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Abstract. Holomorphic vector bundles on C x M, M a complex manifold, with meromor-
phic connections with poles of Poincaré rank 1 along {0} x M arise naturally in algebraic
geometry. They are called (T'E)-structures here. This paper takes an abstract point of view.
It gives a complete classification of all (T E)-structures of rank 2 over germs (M, t°) of mani-
folds. In the case of M a point, they separate into four types. Those of three types have
universal unfoldings, those of the fourth type (the logarithmic type) not. The classification
of unfoldings of (T E)-structures of the fourth type is rich and interesting. The paper finds
and lists also all (T'E)-structures which are basic in the following sense: Together they induce
all rank 2 (T'E)-structures, and each of them is not induced by any other (T F)-structure in
the list. Their base spaces M turn out to be 2-dimensional F-manifolds with Euler fields.
The paper gives also for each such F-manifold a classification of all rank 2 (T'E)-structures
over it. Also this classification is surprisingly rich. The backbone of the paper are normal
forms. Though also the monodromy and the geometry of the induced Higgs fields and of
the bases spaces are important and are considered.
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1 Introduction

A holomorphic vector bundle H on C x M, M a complex manifold, with a meromorphic con-
nection V with a pole of Poincaré rank 1 along {0} x M and no pole elsewhere, is called
a (TE)-structure. The aim of this paper is the local classification of all rank 2 (T'E)-structures,
over arbitrary germs (M , to) of manifolds.

Before we talk about the results, we will put these structures into a context, motivate their
definition, mention their occurence in algebraic geometry, and formulate interesting problems.
The rank 2 case is the first interesting case and already very rich. In many aspects it is probably
typical for arbitrary rank, in some not. And it is certainly the only case where such a thorough
classification is feasible.

The pole of Poincaré rank 1 along {0} x M of the pair (H, V) means the following. Let ¢ =
(t1,...,t,) be holomorphic coordinates on M with coordinate vector fields 0y, ...,0,, and let z
be the standard coordinate on C. Then Vy, o for a holomorphic section o € O(H) of H is
in z720(H), and Vy,0 is in z7*O(H). The pole of order two along . is the first case beyond
the easy and tame case of a pole of order 1, i.e., a logarithmic pole. The pole of order 1 along 9;
gives a good variation property, a generalization of Griffiths transversality for variations of Hodge
structures. It is the most natural constraint for an isomonodromic family of bundles on C with
poles of order 2 at 0. So, a pole of Poincaré rank 1 is in some sense the first case beyond the case
of connections with logarithmic poles. (A pole of Poincaré rank r € Ny is defined for example
in [21, Section 0.14].)

In algebraic geometry, such connections arise naturally. A distinguished case is the Fourier—
Laplace transformation (with respect to the coordinate z) of the Gauss-Manin connection of
a family of holomorphic functions with isolated singularities (see [10, Chapter 8] and [21, Chap-
ter VII]). The paper [10] defines (T ERP)-structures, which are (T'E)-structures with additional
real structure and pairing and which generalize variations of Hodge structures. Also the no-
tion (T'EZ P)-structure makes sense, which is a (T'E)-structures with a flat Z-lattice bundle on
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C* x M and a certain pairing. A family of holomorphic functions with isolated singularities (and
some topological well-behavedness) gives rise to a (T'EZ P)-structure over the base space of the
family (see [9, Chapter 11.4] and [10, Chapter 8]).

In [9] and other papers of the author, a Torelli problem is considered. We formulate it
here as the following question: Does the (T'EZP)-structure of a holomorphic function germ
with an isolated singularity determine the (7'EZ P)-structure of the universal unfolding of the
function germ? The first one is a (T'E)-structure over a point t°. The second one is a (TE)-
structure over a germ (M ) to) of a manifold M. It it an unfolding of the first (T E)-structure
with a primitive Higgs field. The base space M is an F'-manifold with Euler field.

We explain these notions. A second (TE)-structure over a manifold M is an unfolding of
a first (TE)-structure over a submanifold of M if the restriction of the second (T'E)-structure
to the submanifold is isomorphic to the first (T'E)-structure. If p: M’ — M is a morphism and
if (H,V) is a (TE)-structure over M, then the pull back ¢*(H, V) is a (T E)-structure over M.
An unfolding of a (T'E)-structure is universal if it induces any unfolding via a unique map ¢
(see Definition 3.15(b)+(c) for details).

If (H - Cx M,V)is a (T'E)-structure, then define the vector bundle K := H|o)xnm
on M and the Higgs field C := [¢V] € Q(M,End(K)) on K. The endomorpisms Cx =
[2Vx]: O(K) — O(K) for X € Ty commute with one another, and they commute with the
endomorphism U := [22Vy_|: O(K) = O(K) (see Definition 3.8 and Lemma 3.12). The Higgs
field C' is primitive if on each sufficiently small subset U C K a section (i exists such that the
map Ty — O(K), X — Cx(y, is an isomorphism (see Definition 3.13).

An F-manifold with Fuler field is a complex manifold M together with a holomorphic com-
mutative and associative multiplication o on 73; which comes equipped with the integrability
condition (2.1), with a unit field e € Tp; (with ce = id) and an Euler field E € Ty with
Lieg(o) = o (see [12] or Definition 2.1). A (T'E)-structure over M with primitive Higgs field
induces on the base manifold M the structure of an F-manifold with Euler field (see Theo-
rem 3.14 for details).

A result of Malgrange [18] (cited in Theorem 3.16(c)) says that a (TFE)-structure over
a point t° has a universal unfolding if the endomorphism U: K — K (here K is a vector
space) is regular, i.e., it has only one Jordan block for each eigenvalue. Theorem 3.16(b) gives
a generalization from [13]. A special case of this generalization says that a (T'E)-structure with
primitive Higgs field over a germ (M, ") is its own universal unfolding (see Theorem 3.16(a)).
A supplement from [4] says that then the base space is a regular F-manifold (see Definition 2.4
and Theorem 2.5).

Malgrange’s result gives a universal unfolding if one starts with a (7 E)-structure over a point
whose endomorphism U is regular. However, if one starts with a (7T'E)-structure over a point
such that U is not regular, then in general it has no universal unfolding, and the study of all
its unfoldings becomes very interesting. The second half of this paper (Sections 6-8) studies
this situation in rank 2. The Torelli problem for a holomorphic function germ with an isolated
singularity is similar: The endomorphism U of its (T'"EZ P)-structure is never regular (except if
the function has an A;-singularity), but I hope that the (T'EZ P)-structure determines neverthe-
less somehow the specific unfolding with primitive Higgs field, which comes from the universal
unfolding of the original function germ.

Now sufficient background is given. We describe the contents of this paper.

The short Section 2 recalls the classification of the 2-dimensional germs of F-manifolds with
Euler fields (Theorem 2.2 from [9] and Theorem 2.3 from [6]). It treats also regular F-manifolds
(Definition 2.4 and Theorem 2.5 from [4]).

Section 3 recalls many general facts on (T E)-structures: their definition, their presentation by
matrices, formal (T E)-structures, unfoldings and universal unfoldings of (T'E)-structures, Mal-
grange’s result and the generalization in [13], (T E)-structures over F-manifolds, (T'E)-structures
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with primitive Higgs fields, regular singular (T'E)-structures and elementary sections, Birkhoff
normal form for (T'E)-structures (not all have one, Theorem 3.20 cites existence results of Ple-
mely and of Bolibroukh and Kostov). Not written before, but elementary is a correspondence
between (TE)-structures with trace free endomorphism U and arbitrary (T'E)-structures (Lem-
mata 3.9, 3.10 and 3.11).

New is the notion of a marked (T'E)-structure. It is needed for the construction of moduli
spaces. Theorem 3.29 (which builds on results in [15]) constructs such moduli spaces, but only
in the case of regular singular (T'E)-structures. It starts with a good family of regular singular
(T'E)-structures. There are two open problems. It is not clear how to generalize this notion of
a good family beyond the case of regular singular (7'E)-structures. We hope, but did not prove
for rank > 3, that any regular singular (T'E)-structure (over M with dim M > 1) is a good
family of regular singular (T'E)-structures. For rank 2 this is true, it follows from Theorem 8.5.

Section 4 gives the classification of rank 2 (T E)-structures over a point t°. There are 4 types,
which we call (Sem), (Bra), (Reg) and (Log) (for semisimple, branched, regular singular and
logarithmic). In the type (Sem) U has two different eigenvalues, in the type (Log) U € C - id,
in the types (Bra) and (Reg) U has a 2 x 2 Jordan block. In the cases when U is trace free,
a (TE)-structure of type (Log) has a logarithmic pole, a (T'E)-structure of type (Reg) has
a regular singular, but not logarithmic pole, and the pull back of a (T'E)-structure of type (Bra)
by a branched cover of C of order 4 has a meromorphic connection with semisimple pole of order 3
(see Lemma 4.9). The semisimple case (Sem) is not central in this paper. Therefore we do not
discuss it in detail and do not introduce Stokes structures. For the other types (Bra), (Reg)
and (Log), Section 4 discusses normal forms and their parameters. All (T'E)-structures of type
(Bra) have nice Birkhoff normal forms (Theorem 4.11), but not all of type (Reg) (Theorem 4.17
and Remark 4.19) and type (Log) (Theorem 4.20 and Remark 4.22). The types (Reg) and (Log)
become transparent by the use of elementary sections.

A (T E)-structure of type (Sem) or (Bra) or (Reg) over a point t° satisfies the hypothesis of
Malgrange’s result, namely, the endomorphism U : K — K is regular. Therefore it has a univer-
sal unfolding, and any unfolding of it is induced by this universal unfolding. Section 5 discusses
this. Also because of this fact, the semisimple case is not central in this paper.

Sections 6-8 are devoted to the study of (T'E)-structures over a germ (M ) to) such that
the restriction to t¥ is a (T'E)-structure of type (Log). Then the set of points over which the
(T E)-structure restricts to one of type (Log) is either a hypersurface or the whole of M. In the
first case, it restricts to a fixed generic type (Sem) or (Bra) or (Reg) over points not in the
hypersurface. In the second case, the generic type is (Log).

Section 6 starts this study. It considers the cases with trace free i/ and dim M = 1. It has three
parts. In the first part, invariants of such 1-parameter families are studied. In a surprisingly
direct way, constraints on the difference of the leading exponents (defined in Theorem 4.20)
of the logarithmic (T E)-structure over t¥ are found, and the monodromy in the generic cases
(Sem) and (Bra) turns out to be semisimple (Theorem 6.2). By Plemely’s result (and our
direct calculations), these cases come equipped with Birkhoff normal forms. Theorem 6.3 in the
second part classifies all (T'E)-structures over (M , to) with trace free U, dim M = 1, logarithmic
restriction to t° and Birkhoff normal form. Theorem 6.7 in the third part classifies all generically
regular singular (T'F)-structures over (M , to) with dim M = 1, logarithmic restriction to ¢°, and
whose monodromy has a 2 x 2 Jordan block. The majority of these cases has no Birkhoff normal
form. Theorems 6.3 and 6.7 overlap in the cases which have Birkhoff normal forms.

Section 7 makes the moduli spaces of marked regular singular (T'E)-structures from Theo-
rem 3.28 explicit in the rank 2 cases. It builds on the classification results for the types (Reg)
and (Log) in Section 4. The long Theorem 7.4 describes the moduli spaces and offers 5 figures
in order to make this more transparent. The moduli spaces have countably many topological
components, and each component consists of an infinite chain of projective spaces which are
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either the projective line P! or the Hirzebruch surface Fy or Fg (which is obtained by blowing
down in Fy the unique (—2)-curve). These moduli spaces simplify in the generic case (Reg) the
main proof in Section 8, the proof of Theorem 8.5.

Section 8 gives complete classification results, from different points of view. It has three
parts. Theorem 8.1 lists all rank 2 (T'E)-structures over a 2-dimensional germ (M , to) such
that the restriction to t° has a logarithmic pole, such that the Higgs field is generically primi-
tive, and such that the induced structure of an F-manifold with Euler field extends to all
of M. Theorem 8.1(d) offers explicit normal forms. Corollary 8.3 starts with any logarithmic
rank 2 (TE)-structure over a point t° and lists the (T'E)-structures in Theorem 8.1(d) which
unfold it.

Theorem 8.5 is the most fundamental result of Section 8. Table (8.4) in it is a sublist of the
(TE)-structures in Theorem 8.1(d). Theorem 8.5 states that any unfolding of a rank 2 (T'E)-
structure of type (Log) over a point is induced by one (T'E)-structure in table (8.4). In the generic
cases (Reg) and (Log) these are precisely those in Theorem 8.1(d) with primitive Higgs field,
but in the generic cases (Sem) and (Bra) table (8.4) contains many (7T E)-structures with only
generically primitive Higgs field. All the (T'E)-structures in table (8.4) are universal unfoldings
of themselves, also those with only generically primitive Higgs field. Almost all logarithmic
(T'E)-structures over a point have several unfoldings which do not induce one another. Only the
logarithmic (T'E)-structures over a point whose monodromy has a 2 x 2 Jordan block and whose
two leading exponents coincide have a universal unfolding. This follows from Theorem 8.5 and
Corollary 8.3.

The second part of Section 8 starts from the 2-dimensional F-manifolds with Euler fields and
discusses how many and which (TE)-structures exist over each of them. It turns out that the
nilpotent F-manifold Ny with the Euler field ¥ = 101 + tg(l + 03t§_1)82 for r > 2 (case (2.7)
in Theorem 2.3) does not have any (T'E)-structure over it if ¢3 # 0, and it has no (T'E)-structure
with primitive Higgs field over it if ¢35 # 0 or r > 3. However, most 2-dimensional F-manifolds
with Euler fields have one or countably many families of (T'E)-structures with 1 or 2 parameters
over them.

The third part of Section 8 is the proof of Theorem 8.5.

In many aspects, the (T'E)-structures of rank 2 are probably typical also for higher rank.
But Section 9 makes one phenomenon explicit which arises only in rank > 3. Section 9 presents
a family of rank 3 (T E)-structures with primitive Higgs fields over a fixed 3-dimensional globally
irreducible F-manifold with nowhere regular Euler field, such that the family has a functional
parameter. The example is essentially due to M. Saito, it is a Fourier-Laplace transformation
of the main example in a preliminary version of [23] (though he considers only the bundle and
connection over a 2-dimensional submanifold of the F-manifold).

This paper has some overlap with [6] and [7]. In [6] (T E)-structures over the 2-dimensional
F-manifold N> (with all possible Euler fields) were studied. They are of generic types (Bra),
(Reg) or (Log). In [7, Chapter 8] (T E)-structures over the 2-dimensional F-manifolds I3(m)
were studied. They are of generic type (Sem). However, in [6] and [7] the focus was on (T'E)-
structures with primitive Higgs fields. Those with generically primitive, but not primitive Higgs
fields were not considered. And the approach to the classification was very different. It relied
on the formal classification of rank 2 (T")-structures in [5]. The approach here is independent of
these three papers.

2 The two-dimensional F-manifolds and their Euler fields

F-manifolds were first defined in [12]. Their basic properties were developed in [9]. An overview
on them and on more recent results is given in [7].
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Definition 2.1.

(a) An F-manifold (M, o,e) (without Euler field) is a complex manifold M with a holomorphic
commutative and associative multiplication o on the holomorphic tangent bundle T'M, and
with a global holomorphic vector field e € Ty with eo = id (e is called a wunit field), which
satisfies the following integrability condition:

Liexoy (o) = X o Liey (o) + Y o Liex (o) for X,Y € T (2.1)

(b) Given an F-manifold (M,o,e), an Euler field on it is a global vector field E € Tys with
Lieg(o) = o.

In this paper we are mainly interested in the 2-dimensional F-manifolds and their Euler fields.
They were classified in [9].

Theorem 2.2 ([9, Theorem 4.7]). In dimension 2, (up to isomorphism) the germs of F-
manifolds fall into three types:

(a) The semisimple germ. It is called A2, and it can be given as follows

(M,0) = ((CQ, 0) with coordinates u = (u1,u2) and ep = a(zk,
e=e1 + e, ej o el = 0j - €.
Any FEuler field takes the shape
E = (u1 + c1)er + (ug + c2)ea for some c1,co € C. (2.2)

(b) Irreducible germs, which (i.e., some holomorphic representatives of them) are at generic
points semisimple. They form a series Ia(m), m € Z>3. The germ of type I2(m) can be
given as follows

(M,0) = (C2,0) with coordinates t = (t1,t2) and O := (f;t)’
k

e =01, Oy 00y = t£n726.

Any Euler field takes the shape

2
E = (t1 +¢1)01 + —t20 for some ¢ € C.
m

(¢) An irreducible germ, such that the multiplication is everywhere irreducible. It is called Na,
and it can be given as follows

0
(M,0) = ((CQ, 0) with coordinates t = (t1,t2) and Ok := T
k

e=01, 0Opo00y=0.
Any Euler field takes the shape

E = (t1 +¢1)01 + g(t2)02 for some ¢ € C
and some function g(ta) € C{ta}. (2.3)
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The family of Euler fields in (2.3) on N3 can be reduced by coordinate changes, which
respect the multiplication of N5, to a family with two continuous parameters and one discrete
parameter. This classification is proved in [6]. It is recalled in Theorem 2.3. The group Aut(N2)
of automorphisms of the germ N5 of an F-manifold is the group of coordinate changes of ((Cz, 0)
which respect the multiplication of N5. It is

Aut(Ny) = {(t1,£2) — (f1, AM(t2)) | A € C{ta} with X'(0) # 0 and A(0) = 0}.

Theorem 2.3. Any Euler field on the germ Ny of an F-manifold can be brought by a coordinate
change in Aut(N3) to a unique one in the following family of Euler fields

E=(t +¢1)d + 0, (2.4)
E = (t1 4 ¢1)01, (2.5)
E = (t1 4 ¢1)01 + cato0s, (2.6)
E = (t1 +c1)01 +t5(1 + csth ") 0s, (2.7)

where c1,c3 € C, cg € C* and r € Z>s. The group Aut(Na, E) of coordinate changes of ((C2,0)
which respect the multiplication of No and this Fuler field is

Aut(Ny, E) = {(t1,t2) = (t1,7(t2)t2) | v as in (2.8)},

Case | (2.4) | (25) | (2.6) (2.7)
ve | {1} |Cl{ta}*| € | {2 VD )|1ez}

(2.8)

A special class of F-manifolds, the regular F-manifolds, is related to a result of Malgrange
on universal unfoldings of (T'E)-structures, see Remarks 3.17.

Definition 2.4 ([4, Definition 1.2]). A regular F-manifold is an F-manifold (M, o,e) with
Euler field E such that at each ¢ € M the endomorphism E o |;: T;M — T;M is a regular
endomorphism, i.e., it has for each eigenvalue only one Jordan block.

Theorem 2.5 ([4, Theorem 1.3(ii)]). For each reqular endomorphism of a finite dimensional C-
vector space, there is a unique (up to unique isomorphism) germ (M, to) of a reqular F-manifold
such that E o |0 is isomorphic to this endomorphism.

Remarks 2.6.

(7) For a normal form of this germ of an F-manifold, see [4, Theorem 1.3(i)].

(74) In dimension 2, this theorem is an easy consequence of Theorems 2.2 and 2.3. The germs
of regular 2-dimensional F-manifolds are as follows:

(a) The germ A? in Theorem 2.2(a) with any Euler field E = (u1 + c1)e1 + (ug + c2)ez
as in (2.2) with ¢1,c0 € C, ¢1 # co.

(b) The germ N3 in Theorem 2.2(c) with any Euler field E = (t1 + ¢1)01 + 02 as in (2.4)
with ¢; € C.

3 (TE)-structures in general

3.1 Definitions

A (TE)-structure is a holomorphic vector bundle on C x M, M a complex manifold, with
a meromorphic connection V with a pole of Poincaré rank 1 along {0} x M and no pole elsewhere.
Here we consider them together with the weaker notion of (7')-structure and the more rigid
notions of a (T'L)-structure and a (T'LE)-structure. The structures had been considered before
n [13], and they are related to structures in [21, Chapter VII] and in [20].
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Definition 3.1.

(a) Definition of a (T)-structure (H — C x M,V): H — C x M is a holomorphic vector
bundle. V is a map

V: OH) = 2 'Ocxnr - QY @ O(H), (3.1)
which satisfies the Leibniz rule,

Vx(a-s)=X(a)-s+a-Vxs for X €Ty, a€Ocxm, seO(H),
and which is flat (with respect to X € Ty, not with respect to 0,),

VxVy = VyVx =V[xy] for XY € Ty

Equivalent: For any z € C*, the restriction of V to H|(.1, s is a flat holomorphic connec-
tion.

(b) Definition of a (TE)-structure (H — C x M,V): H — C x M is a holomorphic vector
bundle. V is a flat connection on H|c+x s with a pole of Poincaré rank 1 along {0} x M,
so it is a map

V: OH) — (27 'Ocxn - Qi + 2 20cxm - dz) © O(H)

which satisfies the Leibniz rule and is flat.

(¢) Definition of a (T'L)-structure (H — P! x M,V): H — P! x M is a holomorphic vector
bundle. V is a map

Vi OH) = (27 Opiyps + Opiayr) - Qy ® O(H),

such that for any z € P!\ {0}, the restriction of V to H|(,}, is a flat connection. It is
called pure if for any ¢ € M the restriction H|p1, 4} is a trivial holomorphic bundle on P

(d) Definition of a (T'LE)-structure (H — P! x M, V): It is simultaneously a (T E)-structure

and a (T'L)-structure, where the connection V has a logarithmic pole along {oco} x M.
The (TLE)-structure is called pure if the (T'L)-structure is pure.

Remark 3.2. Here we write the data in Definition 3.1(a)—(b) and the compatibility conditions
between them in terms of matrices. Consider a (TE)-structure (H — C x M,V) of rank
rk H = r € N. We will fix the notations for a trivialization of the bundle H |y« s for some small

neighborhood U C C of 0. Trivialization means the choice of a basis v = (v1,...,v,) of the
bundle H|yxar. Also, we choose local coordinates t = (t1,...,t,) with coordinate vector fields
0; = 0/0t; on M. We write
Vo=uv-Q with Q= Z z7H A(z,t)dt; + 272 B(z, t)dz, (3.2)
i=1
Ai(zat) = ZAik)Zk € MTXT<OU><M)7 (3.3)
k>0
B(z,t) = > BWF e Mo((Ovsm), (3.4)
k>0

with Agk),B(k) € M,x,(Oyp), but this dependence on ¢ € M is usually not written explicity.
The flatness 0 = dQ 4+ Q A Q of the connection V says for i,5 € {1,...,n} with i # j

0= ZazAJ — Zain + [Az, Aj], (3.5)
0=20;B— z28zAi + zA; + [AZ, B]
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These equations split into the parts for the different powers z* for k& > 0 as follows (with
Ag_l) = B(_l) = O)7

0=8,AF" 940 1>+Z A, AR (3.7)
=0
0= 8iB(k_1) _ (k k 1) + Z A(l) B (k— l (3.8)

In the case of a (T')-structure, B and all equations except (3.2) which contain B are dropped.
Consider a second (T E)-structure (f[ — Cx M, %) of rank r over M, where all data except M
are written with a tilde. Let v and v be trivializations. A holomorphic isomorphism from
the first to the second (TE)-structure maps v -7 to ¥, where T = T(z,t) = > o0 TH2F €

M (O(c0yx m) With T®*) € M, «»(Opr) and T©) invertible satisfies

v Q- T+v-dT=V(-T)=v-T-. (3.9)
Equation (3.9) says more explicitly

0=20T+A;-T—T- A (3.10)

0=229.T+B-T—T-B. (3.11)

These equations split into the parts for the different powers z* for k > 0 as follows (with
7D = 0):

k
0 =09, 7% 1 4 Z ( Agl) p(k=1) _ p(k=1) | glgz)%
=0

k
0= (k—1)T¢+=D 4 3" (BO .70 _ =0 . BO),
=0

The isomorphism here fixes the base manifold M. Such isomorphisms are called gauge iso-
morphisms. A general isomorphism is a composition of a gauge isomorphism and a coordinate
change on M (a coordinate change induces an isomorphism of (T'E)-structures, see Lemma 3.6).

Remark 3.3. In this paper we care mainly about (T'E)-structures over the 2-dimensional germs
of F-manifolds with Euler fields. For each of them except (Na, E = (t1 + ¢1)01), the group of
coordinate changes of (M,0) = (C2,0) which respect the multiplication and E is quite small,
see Theorem 2.3. Therefore in this paper, we care mainly about gauge isomorphisms of the
(T'E)-structures over these F-manifolds with Euler fields.

Definition 3.4. Let M be a complex manifold.

(a) The sheaf Ops[[z]] on M is defined by Ops[[2]](U) := O (U)[[2]] for an open subset U C M
(with Op(U) and Op[[2]](U) the sections of Oy and Ops[[z]] on U). Observe that the
germ (Oy[[z]])s0 for t° € M consists of formal power series > k>0 fx2"® whose coefficients
Jr € Opp0 have a common convergence domain. In the case of (M to) ((C” ) we write
Oce[[2]lo =: C{t, 21].

(b) A formal (T)-structure over M is a free Ops[[z]]-module O(H) of some finite rank r € N
together with a map V as in (3.1), where Ocx s is replaced by Oj/[[z]] which satisfies prop-
erties analogous to V in Definition 3.1(a), i.e., the Leibniz rule for X € Ty, a € Op|[2]],
s € O(H) and the flatness condition for X,Y € Tj;.

A formal (TE)-structure is defined analogously: In Definition 3.1(b) one has to replace
Ocxnm by On[[2]]-
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Remark 3.5. The formulas in Remark 3.2 hold also for formal (7)-structures and formal (T'E)-
structures if one replaces Ocxar, Ovxm and O )xar by Onl[2]]-

The following lemma is obvious.

Lemma 3.6. Let (H — Cx M, V) be a (TE)-structure over M, and let po: M’ — M be a holo-
morphic map between manifolds. One can pull back H and V with id xp: C x M — C x M.
We call the pull back ©*(H,V). It is a (T'E)-structure over M'. We say that the pull back
©*(H,V) is induced by the (T'E)-structure (H, V) via the map ¢.

Remarks 3.7.

(1) We will give in Theorem 8.5 and in Corollary 5.1 and Lemma 5.2(iv) a classification of
rank 2 (T E)-structures over germs (M,t°) = (C?,0) of 2-dimensional manifolds such that
any rank 2 (T'E)-structure over a germ (M’, s?) is obtained as the pull back ¢*(H, V) of
arank 2 (TE)-structure in the classification via a holomorphic map ¢: (M, s°) — (M, %),

(i7) Here the behaviour of the (T'E)-structure (H, V) over (M,t") = (C?,0) with coordinates
t = (t1,t2) along ¢ is quite trivial. It is convenient to split it off. The next subsection
does this in greater generality.

3.2 (TE)-structures with trace free pole part

Definition 3.8. Let (H — C x M, V) be a (T'E)-structure. Define the vector bundle K :=
H|oyxar over M. The pole part of the (T'E)-structure is the endomorphism ¢/ : K — K which
is defined by

U:=[*Vy,]: K— K. (3.12)
The pole part is trace free if trid =0 on M.

The following lemma gives formal invariants of a (T E)-structure.

Lemma 3.9. Let (H — C x M,V) be a (TE)-structure of rank v € N over a manifold M.
By a formal invariant of the (T E)-structure, we mean an invariant of its formal isomorphism
class.

(a) Its pole part U, that means the pair (K,U) up to isomorphism, is a formal invariant
of the (TE)-structure. FEspecially, the holomorphic functions 60 = dettd € Oy and

pl0) = %trb( € Opr are formal invariants.

(b) For any t° € M, fix an Oy p0-basis v of O(H) o0y, consider the matrices in (3.2)—(3.4),

consider the function pt) = %tr B ¢ Opr0, and consider the functions 5k ¢ Oy 10
for k € Ny which are defined by writing det B as a power series

det B = 3641 %,
k>0

Then the functions 6 and pt) are independent of the choice of the basis v. The locally
for any t9 defined functions 6V and pM) glue to global holomorphic functions 6V € Oy
and pV) € Opr. They are formal invariants. Furthermore, the function p™V) is constant on
any component of M.
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Proof. U, 6@, p© and §()) are formal invariants because of (3.11): B = T~'BT +22-T~19,T.
For pM), observe additionally

B — (T(O))*lB(l)T(O) + [(T(O))”B(O)T(O), (T(O))*lT(l)].

Recall also that the trace of a commutator of matrices is 0. Therefore p(!) is a formal invariant.
Equation (3.8) for k = 2 implies 0, tr (B(l)) =0, so the function pM) is constant. |

The following lemma is obvious.

Lemma 3.10. Let (H — C x M, V) be a (TE)-structure of rank r € N over a manifold M.

(a) Consider a holomorphic function g: M — C. The trivial line bundle HY = Cx (Cx M) —
C x M over C x M with connection VI := d + d(%) defines a (T'E)-structure of rank 1

over M, whose sheaf of sections with connection is called E9/%.
(b) (O(H),V)® EY* for g as in (a) is a (TE)-structure.

(¢) The (T'E)-structure (H[Q] — C x M,V[Q]) with (O(H[Q]),V[Q}) =(0(H),V)® £”/% has
trace free pole part. And, of course, (O(H),V) = (O(H[Q}),V[Q]) ® &Pz, If v is a
C{t, z}-basis of O(H )y = (’)(H[Z})O, then the matriz valued connection 1-forms Q and Q!
of V and VP with respect to this basis satisfy Q = QI — d(%o)) o

(d) (Definition) Consider a (T'E)-structure (HB] — C x MBI, VB}) with trace free pole part.
Consider the manifold MY := C x MBl with (local) coordinates t; on C and t' on M,
and the projection p*: MW — MBI (t;,¢) — t'. Define the (TE)-structure (H[‘H —
€ x MU, V) with (O (1), 7M) = (ol (O(H), V) & £/~

(e) If the (TE)-structure (HZ, V) is induced by the (TE)-structure (HP, VP) via a map
©: M — MB, then the (TE)-structure (H, V) is induced by the (T E)-structure (HM, V[4])
via the map (—p©), ¢): M — MW = C x MBI,

Part (c) allows to go from an arbitrary (T'E)-structure to one with trace free pole part, and
to go back to the original one. Part (e) considers two (T'E)-structures as in part (c), an original
one and an associated one with trace free pole part. If the associated one is induced by a third
(T'E)-structure, then the original one is induced by a closely related (T'E)-structure with one
parameter more. Lemma 3.11 continues Lemma 3.10.

Lemma 3.11. Let (H — C x (M,t°),V) be a (TE)-structure of rank r € N over a germ
(M, to) of a manifold, with coordinates t = (t1,...,t,) and 0; := 0/0t;. We suppose t° = 0
so that O(cxm,0.0)) = C{t,z}. Recall the functions p© and pV) of the (TE)-structure from
Lemma 3.9.

Consider the (TE)-structure (Hp], V[Q]) from Lemma 3.10 with trace free pole part which is
defined by (O(HZ), V) := (O(H),V) ® £/"”/%. Here HE = H, but V¥ = V + d(£2) - id.
The matrices A; and B in (3.2)—(3.4) for the (TE)-structure (H[2], V[Q}) of any C{t, z}-basis v
of O(Hm)o satisfy

0=trA” = tr BO = & (BD — p(1,). (3.13)

The basis v can be chosen such that the matrices satisfy

0=trd; =tr (B -zpM1,). (3.14)
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Proof. Any C{t, z}-basis v of (’)(H[2])0 = O(H)o satisfies

tr BO = trl? = 0 as (H[2], V[2]) has trace free pole part,
tr AZ(-O) =0 because of trd; B = 8, tr B =0 and (3.8) for k = 1,
tr (B(l) — p(l)lr) =0 by Lemma 3.9 and especially,

0)

( " 90
0=0 _q(”_).1. = _ “19P77 1 dt & 22,000 . 1,dz.
d< . r ; z oL, rdt; +27p dz

Start with an arbitrary basis v, consider the function

1 —tr B*)

(A |

2Rl e 2t 2}, (3.15)
" >2

consider T':=e9-1,, and v:=wv-T. (3.11) gives

~ 1
B=B+T7'220,T =B + <— ZtrB(k)zk> S 1,
k>2 r

so tr B®) =0 for k > 2, B = B, BO = BO),
Therefore now suppose tr (B — zp(l)lT) = 0. (3.8) for £ > 3 gives trAgl) =0 for [ > 2,
because tr &;BY = §; tr B®) = 0. N
Finally, we consider T' = T = ¢" . 1, for a suitable function h € C{t}. Then B = B,
AR = A% for k£ 1, and AV = A £ ;0 1,.. So we need h € C{t} with d;h = —Ltr AW,
Such a function exists because (3.7) for k = 2 implies 0; tr Ag-l) = 0jtr AZ(-I). We have obtained
a basis v with tr (B — zp(l)lr) =0 and tr A; = 0 for all 3. |

3.3 (TE)-structures over F-manifolds with Euler fields

The pole part of a (T')-structure (or a (T'E)-structure) over C x M along {0} x M induces a Higgs
bundle (together with /). This is elementary (e.g., [5] or [10]).

Lemma 3.12. Let (H — C x M,V) be a (T)-structure. Define K := H|oyxpr- Then C =
[2V] € QY(M,End(K)), more explicitly

Cxla] := [zV xd] for X €Ty, a€O(H), (3.16)

is a Higgs field, i.e., the endomorphisms Cx,Cy: K — K for X, Y € Ty commute.
If (H — C x M) is a (TE)-structure, then its pole part U: K — K commutes with all
endomorphisms Cx, X € Ty, short: [C,U] = 0.

Definition 3.13. The Higgs field of a (T')-structure or a (T E)-structure (H — C x M,V) is
primitive if there is an open cover V of M and for any U € V a section (g € O(K|y) (called a local
primitive section) with the property that the map Ty 2 X — Cx(y € O(K) is an isomorphism.

Theorems 3.14 and 3.16 show in two ways that primitivity of a Higgs field is a good condition.
Theorem 3.14 was first proved in [11, Theorem 3.3] (but see also [5, Lemma 10]).

Theorem 3.14. A (T')-structure (H — C x M, V) with primitive Higgs field induces a multi-
plication o on TM which makes M an F-manifold. A (TE)-structure (H — C x M,V) with
primitive Higgs field induces in addition a vector field E on M, which, together with o, makes M
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an F-manifold with Euler field. The multiplication o, unit field e and Euler field E (the latter
in the case of a (TE)-structure), are defined by

Cxoy = CxCy, Ce = 1d, Cg=-U,
where C' is the Higgs field defined by V, and U is defined in (3.12).

Definition 3.15 recalls the notions of an unfolding and of a universal unfolding of a (T'E)-
structure over a germ of a manifold from [13, Definition 2.3]. It turns out that any (7'F)-
structure over a germ of a manifold with primitive Higgs field is a universal unfolding of itself.
Interestingly, we will see in Theorem 8.5 also (T'E)-structures which are universal unfoldings
of themselves, but where the Higgs bundle is only generically primitive. Still in the examples
which we consider, the base manifold is an F-manifold with Euler field globally.

Malgrange [18] proved that a (T'E)-structure over a point t has a universal unfolding with
primitive Higgs field if the endomorphism U : K;0 — Ko is regular, i.e., it has for each eigenvalue
only one Jordan block. A generalization was given by Hertling and Manin [13, Theorem 2.5].
Theorem 3.16 cites in part (b) the generalization. Part (a) is the special case of a (T'E)-
structure with primitive Higgs field. Part (c¢) is the special case of a (T'E)-structure over a point,
Malgrange’s result.

Definition 3.15. Let (H —Cx (M, to), V) be a (T E)-structure over a germ (M, to) of a mani-
fold.

(a) An unfolding of it is a (T'E)-structure (H[l] — C x (M x Cl, (29, 0)),V[1]) over a germ
(M x Ch, (to, 0)) (for some [; € Ny) together with a fixed isomorphism

i[l]: (H - Cx (M, to),V) — (H[l] — C x (M X Cll, (to,0)),V[1])|(C><(M><{0}7(t070)).

(b) One unfolding (H[l] — Cx (M xCh, (to, O)),Vm,im) induces a second unfolding (H[Q] —
C x (M x Cl2, (to, O)),V[Q},im) if there are a holomorphic map germ

p: (M xC2, (t°,0)) = (M x Ch, (t°,0)),

which is the identity on M x {0}, and an isomorphism j from the second unfolding to the
pullback of the first unfolding by ¢ such that

i = jlexarx oy 0.0y @ 2. (3.17)

(Then j is uniquely determined by ¢ and (3.17).)

(¢) An unfolding is universal if it induces any unfolding via a unique map ¢.

By definition of a universal unfolding in part (¢), a (T'E)-structure has (up to canonical
isomorphism) at most one universal unfolding, because any two universal unfoldings induce one
another by unique maps.

Theorem 3.16.

(a) ([13, Theorem 2.5]) A (TE)-structure over a germ (M,t°) with primitive Higgs field is
a uniwersal unfolding of itself.

(b) ([13, Theorem 2.5]) Let (H — C x (M,t°),V) be a (TE)-structure over a germ (M, t°)
of a manifold. Let (K — (M, to),C) be the induced Higgs bundle over (M, to). Suppose
that a vector (o € Ko with the following properties exists:
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(IC) (Ingectivity condition) The map CeCo: TyoM — Kyo is injective.
(GC) (Generation condition) (o and its images under iteration of the maps U|wo: Ko —
Ko and Cx: Ko — Ky for X € TywoM generate Kyo.

Then a universal unfolding of the (T'E)-structure over a germ (M x C!, (tO,O)) (I € Ny
suitable) exists. It is unique up to isomorphism. Its Higgs field is primitive.

(¢) ([18]) A (TE)-structure over a point t° has a universal unfolding with primitive Higgs field
if the endomorphism [zQVaZ] =U: Ko — Ky is reqular, i.e., it has for each eigenvalue
only one Jordan block. In that case, the germ of the F-manifold with Fuler field which
underlies the universal unfolding, is by definition (Definition 2.4) regular.

Remarks 3.17.

(i) As said above, the parts (a) and (c) are special cases of part (b).

(7i) A germ ((M , to),o, e, E) of a regular F-manifold is uniquely determined by the regular
endomorphism E o |;0: Tjo — Tyo (Theorem 2.5).

(i4i) Consider the germ (M,0) = (C?,0) of a 2-dimensional F-manifold with Euler field E
in Theorem 2.2. It is regular if and only if F o ;-9 ¢ {\id |\ € C}. In the semisimple
case (Theorem 2.2(a)) this holds if and only if ¢; # co. In the cases Io(m) (m > 3) it does
not hold. In the case of Ny with E = 101 + g(t2)0d2 it holds if and only if g(0) # 0. See
also Remark 2.6(i7).

(tv) Theorem 3.16(c) implies that a (T'E)-structure with primitive Higgs field over a germ
(M , to) of a regular F-manifold with Euler field is determined up to gauge isomorphism
by the restriction of the (T E)-structure to t.

(v) Lemma 3.6, Definition 3.8, Lemmata 3.9-3.12, Definition 3.13, Theorem 3.14 and Defini-
tion 3.15 hold or make sense also for formal (T)-structures or (T'E)-structures. However,
the proof of Theorem 3.16 used in an essential way holomorphic (T E)-structures. We do
not know whether Theorem 3.16 holds also for formal (T E)-structures.

3.4 Birkhoff normal form

Definition 3.18. Let (H — Cx M, V) be a (T E)-structure over a manifold M with coordinates
t = (t1,...,tn). A Birkhoff normal form consists of a basis v of H and associated matrices
A1, ..., Ap, B as in (3.2) such that

AP = =AW =0 for k>1, B®=0 fo k>2 = 9BY=0.

n
Remarks 3.19.

(i) Such a basis defines an extension of the (T'E)-structure to a pure (T'LE)-structure. Then
it is a basis of the (T'LE)-structure whose restriction to {oco} x M is flat with respect to
the residual connection (that is just the restriction of the connection V of the underlying
(T'L)-structure to H|{scyxar)- Then the conditions (3.7) and (3.8) boil down to

0 0 0

1, A0 =940, (3.18)

O BO] gBO® 4+ A0 L 49 BV 0=0,BY. (3.19)

Such a basis is relevant for the construction of Frobenius manifolds (see, e.g., [7]).
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(i)

(iid)

Vice versa, if the (T'E)-structure has an extension to a pure (T'LE)-structure, then a basis v
of the (T'LE)-structure exists whose restriction to {co} x M is flat with respect to the
residual connection. Then this basis v and the associated matrices form a Birkhoff normal
form.

A Birkhoff normal form does not always exist. But if a Birkhoff normal form of the
restriction of a (T'E)-structure over M to a point t° € M exists, it extends to a Birkhoff
normal form of the (T'E)-structure over the germ (M, t°) [21, Chapter VI, Theorem 2.1]
(or [7, Theorem 5.1(c)]).

The problem whether a (T'E)-structure over a point has an extension to a pure (T'LE)-
structure is a special case of the Birkhoff problem, which itself is a special case of the
Riemann—Hilbert-Birkhoff problem. The book [1] and Chapter IV in [21] are devoted to
these problems and results on them.

Here the following two results on the Birkhoff problem will be useful. However, we will use
part (a) only in the case of a (T E)-structure over a point ¢° with a logarithmic pole at z = 0,
in which case it is trivial.

Theorem 3.20. Let (H — C x {t°},V) be a (I'E)-structure over a point t°.

(a)
(b)

3.5

(Plemely, [21, Chapter IV, Corollary 2.6(1)]) If the monodromy is semisimple, the (T'E)-
structure has an extension to a pure (T LE)-structure.

(Bolibroukh and Kostov, [21, Chapter IV, Corollary 2.6(3)]) The germ O(H)o ®cy.)
C{z}[z7!] is a C{z}[z7 1] -vector space of dimension r =tk H € N on which V acts.

If no C{z} [z‘l] sub vector space of dimension in {1,...,r—1} exists which is V-invariant,
then the (TE)-structure has an extension to a pure (T LE)-structure.

Regular singular (T E)-structures

A (TE)-structure over a point t° is regular singular if all its holomorphic sections have moderate
growth near 0. A good tool to treat this situation are special sections of moderate growth, the
elementary sections. Definition 3.21 explains them and other basic notations. We work with
a simply connected manifold M, so that the only monodromy is the monodromy along closed
paths in the punctured z-plane going around 0. One important case is the case of a germ (M , to)
of a manifold. The most important case is the case of a point, M = {to}.

Definition 3.21. Let (H — Cx M, V) be a (T'E)-structure of rank r» = rk H € N over a simply
connected manifold M. We associate the following data to it.

(a)

H' := H|c+x s is the flat bundle on C* x M. H® denotes the C-vector space (of dimen-
sion r) of global flat multivalued sections on H’. Let the endomorphism M™°": H>® —
H® be the monodromy on it with semisimple part MM°" unipotent part M;*°" (with
MEonpmon — jymon pymon) - pilpotent part N™O% := log MM" so that MDPom = V™™
and with eigenvalues in the finite set Eig(M™°") C C. For A € C, let

)

HS® = ker (MM — Xid: H® — H™)

be the generalized eigenspace in H* of the monodromy with eigenvalue A. It is not {0} if
and only if A € Eig(M™°").

For a € C, define the finite dimensional C-vector space C'* of the following global sections
of H,

0 = {0 € O(H')(C")| (Voo — aid)’ (o) = 0, V,(0) = 0}
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(wheret = (t1,...,ty) are local coordinate and 0; are the coordinate vector fields). Observe
2k . C = Cotk for k € Z. For each « the map

s(a): HZym, — C°,

A 5(A, ) = 2% e 10BFNT/2m 4 (160 2),

is an isomorphism. So, C® # {0} if and only if e 2™ € Eig(M™°"). The sections s(A4, @)
are called elementary sections.

(¢) A holomorphic section o of H'|(1,\ {0})xv, for U1 C C a neighborhood of 0 € C and U C M
open in M can be written uniquely as an (in general infinite) sum of elementary sections
es(o,a) € Oy, - C* with coefficients in O,,

o= Z es(o, a).

o e 2mia eEig(Mmon)

In order to see this, choose numbers a; € C and elementary sections s; € C% for j €
{1,...,7} such that si,...,s, form a global basis of H'. Then

o0

o= Zaij with a; = aj(z,t) = Z akj(t)zk € O(Ul\{O})XUz' (3.20)
=1

k=—o0

Here (3.20) is the expansion of a; as a Laurent series in z with holomorphic coefficients
ar; € Oy, in t. Then

es(o,a)(z,t) = Z Qo—ay,j(1)2% Y s;.

jra—oj€l

(d) A holomorphic section o as in (c¢) has moderate growth if a bound b € R with es(o, ) =0
for all a with Re(a) < b exists. The sheaf V=~ on C x M of all sections of moderate
growth is

Yoo = @ OCXM[ZA] -C“.

a: —1<Re(a)<0

The Kashiwara—Malgrange V-filtration is given by the locally free subsheaves for r € R,

V= &b Ocxu - C°.
a: Re(a)€lr,r+1[

Definition 3.22.

(a) A (TE)-structure (H — Cx M, V) over a simply connected manifold M is regular singular
if O(H) C V>~°°, so if all its holomorphic sections have moderate growth near 0.

(b) A (TE)-structure (H — Cx M, V) over a simply connected manifold M is logarithmic if it
has a basis v whose connection 1-form (2 has a logarithmic pole along {0} x M (then this
holds for any basis). In the notations of (3.2)—(3.4) that means Ago) = B() = 0. Then the
restriction of V to K := H|{oyx s is well-defined. It is called the residual connection V.
The residue endomorphism is Resp = [V,0.]: K — K.

Theorem 3.23 (well known, e.g., [9, Theorems 7.10 and 8.7]). Let (H — C x M,V) with
H|c+xym = H' be a logarithmic (TE)-structure over a simply connected manifold.
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(a) The bundle H has a global basis which consists of elementary sections s; € C*%, j €
{1,...,vk H}, for some a; € C. Especially, (O(H),V) = @:O(O(H|Cx{t0}),V) for any
t0 € M, where p0: M — {to} 1s the projection. So it is just the pull back of a logarithmic
(T'E)-structure over a point. Especially, it is a regular singular (T E)-structure.

(b) The residual connection V™ is flat. In the notations (3.2)—(3.4), its connection 1-form is
Sy Agl)dti. The residue endomorphism Res is V' -flat. In the notations (3.2)—(3.4),
it is given by B,

(c) The endomorphism e~2™Res0: K — K has the same eigenvalues as the monodromy M™™,

but it might have a simpler Jordan block structure. If no eigenvalues of Resy differ by
a nonzero integer (nonresonance condition) then e=27Re0 has the same Jordan block struc-
ture as the monodromy M™°™.

Remarks 3.24.

(i) Part (a) of Theorem 3.23 implies that a logarithmic (7'E)-structure over a simply connected
manifold M is the pull back ¢*((H, V)|cxy0y) of its restriction to t° for any t° € M.

(77) In the case of a regular singular (T'E)-structure over a simply connected manifold M,
one can choose elementary sections s; € C*, j € {1,...,rtk H}, for some a; € C, such
that they form a basis of H* and such the extension to {0} x M which they define, is
a logarithmic (T'E)-structure. Then the base change from any local basis of H to the basis
(81, .., Sk g) of this new (T'E)-structure is meromorphic, so the two (T'E)-structures give
the same meromorphic bundle. This observation fits to the usual definition of meromorphic
bundle with regular singular pole.

(7i7) The property of a section to have moderate growth, is invariant under pull back. Therefore
also the property of a (T'E)-structure to be regular singular is invariant under pull back.

3.6 Marked (TFE)-structures and moduli spaces for them

It is easy to give a (T E)-structure (H — C x M, V) with nontrivial Higgs field and which is
thus not the pull back of the (T'E)-structure over a point, such that nevertheless the (T'E)-
structures over all points t° € M are isomorphic as abstract (T E)-structures. Examples are
given in Remark 7.1(47). The existence of such (7'E)-structures obstructs the construction of nice
Hausdorff moduli spaces for (T'E)-structures up to isomorphism. The notion of a marked (T E)-
structure hopefully remedies this. However, in the moment, we have only results in the regular
singular cases. Definition 3.25 gives the notion of a marked (T'E)-structure. Definition 3.26
defines good families of marked regular singular (7T'E)-structures. Definition 3.28 defines a functor
for such families. Theorem 3.29 states that this functor is represented by a complex space.
It builds on results in [15, Chapter 7]. Several remarks discuss what is missing in the other cases
and what more we have in the regular singular rank 2 case, thanks to Theorems 6.3, 6.7 and 8.5.

Definition 3.25.

(a) A reference pair (H ref.oo 2 p ref) consists of a finite dimensional (reference) C-vector space
H't together with an automorphism M of it.

(b) Let M be a simply connected manifold. A marking on a (T E)-structure (H — C x M, V)
is an isomorphism tp: (H°, M™°") — (Hrebeo Mref). Here H* is (as in Definition 3.16)
the space of global flat multivalued sections on the flat bundle H' := H|c«x s, and M™O?
is its monodromy. (H ref.oo Ar ref) is a reference pair. The isomorphism ) of pairs means
an isomorphism 1p: H>® — H™H® with ¢ o M™" = M™ o). A marked (T E)-structure
is a (T'E)-structure with a marking.
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(¢) An isomorphism between two marked (7E)-structures ((H(l), V(l)),w(l)) and
((H(Q),V(Z)),w(z)) over the same base space M) = M@ and with the same reference
pair (H ref.oo Ar 1”ef) is a gauge isomorphism ¢ between the unmarked (T'E)-structures such
that the induced isomorphism ¢>°: H(1):> — (2% ig compatible with the marking,

¢(2) 0> = w(l).

(d) Set (™" M) denotes the set of marked (TE)-structures over a point with the same
reference pair (Href’oo,Mmf). Furthermore, Qet (H™ > M ™) reg — Qi (H™H,M™) 10 ot as

the subset of marked regular singular (7'E)-structures over a point with the same reference
pair (Href,oo’ Mref)‘

We hope that Set ™" M™) carries for any reference pair (H ref.o0 pp 1”ef) a natural structure

as a complex space. Theorem 3.29 says that this holds for Set *hee M) reg and that this space
represents a functor of good families of marked regular singular (T'E)-structures. Definition 3.26
gives a notion of a family of marked (T E)-structures and the notion of a good family of marked
reqular singular (T E)-structures.

Definition 3.26. Let X be a complex space. Let tY be an abstract point and ¢: X — {to}
be the projection. Let (Href’w,Mref) be a reference pair. Let (Href’*,vref) be a flat bundle
on C* x {to} with monodromy M™ and whose space of global flat multivalued sections is
identified with H™5. Let i: C* x X < C x X be the inclusion.

(a) A family of marked (T'E)-structures over X is a pair (H, ) with the following properties:

(i) H is a holomorphic vector bundle on C x X, i.e., the linear space associated to a locally
free sheaf O(H) of O¢xx-modules. Denote H' := H|c*xx-

(44) 1 is an isomorphism : H' — o*H™" such that the restriction of the induced flat
connection on H' to C* x {z} for any x € X makes H|cy(y} into a (TE)-structure
over the point z, i.e., the connection has a pole of order < 2 on holomorphic sections
of H|(C>< {x}-

(b) Consider a family (H,1) of marked regular singular (T'E)-structures over X. The mark-
ing 1 induces for each x € X canonical isomorphisms

w: HOO(JJ) N Href,oo’
Y. O%z) — Crebe (o € C with ™ € Eig (Mref)),
Y: V'(x) = Vrebr (r e R),
where H*(x), C%(x), V"(z) and C™H V™" are defined for the (T'E)-structure over x respec-
tively for (H™"* V) as in Definition 3.21.
The family (H,) is called good if some r € R and some N € N exist which satisfy
O(H|cxgzy)o 2 V' (2) for any z € X, (3.21)
dime O(H|cxfzy)o/V' (7)) = N for any x € X. (3.22)

Remarks 3.27.

(i) The notion of a family of marked (T E)-structures is too weak. For example, it contains the
following pathological family of logarithmic (T'F)-structures of rank 1 over X := C (with
coordinate t) and with trivial monodromy. Write so € C? for a generating flat section.
Define H by

O(H)=0Ocxx - (t—i—zl)so for some [ € N.
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The marked (T'E)-structures over all points t € C* C X = C are isomorphic and even
equal, the one over ¢t = 0 is different. The dimension O(H|cy)/ Vi(t) is equal to I
for t € C* and equal to 0 for ¢ = 0. Therefore this family is not good in the sense of
Definition 3.26(b). Also, 2V, (t+2')so = lz'sg is not a section in O(H), although for each
fixed t € X, the restriction to C x {t} is a section in O(H |cxs)-

(74) Theorem 3.29 gives evidence that the notion of a good family of marked regular singular
(TE)-structures is useful. However, it is not clear a priori whether any regular singular
(TE)-structure (H — C x M, V) over a simply connected manifold M is a good family of
marked regular singular (T'E)-structures over X = M. A marking can be imposed as M
is simply connected. Though the condition (3.22) is not clear a priori. Theorem 8.5 will
show this for regular singular rank 2 (T'E)-structures. It builds on Theorems 6.3 and 6.7
which show this for regular singular rank 2 (T'E)-structures over M = C.

(7i7) For not regular singular (T'E)-structures, we do not see an easy replacement of condi-
tion (3.22). Is the condition 22V, O(H) C O(H) useful?

Definition 3.28. Fix a reference pair (Href"’o, Mref).

(a) Define the functor METEZM ) reg 0 the category of complex spaces to the category
of sets by

M(HrCf’oo’Mmf)’reg(X) = {(H,¢)|(H,v) is a good family of marked regular

singular (T'E)-structures over X},

and, for any morphism f:Y — X of complex spaces and any element (H,1) of
M(Href,oo7Mref)7reg(X)’ deﬁne M(Href,oo’Mref)Jeg(f)(H’¢) — f*(H71/})

(b) Choose r € Rand N € N. Define the functor MEEEMNN from the category of comp-
lex spaces to the category of sets by

M(Href’m’MrEf)’T’N(X) = {(H,v)|(H,v) is a good family of marked regular
singular (7' E)-structures over X which satisfies (3.21)
and (3.22) for the given r and N},

and, for any morphism f:Y — X of complex spaces and any element (H,w) of
M(Href,oo’Mref)m’N(X), deﬁne M(Href,oo’Mref)m’N(f)(H?w) — f*(H’w)

Theorem 3.29. The functors MUEEE M reg g g AT MD N g represented by
. ref,co ref ref,00 ref
complex spaces, which are called MM M) reg gng M M)N C In the case of

b ! - - . .
MUEEZMEN yhe complex space has even the structure of a projective algebraic variety.
AS sets M(Href,oo7Mref)7reg _ Set(Href,oo,Mref)’reg

Proof. The proof for MUEEEMEDN o be copied from the proof of Theorem 7.3 in [15].
Here it is relevant that r and N with (3.21) and (3.22) imply the existence of an 7y € R with
ro < r and

V"2 (x) D O(H|cxga})o for any z € X. (3.23)

In [15], (TERP)-structures are considered. (3.21) and (3.23) are demanded there. (3.22) is not
demanded there explicitly, but it follows from the properties of the pairing there, and this is
used in Lemma 7.2 in [15]. The additional conditions of (T'E'RP)-structures are not essential
for the arguments in the proof of Lemma 7.2 and Theorem 7.3 in [15]. Therefore these proofs

apply also here and give the statements for M rehee, M), N
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Let us call (r, N) € R x N and (7, N) € R x N compatible if n € Z with (7,N) = (r +n,
N +n-dim Hmf’oo) exists. In the case n > 0, MUEESMEDFEN 36 o union of METM™ )N
and additional irreducible components. Thus for fixed (r, N) the union

U M(HrCf’oo,MrCf),T+’n,N+TL-dim Hrcf,oo

neN

is a complex space with in general countably many irreducible (and compact) components.
And MH™.M™).reg ig the union of these unions for all possible (r,N) (as Eig(M™°") is finite,
in each interval of length 1, only finitely many r are relevant). |

Remarks 3.30.

(i) For each reference pair (H ref’oo, M ref) with dim Href° = 2, the representing complex space
MU M) reg for the functor M H™ M) reg i given in Theorem 7.4. There the topo-
logical components are unions |J,,cy M M) b Nopnedim HY0 o0 g haye countably
many irreducible components which are either isomorphic to P! or to the Hirzebruch sur-
face Fy or to the variety F, obtained by blowing down the (—2)-curve in Fo. The space

f, £ . . : i
MHZ,M ) reg g o union of countably many copies of one topological component.

(73) Corollary 7.3 says that any marked rank 2 regular singular (TE)-structure (H — C X
M,V 1) with reference pair (H ref.oo Af ref) is a good family of marked regular singular
(T'E)-structures. Therefore and because of Theorem 3.29, such a (T E)-structure is induced
by a morphism ¢: M — MW ehee, M) reg  This is crucial for the usefulness of the space
M HTE M) reg g hope that Corollary 7.3 and this implication are also true for higher
rank regular singular (T'E)-structures.

4 Rank 2 (TE)-structures over a point

Here we will classify the rank 2 (T'E)-structures over a point.

4.1 Separation into 4 cases

They separate naturally into 4 cases.

Definition 4.1. Let (H — C,V) be a rank 2 (TE)-structure over a point t° = 0. Its formal
invariants 60, p©, 1) p(M) from Lemma 3.9 are complex numbers. The eigenvalues of —I{ are
called uy,us € C. They are given by (z — up)(z — uz) = 22 + 2pVz 4 50, We separate four
cases:

(Sem) U has two different eigenvalues —u; and —uy € C, i.e., 0 # 60 — (p(o))Q.

(Bra) U has only one eigenvalue (Which is then p(o)) and one 2 x 2 Jordan block, and (1) —
200 p(1) £ 0

(Reg) U has only one eigenvalue (which is then p(O)) and one 2 x 2 Jordan block, and §(1) —
2p(0) (M) = 0.

(Log) U = p¥ -id.

Here (Sem) stands for semisimple, (Bra) for branched, (Reg) for regular singular and (Log) for
logarithmic.
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Remark 4.2. Rank 2 (T'E)-structures over a point are richer than the germs of mermorphic
rank 2 vector bundles with a pole of order 2. Though the four types above are closely related
to the formal classification of the latter ones by their slopes (the notion of slopes is developed
for example in [19, Section 5]). In rank 2, three slopes are possible, slope 1, slope % and slope 0.
Slope 1 corresponds to the type (Sem), slope % to type (Bra), and slope 0 to the types (Reg)
and (Log).

First we will treat the semisimple case (Sem). Then the cases (Bra), (Reg) and (Log) will be
considered together. Lemma 4.9 will justify the names (Bra) and (Reg). Finally, the three cases
(Bra), (Reg) and (Log) will be treated one after the other. The following lemma gives some first
information. Its proof is straightforward.

Lemma 4.3. Let (H — C,V) be a rank 2 (TE)-structure over a point. Denote by (ff —
C,%) the (T'E)-structure with trace free pole part with ((’)(f]),%) = (0O(H),V)® £/ from
Lemma 3.10(b) (called (H[Z] — C,Vm) there), and denote its invariants from Lemma 3.9
by U, 5@, 50 50 50, Then

U=u-p0id,
5O = 6O _ ()2 50 =,
50 = 5 9,0, 1) =

(f] —C, 6) is of the same type (Sem) or (Bra) or (Reg) or (Nil) as (H — C,V). The following
table characterizes of which type the (T'E)-structures (H — C,V) and (I:j - C, %) are

(Sem) (Bra) (Reg) (Log)
0

5O 20 [ 50 =0, 50 20|50 =50 =0, £0| U=

Especially, U=0 implies 500 =51 = 0.

4.2 The case (Sem)

A (TE)-structure over a point with a semisimple endomorphism U with pairwise different eigen-
values is formally isomorphic to a socalled elementary model, and its holomorphic isomorphism
class is determined by its Stokes structure. These two facts are well known. A good reference
is [21, Chapter II, Sections 5 and 6]. The older reference [16] considers only the underlying
meromorphic bundle, so (O(H )y ®@cy.; C{z} (271, V).

In order to formulate the result for rank 2 (7'E)-structures more precisely, we need some
notation.

Definition 4.4. Choose numbers ui,us, a1, a3 € C. Consider the flat bundle H' — C* with
flat connection V and a basis f = (f1, f2) of global flat multivalued sections f; and fo with the
monodromy

. —27iay
1) =16 (07 ).

The new basis v = (v1, v2) which is defined by

eu1/? yon 0
Q(Z’) = i(z) < 0 eug/zon)
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(for some choice of log(z)) is univalued. It defines a (T'E)-structure with
9 o [ —ur+zan 0
z“Vo,u=v B and B = ( 0 gt zoz2>'

This (T'E)-structure is called an elementary model. The numbers a; and g are called the regular
singular exponents. The formal invariants 6(9), p(0 5§ p(1) € C of the (TE)-structure and the
tuple (u1,ua, a1, @2) (up to joint exchange of the indices 1 and 2) are equivalent because of

50 — (p)? = —l(m — ug)? p0 = -1 - (4.1)
4 ’ 2
50— 2p0pV) = 20y —ay), pll) = *2‘ @2 (4.2)

Therefore also the tuple (u,u2, a1, a2) (up to joint exchange of the indices 1 and 2) is a formal
invariant of the (T E)-structure.

Theorem 4.5.

(a) Any rank 2 (TE)-structure over a point with endomorphism U with two different eigen-
values is formally isomorphic to a unique elementary model in Definition 4.4. Here —uq
and —ug are the eigenvalues of U.

(b) The (T'E)-structure in (a) is up to holomorphic isomorphism determined by the num-
bers w1, uz, a1, as and two more numbers sy1,so € C, the Stokes parameters. It is holo-
morphically isomorphic to the elementary model to which it is formally isomorphic if and
only if s1 = s = 0.

(c) Any such tuple (u1,us, a1, a2,s1,82) € (C?\ {(u1,u1) |ur € C}) x C* determines such
a (TE)-structure. A second tuple (ﬂl,ﬂg,&l,&g,gl,gg) # (u1,u2, a1, a9, s1, S2) determines
an isomorphic (T'E)-structure if and only if (ﬂl,ﬁz, o, 542,51,:52) = (ug,u1, ag, a1, S2,51).

Part (a) follows for example from [21, Chapter II, Theorem 5.7] together with [21, Chapter II,
Remark 5.8] (Theorem 5.7 considers only the underlying meromorphic bundle; Remark 5.8 takes
care of the holomorphic bundle). For the parts (b) and (¢), one needs to deal in detail with the
Stokes structure. We will not do it here, as the semisimple case is not central in this paper.
We refer to [21, Chapter II, Sections 5 and 6] or to [14].

Remarks 4.6.

(i) Malgrange’s unfolding result, Theorem 3.16(c), applies to these (T'E)-structures. Such
a (TE)-structure has a unique universal unfolding. The parameters (o, ag,s1,S2) are
constant, the parameters (uj,us) are local coordinates on the base space. The base space
is an F-manifold of type A% with Euler field E = uje; + uges. See Remark 5.3(iii).

(1) We do not offer normal forms for the (T'E)-structures in Theorem 4.5 for three reasons:
(1) As said in (7), the (T'E)-structures above unfold uniquely to (TE)-structures over
germs of F-manifolds. In that sense they are easy to deal with. (2) It looks difficult to
write down normal forms. (3) Normal forms should be considered together with the Stokes
parameters, and the corresponding Riemann-Hilbert map from the space of monodromy
data (a1, ag, 81, 82) to a space of parameters for normal forms should be studied. This is
a nontrivial project, which does not fit into the main aims of this paper.
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4.3 Joint considerations on the cases (Bra), (Reg) and (Log)

Notation 4.7. We shall use the following matrices,

0 0 1 0 01
Ch:= 1o, Cy = <1 0>, D := <0 _1>, F = <O 0),

and the relations between them,
C3 =0, D? =y, E?=0,
CoD = Cy = —DC(Cy, [Ca, D] = 2C%,
B =3(Ci-D),  BC=3(Ci+D),  [CoB] =D,
DE =FE = —-ED, [D, E] =2FE.

Consider a (T'E)-structure (H — C, V) over a point with U of type (Bra), (Reg) or (Log).
Then U has only one eigenvalue, which is p(®) € C. We can and will restrict to C{z}-bases v
of O(H)g such that the matrix B € Mayxo(C{z}) with 22V, v = v - B has the shape

B = b1C1 + b3Cy + zb3D + zby FE with by, b9, b3, b4 € (C{Z} (4.3)

Write as in Remark 3.2 B = Zkzo B2k with B*) ¢ M>s42(C), and write

b= bk with bV ecC  for je{1,2}, (4.4)
k>0
_ (k) k& : (k) ;
zb; = ij z with ;7 € C for je{3,4}. (4.5)
E>1

Then the formal invariants 69, p(®, §1) and p(!) of Lemma 3.9 are given by

PO =0 pW =Y,

5O — (p@)2 =0, 5O — 25051 = O,

We are in the case (Bra) if bgo) # 0 and bil) # 0, in the case (Reg) if bgo) # 0 and bil) =0,
and in the case (Log) if bg)) =0.

Consider T' € GL2(C{z}) and the new basis
with 2V.9.0 = 0 - B. Write

= v - T and its matrix B = > k>0 Bk) 5k

=2

T =7Cy+1Cy+ 3D +7E with 75 = ZT;k)zk, T;k) e C.
k>0

Then B is determined by (3.11), which is
0=2%9.T+B-T-T-B

2
+ 02(22827'2 + (bg —32)7'1 + (bl —51)7'2 + Z(—bg —53)7'2 + (bz +32)7'3)

= (Z23z7'1 + (b1 —51)71 + Z(b4 —54)% +Z(b3 —53)73 + (b2 —52)7-4>

2
+ E(zgazu + z(b4 —34)71 + z(—b4 — 54)7'3 + (b1 — 51)74 + z(bg +53)T4). (4.6)

+D<z28z7'3 + 2(bs —53)7'1 + z(bs +54)% + (by —51)73 + (—b2 —52)T4>

We will use this quite often in order to construct or compare normal forms. The following
immediate corollary of the proof of Lemma 3.11 provides a reduction of b;.
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Corollary 4.8. The base change matriz T = 9 - Cy with g as in (3.15) leads to fl;j with
by = b(10) + Zbgl) = pO + 2p), by = b, by = b, by = by,

From now on we will work in this section only with bases v with by = p(® + zp(). This is
justified by Corollary 4.8.

Furthermore, we will consider from now on in this section mainly (7'E)-structures with trace
free pole part (Deﬁnition 3.8, pl0) = %trbl = O). See Lemmata 3.10 and 3.11 for the relation to
the general case.

The next lemma separates the cases (Bra) and (Reg).

Lemma 4.9. Consider a (T'E)-structure over a point with U of type (Bra) or type (Reg) and
with trace free pole part (so U is nilpotent but not 0).

The (TE)-structure is reqular singular if and only if it is of type (Reg). If it is of type
(Bra), then the pullback of O(H)o ®c(.y C{z} [27!] by the map C — C, x — z* = z, is the
space of germs at 0 of sections of a meromorphic bundle on C with a meromorphic connection
with an order 3 pole at O with semisimple pole part with eigenvalues k1 and ko = —k1 with
—%/@% =6 € C*. Thus k2 is a formal invariant of the (TE)-structure of type (Bra).

Proof. Consider a C{z}-basis v of O(H)p such that its matrix B is as in (4.3) and such that
by = zpM), Thls is possible by Corollary 4.8 and the assumptlon p9 = 0. As U is nilpotent,
but not 0, b # 0. Now 6 = —pP(" s0 60 20 <« ") 0.

Consider the case bfl) # 0, and consider the pullback of the (T E)-structure by the map

C—C, z~— 2* =2 Then % = 4%“3 and z0, = imﬁx and

V20,0 =12" 4ZB i 4
k>0

Vzam(y-:vD) = (Q~:I:D)4

( 722 By + BTV E) g o0 C1+< +Zb(k+l 4k> > (4.7)

k>0 k>0

One sees a pole of order 3 with matrix 4(650) Cy+ bgtl)E) of the pole part. It is tracefree and has

the eigenvalues k1 and ko = —k; with KJ% = 4béo)bfll) € C*. This shows the claims in the case

V2o
Consider the case bfll) = 0, and consider the pullback of the (TE)-structure by the map
C — C, x — 22 = z. Then % = 2%’3 and z0, = %m@z and

V2,0 =10" QZB z2k- 2
k>0

anx(y-a:D) = (v'xD)Q

( Mey + D+Z (b Cy + b E + bV D) 2k>. (4.8)
k>0

One sees a logarithmic pole. Therefore also the sections v; and vo have moderate growth, and the
(T'E)-structure is regular singular. [

Remark 4.10. The two transformations in (4.7) (for the case (Bra)) and (4.8) (for the case
(Reg)) are special cases of a systematic development of such ramified gauge transformations
in [2] (a short description is given in [24, p. 17]). The basic idea goes back to the shearing
transformations of Fabry (see [8] and [24, p. 4]).
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4.4 The case (Bra)

The following theorem gives complete control on the (T E)-structures over a point of the type
(Bra). Here Eig(M™°") C C is the set of eigenvalues of the monodromy of such a (T'E)-structure
(it has 1 or 2 elements).

Theorem 4.11.

(a) Consider a (TE)-structure over a point of the type (Bra). The formal invariants p(®, p()
and 6V € C from Lemma 3.9 and the set Eig(M™°™) are invariants of its isomorphism
class. Together they form a complete set of invariants. That means, the isomorphism class
of the (TE)-structure is determined by these invariants.

(b) Any such (TE)-structure has a C{z}-basis v of O(H)o such that its matriz is in Birkhoff
normal form, and more precisely, the matriz B has the shape

B=(p9 42000y +0Cy + 200D + bV E, (4.9)

where bgo),bz(ll) € C* and bél) € C satisfy fbgo)bfll) =6 —2p0 (1) gnd Eig(M™") =
{e-2mi(pV 40471

Remarks 4.12.

(i) Because of part (a), two Birkhoff normal forms as in (4.9) with data (p(©), p(t), béo)’
bél), bg})) and (ﬁ(o),ﬁ(l),ggo),’l;él),gg})) give isomorphic (T'E)-structures if and only if p(0) =
p©@, 50 = p P — O and b € {+0{") +k | k € Z}. However, the pure (TLE)-
structures which they define, are isomorphic only if additionally 5(31) S {:l:bél)}.

(71) We could restrict to Birkhoff normal forms with bgo) =1 or with bff) = 1. Though in view
of the (T'E)-structures in the 4th case in Theorem 6.3 we prefer not to do that.

Proof of Theorem 4.11. The proof has 3 steps.

Step 1: Birkhoff normal forms exist. In order to show this, it is sufficient to prove the hypothesis
in Theorem 3.20(b). The hypothesis says that the germ of the meromorphic bundle underlying
a (TE)-structure of type (Bra) is irreducible. A proof by calculation is given in the proof
of Lemma 28 in [6]. Though this is also well known as the rank is two and the slope is % (see
Remark 4.2).

Step 2: Analysis of the Birkhoff normal forms. The matrix B of a Birkhoff normal form can be
chosen with b; = p(© + zp(!) because of Corollary 4.8. Then it has the shape

B = (p(o) + zp(l))Cl + (béo) + Zbél))CQ + zbél)D + zbfll)E

with b # 0 and b # 0.
Consider the new basis v = v - T and its matrix B, where

T=0C+ 7_2(0)02 for some 72(0) e C. (4.10)

Equation (4.6) gives

7 n _7 7—2(0) 7 73..(0) (1 _ 730

0= (b1*b1)+2(b4 *b4)7, 0= (bg*b2)+(b1*bl)7'2 +Z(*b3 *b3)7'2 ,
- () -

0= (b5 = Bs) + (05 +00) 2, 0= (5" ~ D),
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SO
D= B =8, Bi=b, By =B = b 07,

BO 80, B b a0 ) (70)2. (411)

72( ) can be chosen such that b(l) = 0. Then the Birkhoff normal form B has the shape in (4.9).

Suppose now that B has this shape, so by = bg)). The choice 7'( ). /b(l) (4.10)
leads to
51 = bl, 52 = bg, 54 = b4 and 63 = —b3. (4.12)

Consider the new basis v = v - T and its matrix E, where
T=0C+ ’7'3(0)D for some 7'3 Jec \ {£1}.

Equation (4.6) gives

0= (b1 —b1) +2(65" — b3) 7",
0= () —by) + (b + o) i,
0=2(b5" —bs) + (b1 — bi)7s”,
0= (b5 = by) + (=05 = By) s,
SO
by=by,  by=0by", @_b”1+é£, '&:b@l_éz. (4.13)
1-— T3 1+ T3

So, in a Birkhoff normal form in (4.9), one can change bgo) and bfll) arbitrarily with constant

product b;o)bfll) and without changing b; = p(® + zp(1) and bél).

Consider the new basis v = v - T and its matrix E, where
T= (1 + 271(1))01 + 7'2(0)02 + zrél)D + ZTil)E, for some 7'1(1), 7'2(0),7'351), Til) e C.
We are searching for coefficients 7'1(1),7'2(0), 73(1), Til) € C such that
by =b;, by=by, by=by, by=bg+e with e==+1. (4.14)
Under these constraints, (4.6) gives
0= 7'1(1) 57':,51),
0= (—2b()— ) (0)—1—26() (1)
0227'3(1) (1-1—271( )) +b£1)

0 1
2( ) b( )Ti )’
0= 7‘21) — QbZ(ll) (1) (2()(1) + 6)

With 7'1(1) = 57351), these equations boil down to the inhomogeneous linear system of equations

0 —2{) — & 2b 0 o
el = oV 0 —by” | (4.15)
0 0 268" 2 4e1) \ AV
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The determinant of the 3 x 3 matrix is —Qbéo)bfll) # 0. Therefore the system (4.15) has a unique

solution (7'2(0), T?El), Til))t. Thus a new basis v = v - T with (4.14) exists.
Iterating this construction, one finds that one can change the matrix B in (4.9) by a holo-

morphic base change to a matrix B with
51 = by, 52 = bo, 34 = by, 53 = b3 + k, (4.16)

for any k € Z.
Putting together (4.11), (4.12), (4.13) and (4.16), one sees that two Birkhoff normal forms as

in (4.9) with data (p(o),p(l),bgo),bgl),bg)) and (5(0)75(1)7’5;0),’5?)7’5&1)) give isomorphic (TE)-
structures if p(0 = p@ (1) = p1) 5&0)5511) = béo)bfll) and ggl) € {i bél) +k|ke Z}. This shows
if in Remark 4.12(7).

Step 3: Discussion of the invariants. By Lemma 3.9, p(9, p() and §() are even formal invariants
of the (T'E)-structure. The set Eig(M™°") is obviously an invariant of the isomorphism class of
the (T'E)-structure.

The Birkhoff normal form in (4.9) gives a pure (T'LE)-structure with a logarithmic pole at oco.
From its pole part at oo and Theorem 3.23(c) one reads off

Big(M™") = {e-2m( 4,

As p(I is an invariant of the (T E)-structure, also the set {+ bgl) +k|k € Z} is an invariant of
the (T'E)-structure.

Together with Step 2, this shows only if in Remark 4.12(7) and all statements in Theo-
rem 4.11. |

Corollary 4.13. The monodromy of a (TE)-structure over a point of the type (Bra) has a 2 X 2

Jordan block if its eigenvalues coincide (equz’valently, if bgl) € %Z for some (or any) Birkhoff
normal form in Theorem 4.11(b)).

Proof. Consider a (T E)-structure over a point of the type (Bra) such that the eigenvalues of
its monodromy coincide. Then for any Birkhoff normal form in Theorem 4.11(b) bgl) € %Z, and
one can choose a Birkhoff normal form with bgl) € {0,—3}. The induced pure (T'LE)-structure
has at oo a logarithmic pole, and its residue endomorphism [Vzs_], where z = 271 is given by
the matrix —(pMCy + 0D + bV E).

(1)

In the case l)31 = 0, the nonresonance condition in Theorem 3.23(c) is satisfied, so Theo-

rem 3.23(c) can be applied. Because of bfll) 2 0, the monodromy has a 2 x 2 Jordan block.

In the case bgl) = —%, the meromorphic base change

~_ z 0
=80 1

gives the new connection matrix
~ 1
B = <p(0) + z(p(l) + 2))01 + zbg))Cg + bgl)E.

Again, the pole at oo is logarithmic. Now the nonresonance condition in Theorem 3.23(c) is
satisfied. Because of bgo) # 0, the monodromy has a 2 x 2 Jordan block. |

For (TE)-structures of the type (Bra), formal isomorphism is coarser than holomorphic iso-
morphism.
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Lemma 4.14. Consider a (T'E)-structure over a point of the type (Bra). By Lemma 3.9, the
numbers p(0, pM) and 6V are formal invariants of the (TE)-structure.

(a) The set Eig(M™") and the equivalent set {+ bgl) +k|k € Z} are holomorphic invariants,
but not formal invariants.

(b) The (TE)-structure with Birkhoff normal form in (4.9) is formally isomorphic to the (TE)-

structure with Birkhoff normal form in (4.9) with the same values p(o), ,0(1), b;o) and bgl),

ol

but with an arbitrary by

Proof. Part (a) follows from part (b). For the proof of part (b), we have to find T' € GLy(C[[2]])
such that 7', B in (4.9) and

B= (p(o) + zp(l))Cl + bgO)CQ + ZZ:(,})D + zbil)E
with 3(31) € C arbitrary satisfy (4.6). Here (4.6) says

0=20,71 + (bgl) — ’5(1))

0 = 220,19 + z( b(l) b(l))Tz + 2b( )7'3,

0= 228ZT3 + Z(bi(;’ ) —gg ))7'1 =+ sz(l )7'2 — béO)T4,

_ _op(1) 1, 7@

0—Z@ZT4 2b4 T3 + (b3 +b3 )7’4
This is equivalent to

0— (0) (0)

0= le(k) (b(l) E(l)) (k) for k>1,

0= (k=108 =B D 4 2607F for k> 1,

0= (= 1D + (60 ~ B 460D 4070 for k21,

0=—2b6"7" + (k+ 650 + 507 for k> 1.
This is equivalent to

7'350) = Tio) =0,

—1
e U A !

V) = 600 450 41— k)Y for k> 1,

0 0 1 71 0
b7 (>_b51> 0 4 (5D ~FW) 70,

_ —1 ~ _ ~ _
b0 () = p(D 7 (E=1) (k R C b§1>)2> (267 (o) + 85 + 2 — k)Y

for k> 2,
0= b( ) (0) ( b(l) + b( ))(b( ) ggl))TfO)’

~ -1 ~ _
0=0" 2k + 1)r” + (k+ 1+ 05" +5)") (k: + (05 - bg))?) (268) 7"

x (07 + 05" +1-k)r" Y for k> 1 (4.17)

One can choose 7'1(0) € C* freely. Then the equations (4.17) have unique solutions 73 — 71(0), T9,
73,74 € C[[z]]. Therefore T' € GL2(C][z]]) exists such that T, B as in (4.9) and B as above

satisfy (4.6). This shows part (b). [
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Remarks 4.15.

(i) Because of Lemma 4.14, the set Eig(M™°") takes here the role of the Stokes structure:
It distinguishes the holomorphic isomorphism classes within one formal isomorphism class.

(73) The following (T E)-structures have trivial Stokes structure. The proof of Lemma 4.9 leads
to these (T'E) structures. They are the (T'E)-structures with Eig(M™°") = {A1, A2} with
Ao = — Ay, respectively with bgl) € (:I: % + Z) for any Birkhoff normal form in (4.9).

Choose a number o) € C. Consider the rank 2 bundle H' — C* with flat connection V
and flat multivalued basis f = (f1, f2) with monodromy given by

f(ze?™) = f(z)- jo—2mialt) (Co+ E).

The eigenvalues are +ie—2me"  Choose numbers t1 € C and to € C*. The following basis
of H' is univalued.

—1/4 tpz—1/2 1/4 toz=1/2
R e (4.18)
= = Z71/4eft2271/2 _/zl/4eft2,z’1/2 : :

The matrix B with zzvazy =wv-Bis
56‘2 —2-D—z2=F. (4.19)

So here p(l) = 04(1)’ p(o) = _t17 5(1) — 2p(0)p(1) = —it%

(iii) Part (i) generalizes to a (TE)-structure over M = C2? with coordinates t = (t1,t2).
Consider the rank 2 bundle H" — C* x M with flat connection and flat multivalued basis
f = (f1, f2) with monodromy given by

f(ze¥™, 1) = f(z,1) je2mialt) (Ca+E).
The basis v in (4.18) is univalued. The matrices A;, Ay and B in its connection 1-form (2
as in (3.2)—(3.4) are given by (4.19) and

Alzcl, A2202+ZE.

The restriction to a point t € C x C* is a (T'E)-structure of type (Bra) with trivial Stokes
structure. The restriction to a point t € C x {0} is a (T'E)-structure of type (Log).

4.5 The case (Reg) with trid =0

The (T'E)-structures over a point of the type (Reg) with trif = 0 are the regular singular (T'E)-
structures over a point which are not logarithmic. They can be easily classified using elementary
sections. Theorem 4.17 splits them into three cases (one in part (a), two in part (b): a1 = e
and a3 — ay € N).

Notation 4.16. Start with a (TE)-structure (H — C,V) of rank 2 over a point. Recall
the notions from Definition 3.21: H' := H|c», M™°™ M}on Mmon Nmon | Eig(M™men), H™,
He, C* for a € C with e ™% € Eig(M™°"), s(A,a) € C* for A € H2 0, es(0, ) € C° for o

a holomorphic section on H |\ 1oy for Uy C C a neighborhood of 0. Now the eigenvalues of M™%
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are called A1 and Ay (A1 = A is allowed). The sheaf V>~ simplifies here to a C{z}[z~!]-vector
space of dimension 2,

C{z}[z7'] - C @ C{z}[z71] - C2 if A # Ag,
C{z}[=71] - O™ if A1 = Ao,

V=

where o, as € C with e 2™ = Aj. V=7 is the space of sections of moderate growth.

Theorem 4.17. Consider a regular singular, but not logarithmic, rank 2 (T'E)-structure (H —
C, V) over a point. Associate to it the data in the Notation 4.16.

(a) The case N™°™ = 0: There exist unique numbers oy, ag with e 2may — Aj and o # ag and
the following properties: There exist elementary sections s1 € C**\ {0} and sy € C*2\ {0}
and a number to € C* such that

O(H)o = (C{Z}(Sl + t282) b (C{Z}(ZSQ) (4.20)
= C{z}(s2 + t;lsl) @ C{z}(zs1). (4.21)

The isomorphism class of the (TE)-structure is uniquely determined by the information
N™™ =0 and the set {a1,a0}. The numbers a1 and ay are called leading exponents.

(b) The case N™°" #£ 0 (thus Ay = \a): There exist unique numbers oy, ag with e~ 2™% = )\
and a1 — ag € Ny and the following properties: Choose any elementary section sy €
C \ ker(2Vy, — aj: C — C). The elementary section so € C*? with

(2Va, —a1)(s1) = 247 %ss. (4.22)
is a generator of ker(zVy, — ag: C*? — C*?). Then
O(H)o = C{z}(s1 + tasz) ® C{z}(zs2) (4.23)

for some to € C. If a1 > ag then ty is in C* and is independent of the choice of si.
If a1 = ag, then one can replace s1 by s[lnew] := S1 + t959, and then t[2new] = 0. The iso-
morphism class of the (T E)-structure is uniquely determined by the information N™™ # 0
and the pair (a1, a2) if a1 = ag and the triple (o, ag,ta) if a1 > ag. The numbers o

and ag are called leading exponents.

Proof. First, (a) and (b) are considered together. Let 1, 82 € C be the unique numbers with
e 28 = )\; and —1 < Re(B;) < 0. Choose elementary sections 5; € C’! and 5, € C™
which form a global basis of H’. In the case N™°" # ( (then 81 = f33) choose them such that
S1 ¢ ker (,z:V@Z —Bi: CP C’Bl) and sy € ker (zV@Z — By: CP2 — CBQ).

Let O'P,O'gl} € O(H)p be a C{z}-basis of O(H)g. Write

~ ~y (b1 b . -
(O’P,Cfgﬂ) = (51,52) <b; b;i) with by € C{z}[2 1}'

Recall that the degree deg, g of a Laurent series g = 3,5 g9z e C{z} [27!] is the minimal j
with gU) #£ 0 if g # 0, and deg, 0 := 4o0.

In the case N™°" = (0 and A\; = Ay (then 51 = [2), we suppose min(deg, b11,deg, bj2) <
min(deg, ba1,deg, baz). If it does not hold a priori, we can exchange s; and $s.

[1]

In any case, we suppose deg, b1 < deg, bi2. If it does not hold a priori, we can exchange oy

and aéﬂ .
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Again in the case N™°" = 0 and A\; = A2, we suppose deg, b1; < deg, ba;. If it does not hold
a priori, we can replace S3 by a certain linear combination of s, and $;.

Now byp = z—deg=bup, C{z}* is a unit. Consider oy := f; +deg, b11 and s7 := z98: 0115
€ C™* and the new basis (o?},agﬂ) of O(H)o with

2 Ly .0 iy (b bt oy (L] 0
(Ul » T2 ) : (Ul » T2 ) (0 1 (81’82) b1_11b21 b22 _b1—11b12b21 .

Consider m := deg, (b22 - b1_11b12b21) € Z (+o0 is impossible) and ag := B2 + (m — 1) and
s9 1= 2™ 15, € C*. Write z_mﬂbilbgl =] +cg with ¢] € (C[z_l] and co € zC{z}. We can
replace og] by O'gﬂ = 259 and a?] =51+ (c1 + ¢2)s2 by JF’] = 51 + c189.

(a) Consider the case N™°" = 0. If A\; = A2 then deg, ba; > deg, b1; + 1 and thus

(61 + 62)82 :gﬁlbglgz S (C{Z} . Zdegz ba1 052
C C{z} - zdee:butl ob2 — Cfz} . cutl, (4.24)

In any case (whether Ay = Ay or Ay # A2), we must have ¢; # 0. Else the (T'E)-structure
is logarithmic. As the pole has precisely order 2, ¢; is a constant # 0 (if Ay = A9, here we
need (4.24)), which is now called ¢2. This implies m — 1 = deg, bg;. In the case N™°" = 0 and
A1 = A9 we have 81 = B and

ag—ap=m—1— degz b1 = degz bop — degz b1 > 0,

so especially ao # aj.

(b) Consider the case N™°" =£ 0. Then s9 is generator of ker(zVy, —ao: C*? — C*?), and we
can rescale it such that (4.22) holds. First consider the case ¢; = 0. As the pole has precisely
order 2, we must have aos = 1. Then (4.23) holds with ¢t = 0. Now consider the case ¢; # 0.

Then ¢b3 = (agg],ag)’]) satisfies

B _ 03] a1 0
Vo.o" =0 (z_l(zaz — a1 +ag)(er) + 272l an 4 1)’

First case, a; —ag € Z<o: The coefficient of 22172271 in 271(20, — a1 + ao)(c1) + 2172 Lis 1.
Therefore the pole order is > 2, a contradiction.

Second case, a1 > ao: As the pole has precisely order 2, ¢q is a constant # 0, which is now
called to. Then (4.23) holds, and t3 € C*. In the case a; — ag € N, t is obviously independent
of the choice of s;. |

Corollary 4.18 is an immediate consequence of Theorem 4.17.

Corollary 4.18. The set of regular singular, but not logarithmic, rank 2 (T E)-structures over
a point is in bijection with the set

{(0,{0(1,0[2}) | a1, a9 € C,aq 75 Oég} U {(1,0[17012) | ] = Qg € (C}
U {(1,a1,a27t2) ’Ozl,ag eC,a1 —as € Nty € (C*}.

The first set parametrizes the cases with N™°™ = 0, the second and third set parametrize the
cases with N™°" % 0. Theorem 4.17 describes the corresponding (T E)-structures.

Remark 4.19. The connection matrices for the special bases in Theorem 4.17 can be written
down easily.
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The basis in (4.20):

o 0
V.o, (s1 + tasa, zs2) = (s1 + tasa, 252) (z_l(ag 1_ ats as+ 1>. (4.25)

The basis in (4.21) with t5 := t; !

~ ~ o 0
V.o, (82 + 1251, 251) = (52 + 1951, 251) <Z_1(O£1 2_ 042);2 ar + 1) . (4.26)

The basis in (4.23) with (4.22):

a7 0
V2o, (81 4 22, 282) = (s1 + t2s2, 252) (Z—l(a2 — o)ty + 201702l gy 4 1)- (4.27)

Fin~ally, in the case N™" £ 0 and ¢ty € C*, we consider with 5 := ty 1 also the basis
(32 + t9sq, zsl). Again (4.22) is assumed:

V.o. (s2+ tas1,251) = (s2+ fas1, 251)

s + za1*a2t~2 sa1—az+l
X -1 s a1—ag—172 ai1—asy. | (428)
27 og —ag)te — 2172 Hs g + 1 — 2724

4.6 The case (Log) with trid =0

The (TE)-structures over a point of the type (Log) with tri/ = 0 are the logarithmic (T'E)-
structures over a point. Just as the regular singular (T'E)-structures, they can easily be classified
using elementary sections. Theorem 4.20 splits them into two cases. We use again the Nota-
tion 4.16.

Theorem 4.20. Consider a logarithmic rank 2 (T'E)-structure (H — C, V) over a point. Asso-
ciate to it the data in the Notation 4.16.

(a) The case N™°" = 0: There exist unique numbers a1, g with e~ 2™% = Aj and the following
property: There exist elementary sections s; € C*' \ {0} and so € C*2\ {0} such that

O(H)y = C{z} 51 ® C{z} s2. (4.29)

The isomorphism class of the (TE)-structure is uniquely determined by the information
N™O™ =0 and the set {a1,as}. The numbers oy and ag are called leading exponents.

(b) The case N™°" =£ 0 (thus A\1 = A\2): There exist unique numbers oy, ag with e~ 2™% = \;
and o — ag € Ny and the following properties: Choose any elementary section sy €
C* —ker(V,9, —ar: C* — C*). The elementary section sy € C*? with

(2Va, — a1)(s1) = 2™ s (4.30)
is a generator of ker(zVy, —ag: C** — C*?). Then
O(H)y = C{z} 51 & C{z} s2. (4.31)

The isomorphism class of the (TE)-structure is uniquely determined by the information
N™O™ £ 0 and the set {ay,a2}. The numbers oy and ag are called leading exponents.
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Proof. First, (a) and (b) are considered together. By Theorem 3.23(a), O(H )y is generated by
two elementary sections s1 € C* and sy € C*2 for some numbers a7 and as. The numbers aq
and as are the eigenvalues of the residue endomorphism. So, they are unique. This finishes
already the proof of part (a).

(b) Consider the case N™°" % 0. We can renumber s; and s if necessary, so that afterwards
a; —ag € No. If ap = ag, then O(H)g = C{z}C*, and s; and sy can be changed so that
s1 € C \ ker(V,y, —aq) and sy € ker(V,9, — aj: C* — C*) \ {0} satisfy (4.30). Then
nothing more has to be shown. Consider the case a; — g € N. If s9 € C*2\ ker(V 9, —a2), then
(V.o, —a2)(s2) is not in O(H )p, and thus the pole is not logarithmic, a contradiction. Therefore
sg € ker(V,9, — ag: C*? — C*2). Then necessarily s; € C* \ ker(V,s5, — a1: C* — C).
We can rescale s so that (4.30) holds. Nothing more has to be shown. n

Corollary 4.21 is an immediate consequence of Theorem 4.20.

Corollary 4.21. The set of logarithmic rank 2 (T E)-structures over a point is in bijection with
the set

{(0, {al,ag}) ’ ay,ay € C, } U {(1,&1,&2) | ar, a0 € Coaq —ag € No}.

The first set parametrizes the cases with N™°" = 0, the second set parametrizes the cases with
N™e™ £ 0. Theorem 4.20 describes the corresponding (T E)-structures.

Remark 4.22. The connection matrices for the special bases in Theorem 4.20 can be written
down easily.

The basis in (4.29):

a2

0
Vol = (o) (3 1),

The basis in (4.31):

o 0
Vo, (s1,52) = (51, 52) <Za1—1042 )

a2

The basis (s1,s2) gives a Birkhoff normal form in the cases N™°" = 0 and in the cases
(N™e™ £ 0 and o = ag). In the cases (N™°" #£ 0 and a3 — ag € N), a Birkhoff normal form
does not exist.

5 Rank 2 (TE)-structures over germs of regular F-manifolds

This section discusses unfoldings of (TE)-structures over a point t' of type (Sem) or (Bra)
or (Reg). Here Malgrange’s unfolding result Theorem 3.16(c) applies. It provides a universal
unfolding for the (T'E)-structure over t°. Any unfolding is induced by the universal unfolding.
The universal unfoldings turn out to be precisely the (T'E)-structures with primitive Higgs fields
over germs of regular F-manifolds.

Sections 6 and 8 discuss unfoldings of (T'E)-structures over a point of type (Log). Section 8
treats arbitrary such unfoldings. Section 6 prepares this. It treats 1-parameter unfoldings with
trace free pole parts of logarithmic (T'F)-structures over a point.

If one starts with a (T'E)-structure with primitive Higgs field over a germ (M , to) of a regular
F-manifold, then the endomorphism U|,0: K0 — Ko is regular.

Vice versa, if one starts with a (T'E)-structure over a point t° with a regular endomorphism
U: Ko — Ko, then it unfolds uniquely to a (T'E)-structure with primitive Higgs field over
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a germ of a regular F-manifold by Malgrange’s result Theorem 3.16(c). The germ of the regular
F-manifold is uniquely determined by the isomorphism class of U: K,0 — Ko (i.e., its Jordan
block structure). And the (T E)-structure is uniquely determined by its restriction to .

The following statement on the rank 2 cases is an immediate consequence of Malgrange’s un-
folding result Theorem 3.16(c), the classification of germs of regular 2-dimensional F-manifolds
in Remark 2.6(¢7) (building on Theorems 2.2 and 2.3, see also Remark 3.17(¢i7)) and the clas-
sification of the rank 2 (T'E)-structures into the cases (Sem), (Bra), (Reg) and (Log) in Defini-
tion 4.4.

Corollary 5.1.

(a) For any rank 2 (T E)-structure over a point t° except those of type (Log), the endomorphism
U: Ky — Ko is reqular. The (T'E)-structure has a unique universal unfolding. This
unfolding has a primitive Higgs field. Its base space is a germ (M, to) = ((CQ,O) of an
F-manifold with Fuler field and is as follows:

Type F-manifold Euler field
(Sem) A2 Z?Zl(ui + ci)e; with ¢1 # ¢
(Bra) or (Reg) N t101 4 g(t2)02 with g(0) # 0

In the case of (Bra) or (Reg), a coordinate change brings E to the form t101 + 0s.

(b) Any unfolding of a rank 2 (T E)-structure over t° with reqular endomorphismU: Ko — Ky
is induced by the universal unfolding in (a).

Because of the existence and uniqueness of the universal unfolding, it is not really necessary
to give it explicitly. On the other hand, in rank 2, it is easy to give it explicitly. The following
lemma offers one way.

Lemma 5.2. Let (H — C,V) by a (TE)-structure over a point with monodromy M™" of
some rank r € N. It has an unfolding which is a (T'E)-structure (H(u“f) - Cx M, V), where
M = C x C* with coordinates t = (t1,t2) (on C*> D M), with the following properties.

(a) The monodromy around ty = 0 is (M™™)~1,
(b) The original (TE)-structure is isomorphic to the one over t° = (0,1).

(¢) If v° is a C{z}-basis of O(H)y with 2>V y.1° = v° BY, then H™ has over (C,0) x M
a basis v such that the matrices Ay, As and B in (3.2)—(3.4) are as follows

A =Cy, (5.1)
Ay = —BO<Z>, (5.2)

to
z

B=-t:1C1 + t2B0<t > = —t1 A1 — t2As. (53)

2

(d) If Ul is regular and rank H = 2, then the Higgs field of the (TE)-structure H(™) s
everywhere primitive. Therefore then M is an F-manifold with FEuler field. The FEuler
field is E = t101 + t20s.

(e) IfUlw is regular and rank H = 2, the (T E)-structure over the germ (M,t°) is the universal
unfolding of the one over t.
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Proof. Let f* = (f,..., f°) be a flat multivalued basis of H' := H|c+. Let M™ € GL,(C)
be the matrix of its monodromy, so f° (ze?™) = O Mmat Let 00 = (09,...,02) be a C{z}-

C CA »ur
basis of O(H)y. Let BY € GL,(C{z}) be the matrix with 22V v = v° B®. Consider the
matrix U(z,t) with multivalued entries with

0= 0 (z).
Then
U (ze2™) = (M™) 1w (z),
19,0 = 272B%(2).
Embed the flat bundle H' := H|c- as the bundle over t° = (0,1) into a flat bundle H™)' —

C* x M with monodromy M™" around z = 0 and monodromy (M™°*)~! around t; = 0.
The flat multivalued basis io of H' extends to a flat multivalued basis fof H (mf) with

J(2e*™,1) = f(z, )M,
i(z,tl,thQﬂi) _ i(z,t) (Mmat)*l.

The tuple of sections v with

v = f . etl/z\ll<z)
J to

is univalued, it is a basis of H(™/ ) in a neighbourhood of {0} x M, and it has the connection
matrices in (5.1)—(5.3): The calculations for As and B are

—2
_ /2 [ _* A\ _ /2 [ _F N\ (A of 2
Vo= s (g )on(3 )~ (-3)0(2)(2) #(2)

wom e ((<5)o(3)+ (3)em())
s () () ()0 G) ()
—((-B)a (B)7(2)

Therefore v defines a (T'E)-structure, which we call (H(") — C x M, V). It unfolds the one
over t” = (0,1), and that one is isomorphic to (H — C, V).
It rests to show (d) and (e). Suppose rank H = 2. Then U|,0 is regular if and only if

(BO)(O) ¢ C-(Cy. Then also Ago) (t) = —(BO)(O) ¢ C- (1, so then the Higgs field of the (TE)-

il

structure H() is everywhere primitive. Because of B(0) = —tlAgo) — tgAgo), the Euler field is
E = t101 + t205. (e) follows from (d) and Malgrange’s result Theorem 3.16(c). [
Remarks 5.3.

(7) In the cases (Reg) we will see the universal unfoldings again in Section 7, in Remarks 7.2.
In a first step in Remarks 7.1, the value ¢ in the normal form in Remarks 4.19 is turned
into a parameter in P'. Remarks 7.2 add another parameter ¢ in C. Then the Higgs field
becomes primitive and the base space C x P! becomes a 2-dimensional F-manifold with
Euler field. For each t° € C x C*, the (T E)-structure over t° is of type (Reg), and the
(TE)-structure over the germ (M, t°) is a universal unfolding of the one over t°.
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(i4) In the cases (Bra), the following formulas give a universal unfolding over (C?,0) of any
(TE)-structure of type (Bra) over the point 0 (see Theorem 4.11 for their classification),

such that the Euler field is E = (t; + ¢1)01 + 02. Here oM e C, béo) e C, b(o), bil) e C,
Ay = Ch,
Ay = -0y — z<; + b§1)> D — 20V E,
B = (—t; —c1)C1 +bCy + 2(pVCy + 6D + b2 E)

= (—tl - Cl)Al — As + zp(l)Cl — Z%D

(797) In the cases (Sem), a (T E)-structure over a point extends uniquely to a (T E)-structure
over the universal covering M of the manifold {(u1,u2) € C?|uy # uz} (see [17] and [21,
Chapter III, Theorem 2.10]). For each t° € M the (TE)-structure over t° is of type
(Sem), and the (TE)-structure over the germ (M,t°) is the universal unfolding of the
(T E)-structure over ¢°.

6 1-parameter unfoldings of logarithmic (T'E)-structures
over a point

This section classifies unfoldings over (M , to) = (C,0) with trace free pole part of logarithmic
(T E)-structures over the point .

It is a preparation for Section 8, which treats arbitrary unfoldings of (T'E)-structures of type
(Log) over a point.

Section 6.1: An unfolding with trace free pole part over (M, to) = (C,0) of a logarithmic
rank 2 (TE)-structure over t° will be considered. Invariants of it will be defined. Theorem 6.2
gives constraints on these invariants and shows that the monodromy is semisimple if the generic
type is (Sem) or (Bra).

By Theorem 3.20(a) (which is trivial in our case because of the logarithmic pole at z = 0
of the (T'E)-structure over t°) and Remark 3.19(iii), the (T E)-structure has a Birkhoff normal
form, i.e., an extension to a pure (T'LE)-structure, if its monodromy is semisimple.

Section 6.2: All pure (I'LE)-structures over (M,t°) = (C,0) with trace free pole part and
with logarithmic restriction to t° are classified in Theorem 6.3. These comprise all with semisim-
ple monodromy and thus all with generic types (Sem) or (Bra).

Section 6.3: All (TE)-structures over (M,t°) = (C,0) with trace free pole part and with
logarithmic restriction over t° whose monodromies have a 2 x 2 Jordan block are classified in
Theorem 6.7. Their generic types are (Reg) or (Log) because of Theorem 6.2. Most of them
have no Birkhoff normal forms. The intersection with Theorem 6.3 is small and consists of those
which have Birkhoff normal forms.

Theorems 6.3 and 6.7 together give all unfoldings with trace free pole parts over (M , to) =
(C,0) of logarithmic rank 2 (T E)-structures over t°.

6.1 Numerical invariants for such (TFE)-structures

The next definition gives some numerical invariants for such (T E)-structures. Recall the invari-
ants 6(0) and (V) in Lemma 3.9.

Definition 6.1. Let (H — C x (M,t°),V) be a (TE)-structure with trace free pole part over
(M,t%) = (C,0) (with coordinate t) whose restriction over ¢” = 0 is logarithmic. Let M C C
be a neighborhood of 0 on which the (T'E)-structure is defined. On M \ {0} it has a fixed



Rank 2 Bundles with Meromorphic Connections with Poles of Poincaré Rank 1 37

type, (Sem) or (Bra) or (Reg) or (Log), which is called the generic type of the (T E)-structure.
Lemma 4.3 characterizes the generic type in terms of (non)vanishing of §(%, () € tC{t} and U:

(Sem) (Bra) (Reg) (Log)
80 2060 =0,60+£L0[60=50=0U£0|U=0

For the generic types (Sem), (Bra) and (Reg), define k; € N by
k1 := max(k € N|U(O(H)o) C t*O(H)y. (6.1)

For the generic types (Sem) and (Bra) define ko € Z by

) deg, 6O —k; for the generic type (Sem),
2 deg, 6(1) — k;  for the generic type (Bra).

The following theorem gives for the generic type (Bra) and part of the generic type (Sem)
restrictions on the eigenvalues of the residue endomorphism of the logarithmic pole at z = 0 of
the (TE)-structure over t° = 0. And it shows that the monodromy is semisimple if the generic
type is (Sem) or (Bra).

Theorem 6.2. Let (H — C x (M, to), V) be a rank 2 (TE)-structure with trace free pole part
over (M, to) = (C,0) whose restriction over t° = 0 is logarithmic. Recall the invariant p(l) eC
from Lemma 3.9(b), and recall the invariants ki € N and ko € Z from Definition 6.1 if the
generic type is (Sem) or (Bra).

(a) Suppose that the generic type is (Sem).

(i) Then ko > kj.

(ii) If ko > k1 then the eigenvalues of the residue endomorphism of the logarithmic pole
at z = 0 of the (TE)-structure over t° are p(t) 2(’21;’222). Their difference is smaller
than 1. Especially, the eigenvalues of the monodromy are different, and the mono-

dromy is semisimple.

(7i1) Also if k1 = ka, the monodromy is semisimple.
(b) Suppose that the generic type is (Bra).

(i) Then ko € N.

(1i) The eigenvalues of the residue endomorphism of the logarithmic pole at z = 0 of

the (TE)-structure over t° are p() + 2(];17]&2) Their difference is smaller than 1.

Especially, the eigenvalues of the monodromy are different, and the monodromy is
semisimple.

Proof. By Lemma 3.11, a C{t, z}-basis v of the germ O(H)(y) can be chosen such that the
matrices A and B € Mayo(C{t, 2}) with 2Vy,v = vA and 2°Vs,v = vB satisfy (3.14), 0 =
trA =tr (B — zp(l)Cl), or, more explicitly,

A =ayCy + asD + auF with as,as,a4 € (C{t, Z},

B =z2pVC) + byCy + bsD +byE with by, b3, by € C{t, 2}

Write aj = -0 agk)zk and ag-k) = 150 aycl)tl € C{t}, and analogously for b;. Condition (3.8)
says here

0=20,B — 220,A+ zA+ [A, B]
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=Yy [z@tbg + zago) — Z(k: — 1)a§k)zk+1 + 2a9b3 — 2a3bg] (6.2)
k>2
+D [z@tbg + za( ) Z(k‘ )agk)z’“rl — agby + a4b2] (6.3)
k>2
+E [z@tb4 + zaio) - Z(k - 1)(14(lk’,)2:]“rl — 2a4b3 + 2a3b4] . (6.4)
£>2

(a) Suppose that the generic type is (Sem).
(1) By definition of k; and ks,

ki = min (deg, bY”, deg, b, deg, b)), (6.5)
ky + ko = deg, ((B)7 +670) > 2k, (6.6)
thus kg Z kl.

(73) Suppose k2 > k;. By a linear change of the basis v, we can arrange that ki = deg, b(o)

The base change matrix T' = C + b /b 0. pe GL2(C{t}) gives the new basis v = v - T with
matrix

(0)y2
E(U) — T—lB(O)T b(O)C + <b(0) (b (0)) )E
by

We can make a coordinate change in ¢ such that afterwards
OB+ ()7 = 52

for an arbitrarily chosen v € C*. Then a diagonal base change leads to a basis which is again
called v with matrices which are again called A and B with

b0 =0, b =tk b0 = gk,
Now the vanishing of the coefficients in C{t} of C3-2°, Cy-2', D-2° D-2' and E-2' in (6.2)-(6.4)
tells the following:
Cy-2°: (0) =0,
Co-2': 0= kyythr! —|—a§ )(1+2b(1)) ol ),Ytk‘l
so degay) =k —1, 0=kyy+ayy _(1+208)),
D - 2°: ago)’ytk2 = a(o)’ytkl, S0 aflo) = a(o)tk2_k1
SO dega( ) = ko —1, and aflol)ﬁ 1= ag,)c
S S SR OO SO RS O Y N COM Y
SO bl(:()] =0 (here kg > k is used),
E-z': 0=koyt"™ ' +a{? (1 - 26{V) + 202,
so 0=koy+ ai?,)grl(l — ng?)).

This shows

by — ko 1
By =0, )= L2 N
R 2(kr + ks) ( 2’ ) .

W~
oz
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With respect to the basis v|(g,g) of Ko, the matrix of the residue endomorphism of the loga-
rithmic pole at z = 0 of the (T'E)-structure over t° = 0 is

BY©O) = pW0y+byD + b5 0.
)

It is semisimple with the eigenvalues p(l) + bgo, whose difference is smaller than 1. The mon-

odromy is semisimple with the two different eigenvalues exp (—27ri(p(1) + bglg))

(731) Suppose ka2 = k1. As in the proof of (ii), we can make a coordinate change in ¢ and then
obtain a C{t, z}-basis v of O(H) ) with

B0 0, B0 g

for an arbitrarily chosen v € C*. Now the constant base change matrix T = (1 _%) gives the
basis v = v - T with

b =" =0, b =ik,

The vanishing of the coefficients in C{t} of Cy-2%, E-2° D21, Cy- 2! and E- 2! in (6.2)—(6.4)
tells the following:

Cy - 20 ago) =0,
0)

E. 20 afl =0,
D-zt: 0= k‘lytkl_l + ago), SO ago) = —fyyth
(0)
b -1
Cy -2t bgl) = %ag) e t- agl), S0 bg()] =0,
as
(0)
b -1
E-z: bil) = %ag) = ™ -t- ail), SO bg& =0.
as

With respect to the basis v|(g,0) of K (g0, the matrix of the residue endomorphism of the loga-
rithmic pole at z = 0 of the (T'E)-structure over t° = 0 is

BW(0) = pVey + 0D,

It is diagonal with the eigenvalues p(!) + b:(;%. Therefore the monodromy has the eigenvalues
exp (—27Ti(p(1) + bg)))

If bg% € C\ (3Z\{0}), the eigenvalues of the residue endomorphism do not differ by a nonzero
integer. Because of Theorem 3.23(c¢), then the monodromy is semisimple.

We will show that the monodromy is also in the cases bg()) € 37\ {0} semisimple, by reducing

these cases to the case bg()) = 0.

Suppose bi% € %N . The case bg()) € %Z<0 can be reduced to this case by exchanging v; and vs.
We will construct a new (TE)-structure over (M,t°) = (C,0) with the same monodromy and
again with trace free pole part and of generic type (Sem) with logarithmic restriction over ¢,

but where B (0) is replaced by

BW(0) = (,0(1) + ;) + <b§13 - ;)p.
(1)

Applying this sufficiently often, we arrive at the case 6370 = 0, which has semisimple monodromy.
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The basis 0 := v - (§2) of H' := H|gsy a0y in a neighborhood of (0,0) defines a new
(T E)-structure over (M, 0) because of
AYEES §(271a202 +asD + za4E) and ago) =0,
1

1
2V T = 5(2 <p<1> + 2) Ch+ 2 1beCy + <b3 - z2> D+ zb4E> and b)) =0.

Of course, it has the same monodromy. The restriction over t° = 0 has a logarithmic pole at

z = 0 because bgl) = ;—lltagl) and bgo) = 4th with k; € N. Tts generic type is still (Sem). Tts

numbers El and Eg satisfy El + Eg = deg; detUd = deg, (béo))2 = 2kq. The assumption El < 7%2

would lead together with part (ii) to two different eigenvalues of the monodromy, a contradiction.
Therefore k1 = ko = k1. Thus we are in the same situation as before, with bg()) diminuished by %

(b) Suppose that the generic type is (Bra).
(4) and (i) U is nilpotent, but not 0. We can choose a C{t, z}-basis v of O(H ) ) such that

BO =pCy, o b =b\" =0,

Then 61 = —bgo)bil). Here deg; bgo) = k; and deg;, oW = k1 + k2, so ky = deg; bfll) > 0. We can
make a coordinate change in t such that afterwards

bgo)bff) — y2thithe
for an arbitrarily chosen v € C*. Then a diagonal base change leads to a basis which is again
called v with matrices which are again called A and B with

b =ttt b =) =0, b =4,

The vanishing of the coefficients in C{t} of Cy- 2%, D -2, Cy-2', D- 2! and E- 2% in (6.2)-(6.4)
tells the following

Co - 2 aéo) =0,
D20 aio) =0,
Cy- 2" 0=kiyt" ™ +al” (1 + 265") — 2a{V 41,
©0) _ 5. _ _ (0) (1)
so degyay’ =k —1, 0=kiy+ a2,k1—1(1 + 2b3’0),

k1
0 1 nt
Dzt ag )vt]” :ag)vtkl, so  th2 :ai)ﬁ,
2

so kg =1+ deg afll) >1, and ail) _ ago)tkg—k'l’
B2 0=khoyt™ ' 4 2a;(31)vtk2 — 2a511)b;(»,1),
so. 0=kyy— QGg?l)cl—lbgg-

This shows

1 1 —ks 1
k’g Z 1, bl(l,()) - 0, bé}g == m S <—2,0> OQ

With respect to the basis v ](0’0) of Ko, the matrix of the residue endomorphism of the loga-
rithmic pole at z = 0 of the (T E)-structure over t° = 0 is

BW(0) = pV 0y + by D + b5 0.

It is semisimple with the eigenvalues p(!) + bg}g, whose difference is smaller than 1. The mono-

dromy is semisimple with the two different eigenvalues exp (—27ri(p(1) + bél()))) |
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6.2 1-parameter unfoldings with trace free pole part of logarithmic
pure (T LE)-structures over a point

Such unfoldings are themselves pure (T'LE)-structures over (C,0), see Remark 3.19(7i¢) respec-
tively [21, Chapter VI, Theorem 2.1] or [7, Theorem 5.1(c)]. Their restrictions over ¥ = 0 have
a logarithmic pole at z = 0. Theorem 6.3 classifies such pure (T'LE)-structures. The underly-
ing (TE)-structures were subject of Definition 6.1 and Theorem 6.2. They gave their generic
type and invariants (k1, k) € N? (for the generic types (Sem) and (Bra)) and k; € N (for the
generic type (Reg)). Theorem 6.3 will give an invariant k1 € N also for the generic type (Log)
with Higgs field # 0. Lemma 3.9(b) gave the invariant p) € C. The coordinate on C is again
called t.

Theorem 6.3. Any pure rank 2 (T LE)-structure over (M, to) = (C,0) with trace free pole part
and with logarithmic restriction over t° has after a suitable coordinate change in t a unique
Birkhoff normal form in the following list. Here the Birkhoff normal form consists of two
matrices A and B which are associated to a global basis v of H whose restriction to {oco} X
(M, to) is flat with respect to the residual connection along {oo} x (M, to), via 2V, v = vA and
22V, v = vB. The matrices have the shape

A= agO)Cg + agO)D + aflo)E,
B =z2pMCy —ytA+ 2680 Cy + 208 D, (6.7)

with ago),ago),aio) e C[t], oM.~ e C, bgl),bgl) € C (so here zbil)E does not turn up, resp. bfll)
= 0). The left column of the following list gives the generic type of the underlying (T E)-structure
and, depending on the type, the invariant k1 € N or the invariants k1, ke € N from Definition 6.1
of the underlying (T'E)-structure. The invariant oW € C is arbitrary and is not listed in the
table. ( € C, ag € Ry UH, oy € C\ {—1}, k1 € N and k2 € N are invariants in some cases.

In the first 6 cases, az(»o) s determined by bEO) = —vtago).

Generic type (0) (0) (0) (1) (1)
and invariants v by b3 by b2 b3
(Sem)
2 k k ki—k
ko — k1 >0 odd Fitka [ 0 2 0 2(1611-‘1-]622)
2 k k1+k k k1—k
ko — k1 € 2N Fitks t Ct( 12)/2 (1 - C2)t ? 0 2(k11+k:22)
ko = k1 ,711 0 th 0 0 as
1 k k1+k k k —k
(BT‘(Z), k1, ko2 Fitks " thitha —tht2he 0 2(k1+2k2)
(Reg), k1 17;% th 0 0 0 Tay
(Reg), k1 = tk 0 0 1 0
. 0 0 0 1 1
Generic type 0% aé ) aé ) ai ) bg ) bé )
(Log) 0 feythi—1 0 0 0 —%
(Log) 0 0 0 0 0 Qa3
(Log) 0 0 0 0 1 0

Before the proof, several remarks on these Birkhoff normal forms are made. The proof is
given after Remark 6.6.
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Remarks 6.4.

(4)

(iid)

The matrix B(0) = zB1)(0) is the matrix of the logarithmic pole at z = 0 of the restriction
over tY = 0 of the (TE)-structure. In all cases except the 6th case and the 9th case,
it is z(p(l)Cl + bi())l)D), so it is diagonal. In these cases the monodromy is semisimple
with eigenvalues exp (—27Ti(p(1) + bz())l))). In the 6th case and the 9th case, this matrix
is z(p(l)C’l + Cg). Then the matrix and the monodromy have a 2 x 2 Jordan block, and
the monodromy has the eigenvalue exp (—ZWip(l)). In all cases, the leading exponents
(defined in Theorem 4.20) of the logarithmic (T'E)-structure over tV are called o and o,
and they are

0 0
04(1)/2 = p(l) + bgl), i.e., o —; 9 _ p(l), 04(1) — ag = ngl).

The 6th and 9th cases turn up again in Theorem 6.7. See Remarks 6.8(iv)—(vi).

In the generic types (Sem), the critical values satisfy us = —u; because the pole part is
trace free, —WT“? = p(® = 0. They and the regular singular exponents «; and as can be
calculated with the formulas (4.1) and (4.2):

6(0) _ —bgo)bflo) o (bgo))Z — _tlﬂ-i-kQ7 (6.8)
1
Uy /9 = £/ Z(ul —up)? = £/ —5(0) = w¢Frtka)/2, (6.9)
0, gen. type (Sem) with ko — k1 > 0 odd,
a1 —ag =uy ') = $ Rkie - gen. type (Sem) with ky — ki € 2N, (6.11)

—2a3,  gen. type (Sem) with ko = k.

If ko = k1 then {1, 0} = {a?,ag}, but if ky > ki then {a1, e} # {04(1),048}, except if
¢ e {£1}.
ko

In the generic type (Bra), p") € C is arbitrary, bgl) = Stk and &) varies as follows,

ko
s = 2 ghithe, 6.12
ki1 + ko (6.12)

In the 5th, 7th and 8th cases in Theorem 6.3, the monodromy is semisimple and the
(T E)-structure is regular singular. Associate to it the data in Definition 3.18: H' :=
Hcx a0y, M™™, N™on Eig(M™) = {A1, Ao}, H®, C® for a € C with ™2™ ¢
{A1,A2}. The leading exponents of the logarithmic (T E)-structure over t° are called o
and af as in (i). The leading exponents of the (T E)-structure over t € C\ {0} are now
called a1 and aso. Possibly after renumbering A; and Ag, 04(1) and 048, and a1 and ag, we

have e~ 2™ — g—2mia; — A; and the relations in the following table:
In Theorem 6.3 af a9 o Q2
5th case p + tay p — Tag | o [ af -1
1 _ 1 1 . 1 0 0 (6.13)
Tth case p =3 A o B e fo%
8th case pMtaz | pM—az | a




Rank 2 Bundles with Meromorphic Connections with Poles of Poincaré Rank 1 43

(v)

And there exist sections s; € C% \ {0} with

O(H)y =C{t, z} <81 + 1 _T_a th 82> ® C{t, z}(zs2) in the 5th case, (6.14)
4

O(H)o = C{t, 2} (s1 + tklz_lsg) @ C{t, z}s2 in the Tth case, (6.15)

O(H)o = C{t,z}s1 ® C{t, z}s2 in the 8th case. (6.16)

One confirms (6.14)—(6.16) immediately by calculating the matrices A and B with
2Vs,v = vA and 22V v = vB for v the basis in (6.14)—(6.16).

Theorem 6.7 contains for the 6th and 9th cases in Theorem 6.3 a description similar to
part (iv). See Remarks 6.8(iv)—(vi).

Remarks 6.5. These remarks study the behaviour of the (7T'E)-structures in Theorem 6.3 under
pull back via maps ¢: (C,0) — (C,0). The normal forms in Theorem 6.3 are chosen such that
the pull backs by maps ¢ with ¢(s) = s™ for some n € N are again normal forms in Theorem 6.3.

(4)

(iid)

A general observation: Let (H — Cx (M, to), V) be a (T'E)-structure over (M, to) = (C,0)
of rank 7 € N. Let v be C{t, z}-basis of O(H)o with 2Vy,v = vA and 22Vy v = vB
and A, B € M,«,(C{t,z}). Choose n € N and consider a map ¢: (C,0) — (C,0), s —
©(s) = t. Then the pull back (T'E)-structure ¢*(H, V) has the basis v(z, s) = v(z, ¢(s)).
The matrices ZL Be M,y (C{s, z}) with 2V v = @Z, 22V 0 = UB are

A=0yp(s) - Alz,0(5)), B = B(z,(s)). (6.17)

These formulas (6.17) show for the 1st to 7th cases in the list in Theorem 6.3 the following:
The pull back via ¢: (C,0) — (C,0) with ¢(s) = s" for some n € N of such a (T'E)-
structure with invariants (k1,kg) or k; is a (T'E)-structure in the same case, where the
invariants (ki1, k2) or ki are replaced by (kl, kz) = (nk1,nke) or k1 = nk;, and where all
other invariants coincide with the old invariants.

The following table says which of the (T'E)-structures in the 1st to 7th cases in the list in
Theorem 6.3 are not induced by other such (7'F)-structures:

Generic type and invariants Not induced if
(Sem): ko — k1 > 0 odd ged(ky, ko) =1
(Sem): ko — k1 € 2N, (=0 ged(ky, ko) =1
(Sem): ko —ky € 2N, ¢ #0 | ged (ky, BE2) =1
(Sem): ko =k ko=k =1
(Bra) ged(ky, ko) =1
(Reg): N™om =0 ki =1
(Reg): N™Mom =£( k=1

(Log) k=1

In the 8th and 9th cases, the (T E)-structure is induced by its restriction over t° via the
map @: (M, to) — {to}, so it is constant along M.

The formulas (6.14) and (6.15) confirm part (i¢) for the 5th and 7th cases in Theorem 6.3.
Formula (6.16) confirms part (iv) in the 8th case in Theorem 6.3. Analogous statements
to part (i7) and part (iv) hold for the cases in Theorem 6.7. They follow from the formu-
las (6.26), (6.27) and (6.28) there, which are analogous to (6.14), (6.15) and (6.16). See
Remarks 6.8(i7) and (4i7).
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Remark 6.6. In the 2nd and 4th cases in the list in Theorem 6.3, another C{t, z}-basis v
of O(H)( with nice matrices A and B is

RO
T=v-T with T=C+—-2_F=

0

Ch + ¢t*2=k1)/2F in the 2nd case,
Ci +thE in the 4th case.

S

In the 2nd case

ko — k1

5 Ct(kz*k&*Q)/QE7

A= 7t 10y +th271E) + 2

B= zp(l)Cl — ’ytZ+ zbgl)D.
In the 4th case

A= —y 1710y + 2koth2 1B,
B= zpM ey — ’ytg—i- zbgl)D.

These matrices are not in Birkhoff normal form. The basis v is still a global basis of the pure
(T LE)-structure, but the sections 5j|{oo}x ar are not flat with respect to the residual connection
along {oo} x M.

Proof of Theorem 6.3. Consider any pure (T LE)-structure over (M,t%) = (C,0) with trace
free pole part and with logarithmic restriction to t°. Choose a global basis v of H whose
restriction to {oco} x (M, t°) is flat with respect to the residual connection along {co} x (M, t°).
Its matrices A and B with 2Vg,v = vA and 22V _v = v B have because of (3.13) (in Lemma 3.11)
the shape (6.7) and

B =20, + 0+ 20)C + () + =)D + (o) + 205 B

—

with o' € C{t}, b;o) e tC{t}, bg-l) € C. They satisfy the relations (3.19) (and, equiva-

J
lently, (6.2)—(6.4)), so, more explicitly,
ab” =0 for (i,5) € {(2.3),(2,4),(3,4)}, (6.18)
—0bY) 1200 —2l) 0 al?
o I A 1 bY) a |- (6.19)
—ob 0 2w 1—28" ) \al”

First we consider the cases when all ag-o) are 0. Then also all bg-o) are 0, because of bg-o) € tC{t}
and because of the differential equations (6.19). Then B = zBW, and it is clear that this matrix
can be brought to the form B = zp(l)Cl + zasD or B = zp(l)C’l + z(5 by a constant base
change. The number ag € C can be replaced by —ag, so a3 € R>o UH is unique. This gives the
last two cases in the list. There the generic type is (Log).

For the rest of the proof, we consider the cases when at least one a'? is not 0. Then (6.18)

J
says

© . 0y 5 @ © .0 b
(b2 ab3 ab4 ) = ]70) ’ (CL2 y Az ", Ay )a 50 B(O) = % : A(O) (620)
a; a;

If b;o) = 0 then béo) = béo) = bflo) = 0, and the generic type is (Log). If b;o) # 0, then the
generic type is (Sem) or (Bra) or (Reg). Consider for a moment the cases when the residue
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endomorphism of the logarithmic pole at z = 0 of the (T'E)-structure over t° is semisimple.
By Theorem 6.1, these cases include the generic types (Sem) and (Bra). Then a linear base

change gives bgl) = bfll) = 0, so that the 3 x 3-matrix in (6.19) is diagonal. Then denote
Ej = deg, bg»o) € N. A coordinate change in t leads to b<0) = b(ol -t8i. The differential equation

3,85
n (6.19) leads to ago) = a;[% . tﬁf—l and to b /a = —t for some v € C*. Define
W3
1+ 26" 1 1—2b"
/82 = 73) ﬁ3 = /84 = 73 (621)
v v v

Now (6.20) and the differential equations in (6.19) show Ej = f3; and

b =0 or (feNanddl) =by) -t%) #0,
i) =0 or  (BseNandd{) =by) %) £0, (6.22)
b =0 or  (Bs€Nandby = b(o) L 191) £ 0.

Now we discuss the generic types (Sem), (Bra), (Reg) and (Log) separately.

Generic type (Sem). By Theorem 6.2, we can choose the basis v such that bgl) = bil) = 0. In the

(1)

cases ko > k1, by Theorem 6.2, by is up to the sign unique, and we can choose it to be

1) k1— ko 1
b3 _2(k1+k2)6< 2’())“@

(possibly by exchanging v; and ve). In the cases ky = ki we write ag := bél) e C. We can
change its sign and get a unique a3 € R>9 UH. We make a suitable coordinate change in ¢ and

obtain b3, b, b\ as in (6.22). The relations (6.5) and (6.6) still hold. Equation (6.6) implies

OO £0, Byt Ba=ki+ k)  or (b £0, 285 = ki + ky)

(or both). In both cases (6.21) gives

_ 2
By
Thus
ky, Btk g if ko> ki,
(627/83754) = ( ! 2 2) . > ! (623)
(k1(1+2043),]€1,k1(1 —2&3) if ko = K.

In the cases ko > k1, we have 52 < B3 < B4. Then (6.22) and the relation (6.5) imply b2 £ 0,
SO b2 B # 0. The nonvanishing 6(¥) # 0 implies b(o)bf1 ) ( 3 ) £ 0.

In the case k3 — k1 > 0 even, a linear coordinate change in ¢ and a diagonal base change allow
to reduce the triple (bg?ég, béog?), bﬁ(l?l)ﬁ) € C3 to a triple (1, ¢,1— (2) with ¢ € C unique.

In the case ko — k1 > 0 odd, we have 83 ¢ N, so b(o) = 0, and a linear coordinate change in ¢

and a diagonal base change allow to reduce the pair (béoé ,b(?%4) € (C*)? to the pair (1,1).

In the cases ky = k; and ag # 0, (6.5) and (6.23) imply bgo) = bflo) = 0. Then a linear
coordinate change in t allows to reduce b gg to the value 1.
In the cases ko = k1 and a3 = 0, as in the proof of Theorem 6.2(a) (iii), a base change with

O

constant coefficients leads to bgo = 0. Then a linear coordinate change in ¢ allows to
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reduce b(ogs to the value 1. In all cases of generic type (Sem), we obtain the normal forms in
the list in Theorem 6.3.
Generic type (Bra). By Theorem 6.2, we can choose the basis v such that b( ) = b( ) =
and bgl) is up to the sign unique. We can choose it to be
—ko 1

T T )

57 2(ky + ko) 2 Q
(possibly by exchanging v; and vg). We make a suitable coordinate change in ¢ and obtain b( )
bgo), bflo) as in (6.22). The nonvanishing 6! # 0 and deg, §(") = k; + ko say

0060 = _Qb:(3 )b:(so)’

sob #Oand
1

= B5 = degby) = deg 6V = ky + k e
ﬂ?) €g 03 €g 1+ Ko, v k‘1+k2’

(B2, B3, Ba) = (K1, k1 + ko, k1 + 2k2).

The relation (6.5) still holds, and it implies b ;é 0. The vanishing 6(°) = 0 says b(2022b510%4 +
(b(o)

335 ) = 0. Together with b , 7 0 and bé%g) # 0 it implies b( ) , 7 0. A linear coordinate

change in t and a diagonal base change allow to reduce the triple (bg)% ,bg?%?), 65&)34) € (C*)3

the triple (1,1, —1). We obtain the normal form in the list in Theorem 6.3.

Q\'—‘

Generic type (Reg). First we consider the case when the residue endomorphism of the logarithmic
pole at z = 0 of the (TE)-structure over t° is semisimple. Then a linear base change gives

bgl) = b(l) =0. And a suitable coordinate change in t gives bg)), b(o), bflo) as in (6.22).

First consider the case b 7é 0. Then the vanishing 0 = §() = 2b§1)b§0) says b:(go) = 0. Now

the vanishing 0 = 60 = bgo)bf1 ) says that either bg )= 0or bflo) = 0. Both together cannot be
0 as the generic type is (Reg) and not (Log). After possibly exchanging v; and va, we suppose

0 20,5 = 0. Now ky = B. Write ay := 2b{") € C. By (6.21),
. 1+ oy
-

(6.24)

(0)

A diagonal base change allows to reduce b, 5, to L.

Now consider the case bél) = 0. Then 8y = 3 = B4 = 1/7, and this is equal to k1, as §; € N
for at least one j. Write oy := bgl) = 0. Then (6.24) still holds. By a base change with constant
coefficients, we can obtain bgo) = th and bgo) = 0. The vanishing 0 = 6 = —b;o)bflo) tells
bio) = 0. For a4 # 0 as well as for ay = 0, we obtain the normal form in the 5th case in the list
in Theorem 6.3.

Finally consider the case when the residue endomorphism of the logarithmic pole at z = 0 of
the (TE)-structure over tO has a 2 x 2 Jordan block. A base change With constant coefficients

leads to b(l) bgl) and b(l) = 1. We will lead the assumption b 75 0 as well as the
assumption b(o) =0, b 7é 0 to a contradiction.

Assume b 75 0. Denote B4 := deg; b( ) € N. A coordinate change in ¢ leads to b( ) = Eltﬁ‘*
The differential equation in (6.19) for bfl ) gives a( ) = P1-1, Now (6.20) gives b( ) = Elt al.
The differential equation in (6.19) for bgo) becomes

0 (tal)) = Baal) + pat? .

This equation has no solution in C{t}, a contradiction.
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Assume bflo) =0, béo) = 0. The same arguments as for the case bflo) = 0 give a contradiction

if we replace (bio),ago),bgo),ago)) by (bgo),aéo),béo)aaéo))-

Therefore bgo) =0, bgo) =0, béo) # 0. Now k; = deg, bgo). A coordinate change in t leads to
bgo) = tF1. The differential equations (6.19) gives ago) = ago) =0, aéo) = —kit*171. We obtain
the normal form in the 6th case in the list in Theorem 6.3.

) 0 — (0

7
dered above. We assume now a;o) # 0 for some j € {2,3,4}. The equations (6.19) become
a homogeneous system of linear equations with a nontrivial solution. Therefore the determinant
of the 3 x 3-matrix in (6.19) vanishes. It is 1 — 4(b§1))2 - 4bél)bil). Its vanishing tells det (B(l) -
zp(l)Cl) = _71. As tr (B(l) — zp(l)Cl) = 0, this matrix has the eigenvalues :i:%. Therefore
a linear base change gives

Generic type (Log). Now bgo = 0. The cases when all a; ° = 0, were consi-

Now the system of equations (6.19) gives aéo) = aflo) = 0, whereas aéo) is arbitrary in C{t¢} \ {0}.

Denote ky := 1+ deg; ago) € N. A coordinate change in ¢ leads to aéo) = kytF1=1. We obtain the
normal form in the seventh case in the list in Theorem 6.3. |

6.3 Generically regular singular (T E)-structures over (C, 0)
with logarithmic restriction over t° = 0 and not semisimple monodromy

The only 1-parameter unfoldings with trace free pole part of logarithmic (T E)-structures over
a point, which are not covered by Theorem 6.3, have generic type (Reg) or (Log) and not
semisimple monodromy. This follows from Theorem 6.2 and Theorem 3.20(a). These (T'E)-
structures are classified in Theorem 6.7. Some of them are in the 6th or 9th case in Theorem 6.3,
but most are not.

Theorem 6.7. Consider a rank 2 (TE)-structure (H — C x (M,t°),V) over (M,t°) = (C,0)
which is generically reqular singular (so of generic type (Reg) or (Log)), which has trace free pole
part, whose restriction over t° is logarithmic, and whose monodromy has a 2 x 2 Jordan block.
Associate to it the data in Definition 3.18: H' := H|cyw a0y, M™O, N Eig(M™") = {A},
H>, C% for a € C with e~ 2™ = ),

The leading exponents of the (T E)-structures over t # 0 come from Theorem 4.5(b) if the
generic type is (Reg) and from Theorem 4.20(b) if the generic type is (Log). In both cases the
leading exponents are independent of t and are still called a; and ag. Recall vy — g € Ny. The
leading exponents of the logarithmic (T E)-structure over t° = 0 from Theorem 4.20(b) are now
called of and of. Recall of — af € Ny.

Precisely one of the three cases (I), (IT) and (III) in the following table holds:

case (I) ) =ay ad=as+1| thusa; —az €N

case (IT) | ¥ =a;+1 | af=a

case (I11) | & = oy ad = ag

Choose any section s1 € C* \ ker(V,9, — ay: C* — C*). It determines uniquely a section
sg € ker(V,9, —ag: C*? — C2)\ {0} with

(Vzo, —a1)(s1) = 2% 7%y (6.25)
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Then

O(H) 9,0y = C{t, 2}(s1 + fs2) ® C{t, z}zsa for some f € tC{t} \ {0} in case (I), (6.26)
O(H),0) = C{t,2}(s2 + fs1) ® C{t, z}2zs1 for some f € tC{t} \ {0} in case (II), (6.27)
O(H),0) = C{t, 2}s1 © C{t, 2}s2 in case (II11). (6.28)

The function f in the cases (6.26) and (6.27) is independent of the choice of s1, so it is an
invariant of the gauge equivalence class of the (T E)-structure.

Before the proof, some remarks are made.
Remarks 6.8.

(i) Equation (6.25) gives

« 0 _
Vo (o) = (50) (Lohey ) = (or0sm) 2B (6.29)
with
B = Zal ;— a2 Cy + 22ty 4 Zal ; aQD.

(73) The generic type is (Log) in the case (III). This (T E)-structure is induced by its restriction
over t° = 0 via the projection ¢: (M, to) — {to}. The matrices A and B for the basis
v = (s1,s2) are A =0 and B as in (6.29).

(iii) The generic type is (Reg) in the cases (I) and (II). In these cases the (7'E)-structure
is induced by the special cases of (6.26) respectively (6.27) with f = t via the map
¢ =f:(C,0) = (C,0).

(tv) The matrices A and B for the basis v = (s1+ fs2, 2s2) in (6.26) (= case (I), = a1 —a2 € N)
are

zoq 0
A= atf - Oy, B = <(a2 _ al)f 4y Z(Ozg + 1)> (630)

The matrices A and B for the basis v = (s2 + fs1,2s1) in (6.27) (= case (II), = a1 — as
€ Np) are

zaw + 2041*042+1f Za17a2+2

A= atf - Cs, B = ((a1 . Oég)f - Zal—a2f2 Z(Ozl + 1) - Zal—a2+1f)' (6'31>

(v) The invariant k1 € N from (6.1) is here k; = deg, f € N in the case (6.26) and the case
((6.27) and oy — a2 € N). It is k; = 2deg, f € 2N in the case ((6.27) and o = a2).
A suitable coordinate change in ¢ reduces f to f = t¥ respectively f = tk1/2,

(vi) The overlap of the (T E)-structures in Theorem 6.3 and in Theorem 6.7 is as follows.

The case (6.26) with a; = ag + 1 and f = —t* is the 6th case in Theorem 6.3 with
1) _
P = (1.

The case (6.28) with a; = a is the 9th case in Theorem 6.3 with p(!) = ay.

Proof of Theorem 6.7. Choose any section s € C°1 \ ker (V.. — al: c C’O‘(l]) \ {0}.
It determines uniquely a section sJ € ker (V.g, : Ccoz — Co‘g) \ {0} with

0\ .0 a¥%—af 0
(Vzaz — ozl)sl = M1 %2,
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Then

O(Hlexqoy), = C{z}sVlox oy @ C{z}shlox oy

Choose a C{t,z}-basis v = (vi,v2) of O(H)(p) which extends this C{z}-basis of
O(H|@X{t0})0. It has the shape

f3 Ja
f17f4 € C{t7 Z} [2_1}7 fl(Z,O) - f4(270) - 17 f27f3 € tC{t,Z} [Z_l]' (632>

We write f; = ZkZdegz 5 f;k)z"C with f](k) =2 >0 fﬁ)tl € C{t} and f](f;) € C. Also we write
det F' =3 1o eg_ det (det F)®) 2k with (det F)®) € C{t}.

A meromorphic function g € C{t, 2} [z on a neighborhood U € Cx M which is holomorphic
and not vanishing on (U\ {0} x M)U{(0,0)} is in C{¢, z}*. This and the facts that v and (s{, s9)
are bases of H|in\ (03x s for some neighborhood U C C x M of (0,0) and that v|cy 0y = (s9,9)
imply

v=(s3,89) - F  with F= <f1 f2) ind

(det F') € C{t, z}", so especially  (det FY®) =0 for k <0.

Write k; := deg, f; € Z U {oo} (00 if f; = 0). Recall (6.32). It implies fl(o),fio) € C{t}* and
fl(k),fik) € tC{t} for k # 0 and fQ(k),fék) € tC{t} for all k. Especially k; < 0 and k4 < 0.
We distinguish four cases. Precisely one of them holds:

Case (I)Z 0=k < ko, 0> min(k‘g, k‘4),
Case (fI\IJ): 0=k < k‘3, 0> min(kl,k‘g),
Case (iff) 0= kl = k4, 0 S kg, 0 S k3,

Case (IV): 0> min(ky, k2), 0> min(ks,ks).

We will show: Case (I) leads to (6.26) and case (I), case (II) leads to (6.27) and case (II),
case (IIT) leads to (6.28) and case (III), and case (IV) is impossible.

—

Case (I1I): Then F € GLy(C{t,2}) and a base change leads to the new basis 0 = (s9, s9). With

(a1,09,51,82) = (a(l)aagas(l)asg)a

this gives (6.28) and case (III).

Case (I): Then f; € C{t,z}*, and a base change leads to a new basis v!!l = (8(1), sg) - FII with
WMo, =0, fl=deerlec,zy, et
As kLl] = 0, we have k:gl] < 0. A base change leads to a new basis vl2 = (s9,59) - FPl with
FO=cy+ fBcy,  with f2 e[\ {0}

The covariant derivative zVatv?} = 20, f:,EQ] -vg] must be in O(H)p. This shows fy € tz~1C{t}
\ {0}. With

— 2
(041,042, 817827f) - (04(1)704(2) - 173(1]72 18(2)72 ,?E ])7

this gives (6.26) and case (1I).
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Case (II) Then f; € C{t,z}*, and a base change leads to a new basis vt = (s S ) FI with
fil] =1, fgl] =0, fl[l] =det FlI € C{t, 2}, f2[1] € tC{t, z}[z_l].

As k:[ll] = 0, we have k:él] < 0. A base change leads to a new basis v[? = (s9,9) - FP) with
FP—c + e, with etz e[\ {o}.

The covariant derivative zVatvgﬂ = 20 f2[2] 'UEZ] must be in O(H)p. This shows f2[2} € tz~1C{t}

\ {0}. With

(a1, 9, 81, 82) = (oa? —1,a9,2 18(1),38)

this gives (6.27) and almost case (II). ” Almost” because we still have to show a; — aa € Ny.
This follows from the summand —z%1=92 2 in the left lower entry in the matrix B in (6.31).

Case (/1:1\//): Exchange v; and vo if k1 > ko or if ky = ko and deg;, fl(kl) > deg;, fékl). Keep the
basis v if not. The new basis v[!l satisfies min(ky, k2) = kgll < k‘g], and in the case kg” = kg] it
satisfies deg, (fl[l])(kgl]) < deg; (fQ[”)(k[ll]).

By replacing v21] by a suitable element in Ug} + C{t, z}v&” , we obtain a new basis v either
with £ = 0 or with &2 < M2 and deg, (F2)*7) > deg, (£2)*2.

The case f2[ = 0 is impossible, as then we would have f[2] f[2] = det FI2I ¢ C{t,z}*, so

4 e C{t,z}* and 0 = k?], but also k:[12] = kz[ll] = min(ky, ko) < 0. For the same reason, f:gz} =0

is impossible.

ff] = 0 is impossible as then we would have — 2[2] :?] = det FIZ € C{t, z}*, so 2[2], ?[,2] €
C{t,z}*, 0= kéﬂ = kz[,?} and kf] = 00, so 0 = min (k:gz], kf}) = min(ks, k4) < 0, a contradiction.

Write

I = degy (F) %) €Ny, 1) o= deg, (F2 ) YN,
ls = degy (F) %) € No, 1y o= degy (F2)™) € N,

Multiplying v?] and 1)%21 by suitable units in C{t}, we obtain a basis vl with kj[-3] = kj[?] and

(P D g (gD g

(f?EB])(kE]) =113 . ug, ( E])(kf]) =l .y

for some units us, us € C{t}*. We still have 0 > k?} < kég} and min (k::[,)g}, k:f’]) < 0. Consider

2V, (v [3]) = z@tf1[3] -89+ z@tf3[3] -89 € O(H)0,0) = C{t, z}v & C{t, z}v
The leading nonvanishing monomial in zatf[ Vis zk[ +Hh+l=1  This implies k:[ - [ ] +1<0.

Therefore k‘[?’] + k:[g] < 0or k‘g’] k:gs] < 0. Each part (det F [3])( ) for k < 0 vanishes. ThlS shows

8] _

I Ry " s so K=k +1<0, <o,

(3] 3],
0= (fl[?’])(’ff)(ff])(ka?’ (f[?’) Bl (f[3])(k h - (tl1+l4u4 _ tl3u3),

SO lg == l1 + l4, U3 = U4.
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We can write
(thtlays 4 2g3)2ks  (tlug + 2g4) 2R 1
with some suitable g1, g2, g3, g4 € C{¢, z}. This shows
O(H) o) N (4 42C{t, 2} + C{t 2}z 9)
= 2°C{t, z}vl + zC{t, z}v + C{t, z}(zvl —thy [3])
C O(H) 0,0 N (C{t, 2} [z_ }31 + M T2C{t, 2}32). (6.33)
Now consider the element
2(Vao. = (af + k")) (")
= 220z(zg1)zk£3] s+ (1 4 2g1)2 k[13]+1+°‘(1)_°‘350 + zzaz(zgg)zki[ig] s9
+ (tll+l4u;3 + zgg) (kgg] + ozg — (1] k:[g]) ‘H 0

of O(H)(o,0)- It is contained in the first line of (6.33), and therefore also in the third line
of (6.33). But this leads to a contradiction, when we compare the coefficient of sJ. Here observe

< <
K ad—ad -k =30 = K 140l —ald = b ET 41
>

\%

This contradiction shows that case (IV) is impossible. [

7 Marked regular singular rank 2 (T E)-structures

The regular singular rank 2 (T E)-structures over points were subject of Sections 4.5 and 4.6,
those over (C,0) were subject of Theorem 6.3 and Remark 6.4(iv) and of Theorem 6.7 and Re-
marks 6.8.

First we will consider in Remarks 7.1(i)+(ii) regular singular rank 2 (T E)-structures over P!,
which arise naturally from Theorems 4.17 and 4.20. The (T'E)-structures over the germs (IP',0)
and (}P’l, oo) appeared already in Remark 6.4(iv) and in Theorem 6.7.

With the construction in Lemma 3.10(d), each of these (T'E)-structures over P! extends to
a rank 2 (TE)-structure of generic type (Reg) or (Log) over C x P! with primitive Higgs field.
With Theorem 3.14, the base manifold C x P! obtains a canonical structure as F-manifold with
Euler field. For each t € C x C*, the (T E)-structure over the germ ((C x PL, to) is a universal
unfolding of its restriction over t°. For each t® € C x {0, 00}, the (T E)-structure over the germ
(C x P*, ") will reappear in Theorems 8.1, 8.5 and 8.6. See Remarks 7.2(z)+(ii).

Then we will observe in Corollary 7.3 that any marked regular singular (T'E)-structure is
a good family of marked regular singular (T E)-structures (over points) in the sense of Defini-
tion 3.26(b).

In Theorem 7.4 we will determine the moduli spaces
singular rank 2 (TE)-structures, which were subject of Theorem 3.29. The parameter space P!
of each (T E)-structure over P! in Remarks 7.1(i)+(ii) embeds into one of these moduli spaces,
after the choice of a marking. Also these embeddings will be described in Theorem 7.4.

Because of Corollary 7.3, any marked regular singular rank 2 (T'E)-structure over a mani-
fold M is induced by a holomorphic map M — M (Hehee,M ref)’reg, where (H ref,o0 Af ref) is the
reference pair used in the marking of the (T'E)-structure. Remark 7.5 says something about the
horizontal direction(s) in the moduli spaces.

f, f
MEHZ M) reg for marked regular
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Remarks 7.1.

(4)

Consider the manifold M®) := P! with coordinate t5 on C C P! and coordinate t5 := ty 1
on P1\ {0} c PL.

With the projection M®) — {0}, we pull back the flat bundle H' — C* in Theorem 4.17
to a flat bundle H®) on C* x M. Recall the notations (4.4).

Now we read v := (s1 + t2s2, zs2) in (4.25) and (4.27) as a basis of sections on H(3)/\C*X@,
and U = (82 + fgsl,zsl) in (4.26) and (4.19) as a basis of sections on HO'
One sees immediately

C*x(P1\{0})-

2Vau=0vCh  2Vz0=00Ch. (7.1)

and again (4.25) resp. (4.27) and (4.26) resp. (4.19). Therefore v and v are in any case
bases of a (T'E)-structure (H(3) — C x M(3),V(3)) on C x C C C x M® respectively
Cx (P'\{0}) c Cx M®). The restricted (T E)-structures over to € C* are those in Theo-
rem 4.17. They are regular singular, but not logarithmic. Their leadings exponents a;
and ag are independent of ¢ty € C*. The (T'E)-structures over to = 0 and over ?2 =0
(so ta = oo) are logarithmic except for the case (N™°" £ 0 and a; = ag), in which case
the one over to = 0 is regular singular, but not logarithmic. Their leading exponents are
called af and af and a$° and a$°. Then

over 0 over oo

) =ay o =oa1+1

0_ —
ay =ag+ 1| a3’ =an

except that in the case (N™" # 0 and a; = a2) we have o = a1, o) = as. For use

in Theorem 7.3, we write the base space for the (TE)-structure over P! with leading
exponents aq and ao as M®B)0ana2 o Pl iy the case N™O" = () and as M 370102 o~ pl
in the case N™°" #£ (.

We extend the case N™°" = 0 from Theorem 4.17(a) to the case oy = ap. (4.25) and (4.26)
still hold, but now the restricted (T'E)-structures over points in M®) = P! are all logarith-
mic, though the (TE)-structure over M®) is not logarithmic, but only regular singular.
(7.1) still holds. In this case, the leading exponents are constant and are a; and a; + 1
(so, not a; and ap = o). Similarly to (i), the base space is called M ®3)-0:a1,log > pl1,

Remarks 7.2.

(4)

The construction in Lemma 3.10(d) extends a (T'E)-structure (H(3) — C x M(3),V(3))
in Remark 7.1(3) or (ii) with M®) = P! to a (TE)-structure (H) — C x M@, v®)
with M® = C x M®) = C x P, via (O(HW), VW) = (o) (O(H®),Vv®) g g1/z,
where t; is the coordinate on the first factor C in C x P!, and where @(4): M® — M6,
(t1,t2) — t2, is the projection. Define v := (90(4))*@ in Remark 7.1(4) or (ii)).

Then the matrices As and B with zVaig(‘l) = oW A4; and 22V3ZQ(4) = v B are unchanged,
and A; = (1, so

Ay =0, Ay=Cy (asin (7.1)), B is asin (4.25) or (4.27).

The Higgs field is everywhere on M*) primitive. By Theorem 3.14, M*) = C x P! is an F-
manifold with Euler field. The unit field is 0y, the multiplication is given by 02 0 d2 = 0
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and 52 o 52 = 0. So, each germ (M(4),t0) is the germ N5. The Euler field is
FE = t181 -+ (041 — ()42)t282 = t181 + (042 — 051);252

in the case (4.25) and (4.26) and in (i7) above,
and in the case (4.27) and (4.19) with oy — a2 € N,

E=t0,—0=1t101 +Z§52 in the case (4.27) and (4.19) with a; = ao.

(i) For t*) € C x C* ¢ MW, the (TE)-structure (H(4) — C x (M(4),t(4)), V) is a universal
unfolding of the one over tV, because that one is of type (Reg) and because the Higgs field
is primitive. See Corollary 5.1.

(7i7) Let (H - C x (M , to), V) be a regular singular unfolding of a regular singular, but not
logarithmic rank 2 (T'E)-structure over t°. Because of part (ii), it is induced by the (TE)-
structure (H(4),V(4)) via a map (M, to) — (M(4),t(4)) for some t*) € {0} x C*. Because
it is regular singular, the image of the map is in {0} x C* C {0} x M®). As there the
leading exponents are constant, they are also constant on the unfolding (H, V).

Theorem 7.3. Any marked regular singular rank 2 (TE)-structure (see Definition 3.15(b), espe-
cially, M is simply connected) is a good family of marked regular singular (T E)-structures (over
points) in the sense of Definition 3.26(b).

Proof. Let ((H — Cx M, V), ) be a regular singular rank 2 (T'E)-structure with a marking v,

i.e., an isomorphism ¢ from (H®, M™°") to a reference pair (H ref,o0 N f ref). We have to show

the conditions (3.21) and (3.22) for a good family of marked regular singular (T'E)-structures.
By definition of a marking, M is simply connected, so especially it is connected. The subset

Mol .— {t e M |U|; = 0} = {t € M |the (T'E)-structure over ¢ is logarithmic}

is a priori a subvariety (in fact, it is either @ or a hypersurface or equal to M).

First consider the case M98l = M. Choose any point t° € M and any disk A ¢ M through ¢°.
The restriction of the (T'E)-structure over the germ (A, to) is in the case N™°" = () isomorphic
to one in the 7th or 8th or 9th case in Theorem 6.3. In the case N™°" =£ 0, it is isomorphic to one
in case (III) in Theorem 6.7. In either case the leading exponents are constant on A, because
of table (6.13) in Remark 6.4(iv) and because of the definition of case (III) in Theorem 6.7.
Therefore they are constant on M. We call them of*" and a§™".

Now consider the case M8l C M. For each t° € M\ M log] " the (TE)-structure over the
germ (M , to) has constant leading exponents because of Remark 7.2(iii). Therefore the leading
exponents are constant on M \ M98l We call these generic leading exponents o and a§™".

For t € Mgl choose a generic small disk A C M through t°. Then A\ {t°} c M \ Mgl
The restriction of the (T'E)-structure over the germ (A, t°) is in the case N™°* = 0 isomorphic
to one in the 5th case in Theorem 6.3. In the case N™°" £ (, it is isomorphic to one in
case (I) or case (II) in Theorem 6.7. In either case, the leading exponents (a(t°), a2 (t%)) of
the (T'E)-structure over t° are either (af*" +1,a5") or (af*, a5 + 1), because of table (6.13)
in Remark 6.4(iv) and because of the definition of the cases (I) and (II) in Theorem 6.7.

Remark 6.4(iv) and Theorem 6.7 provide generators of O(H|(C><(A,t0))(0,t0) which are cer-
tain linear combinations of elementary sections. The shape of these generators and the almost
constancy of the leading exponents imply the two conditions,

O(H!CX{t})(O - V" for any t € M, where r := max (Re (af™) + 1, Re (a5™) + 1),
dim¢ O(H|<C><{t})(0 t)/Vr is independent of t € M,

which are the conditions (3.21) and (3.22) for a good family of marked regular singular (T'E)-
structures. |
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The following theorem describes the moduli space M (H™020, M) xeg from Theorem 3.29 for
the marked regular singular rank 2 (7T'E)-structures as infinite unions of curves isomorphic
to P! such that the families of (T'E)-structures over these curves are the (TE)-structures in
Remarks 7.1(i)+(ii). Part (a) treats the cases with N™°" = (, part (b) treats the cases with
N™on —£ (. Recall the definitions of M(3)0.c1.02 N f(3).#0.a1.02 and pr(3)0.01l08 in Remarks 7.1(4)
and (i7).

Theorem 7.4. Let (Href"x’,M“"f) be a reference pair with dim H™*H> = 2. Let Eig (Mref) =
{1, A2} be the set of eigenvalues of M. Let By, B2 € C be the unique numbers with e~ >™5 = Aj
and —1 < Rep; <0.

(a) The case N™°" = 0.

(i) The cases with A\1 # Aa. Then

M(Href,oo7M1"ef)7reg _ U ( U M(3)70751+l1+l2’62_12>-
l1€Z NlaeZ

Its topological components are the unions in brackets, so Ul2€Z MG)0Prtl+la,fa—lz

FEach component is a chain of P’s, the point oo of M®)0a1,a2 g identified with the
point 0 of M3):001+Laz—1

(@ 72) <a11>(a511> @ (") (W)@;f%)

Ck2+1 (%) 0[2—1

b ®ew) Tt Red) f 0 (Rew)
(Log) (Log) (Log) (Log)

Figure 7.1. One topological component in part (a) (7).

(1i) The cases with \1 = Ay (so 1 = B2). Then

M(Href,oo7Mref)7reg o U < U ]F,B1+l1+l2,ﬁ1+l1l2>
- 2

1€Z ™ l2eN
U U <ﬁ§1+11+1751+l1 U U F§1+ll+l+l2’ﬁl+l1_12>‘ (7.2)
WEZ loeN

Here T is for all possible a1, ao the Hirzebruch surface Fa, and Fgl’al_l is the
surface ﬁ‘g, which is obtained from Fy by blowing down the unique (—2)-curve in Fs.
The unions in brackets are the topological components. They are chains of Hirzebruch
surfaces. A (+2)-curve of F5*? is identified with the (—2)-curve of Fglﬂ’arl (and
a (+2)-curve ofﬁg”’arl is identified with the (—2) curve in IFS”H’O”J). The (TE)-
structures over the points in the (—2)-curves are logarithmic, and also the (T'E)-
structure over the singular point ofIFgl’al_l is logarithmic. The (T'E)-structures over
all other points of F5V** and Fgl"m are reqular singular, but not logarithmic, and have
leading exponents oy and ag. For each F3V?, and also for ﬁ‘g“” after blowing up
the singular point to a (—2)-curve, the fibers of it as a P'-fiber bundle over P! are
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isomorphic to M®):0:01.02  The (—2)-curve in Fgl’a1_2 (the Fy with ls = 1 in each
topological component in the first line of (7.2)) is isomorphic to M®)0.c1=Llog g4
the (T'E)-structures over its points are logarithmic with leading exponents oy, ap — 1.

a; +1 ay + 2

EDIRCE TR R

|

a; —3 a; —4

|

(Reg) (Reg) (Reg)
3),0,a1—1,1
f(‘ﬁ)g) ATHIOE (o) (Log) (Log)
a2 ar+1,a1-3 a2, 74
ng aq Fgl aq ]Fgél aq

Figure 7.2. One topological component in part (a) (it).

() (o >(Zifi> (o) (@ 72) <a1+2)<z:§>

l

a1—2 a1—3

| |

7 ;0471.,&71—71” a1+1,01—2 a1+2,c;i—3
T3 FS F

Figure 7.3. Another topological component in part (a) (ii).

(b) The cases with N™°™ £ 0 (and thus A1 = X2, f1 = f2). Then

M(Hrcf,ooyMrCf)J-eg — U( U M(B),#O,ﬁ1+l1+l2,/51+l1lQ)
I1€Z “12€Ng

U U < U M(3)77’50,51+11+1+l2,51+l1—lz)‘

11€7Z ~12€Ng
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Its topological components are the unions in brackets. Each component is a chain of P'’s,
the point oo of MB)#0.01.02 s identified with the point 0 of M3)#0.e1+1l02—1

(“laf oy @)y la )

051—1 041—2

(Reg) f (Reg) f (Reg) | 1
(Log) (Log) (Log)

Figure 7.4. One topological component in part (b).

(&) (- >(31ti) (o (r3) (WQ)(Ziii)

J ap —1 o —2 a; — 3

£ (Rey) 1 (Rew) 1 (Rew)
(Log) (Log) (Log) (Log)

Figure 7.5. Another topological component in part (b).

Proof. We consider only marked (TE)-structures with a fixed reference pair (H ref.o0 N f ref).
Because of the markings, we can identify for each such (T'E)-structure its pair (H>, M™")
with the reference pair (H ref.oo Af ref). Thus also the spaces C* can be identified for all marked
(TE)-structures.

(a) () and (b) In both parts, there is no harm in fixing elementary sections s; € C* and
sg € C*? agin Theorem 4.17. Then Theorem 4.17 lists all marked (T'E)-structures with the given
reference pair. Remarks 7.1(7) just put these marked (T'E)-structures into families parametrized
by the spaces M®)0:0102 pegp  Af(3)#0.a1,02  Most logarithmic (TE)-structures (which are
classified in Theorem 4.20) turn up in two such families. This leads to the identification of the
point co in M3):0/#0.21.02 with the point 0 in M 3)0/#0a1+la2—1  Oply each of the logarithmic
(T E)-structures with N™°" £ () and leading exponents a; = s turns up in only one P!, in the
space M®3)#0.a1,01-1 There it is over the point 0.

(a) (i) Here the leading exponents satisfy a; — e € Z \ {0}, and we index them such that
a1—ag € N. We fix a basis 01, 09 of C?* and define o3 := 22 gy € 0, g4 = 2% Y gy € C2,
Then because of Theorem 4.17(a), we can write all marked regular singular, but not logarithmic
(T E)-structures with leading exponents «; and ae in two charts C x C* with coordinates (71, t2)
and (’r‘g, tg),

O(H)o = C{z}(01 + ta(0a + r103)) & C{z}(2(04 + 1103)),
O(H)g = C{z}(0o2 + t3(o3 + r204)) ® C{z}(z(03 + 1204)).

The charts overlap where r1,ry € C*, with
ro = T‘;l, ts = _tQT%.

Compactification to t2 = 0 and t2 = 0o (and t3 = 0 and t3 = o0) gives the Hirzebruch surface
Fy = F3""*. The curve with to = 0 (and t3 = 0) is the (—2)-curve. Over this curve, we have
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the family of marked logarithmic (T'E)-structures (see Theorem 4.20) with leading exponents o
and ao + 1,

O(H)g = C{z}(01) ® C{z}(2(04 + 1103)),
O(H)g = C{z}(02) ® C{z}(z(03 + r204)).

The curve with t2 = oo (and t3 = 00) is a (+2)-curve. Over this curve, we have the family
of marked logarithmic (T'E)-structures with leading exponents a; + 1 and ay. Therefore the
(+2)-curve in F$"*? must be identified with the (—2)-curve in F3* 1271,

In the case a1 — ag = 2, the (—2)-curve in F3*? is the moduli space M 3)0c1=1log from
Remark 7.1(7).

In the case a; — ag = 1, the (—2)-curve in F5"'** has to be blown down, as then for to = 0

O(H)O = (C{Z}(O'l) D (C{Z}(Z(O‘4 + 7‘10'3)) — (C{Z}Coa — Y™

is independent of the parameter ry.

The projection (r1,t2) — 1 extends to the P!-fibration of F5"“? over P'. The fibers are
isomorphic to M (3)0.a1,02  Affine coordinates on these fibers are to and ty = ty Lor t3 and
t3=t3". ]

Remarks 7.5.

(i) Consider a marked regular singular rank 2 (T'E)-structure ((H — C x M, V),). There
is a unique map ¢: M — M(Hmf’oo’Mmf)’reg, which maps ¢ € M to the unique point
in M H*M* ) reg yer which one has up to marked isomorphism the same marked (T'E)-
structure as over t. Corollary 7.3 and the fact that the moduli space represents the moduli

functor MH™>M ref)’reg, imply that ¢ is holomorphic.

Because M is (simply) connected, the map ¢ goes to one irreducible component of the
moduli space, so to one~M(3)*0/7"£0’°‘1’0‘2 = P! in the parts (a) (i) and (b) in Theorem 7.4
and to one Fo*? or to Fgl’arl in part (a) (7).

(73) In fact, in part (a) (i7) the map ¢ goes even to a projective curve which is isomorphic to
one curve M®3):0:01.02 op o the curve M®)%en108  This holds for the (T'E)-structure over
any manifold, as it holds by Remark 6.4(iv) and Theorem 6.7 for the (T'E)-structures over
the 1-dimensional germ (C, 0).

The curves isomorphic to M 3):0:¢1.22 are the (0)-curves in the P! fibration of Fy"*? over P!

(in the case of F52T192 each fiber of F32™*2 over P! embeds also into the blown down
surface F5272). The curve isomorphic to M®)0:¢118 ig the (—2)-curve in F§"* 2,

(7i1) We have here a notion of horizontal directions which is similar to that for classifying spaces
of Hodge structures. There it comes from Griffiths transversality. Here it comes from the
part of the pole of Poincaré rank 1, which says that the covariant derivatives Vj, along
vector fields on the base space see only a pole of order 1.

In the cases of the Fg"'“® with ay — ag € N\ {1,2}, the horizontal directions are the
tangent spaces to the fibers of the P! fibration. In the cases of FS"* "% and F3** !, the
horizontal directions contain these tangent spaces. However, on points in the (—2)-curve
in ng,m—? and on the singular point in ﬁ‘gl’al_l, any direction is horizontal.

Remark 7.6. If we forget the markings of the (TE)-structures in one moduli space
MU M) reg anq consider the unmarked (TE)-structures up to isomorphism, we obtain
in the cases N™°" = 0 countably many points, one for each intersection point or intersection

curve of two irreducible components, and one for each irreducible component. On the contrary,
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in the cases N™°" # 0, the unmarked and the marked (T'E)-structures almost coincide, as the
choice of an elementary section s; in Theorem 4.17(b) fixes uniquely the elementary section s,
with (4.22). The set of unmarked (7E)-structures up to isomorphism is still almost in bijec-

(Href,oo ,Mref) reg

tion with the moduli space M in the case N™°" # 0. Only the components

M®)#0.e1.01 _ 561 boil down to single points.

8 Unfoldings of rank 2 (T'E)-structures of type (Log)
over a point

Sections 5 and 8 together treat all rank 2 (TE)-structures over germs (M , to) of manifolds.
Section 5 treated the unfoldings of (T'E)-structures of types (Sem) or (Bra) or (Reg) over .
Section 8 will treat the unfoldings of (T E)-structures of type (Log) over .

It builds on Section 6, which classified the unfoldings with trace free pole parts over (M , to) =
(C,0) of a logarithmic rank 2 (T E)-structure over t° and on Section 7, which treated arbitrary
regular singular rank 2 (T F)-structures. Here Lemmata 3.10 and 3.11 are helpful. They allow to
go from arbitrary (T'E)-structures to (T E)-structures with trace free pole parts and vice versa.

Section 8.1 gives the classification results. Section 8.2 extracts from them a characterization
of the space of all (T'E)-structures with generically primitive Higgs fields over a given germ of
a 2-dimensional F-manifold with Euler field. Section 8.3 gives the proof of Theorem 8.5.

First we characterize in Theorem 8.1 the 2-parameter unfoldings of rank 2 (T E)-structures
of type (Log) over a point such that the Higgs field is generically primitive and induces an
F-manifold structure on the underlying germ (M ) to) of a manifold. Theorem 8.1 is a rather
immediate implication of Theorem 6.3 and Theorem 6.7 together with Lemmata 3.10 and 3.11.
Part (d) gives an explicit classification. The other results in this section will all refer to this
classification.

Corollary 8.3 lists for any logarithmic rank 2 (TE)-structure over a point t° all unfoldings
within the set of (T'E)-structures in Theorem 8.1(a). The proof consists of inspection of the
explicit classification in Theorem 8.1(d).

Theorem 8.5 is the main result of this section. It lists a finite subset of the unfoldings in Theo-
rem 8.1(d) with the following property: Any unfolding of a rank 2 (T'E)-structure of type (Log)
over a point is induced by a (T'E)-structure in this list. The (T'E)-structures in the list turn out
to be universal unfoldings of themselves.

The proof of Theorem 8.5 is long. It is deferred to Section 8.3. The results of Section 6 are
crucial, especially Theorem 6.3 and Theorem 6.7.

Finally, Theorem 8.6 lists the rank 2 (T'E)-structures over a germ (M , to) of a manifold such
that the Higgs field is primitive (so that (M , to) becomes a germ of an F-manifold with Euler
field) and the restriction over ¥ is of type (Log). This list turns out to be a sublist of the one
in Theorem 8.5. Theorem 8.6 follows easily from Theorem 8.1.

Theorem 8.6 is also contained in the papers [6] and [7], the generic types (Bra), (Reg) and
(Log) are in [6], the generic type (Sem) is in [7]. The proofs there are completely different. They
build on the formal classification of (7")-structures in [5].

8.1 Classification results

Theorem 8.1.

(a) Consider a rank 2 (TE)-structure (H — Cx (M,t°), V) over a 2-dimensional germ (M, t°)
with restriction over t of type (Log), with generically primitive Higgs field, and such that
the induced F-manifold structure on generic points of M extends to all of M.
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There is a unique rank 2 (T'E)-structure (H[3] — C x (C,O),V[3]) over (C,0) (with co-
ordinate to) with trace free pole part, with nonvanishing Higgs field and with logarithmic
restriction over ty = 0 such that (O(H),V) arises from (O(H[?’]),VB}) as follows. There
are coordinates t = (t1,t2) on (M, to) such that (M, to) = ((CQ,O) and a constant ¢; € C
such that

(O(H),V) = prs (O(HBF)), VB g gltite)/z (8.1)

where pry: (M,t°) — (C,0), (t1,t2) = t2 (see Lemma 3.10(a) for Etite)/?).

The (TE)-structure (H, V) is of type (Log) over (Cx{0},0) and of one generic type (Sem)
or (Bra) or (Reg) or (Log) over (C x C*,0).

Vice versa, if (HB],V[?’]) is as in (a) and c¢; € C, then the (TE)-structure (O(H),V) =
prs ((’) (HB]),V[?’]) ® EBtA/z pper (M, to) = (CQ, O) satisfies the properties in (a).

The rank 2 (TE)-structures (HB], V[3}) over (C,0) with trace free pole part, nonvanishing
Higgs field and logarithmic restriction over 0 are classified in Theorems 6.3 and 6.7. They
are in suitable coordinates the first 7 of the 9 cases in the list in Theorem 6.3 and the
cases (6.26) and (6.27) with f = %tkl for some k1 € N in Theorem 6.7. (Though here the
6th case in Theorem 6.3 is part of the cases (6.26) and (6.27) in Theorem 6.7.)

The ezplicit classification of the (T'E)-structures (H,V) in (a) is as follows. There are
coordinates (t1,t2) such that (M,t") = (C?,0), and there is a C{t, z}-basis v of O(H)o
whose matrices A1, Ay, B € Mayo(C{t, 2}) with 2Vgv = vA;, 22°Vo.v = vB are in the
following list of normal forms. The normal form is unique. We always have

A1 = Cl.

Always M is an F-manifold with Euler field in one of the normal forms in Theorems 2.2
and 2.3 (in the case (i) the product Oy o Q2 is only almost in the normal form in Theo-
rem 2.2; in the case (iii) with oy = —1 the Euler field is only almost in the normal form
in Theorem 2.3).

(1) Generic type (Sem): invariants ki,ka € N with ko > ki, ci,pM e C, ¢ € C if
ko — k1 € 2N, OngRZ()UH if k1 = ko,

2
T ke ke

T (T, + TR if ke — k1 > 0 s odd,
Ay = ¢ =y H(t5 10y + ¢tk 271D 4 (1= ()57 E)  if ky — Ky € 2N,

—y M5 D if ky =k,
ki=k:s Dok, >k
B — (_tl - + Zp(l))Cl + (—’th)AQ + ZQ(kl—‘er) lf 2 1
zoagD if ko = k1,
F-manifold Ir(k1 + k) (with I2(2) = A?), with 9 0 0y = 252 . 9y,
E = (t1 4+ ¢1)01 + yteO2  Euler field.

(i) Generic type (Bra): invariants k1, ko € N, ¢1, p™) € C,
1

ki + ko’

Az = _,-yfl (tlgl_lcQ 4 t]2<?1+k?2—1D _ t§1+2k2_1E),

vV i=
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—k
B = (—tl —c + Z,O(l))cl + (—7t2) A2 + Zml)’

F-manifold Na, with 0y 0 0y =0,
E = (t1 + ¢1)01 + yteO2  Euler field.

(791) Generic type (Reg): invariants cl,Np(l) €C,ap € C\{~-1} if N"" =0, ay € Z
if NO 20, |y € N if N = 0, ky € N if N0 £ 0 (with ky = ky if o # —1, and
k?l = 2k'1 ifO[4 = *1),

1t ay

=
) —y U TGy if Nmer =,

2 = o~
kit ey if  Nmon £,

v

B

(—t1 — c1 + 2pM)Cy + (—t2) Az + z%a4D
0 if Nmon—g
+ { 2oty if N™O" £0, oy € Ny,
—z*a‘**ltg];l Cy + Z*O“*tng + oty if NWON L oy € Zeo,
F-manifold Na, with Oy 00y = 0,
(t1 + c1)01 + 7t202 if oy # -1,
{ (t + )0 + i@“@ if as=-1

} Euler field.

(iv) Generic type (Log): invariants k; € N, ¢, pM) € C,
Ay = kyth 10y,
B= (-t —ci+zpM)0y — Z%D, F-manifold Ny, with 850 8, = 0,
E = (t1 +¢1)01 Euler field.

Theorem 8.1 is proved after Remark 8.2.

Remark 8.2. The other normal forms in Remark 6.6 for the generic type (Sem) with ka—k; € 2N
and for the generic type (Bra) give the following other normal forms. In both cases, the formulas
for Ay = C1, v, B, the F-manifold and E are unchanged, only the matrix As changes. For the
generic type (Sem) with ko — k1 € 2N, Ay becomes

ko — k ke
Ay = = Lt 10y + 2 E) 4 22 . Le{h=22 g
For the generic type (Bra), As becomes
Ay = —y U TICy 4 2koth? T B

Proof of Theorem 8.1. We prove the parts of Theorem 8.1 in the order (c), (d), (b), (a).

(¢) Consider a rank 2 (T'E)-structure (HB] — Cx (C,0), V[S]) (with coordinate t2 on (C,0))
with trace free pole part and with logarithmic restriction over to = 0. If it admits an extension
to a pure (I'LE)-structure, it is contained in Theorem 6.3. If not, then it is contained in Theo-
rem 6.7. The condition that the Higgs field is not vanishing, excludes the 8th and 9th cases in
Theorem 6.3 and the case (6.28) = case (III) in Theorem 6.7, see Remarks 6.8(ii) and (7).
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(d) Part (d) makes for such a (T'E)-structure (H[3],V[3]) the (T'E)-structure (O(H),V) =
pr (O(H [3]), V[‘rﬂ) @ EWrta)/z explicit. The cooordinate ¢ and the matrix A in Theorem 6.3
and in Remark 6.8(iv) become now t2 and Ag. Here the matrices in the 6th case in Theorem 6.3

are not used, but the matrices in Remark 6.8(iv). The function f in Remark 6.8(iv) is now
specialized to f = tSI/Q if a1 = ay (= case (II) and (6.31)) and to f = &' if a; — g € N
(case (I) and (6.30) or case (II) and (6.31)). The new matrix B is (—t; — ¢1)Cy plus the

matrix B in Theorem 6.3 and in Remark 6.8(iv).
In the normal forms in Remark 6.8(iv) we replaced «; and ay by p(l) and a4 as follows

. ataet+l - Jar-a—-1€No in (6.30),
. 2 ’ v ag—a; —1€Zy in (6.31).

(b) Now part (b) follows from inspection of the normal forms in part (d).

(a) Consider a (T E)-structure as in (a). Choose coordinates ¢ = (t1,¢2) on (M, ") such that
(M , to) = ((CQ, O) and the germ of the F-manifold is in a normal form in Theorem 2.2 (especially
e = 01) and the Euler field has the form F = (¢t; + ¢1)01 + g(t2)902 for some ¢; € C and some
g(tg) S C{tg}.

Choose any C{t, z}-basis v of O(H ) and consider its matrices Ay, Ag, B with 2V v = vA,,
z2VaZQ = vB. Now J; = e implies Ago) = (1. We make a base change with the matrix
T € GL2(C{t, z}) which is the unique solution of the differential equation

T = —(ZAgk)Zk_l>T, T(2,0,t5) = C1.

k>1
Then the matrices Al, A~2, B of the new basis v = vT satisty
A =C,  9A;=0, 8B=-C, (8.2)
because (3.10) for ¢ =1 and (3.5) and (3.6) give

0=z0T+ AT — Tgl =CiT - Tﬁl = T(Cl — gl),
0= 2(9112{2 — 2’62;‘{1 + [Zl, ZQ] = 28122,
0=201B — Zzazgl + Zﬁl + [A/h g] = Z(alB + 01)

In Lemmata 3.10(c) and 3.11 we considered the (T E)-structure (O(HZ), Vi) = (O(H),V)
® £°/% with trace free pole part. Here p(o) = —t1 —cy.

(8.2) shows that (H[Q], V[Q]) is the pull back of its restriction (H[?’}, V[S]) to ({0} x C,0) C
(C2,0). This and (O(H),V) = (0(H?), V) © £77”/# in Lemma 3.10(c) imply (8.1). W

Corollary 8.3. The following table gives for each logarithmic rank 2 (TE)-structure over
a point 1 its unfoldings within the set of (TE)-structures in Theorem 8.1(d). Here the set
{oe(l), ag} C C is the set of leading exponents in Theorem 4.20 of the logarithmic (T E)-structure
over t°. So, in the case N™°" = 0, a(l) and ag € C are arbitrary. In the case N™°" £ 0, they
satisfy o — a9 € Ng. Two conditions are ¢; = 0 and p!) = M The other conditions and the
other invariants (though without their definition domains) are given in the table. All invariants
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in Theorem 8.1(d), which are not mentioned here, are (intended to be) arbitrary:
Generic type Invariants | N™°" Condition
(Sem): ky > ki | ki, ko, C =0 a9—ag—ik1+gg
(Sem): k‘g = k‘l k‘l, ]{2, Qs =0 ao - a2 :|:2053
(Bra) k1, ko =0 |af—af =+ (8.3)
(Reg) k1, o =0 | —a)=2day
(Reg) ki, o #0 | af —af = |ay]
(Log) k1 =0 a) —af =+1
Proof. This follows from inspection of the cases in Theorem 8.1(d). [
Remark 8.4. Beware of the following:
(7) In the generic case (Sem) with k1 = k2 we have a3 € R>oUH. Here as = —a3 is excluded,
as it gives an isomorphic unfolding.
(i) In the generic cases (Reg) with af —a9 € C\ {0} almost always ay = af —a9 and ay = —ay

give (for the same k; € N respectively k1 € N) two different unfoldings. The only exception
is the case N™% = ( and of — o = £1, as then ay = —1 is not allowed.

In the generic case (Log), one has one unfolding (and not two unfoldings) for each k; € N.

Unfoldings of generic type (Sem) with ko > ki and of generic type (Bra) exist only if
) —af € (-1,1)NQ* and N™°® = (.

Theorem 8.5.

(a)

(b)

(©)

Any unfolding of a rank 2 (TE)-structure of type (Log) over a point is induced by one in
the following subset of (TE)-structures in Theorem 8.1(d):

Generic type and invariants Condition

(Sem): ka — ki >0 odd ged(ky, ko) =1

(Sem): ko — ki € 2N, ( =0 | ged(k1, ko) =1

(Sem): ko — ki € 2N, (#0 | ged (b, 2H82) =1

(Sem): ko =k ko=k =1 (8.4)
(Bra) ged(ky, ko) =1

(Reg): N™™ =0 ki =1

(Reg): N™om £( k=1

(Log): N™°™ =0 kr=1

The inducing (T'E)-structure is not unique only if the original (T E)-structure has the
form ©* ((’)(H[E’}), V[E’}) ® 57’)@/@ where (H[E’}, V[‘r’]) is a logarithmic (TE)-structure over
a point tP and p: (M, to) — {t[5]} 1s the projection, and (H[5],V[5]) s not one with
N™e™ =£ 0 and equal leading exponents oy = ag. Then the original (TE)-structure is of
type (Log) everywhere with Higgs field endomorphisms Cx € Oy 0)-id for any X € Tipy 0y -

The (T E)-structures in the list in (a) are universal unfoldings of themselves.

The proof of Theorem 8.5 will be given in Section 8.3.



Rank 2 Bundles with Meromorphic Connections with Poles of Poincaré Rank 1 63

Theorem 8.6. The set of rank 2 (T'E)-structures with primitive (not just generically primitive)
Higgs field over a germ (M, to) of an F-manifold and with restriction of type (Log) over t° is
(after the choice of suitable coordinates) the proper subset of those in the list (8.4) in Theorem 8.5
which satisfy k1 = 1 respectively ky = 1. In the cases (Reg) and (Log), it coincides with the
list (8.4). In the cases (Sem) and (Bra), it is a proper subset.

Proof. The set of rank 2 (T E)-structures with primitive Higgs field over a germ (M , tO) of
an F-manifold and with restriction of type (Log) over t° consists by Theorem 8.1(a)+(d) of
those (T'E)-structures in Theorem 8.1(d) which satisfy Aa(t2 = 0) ¢ C - Cy. This holds if and
only if k1 = 1 respectively ki = 1 (El = 1 if the generic type is (Reg) and N™°" # 0), and then
As(ta = 0) € {—yCq, —yD, C3}. Obviously, this is a proper subset of those in table (8.4) in the
generic cases (Sem) and (Bra), and it coincides with those in table (8.4) in the generic cases
(Reg) and (Log). [

8.2 (TE)-structures over given F-manifolds with Euler fields
Remarks 8.7. For a given germ ((M , to),o, e, E) of an F-manifold with Euler field, define

B ((M, to),o, e, E) = {(TE)—structures over (M, to) with generically primitive Higgs
field, inducing the given F-manifold structure with Euler ﬁeld},

By((M, to),o, e, E) := {(TE)-structures in By which are in table (8.4)},

Bg((M, to),o, e, E) := {(TE)-structures in By with primitive Higgs fields}.

Now we can answer the questions, how big these sets are. Often we write B; instead of
Bj((M, to), o,e,E), when the germ ((M, to),o,e,E) is fixed.

(i) First we consider the cases when the germ ((M , to),o,e,E) is regular. Compare Re-
mark 2.6(7¢) and Remark 3.17(¢ii). By Malgrange’s unfolding result Theorem 3.16(c),
any (TE)-structure over (M,t°) is the universal unfolding of its restriction over ¢, and
it is its own universal unfolding. So then B; = Bs = Bjs, and the classification of the
(T'E)-structures over points in Section 4 determines this space Bj.

In the case of A7 with E = (u1 + c1)e1 + (u2 + ca)ea with ¢ # co, any (TE)-structure

over tV is of type (Sem). Theorem 4.5 tells that then Bj is connected and 4-dimensional.
The parameters are the two regular singular exponents and two Stokes parameters.

In the case of Ny with E = (t; + ¢1)91 + 0o, any (T E)-structure over t° is either of type
(Bra) or of type (Reg). Then B; has one component for type (Bra) and countably many
components for type (Reg).

The component for type (Bra) is connected and 3-dimensional. The parameters are given
in Theorem 4.11, they are p), §() and Eig(M™mem) (here pl0 (to) = —c, is fixed, and one
eigenvalue and p(!) determine the other eigenvalue).

Corollary 4.18 gives the countably many components for type (Reg). One is 1-dimensional,
the others are 2-dimensional.

(7i) Now we consider the cases when the germ ((M7 to),o7 e, E) is not regular. Then FE|,0 =
c101 for some ¢; € C. If (O(H),V) is a (TE)-structure in Bj((M, to),o,e,E), then
(O(H),V) ® E~¢/% is a (TE)-structure in B;((M,t°),0,e, E — ¢19;). Therefore we can
and will restrict to the cases with E|,0 = 0.

Theorem 8.1(d) gives the (T E)-structures in By, Theorem 8.5(a) gives the (T E)-structures
in By, and Theorem 8.6 gives the (T'E)-structures in Bs. For each germ ((M, to),o7 e, E)
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B1 D By D Bs.

In the cases A% and I3(m), the Euler field with E|,0 = 0 is unique on (M , to), therefore
we do not write it down.

In the case of Io(m) with m € 2N (this includes the case A2 = I5(2))
U e
(k1 ,k2)EN2: ky+ho=m ko >ky
U e,
(k1,k2)EN2: ky-+ho=m, ko >ky,ged(k,m/2)=1
Bs(Iy(m)) = C?, here (ki ko) = (1,m—1). (8.5)

I

Bi(I2(m))

1

By(Iz(m))

The 2 continuous parameters are the regular singular exponents of the (T'E)-structures at
generic points in M.

In the case of Is(m) with m > 3 odd,
U C.
(k‘l,kz)GNQZ k1+ko=m,ka>kq

U C,

(k17k2)€N2: k1+k2=m,k2>k1,gcd(k1,k2)=1
Bg(IQ(m)) = C, here (k‘l, k?g) = (1,m — 1) (86)

12

Bi(I2(m))

12

By(I2(m))

For odd m > 3, the regular singular exponents of the (T'F)-structures at generic points
in M coincide and give the continuous parameter.

Especially, for m € {2,3}

2 ifm=
Bi(Iz(m)) = Ba(I2(m)) = Bs(I2(m)) = {g ii = z’

The F-manifold N3 allows by Theorem 2.3 many nonisomorphic Euler fields with F|,0 = 0,
the cases (2.5)—(2.7) with ¢; = 0.

The case (2.5), E = t101: Here each (T E)-structure has generic type (Log) and semisimple
monodromy. Here

B1(J\/2,E) = U C,
k1€N
BQ(NQ,E) = B3(N2,E> = C, here kl =1.

The continuous parameter is p(!) in Theorem 8.1(d) (iv) or, equivalently, one of the two
residue eigenvalues (Which are p) £ %)

The case (2.7), E = t101 + t5(1 + c3ty ') for some r € Zs5 and some c3 € C: Here each
(T'E)-structure has generic type (Reg) and satisfies N™°" # 0. Here

=g, if c3€C*,

Bi(Nz, B) {fz C if c3=0
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= BNy, E) if ¢3=0 and r=2.

=g, if c3€C* or r>3,
By(Ny, E) = B3(N2,E){ 3

So, (N2, E) with ¢3 € C* does not allow (T E)-structures over it, and (N2, E) with ¢3 =0
and r > 3 does not allow (T'E)-structures over it with primitive Higgs field. If B;(N2, E)
# @ then Bj(Ns, F) = C and the continuous parameter is p!) in Theorem 8.1(d) (iid).

The case (2.6), E = t101 + cato0s for some cp € C*: This is a rich case. Here we decompose
Bj = Bj(NQ,E) as
Bj _ B](Reg),o 0 B§Reg),;ﬁ0 U B(Bra)

7 )

where the first set contains (T'E)-structures of generic type (Reg) with N™°" = 0, the
second set contains (TE)-structures of generic type (Reg) with N™°" =£ 0, and the third
set contains (T'E)-structures of generic type (Bra). Then

BgReg),O ~ U C, BéReg),O _ BéReg),O ~ C,
k1€EN
p(Reg),#0 {: z if ceC\Qr,
1 i ) .
= U(kl,a4)€N><Z: k162:1+a4(c lf C2 € Q )
p(Ree)£0 _ p(Reg)0 | = if ¢ € C\Z,
2 = D3 .
=C if ceZ)\ {0},
BP =B = BP =g it ' e C\ Zss,

(Bra) ~
By = U(kl,k2)eN2: k1+k2=c;1(cv

(Bra) ~
B, Y U(kl,kg)eNQ: k1+k2:c;1,gcd(k1,k2):1(cv
B:(,)Bra) =~ C, here (ki, ko) = (1,0;1 - 1)

if 62_1 S ZZQ.

Remarks 8.8.

(4)

(iid)

(iv)

Theorem 8.1(d) () tells how many (T'E)-structures exist over the F-manifold with Euler
field I5(m), such that the Higgs bundle is generically primitive and induces this F-manifold
structure. There are [%] many holomorphic families from the different choices of (k1, k2)
€ N? with kg > ki and ki + ko = m. They have 2 parameters if m is even and 1 parameter
if m is odd, compare (8.5) and (8.6). For each Iy(m), only one of these families consists

of (T'E)-structures with primitive Higgs fields.

Consider m > 3. Write M = C? for the F-manifold I3(m) in Theorem 2.2, and M log] —
C x {0} for the subset of points where the multiplication is not semisimple. Over these
points the restricted (T E)-structures are of type (Log). We checked that there are [%]
many Stokes structures which give (T'E)-structures on M \ M1°8], Because of (i), all these
(T E)-structures extend holomorphically over M log] "and they give the [%] holomorphic

families of (T'E)-structures on Iy(m) in ().

Especially remarkable is the case A2 = I3(2). There Theorem 8.1(a)+(d) (i) implies
directly that each holomorphic (T E)-structure over A? with generically primitive Higgs
field has primitive Higgs field and is an elementary model (Definition 4.4), so it has trivial
Stokes structure.

This result is related to much more general work in [3] and [22] on meromorphic connections
over the F-manifold A} near points where some of the canonical coordinates coincide. Let
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us restrict to the special case of a neighborhood of a point where all canonical coordinates
coincide. This generalizes the germ at 0 of A% to the germ at 0 of A},

[3, Theorem 1.1] and [22, Theorem 3] both give the triviality of the Stokes structure.
Though their starting points are slightly restrictive. [3] starts in our notation from pure
(T LE)-structures with primitive Higgs fields. The step before in the case of A%, passing
from a (T E)-structure over A? to a pure (T LE)-structure, is done essentially in our Theo-
rem 6.2 (a) (¢3¢). Our argument for the triviality of the Stokes structure is then contained
in the proof of Theorem 6.3.

[22] starts in our notation from (T E)-structures which are already formally isomorphic to
sums P;" Eui/22% Then it is shown that they are also holomorphically isomorphic to
such sums. In this special case, Corollary 5.7 in [7] give this implication, too.

(v) In (ii) we stated that in the case of Io(mm) with m > 3, each (T'E)-structure on M \ Mgl
with primitive Higgs field extends holomorphically to M. In the case of N5 this does not
hold in general. For example, start with the flat rank 2 bundle H' — C* x M, where
M = C? (with coordinates t = (t1,t2)) with semisimple monodromy with two different
eigenvalues A1 and A2. Choose a1, as € C with e~ 2ma; — Aj. Let s; € C% be generating
elementary sections. Define the new basis

v=(v1,v2) = (etl/z (81 + e_l/t2$2),et1/z(z32))
on H'|pp, where M’ := M \ C x {0}. Then
Zvaly =vU- 017

2Vau = v -ty 2e /120y,

_ 0
#Vov=u- <_t101 + (g —ar)e” 20y + 2 <0(31 as + 1) )

So, we obtain a regular singular (T'E)-structure on M’ with primitive Higgs field. The
F-manifold structure on M’ is given by e = 91 and Js 0 9y = 0, so it is N3, and the Euler
field is £ = t101 + (a1 — a2)t30s. F-manifold and Euler field extend from M’ to M, but
not the (T'E)-structure.

8.3 Proof of Theorem 8.5

(a) Let (H — C x (M,t%),V) be an unfolding of a (TE)-structure of type (Log) over t". The
(TE)-structure (H? — Cx (M, %), V1) in Lemma 3.10(c) with (O(H®), V) = (O(H),V)®
/% has trace free pole part. Lemma 3.10(d) and (e) apply. Because of them, it is sufficient
to prove that the (TE)-structure (H [2]7v[2]) is induced by a (TE)-structure (H Bl - C x
(M[3],t[3]),v[3}) over (M[?’],t[?’]) = (C,0) via a map ¢: (M, to) — (M[3],t[3]), where the (TE)-
structure (H 13 V[3]) is one of the (T'E)-structures in the 1st to 7th cases in Theorem 6.3 or one
of the (T'E)-structures in the cases (I) or (II) in Theorem 6.7 with invariants as in table (8.4).
Then the (TE)-structure (H 4, V[4]) which is constructed in Lemma 3.10(d) from (H [3},V[3])
is one of the (T'E)-structures in Theorem 8.1(d) with invariants as in table (8.4), and it induces
by Lemma 3.10(e) the (T'E)-structure (H, V).

From now on we suppose p(¥ = 0, so (H,V) = (H m,V[Q]). We consider the invariants
50 51 ¢ Opo and U and the four possible generic types (Sem), (Bra), (Reg) and (Log),
which are defined by the following table, analogously to Definition 6.1,

(Sem) (Bra) (Reg) (Log)
8O 20|60 =0,60£0|60=60=0,U£0|U=0

First we treat the generic types (Reg) and (Log), then the generic type (Sem) and (Bra).
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Generic types (Reg) and (Log). Then the (T'E)-structure (H, V) is regular singular. We can use
the results in Section 7 (which built on Theorems 6.3 and 6.7). Choose a marking for the (T'E)-
structure (H, V). Then by Remark 7.5(4), there is a unique map ¢: (M, to) —y MM reg
which maps t € M to the point in the moduli space over which one has up to isomorphism
the same marked (T'E)-structure as over t. The map ¢ is holomorphic. By Remark 7.5(z)+(i7)
it maps (M, to) to one projective curve which is isomorphic to MG)0an02 op A rB3)#0.01,02 op
MB)0evlog  The (TE)-structure (H, V) is induced by the (T E)-structure over this curve via
the map ¢. The point t° is mapped to 0 or oo in the cases MG)0avez op Jr3)#0.01,00 (not 0
in the case M(3)7¢0’°‘17°‘1) as the (TE)-structure over ¥ is logarithmic. The germs at 0 and oo
in M®):0:a1.02 and pfB)F#0.01,02 (not 0 in the case M(?’)’#O’O‘l’al) and the germ at any point tg?’)
in M®)0.a1008 are contained in table (8.4). This shows Theorem 8.5 for the generic cases (Reg)
and (Log).

Generic types (Sem) and (Bra). We choose a (connected and sufficiently small) representative M
of the germ (M, "), and we choose on it coordinates t = (t1,...,t,) (with m = dim M) with

t0 = 0. We denote by M8l the analytic hypersurface

ylos (5(0))_1(0), if the generic type is (Sem),
- (5(1))_1(0), if the generic type is (Bra).

It contains t°. Choose a disk A C M through t° with A\ {t°} ¢ M \ M8, The restricted
(TE)-structure (H,V)|cx(a0) has the same generic type as the (T'E)-structure (H,V). The
restricted (T'E)-structure (H, V)|cx(a ) i isomorphic to a (T'E)-structure in the cases 1, 2, 3
or 4 in Theorem 6.3.

The parameters of the restricted (T'E)-structure (H,V)|cy(a ) are given in the following
table:

Generic type Parameters
(Sem) ki, ko € N with ko > k1, pM) € C,
(eC if ko — k1 € 2N,
{ag ERsoUH if ki =k
(Bra) ki, ko e N, p e C

There is a unique pair (k?, kg) € N2 with (k1, k2) € Qso - (k?, kzg) and with the conditions in
table (8.7),

Generic type and invariants Conditions

(Sem): kg — k1 >0 odd ged (K9, k9) =1

(Sem): kg — ki € 2N, ¢ =0 | ged (K9, k9) =1

(Sem): ks — k1 € 2N, C #£0 | k9 — k¥ € 2N, ged (k,{’@) —1
(Sem):

(

ko = k1 K=k =1
ged (K, k9) =1

Sem

Bra

~—

In fact, it is the pair (k{,%9) € N? of minimal numbers which satisfies
(k1. ko) € N« (KD, k)
and which satisfies in the case (Sem) with ks — k; € 2N and ¢ # 0 additionally &k — k9 € 2N.



68 C. Hertling

We denote by (H[P’] — C x (M[3],t[3]),v[3}) the (TE)-structure over (M[3],t[3]) = (C,0)
which has (k,&9) instead of (k1, k2), but which has the same other parameters as the restricted
(TE)-structure (H, V)|cx(a,0)-

We have seen in Remarks 6.5(ii) and (i77) that the restricted (T'E)-structure (H, V)|cx (a0 8
induced by the (T E)-structure (H [3},V[3]) via the branched covering ¢~ : (A, %) — (M 131, t[3])
with @2 (7) = 7%/ Here 7 denotes that coordinate on A with which (H, V)lcx(a,w0y can be
brought to a normal form in the cases 1, 2, 3 and 4 in Theorem 6.3.

It rests to extend ¢ to a map ¢: M — MBIl such that (H,V) is induced by (Hm, VB]) via
this map ¢.

Claim 8.9. There ezists a unique holomorphic function ¢ € Oy with

@’A _ SDA7 (88)
50 — _¢k9+kg if the generic type is (Sem), (8.9)
kO
6 = W2k0 : <pk9+k8 if the generic type is (Bra). (8.10)
1T Ry

Proof. Choose any point t!!! € M08l and any disk Al through ¢! with Al \ {tm} C
M\ MUgl In order to show the existence of a function ¢ € Oy with (8.9) respectively (8.10),
it is sufficient to show that 5(0)\ Al Tespectively 5(1)| Al has at ] a zero of an order which is
a multiple of k9 + k9.

The restricted (T'E)-structure (H, V)|CX(A[1]¢[1]) has the same generic type as (H,V) and is
isomorphic to a (T'E)-structure in the cases 1, 2, 3 or 4 in Theorem 6.3. Its invariants k; and ko
are here called k:[ll] and k:gl], in order to distinguish them from the invariants of (H,V)|(a 0.
We want to show

(K K e N (KD, 19). (8.11)

We did not say much about the Stokes structure. Here we need the following properties of
it, if the generic type is (Sem):

ko =k

JON (H,V)|cxquzy has trivial Stokes structure for e A\ {+}

PN (H, V)| g2y has trivial Stokes structure for 2 e Al £

O]

(3)

1 3
% and <= are obvious from the normal form in the 3rd case in Theorem 6.3. It is not hard
to see that the normal forms for fixed t € C* in the 1st and 2nd case in Theorem 6.3 are not

holomorphically isomorphic to an elementary model in Definition 4.4 (see also Remark 8.8(ii)).

1 3 2
This shows & and ¥> The equivalence <¥> is a consequence of the invariance of the Stokes

structure within isomonodromic deformations.

In the generic type (Sem) with k1 = k2 we have also k‘g} = k:[ll} and k) = kY = 1, and thus
especially (8.11).

Now consider the cases with ko > k1. This comprises the generic type (Bra) and gives in the
generic type (Sem) also k9 > k¥ and k:gl] > kg”. So (H, V)’CX(A[1]7t[1]) is in the 1st, 2nd or 4th

case in Theorem 6.3. The number bgl) in Theorem 6.3 is uniquely determined by the properties
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bgl) € QN]=t,0[ and Eig(M™") = {exp (—27ri(p(1) :l:bél)))} (see Remark 6.4(7) for the second
property). Therefore

0 0 - o
klo kZO _ -k gl) = % in the case (Sem),
20k +£9)  2(k1 + k2) 2(ky’ + ky')
0 B ALY
ky ko _ pll) — Tk in the case (Bra). (8.12)

2(k +K9) 20k +ka) ol 4 gl

This implies (k" k)Y € Qg+ (K0, £9). In the cases with ged (A9, k3) = 1 (8.11) follows.

If ged (l{:?,k‘g) # 1, then the generic type is (Sem), ko — k1 € 2N, kJ — &y € 2N, and the
invariant ¢ of (H, V)|cx(a o) is ¢ # 0. However, then the regular singular exponents a; and az
of the restriction of the (TE)-structure (H,V) over points in M \ M[I°¢l are invariants of the
(T'E)-structure (H, V). By (6.11) and (8.12) also ( is an invariant of the (T'F)-structure (H, V).
Now ¢ # 0 implies k:gl] — k:gl] € 2N. Again (8.11) follows.

Equations (6.8) and (6.12) imply that §(9 |, respectively 61| u has at t!l a zero of an
order which is a multiple of kY + k9. Therefore a function ¢ € Oy with (8.9) respectively (8.10)
exists.

Equations (6.8) and (6.12) for (H, V)|cx(a w0y tell

50| p = —ghithe — —(Tkl/k?)k(l)%g — _(@A)kg%g in the case (Sem),
) k9 0\ k9+k9 k9 KO +k0
S = 2 hitke — 2 (Cki/RD)MITR: 2 A2 the case (Bra).
A= bk aarg weig ) (Bra)
Therefore a function ¢ as in the claim exists and is unique. |

Now compare the (T'E)-structures (H, V) and ¢* (H[3], V[S}) over M. Both extend to pure
(T LE)-structures. For ¢* (H [3},V[3]), one uses the pull back ¢* (y[?’]) of the basis v® which
gives for (H [3},V[3]) the Birkhoff normal form in Theorem 6.3. For (H,V) one starts with
the analogous basis v for H|cxa which gives for (H,V)|cxa the Birkhoff normal form in
Theorem 6.3. It has a unique extension v to C x M which still yields a Birkhoff normal form.
Compare Remark 3.19(i7) for this.

Remarks 6.5(i¢) and (i4i) (or simply the Birkhoff normal forms in Theorem 6.3) tell that the
map (go*ym) lcxa — v = v|cxa is an isomorphism of pure (T LE)-structures.

Now consider a point #2 € A\ {t°} and its image t1¥ := o (¢2) € MBI\ {81} = C\ {0}.
Over the germ (M 3, t[4]), the (T'E)-structure (H 31, V[“ﬂ) is the part with trace free pole part
of a universal unfolding of (H 3], V[?’})]CX {#la1y- Therefore in a neighborhood U < M of i,
the (TE)-structure (H,V)|cxy is induced by (H[?’},V[3])|CX(M[3]¢[4]) via a map @: U — MBI
We can choose it such that

Pla = . (8.13)

Equations (6.8) and (6.12) tell

5(0)|U = —(gb')k?Jrkg in the case (Sem), (8.14)
0
fy= "2 (@M iy the case (Bra). (8.15)
Ky + k;

Equations (8.13)—(8.15) and Claim 8.9 imply ¢ = ¢|y. Therefore the matrices in Birkhoff normal
form for the basis v of (H, V) coincide on C x U with the matrices in Birkhoff normal form for



70 C. Hertling

the basis ¢* (2[3]) of p* (H 3], V[3]). As all matrices are holomorphic on C x M, they coincide
pairwise on C x M. Therefore the pure (T'LE)-structure (H, V) with basis v is isomorphic to
the pure (T'LE)-structure ¢*(H [3},V[3]) with basis ¢* (9[3}). This finishes the proof of part (a)
of Theorem 8.5.

(b) If the original (T'E)-structure (H, V) has the form ¢*(O(HP!), VP & £=7""/% then the
(T'E)-structure (H [2]7v[2]) with trace free pole part which was associated to (H,V) at the
beginning of the proof of part (a), has the form ¢* ((’)(H[5]), V[5]).

Then any (TE)-structure (H[S], V[3]) over (M[?’},t[?’]) = (C,0) works, whose restriction
over t13 is the given logarithmic (T'E)-structure (H (5], V[E’]).

In the cases with N™°" = 0, table (8.4) offers one of generic type (Sem) with k; = ko =1
(and some with ko > k1 if a1 —ag € QN (—1,1)) and one or two of generic type (Reg), see
table (8.3). In the cases with N™°" # 0, table (8.4) offers two of generic type (Reg) if the
leading exponents a1 and «q satisfy a; — as € N, and one if they satisfy a; = as, compare also
Figures 7.4 and 7.5 in Theorem 7.4(b). Therefore the inducing (T'E)-structure in table (8.4) is
not unique except for the case N™°" #£ 0 and a1 = o, if the original (T'E)-structure has the
form ¢* (O(HE), vIl) ® "/,

In the other cases, the proof of part (a) shows the uniqueness of the (TE)-structure
(H B3l VB]). The uniqueness of (H 3], V[?’}) gives also the uniqueness of (H [4], V[‘q) in the first
paragraph of the proof of part (a).

(c) This follows from the uniqueness in part (b). |

9 A family of rank 3 (T E)-structures
with a functional parameter

M. Saito presents in [23] a family of Gauss—-Manin connections with a functional parameter.
In the arXiv paper [23], the bundle has rank n, but in a preliminary version it has rank 3 and
is more transparent.

Here we translate the rank 3 example by a Fourier-Laplace transformation into a family of
(T'E)-structures with primitive Higgs fields over a fixed 3-dimensional globally irreducible F-
manifold with an Euler field, such that the F-manifold with Euler field is nowhere regular. The
family of (T'E)-structures has a functional parameter h(ty) € C{ta}.

In the following, we write down a (TE)-structure of rank 3 on a manifold M = C? with
coordinates t1, to, t3. The restriction to {t cC3lty = 0} = {0} x C? is a FL-transformation
of Saito’s example. The parameter ¢; and this F-manifold are not considered in [23]. There the
base space has only the two parameters to and t3. Choose an arbitrary function h(ty) € C{t2}
with h”(0) # 0.

Let H' — C*x M be a holomorphic vector bundle with flat connection with trivial monodromy
and basis of global flat sections s1, s2, s3. Define an extension to a vector bundle H — C x M
using the following holomorphic sections of H’, which also form a basis of sections of H':

V] = /= (281 +to - zs9+ h(ta) - zsg + t3 - Z253)7
v 1= e/ (22sy + B (t2) - 2%s3), vg 1= /7 sy,
Denote v := (v1, v2,v3). Denote 9y, := 9;. Then

Zvaly =v- 137

0 0 0
z2Vgv=u-|1 0 0],
0
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o o O

0 0
Voo =v-|0 0],
1 0

0 0 0 1
2owv=v-|—t;-154 [0 0 O] |+2z-v-|0
0 0

Write 0 := (01, 02,03). The pole parts give the multiplication o on the F-manifold and the
Euler field E by

aloQ:Q'l?n
0 0 0
Bhod=0a-11 0o o],
0 h(ts) 0
0 0 0
9500=0-10 0 0],
1 00
0 00
Fod=-9-|—-t1-135+[0 0 O R so E=t-01—1t3-05.
ts 0 0

and the new basis v = (51,52,53) = (vl,%, vg) of the given (T'E)-structure. Then

zVzu=1u-13,

00 0 0 0 0
-~ - 1
ZV(’%Q =2-{1 0 0)+z- (0 02 h'(t2) 0 )
01 0 0 0 0
0 00
ngEzﬂ 0 0 0],
3
1 00
0 0 0 1 00
200=0-|-ti-13+[0 0 0| +z-T-]10 2 0
ts3 0 0 00 3

In the new coordinates the multiplication becomes simpler and independent of the choice of h(t2)
(as long as h”(t2) # 0):

Dod=0-1s,

Jp0d =

85}
O~ O
= O O
o O O
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Y (O
030Q:Q- 0 O 0,
100
o 000
Eod=-9-|-ti-15+(0 0 0] ],
ts3 0 0

SO E:tl'gl—tg-gg.

This is the nilpotent F-manifold for n = 3 in [4, Theorem 3]. However, the Euler field here is
different from the one in [4, Theorem 3]. The endomorphism Fo here is not regular, but has
only the one eigenvalue ¢; and has for ¢3 # 0 one Jordan block of size 2 x 2 and one Jordan
block of size 1 x 1 and is semisimple for t3 = 0.

The sections v, v2, v3 define also an extension H — P! such that the (T'E)-structure extends
to a pure (T'LE)-structure.

Furthermore v satisfies all properties of the section ¢ in Theorem 6.6(b) in [7]. Thus the
F-manifold with Euler field is enriched to a flat F-manifold with Euler field (Definition 3.1(b)
in [7]).

If we try to introduce a pairing which would make it into a pure (T'LE P)-structure, we get
a constraint h”(t3) = const. However, probably similar higher dimensional examples allow also
an extension to pure (T'LEP)-structures while keeping the functional freedom. This would give
families of Frobenius manifolds with Euler fields with functional freedom on a fixed F-manifold
with Euler field.

In the example above, #1, t9, ts are flat coordinates and ¢; = t1, ta, t3 = t3 are generalized
canonical coordinates (in which the multiplication has simple formulas).

Acknowledgements

This work was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foun-
dation) —242588615. I would like to thank Liana David for a lot of joint work on (T'E)-structures.

References

[1] Anosov D.V., Bolibruch A.A., The Riemann-Hilbert problem, Aspects of Mathematics, Vol. 22, Friedr.
Vieweg & Sohn, Braunschweig, 1994.

[2] Babbitt D.G., Varadarajan V.S., Formal reduction theory of meromorphic differential equations: a group
theoretic view, Pacific J. Math. 109 (1983), 1-80.

[3] Cotti G., Dubrovin B., Guzzetti D., Isomonodromy deformations at an irregular singularity with coalescing
eigenvalues, Duke Math. J. 168 (2019), 967-1108, arXiv:1706.04808.

[4] David L., Hertling C., Regular F-manifolds: initial conditions and Frobenius metrics, Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5) 17 (2017), 1121-1152, arXiv:1411.4553.

[6] David L., Hertling C., (T')-structures over two-dimensional F-manifolds: formal classification, Ann. Mat.
Pura Appl. (4) 199 (2020), 1221-1242, arXiv:1811.03406.

[6] David L., Hertling C., (T'E)-structures over the irreducible 2-dimensional globally nilpotent F-manifold
germ, Rev. Roumaine Math. Pures Appl. 65 (2020), 235-284, arXiv:2001.01063.

[7] David L., Hertling C., Meromorphic connections over F-manifolds, in Integrability, Quantization, and
Geometry. 1. Integrable systems, Proceedings of Symposia in Pure Mathematics, Vol. 103, Editors
S. Novikov, I. Krichever, O. Ogievetsky, S. Shlosman, Amer. Math. Soc., Providence, RI, 2021, 171-216,
arXiv:1912.03331.

[8] Fabry E., Sur les intégrales des équations différentielles lineaires & coefficients rationels, Ph.D. Thesis,
Paris, 1885.


https://doi.org/10.1007/978-3-322-92909-9
https://doi.org/10.1007/978-3-322-92909-9
https://doi.org/10.2140/pjm.1983.109.1
https://doi.org/10.1215/00127094-2018-0059
https://arxiv.org/abs/1706.04808
https://doi.org/10.2422/2036-2145.201509_007
https://doi.org/10.2422/2036-2145.201509_007
https://arxiv.org/abs/1411.4553
https://doi.org/10.1007/s10231-019-00919-9
https://doi.org/10.1007/s10231-019-00919-9
https://arxiv.org/abs/1811.03406
https://arxiv.org/abs/2001.01063
https://arxiv.org/abs/1912.03331

Rank 2 Bundles with Meromorphic Connections with Poles of Poincaré Rank 1 73

9
[10]
11]
[12)

[13]

Hertling C., Frobenius manifolds and moduli spaces for singularities, Cambridge Tracts in Mathematics,
Vol. 151, Cambridge University Press, Cambridge, 2002.

Hertling C., tt* geometry, Frobenius manifolds, their connections, and the construction for singularities,
J. Reine Angew. Math. 555 (2003), 77-161, arXiv:math.AG/0203054.

Hertling C., Hoevenaars L., Posthuma H., Frobenius manifolds, projective special geometry and Hitchin
systems, J. Reine Angew. Math. 649 (2010), 117-165, arXiv:0905.3304.

Hertling C., Manin Yu., Weak Frobenius manifolds, Int. Math. Res. Not 1999 (1999), 277-286,
arXiv:math.QA /9810132.

Hertling C., Manin Yu., Unfoldings of meromorphic connections and a construction of Frobenius man-
ifolds, in Frobenius Manifolds, Aspects Math., Vol. 36, Friedr. Vieweg, Wiesbaden, 2004, 113-144,
arXivimath.AG/0207089.

Hertling C., Sabbah C., Examples of non-commutative Hodge structures, J. Inst. Math. Jussieu 10 (2011),
635-674, arXiv:0912.2754.

Hertling C., Sevenheck C., Limits of families of Brieskorn lattices and compactified classifying spaces, Adv.
Math. 223 (2010), 1155-1224, arXiv:0805.4777.

Malgrange B., La classification des connexions irréguliéres a une variable, in Mathematics and Physics
(Paris, 1979/1982), Progr. Math., Vol. 37, Birkhduser Boston, Boston, MA, 1983, 381-399.

Malgrange B., Sur les déformations isomonodromiques. I. II. Singularités irrégulieres, in Mathematics and
physics (Paris, 1979/1982), Progr. Math., Vol. 37, Birkhduser Boston, Boston, MA, 1983, 401-438.

Malgrange B., Deformations of differential systems. II, J. Ramanujan Math. Soc. 1 (1986), 3-15.

Sabbah C., Introduction to algebraic theory of linear systems of differential equations, in Eléments de
la théorie des systémes différentiels. D-modules cohérents et holonomes (Nice, 1990), Travauz en Cours,
Vol. 45, Hermann, Paris, 1993, 1-80.

Sabbah C., Polarizable twistor D-modules, Astérisque 300 (2005), vi+208 pages, arXiv:math.AG/0503038.

Sabbah C., Isomonodromic deformations and Frobenius manifolds. An introduction, Universitext, Springer,
London, 2008.

Sabbah C., Integrable deformations and degenerations of some irregular singularities, Publ. Res. Inst.
Math. Sci., to appear, arXiv:1711.08514.

Saito M., Deformations of abstract Brieskorn lattices, arXiv:1707.07480.

Varadarajan V.S., Linear meromorphic differential equations: a modern point of view, Bull. Amer. Math.
Soc. (N.S.) 33 (1996), 1-42.


https://doi.org/10.1017/CBO9780511543104
https://doi.org/10.1515/crll.2003.015
https://arxiv.org/abs/math.AG/0203054
https://doi.org/10.1515/CRELLE.2010.091
https://arxiv.org/abs/0905.3304
https://doi.org/10.1155/S1073792899000148
https://arxiv.org/abs/math.QA/9810132
https://doi.org/10.1007/978-3-322-80236-1_5
https://arxiv.org/abs/math.AG/0207089
https://doi.org/10.1017/S147474801100003X
https://arxiv.org/abs/0912.2754
https://doi.org/10.1016/j.aim.2009.09.012
https://doi.org/10.1016/j.aim.2009.09.012
https://arxiv.org/abs/0805.4777
https://arxiv.org/abs/math.AG/0503038
https://doi.org/10.1007/978-1-84800-054-4
https://arxiv.org/abs/1711.08514
https://arxiv.org/abs/1707.07480
https://doi.org/10.1090/S0273-0979-96-00624-6
https://doi.org/10.1090/S0273-0979-96-00624-6

	1 Introduction
	2 The two-dimensional F-manifolds and their Euler fields
	3 (TE)-structures in general
	3.1 Definitions
	3.2 (TE)-structures with trace free pole part
	3.3 (TE)-structures over F-manifolds with Euler fields
	3.4 Birkhoff normal form
	3.5 Regular singular (TE)-structures
	3.6 Marked (TE)-structures and moduli spaces for them

	4 Rank 2 (TE)-structures over a point
	4.1 Separation into 4 cases
	4.2 The case (Sem)
	4.3 Joint considerations on the cases (Bra), (Reg) and (Log)
	4.4 The case (Bra)
	4.5 The case (Reg) with `3́9`42`"̇613A``45`47`"603AtrU=0
	4.6 The case (Log) with `3́9`42`"̇613A``45`47`"603AtrU=0

	5 Rank 2 (TE)-structures over germs of regular F-manifolds
	6 1-parameter unfoldings of logarithmic (TE)-structuresover a point
	6.1 Numerical invariants for such (TE)-structures
	6.2 1-parameter unfoldings with trace free pole part of logarithmic pure (TLE)-structures over a point
	6.3 Generically regular singular (TE)-structures over (C,0) with logarithmic restriction over t0=0 and not semisimple monodromy

	7 Marked regular singular rank 2 (TE)-structures
	8 Unfoldings of rank 2 (TE)-structures of type (Log) over a point
	8.1 Classification results
	8.2 (TE)-structures over given F-manifolds with Euler fields
	8.3 Proof of Theorem 8.5

	9 A family of rank 3 (TE)-structures with a functional parameter
	References

