−1/2
cos(θi − θi−1)

+
(
1− z2i+1

)1/2(
1− z2i−1

)1/2
cos(θi−1 − θi+1), k = i− 1,

−zizi−1
(
1− z2i+1

)1/2(
1− z2i

)−1/2
cos(θi+1 − θi)

−
(
1− z2i+1

)1/2(
1− z2i−1

)1/2
cos(θi−1 − θi+1), k = i+ 1,

∂2Ĵ

∂θk∂θi
=


(1− zi)1/2

(
−zi+1

(
1− z2i−1

)1/2
sin(θi − θi−1)

− zi−1
(
1− z2i+1

)1/2
sin(θi+1 − θi)

)
, k = i,

zi+1(1− zi)1/2
(
1− z2i−1

)1/2
sin(θi − θi−1), k = i− 1,

zi−1(1− zi)1/2
(
1− z2i+1

)1/2
sin(θi+1 − θi), k = i+ 1.

Let p = (0, s, 0, s, π,−s) in cylindrical coordinates. The linearization of XĴ at p is

AĴ(p) =



0 1 1 0 0 0
−1 0 −1 0 0 0
1 −1 0 0 0 0
0 0 0 0 −1 −1
0 0 0 1 0 1
0 0 0 −1 1 0

 .

The linearization of XĤ at p is

AĤ(p) = 2



0 0 0 0 −b2 b2

0 0 0 −b2 0 b2

0 0 0 b2 b2 −2b2

0 b−2 b−2 0 0 0
b−2 0 b−2 0 0 0
b−2 b−2 2b−2 0 0 0

 ,
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where b2 = 1−s2. These operators are independent and a quick computation shows that for any
−1 < s < 1 the operator on L⊥/L induced by AĴ + AĤ has four distinct complex eigenvalues
of the form A± iB, −A± iB. Hence the critical point is rank 1 non-degenerate focus-focus.
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