Theory and Applications of Categories, Vol. 12, No. 11, 2004, pp. 326–354.

SEVERAL CONSTRUCTIONS FOR FACTORIZATION SYSTEMS

DALI ZANGURASHVILI

Abstract. The paper develops the previously proposed approach to constructing factorization systems in general categories. This approach is applied to the problem of finding conditions under which a functor (not necessarily admitting a right adjoint) “reflects” factorization systems. In particular, a generalization of the well-known Cassidy-Hébert- Kelly factorization theorem is given. The problem of relating a factorization system to a pointed endofunctor is considered. Some relevant examples in concrete categories are given.

1. Introduction

The problem of relating a factorization system on a category C to an adjunction

C_I � X

H� , (1.1)

was thoroughly considered by C. Cassidy, M. Hébert and G. M. Kelly in [CHK]. The well-known theorem of these authors states that in the case of a finitely well-complete category C the pair of morphism classes � I^{−1}(Iso X ), � H(Mor X )

�_{↑↓}� (1.2)

is a factorization system on C (recall that for any morphism class N the symbol N^↑ (resp. N^↓) denotes the class of all morphisms f with f ↓ n (resp. n ↓ f) for all n ∈ N). Subsequently, G. Janelidze posed the problem whether this is still the case if Iso X and Mor X in (1.2) are replaced by any morphism classes E and M, respectively, constituting a factorization system on X . This problem is dealt with in the author’s recent works [Z1], [Z2]. For instance, in [Z1] it is shown^1 that the pair � I^{−1}(E), (H(M))^{↑↓} � (1.3)

is a factorization system on C for any factorization system (E, M) on X if (1.1) is a semileft-exact reflection in the sense of [CHK], or, equivalently, an admissible reflection in the sense of [J1].

The support rendered by INTAS Grant 97 31961 is gratefully acknowledged. Received by the editors 2002-09-26 and, in revised form, 2004-08-07. Transmitted by Robert Rosebrugh. Published on 2004-08-11. 2000 Mathematics Subject Classification: 18A20, 18A32, 18A25.

Key words and phrases: (local) factorization system, family of adjunctions between slice categories, semi-left-exact reflection, fibration, (co)pointed endofunctor.

© Dali Zangurashvili, 2004. Permission to copy for private use granted. 1This result was further improved in [Z2] by omitting the requirement that H^C be faithful. 326

In [Z2] we proposed an approach of transporting factorization systems from X to C, which sheds new light on the above-mentioned problem. In this paper we develop our approach and apply it to the same problem, but in a more general situation, namely, to the problem whether the pair of morphism classes � I^{−1}(E), (I^{−1}(E))^↓ � (1.4)

is a factorization system, where I : C � X is any functor, not necessarily admitting a right adjoint. We prove that the pair (1.4) is a factorization system in any of the following cases:

– when the induced functor

I^C : C/C � X /I(C) (1.5)

between slice categories admits a right adjoint H^C for each C ∈ Ob C and all H^C are full (this, in particular, includes the case of a fibration I; we point out that here C is not required to have pullbacks or any other (co)limits);

– when C admits pullbacks, X = C, I is equipped with the structure of a pointed endofunctor (with certain restrictions) and M ⊂ Mon X . In this connection, we should make a special mention of the work [JT2] by G. Janelidze and W. Tholen, where the problem of relating a factorization system to a pointed endofunctor is investigated. Note that our treatment of this problem differs from that of [JT2];

– when C is complete and well-powered, each I^C in (1.5) has a right adjoint and M ⊂ Mon X ;

and, finally,

– when I has a right adjoint with various versions of the requirements given in [Z1], [Z2] and in this paper.

In particular, we give the following generalization of the Cassidy-Hébert-Kelly theorem:

Let C be a complete and well-powered category and let (E, M) be any factorization system on X with M ⊂ Mon X ; then the pair (1.3) is a factorization system on C for any adjunction (1.1).

The results obtained in the paper are illustrated by examples in concrete categories. Namely, new factorization systems are constructed on the categories of Abelian groups (more generally, on any Abelian category), groups with unary operators, locally compact Hausdorff Abelian groups with compact sets of compact elements, Heyting algebras, topological spaces over a given space and so on.

The author gratefully acknowledges valuable discussions with George Janelidze and Mamuka Jibladze on the subject of this paper.

2. Preliminaries

We use the terms “factorization system”, “prefactorization system” and “object orthogonal to a morphism” in the sense of P. J. Freyd and G. M. Kelly [FK]. Namely, a factorization system on a category C is a pair of morphism classes (E, M) such that

(i) E, (M) is right-closed (left-closed) under composition with isomorphisms, i.e., ie ∈ E (mi ∈ M) whenever e ∈ E (m ∈ M) and i is an isomorphism;

(ii) for each e ∈ E and m ∈ M we have e ↓ m, which means that for each commutative square_e � α � β � m � there exists a unique δ, for which α = δe and β = mδ;

(iii) every morphism α admits an (E, M)-factorization, i.e., there are morphisms e ∈ E and m ∈ M with α = me.

Every factorization system (E, M) satisfies E^↓ = M and M^↑ = E. A pair (E, M) satisfying these equalities is called a prefactorization system on C.

Let us recall some needed definitions and results from [CHK]. Let C have a terminal object 1. Consider the partially ordered collection of prefactorization systems (E, M) on C satisfying the condition:

(∗) every morphism with codomain 1 admits an (E, M)-factorization,

with usual order, i.e., (E, M) ≤ (E^′, M^′) iff M ⊂ M^′. This collection is regarded as a category and denoted by PFS_∗(C). Let FRS(C) be the collection of full replete reflective subcategories of C, ordered by the inclusion and also regarded as a category. There is an adjunction

FRS (C)_{ΦC} � PFS_∗(C)

Ψ_C � , where the right adjoint Ψ_c maps each (E, M) to the full subcategory of objects C for which the unique morphism C →1 lies in M, while

Φ_C(X ) = � I^{−1}(Iso X ), (I^{−1}(Iso X ))^↓ � for a full replete reflective subcategory X with the reflector I : C −→ X . The well-known result from [CHK] asserts that if C is finitely well-complete, then Φ_C(X ) is not only a prefactorization system, but, what is more, a factorization system as well.

One has Ψ_C Φ_C = 1_{FRS (C)}. The pair Φ_C Ψ_C(E, M) is called the reflective interior of a

prefactorization system (E, M) from PFS_∗(C). Like [CHK] we denote it by (^∘E,^∘M). The morphisms of^∘E are characterized as follows:

α ∈^∘E if and only if eα ∈ E for some e ∈ E. (2.1)

(E, M) is called reflective if^∘E = E (or, equivalently,^∘M = M).

Let C be finitely complete, and let X be a full reflective subcategory with reflector I and unit η. The reflection of C onto X is said to be semi-left-exact if for any pullback diagram P^α � � X � C^{ηC} � IC

with X ∈ Ob X , I(α) is an isomorphism. The equivalent notion is that of an admissible reflection [J1]. It is defined as a reflection such that all right adjoints H^C in the induced adjunctions between slice categories

C/C_{IC} � X /I(C)

H^C �

are full and faithful. The reflection of C onto X is called simple [CHK], or direct [BG], [H] if, for any morphism f : B −→ C, the image under I of the canonical morphism in the diagram B

f � � � � � � � � � � � �_{ηB} � � � � � P � �^{pb} IB If � C_{ηC} � IC

is an isomorphism. Every semi-left-exact reflection is simple. The converse fails to be valid.

As mentioned in the Introduction, in this paper we develop the procedure proposed in [Z2] for transporting factorization systems from a category X to a category C. Let us recall its essence. We deal not with adjunctions (1.1), but, more generally, with families of adjunctions between slice categories A : � C/C_{IC} � X /T (C) � C∈Ob C

H^C

� , (2.2)

(here T is any mapping Ob C −→ Ob X and H^C are right adjoints). The arguments justifying why we do so are as follows. A factorization system (E, M) on X gives the full reflective subcategory M/T (C) of X /T (C) for each C; recall that the objects of M/T (C) are the morphisms X → T (C) which lie in M. If all H^C are full, then H^C (M/T (C)) are full reflective subcategories of C/C, and the point is that sometimes they induce a factorization system on C. More generally, if H^C is not necessarily full, then H^C (M/T (C)) can be replaced by the full subcategory C_C of C/C generated by H^C (Ob M/T (C)). If C_C turns out to be reflective for any C, then we may again obtain a factorization system on C, which we denote by (E_A, M_A). Let us clarify that

M_A = � C∈Ob C

M_C ,

where M_C consists of all morphisms isomorphic to the images of the objects of M/T (C) under H^C , while E_A = M^↑_A .

Let f : B −→ C be a morphism in C, and let

I^C (f) = me

be the (E, M)-factorization of I^C (f). We can consider e as a morphism I^C (f) −→ m in X /T (C); therefore it has the adjunct e_f under the corresponding adjunction from (2.2). Clearly, f = m_f e_f , (2.3)

where m_f = H^C (m). In [Z2] various sufficient conditions are given for (E_A, M_A) to be a factorization system (then (E, M) is called locally transferable along (2.2)). Note that it is (2.3) that frequently gives the (E_A, M_A)-factorization of morphisms.

The considered procedure naturally led to the notion of a local factorization system introduced in [Z2]. By definition, a local factorization system with respect to some class of objects C^′ (or, shortly, a C^′-factorization system) is a pair of morphism classes (E, M), satisfying the axioms (i), (ii) above and

(iii^′) every morphism α with codomain in C^′ admits an (E, M)-factorization;

(iv) for each m ∈ M, codom m ∈ C^′;

(v) for each e ∈ E there exists m ∈ M with codom e = dom m.

Clearly, Ob C-factorization systems are just usual factorization systems on C. Local factorization systems possess most of the properties of factorization systems. In particular, M/C is a reflective subcategory of C/C for each C ∈ C^′. Hence we can carry out the procedure not only in the case where (E, M) is a (usual) factorization system on X , but also in a more general case where it is a local factorization system with respect to a class X^′ of objects such that T (Ob C) ⊂ X^′. Our previous notations related to the procedure remain in force for this general case as well.

Finally, we wish to recall two results that are repeatedly used in this paper. The first of them is well-known and proved, for instance, in [T], [CHK].

Let C be an arbitrary category.

2.1. Theorem. Let N be a class of morphisms in C, closed under composition; let C admit all pullbacks (along any morphism) of morphisms in N, and all intersections of morphisms in N; and let these pullbacks and intersections again belong to N. Then (N^↑, N) is a factorization system and N ⊂ Mon C.^2

2.2. Proposition. [Z2] Let (C_C )_{C∈Ob C} be a family of full replete reflective subcategories of slice categories C/C with reflectors

r^C : C/C � C_C

and units ζ^C , and let M = � C∈Ob C

Ob C_C .

The following conditions are equivalent:

(i) the pair (M^↑, M) is a factorization system on C;

(ii) for each pair of objects C, C^′ of C and each f ∈ Ob C/C, if ζ^C_f : α −→ β is a morphism in C/C^′, then r^{C′} (ζ^C_f ) is an isomorphism.

When these conditions are satisfied, we have

M^↑ = � C∈Ob C � i ζ^C_f |f ∈ Ob C/C, i is isomorphism � . (2.4)

If C admits pullbacks, then each of the above conditions is equivalent to

(iii) M is stable under pullbacks, and for each object C, each f ∈ Ob C/C and C^′ = codom e_f , the morphism r^{C′} (ζ^C_f ) is an isomorphism.

If, in addition, C has all intersections of monomorphisms and Ob C_C ⊂ Mon C for any C, then we have one more equivalent condition:

(iv) M is stable under pullbacks and is closed under composition and intersection.

Throughout the paper, when there is no risk that confusion might arise, we use the same notation for different morphisms in a slice category provided that they have the same underlying morphism from the entire category (as is, for instance, the case with Proposition 2.2 (ii)).

2In fact, as is shown in [T], for any morphism class N, the existence of all intersections of morphisms from N is sufficient for the fulfillment of the condition N ⊂ Mon C.

3. The Initial Case

In this section, unless it is specified otherwise, C and X always denote arbitrary categories without any requirement related to the existence of (co)limits.

Let T : Ob C −→ Ob X be any mapping, and let A be any family of adjunctions � C/C_{IC} � X /T (C)

H^C � � C∈Ob C

(3.1)

with right adjoints H^C and counits ε^C . Suppose (E, M) is any factorization system on X . If H^C is full, H^C (M/T (C)) is a reflective subcategory of C/C and its units are e_f : f −→ m_f . Applying Proposition 2.2, we obtain

3.1. Proposition. Let all H^C be full. Then the following conditions are equivalent:

(i) (E_A, M_A) is a factorization system;

(ii) for all objects C, C^′ of C and each f ∈ Ob C/C, if e_f : α −→ β is a morphism in C/C^′, then there exists an C/C^′-isomorphism e_α ≈ e_β e_f for e_α : α −→ m_α and e_β : β −→ m_β;

(iii) for all objects C, C^′ of C and each f ∈ Ob C/C, if e_f : α −→ β is a morphism in C/C^′, then there exists a morphism e : I^{C′} (β) −→ x in X /T (C^′) such that both e and eI^{C′} (e_f ) lie in E;

(iv) for all objects C, C^′ of C and each f ∈ Ob C/C, if e_f : α −→ β is a morphism in C/C^′, then we have I^{C′} (e_f ) ∈^∘E, where (^∘E,^∘M) is the reflective interior of (E, M) considered as a factorization system on X /T (C^′);

(v) for each morphism f, we have e_f ∈ E_A.

If, in addition, C admits pullbacks and each I^C preserves the terminal object, then (i)–(v) are also equivalent to each of the following conditions:

(vi) M_A is stable under pullbacks and for each f ∈ Ob C/C, the object C^′ = codom e_f and the corresponding morphism e_f : e_f −→ 1_{C′} , we have I^{C′} (e_f ) ∈ E;

(vii) M_A is stable under pullbacks and for each f ∈ Ob C/C and the object C^′ = codom e_f , we have I^{C′} (e_f ) ∈ E;

(viii) M_A is stable under pullbacks, and for each C ∈ Ob C and each f ∈ Ob C/C, the morphism m_{ef} is an isomorphism.

Proof. Observe in the first place that one always has

(iii) ⇔ (iv) ⇒ (v) ⇒ (i).

Indeed, the equivalence (iii)⇔(iv) follows from (2.1). For (iii)⇒(v), note that e_f ↓ H^{C′} (m^′) means precisely the orthogonality of an object H^{C′} (m^′) of C/C^′ to all C/C^′-morphisms, the underlying morphisms of which are e_f . This in turn is equivalent to the condition that m^′ is orthogonal to the images of the above-mentioned C/C^′-morphisms under I^{C′} . The latter condition clearly holds. (v)⇒(i) is obvious, since f = m_f e_f for any f ∈ Mor C.

Now let us assume that each H^C is full.

(i)⇔(ii). By Proposition 2.2, (E_A, M_A) is a factorization system if and only if r^{C′} (e_f ) : m_α → m_β is an isomorphism; here r^{C′} is the reflector C/C^′ → H^{C′} (M/T (C^′)). It remains to observe that e_βe_f = r^{C′} (e_f )e_α.

(ii)⇒(iii) follows from the fact that, as is shown in [Z2], for every f : B −→ C and the corresponding morphism e_f : f −→ m_f in C/C, we have

I^C (e_f ) ∈ E. (3.2)

(3.2) is implied by the equality e = ε^C_mI^C (e_f ) and the fact that ε^C_m is a split monomorphism.

Let C admit pullbacks and each I^C preserve the terminal object. (iii)⇒(vi): If β = 1_{C′} , then the morphism e in (iii) is a split monomorphism. Therefore I^{C′} (e_f ) ∈ E.

(vi)⇒(vii) and (vii)⇒(viii) are obvious. (viii)⇔(i) follows from Proposition 2.2.

3.2. Remark. If the conditions of Proposition 3.1 are fulfilled, then E_A consists precisely of morphisms isomorphic to e_f for some f ∈ Mor C. Moreover, the (E_A, M_A) - factorization of f is f = m_f e_f .

3.3. Remark. The equivalence of (i), (ii), (v) and (viii) holds if (3.1) satisfies a milder condition than the fullness of all H^C :

The mapping H^C : Mor (m, m) � Mor (H^C (m), H^C (m)) (3.3)

is surjective for any m ∈ M/T (C) such that there exists e ∈ E with me ∈ I^C (C/C).

The proof employs Lemma 4.1 of Section 4.

Let all H^C be full. Then (3.2) implies that the statement (iii) of Proposition 3.1 holds if the following condition is satisfied (we call it the condition of compatibility with respect to E ):

For all C, C^′ ∈ Ob C and h ∈ Mor C, if h : α_1 −→ β_1 and h : α_2 −→ β_2 are morphisms in C/C and C/C^′, respectively, then

I^C (h) ∈ E if and only if I^{C′} (h) ∈ E.

This observation immediately gives rise to

3.4. Theorem. Let I : C � X (3.4)

be any functor, and let (E, M) be a factorization system on X . Suppose, for each C ∈ Ob C, the induced functor

I^C : C/C � X /I(C) (3.5)

has a right adjoint H^C , and let all H^C be full. Then the pair of morphism classes � I^{−1}(E), (I^{−1}(E))^↓ � (3.6)

is a factorization system on C.

Proof. We only have to show that E_A = I^{−1}(E). The inclusion E_A ⊂ I^{−1}(E) follows from (3.2), while the converse inclusion is obtained from the following assertion which is easy to prove.

3.5. Lemma. Let A be a family of adjunctions (3.1), and let h ∈ Mor C. If for any C ∈ Ob C we have I^C (h) ∈ E whenever h : α −→ β is a morphism in C/C, then h ∈ E_A.

We wish to emphasize the fact that in Theorem 3.4 there is no requirement for the existence of any (co)limits in C. If C admits pullbacks and I has a right adjoint H, then, as known, each I^C has a right adjoint H^C (H^C pulls back the H-image of morphisms along the corresponding unit). Therefore Theorem 3.4 generalizes

3.6. Theorem. [Z1,Z2] Let C have pullbacks, and let

C_I � X

H� (3.7)

be an adjunction. If each H^C is full, then the pair of morphism classes � I^{−1}(E), (H(M))^{↑↓} � (3.8)

is a factorization system on C.

3.7. Remark. The class (H(Mor X ))^{↑↓} is described in [CHK] for the case of semi-left-exact reflection (3.7). It is shown that it consists precisely of those morphisms f : B −→ C for which the square B^{ηB} � f � IB If � C^{ηC} � IC is a pullback (here η is the unit of (3.7)). Recall that such morphisms are called trivial coverings in G. Janelidze’s Galois theory [J1], [J2]. In [Z1] we give an analogous characterization of morphisms from (H(M))^{↑↓} if, again, (3.7) is a semi-left-exact reflection: we have to restrict ourselves only to the trivial coverings which are mapped into M.

3.8. Example. Take the variety Heyting of Heyting algebras and its reflective subcategory Boole of Boolean algebras. The reflector

Heyting � Boole (3.9)

maps every H to the Boolean algebra I(H) of all regular elements of H (i.e., elements a ∈ H for which the equality ℸℸa = a holds), while the unit η_H maps a to ℸℸa. Note that the homomorphicity of η_H follows from the fact that I(H) is a reflective subcategory of H (regarded as a category) with reflector η_H [B]. It can be verified that the considered reflection is semi-left-exact. “Reflecting” (E=surj.hom., M =monos (inj.hom.)) from Boole, we obtain the factorization system (3.8) on Heyting:

f : H_1 −→ H_2 lies in I^{−1}(E) precisely when for each regular b ∈ H_2 there exists a regular a ∈ H_1 such that f(a) = b;

f : H_1 −→ H_2 lies in (H(M))^{↑↓} precisely when it satisfies the following two properties:

(i) the restriction of f on regular elements of H_1 is injective;

(ii) for each regular element a of H_1 and each b ∈ H_2 such that ℸℸb = f(a) there exists a unique a^′ ∈ H_1 with ℸℸa^′ = a and f(a^′) = b.

3.9. Example. Let C be an Abelian category, and let (V, ε) (or, shortly, V ) be a copointed endofunctor with ε_C being a monomorphism and V (C/V (C)) = 0 for each C ∈ Ob C. Consider the reflective subcategory X of those C for which V (C) = 0. Recall that the reflector I : C � X (3.10)

maps C to C/V (C), while η_C = coker ε_C .

Clearly, the pair (E, M), where E consists of all C-epimorphisms in X and M consists of all monomorphisms, is a factorization system on X . We have:

f : C → C^′ lies in I^{−1}(E) precisely when Im f + V (C^′) = C^′.

Indeed, consider the commutative diagram

Im f

i_1 � � m

� � � � � � � � � � � C

f

�

e � � � C/V (C)

I(f) � Im f ⊕ V (C^′) s � � � � V (C^′) �_{εC′} �

i_2 � C^′ � � C^′/V (C)

with evident e, m and s. If I(f) is an epimorphism, then for any α : A → C^′ we have morphisms β, γ, δ such that η_{C′} α = I(f)β, η_C γ = β and α − si_1eγ = ε_{C′} δ = si_2δ, whence α = s(i_1eγ + i_2δ), and therefore s is an epimorphism. The converse is verified similarly.

It is proved in [JT2] that if C is the category of (left) R-modules (R is a commutative ring with unit), then the reflection of C onto X is semi-left-exact if and only if V is idempotent, i.e., εV is an isomorphism. It can be verified that the latter assertion remains true for arbitrary Abelian C.

Let V be idempotent. In order to calculate the class (H(M))^{↑↓} we observe that for any trivial covering m there exists θ such that mθ = ε_C . Consider an arbitrary monomorphism m satisfying the latter equality for some θ. As is easy to see, V (m) is an isomorphism. Let us show that the right square in the commutative diagram

V (C) �^{εC} �

≈ V (m) �

C^{coker εC} � � � m �

C/V (C)

I(m) � V (C^′) �^{εC′} � C^{′ coker εC′} � � C^′/V (C^′)

is a pullback. To this end, consider arbitrary φ and ψ with I(m)φ = coker ε_C · ψ. We have φ^′ and ψ^′ such that φ = coker ε_C ·φ^′ and ε_{C′} ψ^′ = mφ^′ −ψ. Then m(φ^′ −ε_C V (m)^{−1}ψ^′) = ψ and coker ε_C (φ^′ − ε_C V (m)^{−1}ψ^′) = φ. Next, we show that I(m) is a monomorphism. Indeed, there exist morphisms ρ and τ such that ker I(m) = coker ε_C · ρ and mρ = ε_{C′} τ, where ker m^′ = coker ε_C · ε_C V (m)^{−1}τ = 0. We obtain:

f : C −→ C^′ lies in (H(M))^{↑↓} precisely when f is a monomorphism and V (C^′) ⊂ C (i.e., there exists θ with fθ = ε_{C′} ).

Thus, when V is idempotent, the above-described morphism classes constitute a factorization system on C.

3.10. Remark. We still can characterize morphisms of the class (I^{−1}(E))^↓ in Theorem 3.4 if I is not necessarily a left adjoint in an admissible (or, equivalently, semi-left-exact) reflection, but if, nevertheless, each I^C has a full and faithful right adjoint. As is known [JT1], the latter condition is equivalent to requiring that I be a fibration. In that case, the pair of morphism classes � I^{−1}(E), Θ_M � , (3.11)

where Θ_M is the class of Cartesian morphisms over all M-morphisms, is a factorization system on C.

3.11. Example. Let us consider the category C of commutative rings R with units, which have precisely one prime ideal (equivalently, each element of which is either invertible or nilpotent; another equivalent condition is that the quotient of R by its nilradical is a field [AM]). We will first verify the existence of pullbacks along an injective homomorphism g : R � � R^′ in C. For this, consider any h : R^{′′} −→ R^′ from C and the pullback in the category of rings P^{h′} �

�_{g′} � R �_g � R^{′′}_h � R^′

Each element a of P is either nilpotent or invertible in R^{′′}. If b is its inverse, then h(b) is the inverse of h^′(a), and hence h^′(a) is not nilpotent (without loss of generality it can be assumed that 0 ≠ 1 in R^′). Therefore h^′(a) has the inverse in R, which clearly should coincide with h(b). This implies that b ∈ P . Consequently, P is an object of C.

It is obvious that the subcategory Fld of fields is reflective in C. Therefore the functor I^C : C/C −→ Fld/I(C) has a right adjoint for any C. One can easily observe that the corresponding counit ε^C is an isomorphism and therefore I is a fibration.

Take the following factorization system (E, M) on Fld: E consists of all algebraic extensions and M consists of extensions F � � F^′ for which F is algebraically closed in F^′. Then, as is easy to verify:

f : R −→ R^′ lies in I^{−1}(E) precisely when for each a ∈ R^′ there exists a polynomial α ∈ f(R)[x], at least one coefficient of which does not belong to N^′ and is such that α(a) ∈ N^′;

f : R −→ R^′ lies in (H(M))^{↑↓} precisely when f is injective and R includes the nilradical N^′ of R^′ as well as all elements which are the roots of some polynomial α ∈ R[x], at least one coefficient of which does not belong to N^′.

Theorem 3.4 may turn out to be conveniently applicable if C is well-powered and all morphisms of C and X are monomorphisms because in that case both slice categories in (3.5) are posets and the adjoint functor theorem might be easily used.

3.12. Example. It is well known how to transport factorization systems from a category C to a slice category C/C. (In passing, let us point out that this construction gives an example of factorization systems of form (3.11) for the relevant fibration.) Below we will generalize this construction in the particular case of the category Top of topological spaces and special factorization systems on it.

Let us first adopt the following convention: the subscript Emb in the notation of topological categories indicates the subcategory of all objects and (only) embeddings of an entire category.

Let Y be a topological space and let Y^′ be an arbitrary subspace. Consider the functor I : � Top/Y � Emb � Top_{Emb}

mapping each α : X −→ Y to X^′ in the pullback

X^′

α^′ � �^{iα} � X α � Y^′ � � Y

Clearly, (Top/Y )_{Emb} /α is isomorphic to Top_{Emb} /X and the induced functor

I^α : Top_{Emb} /X � Top_{Emb} /X^′

is merely a change-of-base functor i^∗_α for subspaces. We can apply the adjoint functor theorem to it^3 since both Top_{Emb} /X and Top_{Emb} /X^′ are complete lattices and I^α preserves arbitrary joins. Moreover, I^α is surjective. This implies [B] that its right adjoint is full. Using Theorem 3.4, we obtain the factorization system (I^{−1}(E), (I^{−1}(E))^↓) on (Top/Y )_{Emb} for any factorization system (E, M) on Top_{Emb} (for instance, for (isomorphisms, embeddings)). Combining (I^{−1}(E), (I^{−1}(E))^↓) with the factorization system (surj. cont. mappings, embeddings) on Top/Y , we get the factorization system (E_Y , M_Y ) on Top/Y :

f : α −→ β lies in E_Y precisely when f(X) ∩ β^{−1}(Y^′) � �β^{−1}(Y^′) lies in E;

f :α −→ β lies in M_Y precisely when f :X � � Z is an embedding, α^{−1}(Y^′) � � β^{−1}(Y^′) lies in M and X contains the complement of β^{−1}(Y^′) in Z; here X = dom α and Z = dom β.

Note that when Y^′ = Y , (E_Y , M_Y ) is obtained in the usual way from a certain factorization system on Top, namely, from (~E, M), where ~E consists precisely of continuous mappings which can be factorized as a composition of a surjective continuous mapping and some E-morphism.

3.13. Example. To some factorization systems on the category Haus of Hausdorff topological spaces we will relate factorization systems on the category of the so-called V -Hausdorff spaces defined below. Here (V, ε) is a copointed endofunctor on Top_{Emb} and we require of (V, ε) to satisfy the following property: for each embedding f : X � � Y the square V (X) �^{εX} � � V (f) � X � f � V (Y ) �_{εY} � Y

is a pullback. Let C be the full subcategory of Top_{Emb} containing those spaces Y for which V (Y ) is Hausdorff. We call such spaces V -Hausdorff. Consider V as a functor

V : C � Haus_{Emb} .

Again, both C/Y and Haus_{Emb} /Y are complete lattices and

V^Y : C/Y � Haus_{Emb} /V (Y ) ,

3The adjoint functor theorem cannot be applied directly to I since (Top/Y )_{Emb} does not admit coequalizers.

clearly preserves arbitrary joins. Moreover, V^Y is surjective. These arguments provide the factorization system (V^{−1}(E), (V^{−1}(E))^↓) on C for any factorization system (E, M) on Haus_{Emb} . Keeping in mind the factorization system (surj. cont. mappings, embeddings) on the category of all V -Hausdorff spaces (with all continuous mappings), we get a new factorization system (E_V , M_V ) on it. Taking into account the structure of H^Y (namely, H^Y ( Z � � V (Y )) =( Z ∪ (Y \V (Y )) � � Y ) , we obtain:

f : X −→ Y lies in E_V precisely when f(X) ∩ V (Y ) −→ V (Y ) lies in E; f : X −→ Y lies in M_V precisely when f is an embedding and X ∩ V (Y ) � � V (Y ) lies in M and X contains the complement of V (Y ) in Y .

3.14. Example. Haus_{Emb} in Example 3.13 can be replaced by CompHaus_{Emb} , while (surj. cont. mappings, embeddings) by (dense mappings, closed embeddings). But then for V^Y to preserve arbitrary joins � , we have to restrict ourselves only to the spaces Y satisfying the infinite distributive law X ∩ � i∈I X_i � = � i∈I (X ∩ X_i) (3.12)

for the closed-set lattice of Y . In this way, for each factorization system (E, M) on CompHaus_{Emb} , we obtain the factorization system (E_V , M_V ) on the category of all topological spaces Y which satisfy (3.12) and are such that V (Y ) is compact and Hausdorff. We have:

f : X � Y lies in E_V precisely when f(X) ∩ V (Y ) � � V (Y ) lies in E;

f : X � Y lies in M_V precisely when f is a closed embedding, X ∩ V (Y ) � � V (Y ) lies in M and X is the largest element in the closed-set lattice of Y among those Z for which Z ∩ V (Y ) ⊂ X ∩ V (Y ).

4. When M ⊂ Mon X

Even if the condition of the fullness of all H^C fails to be fulfilled, to the given data (3.1) and a factorization system (E, M) on X we can relate the full replete subcategory C_C of C/C induced by the class H^C (M/C) of C/C-objects and sometimes turning out to be reflective. To find the corresponding condition, we will first consider a general situation.

4.1. Lemma. Let C_I � X

H� (4.1)

be an adjunction with unit η and let Y be a reflective subcategory of X with reflector

r : X � Y (4.2)

and unit ζ. Suppose B denotes the full replete subcategory of C given by the class H(Ob Y) of objects. The following conditions are equivalent:

(i) B is reflective and the units of the reflection are the compositions

C^{ηC} � HIC^{H(ζIC )}� HrIC ; (4.3) (ii) for each C ∈ Ob C and each Y ∈ Ob Y the mapping H : Mor (rIC, Y ) � Mor (H(rIC), H(Y )) is surjective;

(iii) B is reflective and for each C ∈ Ob C the mapping H : Mor (rIC, rIC) � Mor (H(rIC), H(rIC)) (4.4) is surjective.

If every split C-epimorphism of the form H(α) with α ∈ Mor Y is an isomorphism, then each of (i)–(iii) is also equivalent to (iv) B is reflective.

Proof. We first observe that, since (4.3) are precisely the units of the composition of adjunctions (4.1) and (4.2), they are always weakly universal with respect to B.

(i)⇒(ii). For each g : HrIC −→ HY , we have a morphism α : rIC −→ Y such that gH(ζ_{IC} )η_C = H(α)H(ζ_{IC} )η_C . If B is reflective, then g = H(α).

(ii)⇒(iii). We verify that composition (4.3) is universal. Indeed, if g_1H(ζ_{IC} )η_C = g_2H(ζ_{IC} )η_C , then we have g_1 = g_2 since both g_i have the form H(β_i), .

(iii)⇒(i). If B is reflective and the units of this reflection are ξ_C : C −→ H(Y_C ), then there exist morphisms α : rIC −→ Y_C and g : H(Y_C )−→HrIC such that gξ_C =H(ζ_{IC} )η_C and H(α)H(ζ_{IC} )η_C =ξ_C . Hence H(α)g = 1_{H(YC )} (4.5) and (gH(α))H(ζ_{IC} )η_C = H(ζ_{IC} )η_C . Since gH(α) = H(β) for some β, we obtain β = 1_{rIC} . Hence gH(α) = 1_{HrIC} .

(iv)⇒(i) trivially follows from equality (4.5) under the relevant condition on the Himage of Y-morphisms.

Now we can formulate our next statement.

4.2. Proposition. Let M ⊂ Mon X . The following conditions are equivalent:

(i) (E_A, M_A) is a factorization system;

(ii) for all objects C, C^′ of C and each f ∈ Ob C/C, if e_f : α −→ β is a morphism in C/C^′, then there exists a C/C^′-isomorphism e_α ≈ e_β e_f for e_α : α −→ m_α and e_β : β −→ m_β, and the mapping H^C : Mor (m, m^′) � Mor (m_f , H^C (m^′))^4 (4.6) is surjective for any m^′ ∈ M/T (C);

4Recall that, as usual, m is an M-morphism in the (E, M)-factorization of f.

(iii) for each morphism f, we have e_f ∈ E_A.

If, moreover, C has pullbacks, then each of (i)–(iii) is equivalent to the following condition:

(iv) M_A is stable under pullbacks, and for each C ∈ Ob C, f ∈ Ob C/C and m^′ ∈ M/T (C), the mapping (4.6) is surjective and m_{ef} is an isomorphism.

If, in addition, C has all intersections of monomorphisms, then we have one more equivalent condition:

(v) M_A is stable under pullbacks and is closed under composition and intersection.

Proof. (i)⇒(ii). We first apply Lemma 4.1, taking into account the easily verified fact that H^C preserves monomorphisms considered as objects of the slice category X /T (C), and conclude that (4.6) is surjective and the unit of the obtained reflection C/C −→ C_C is given by e_f : f −→ m_f . Then we use Proposition 2.2.

(ii)⇒(iii) and the equivalence (i)⇔(iv) follow again from Lemma 4.1 and Proposition 2.2, while (i)⇔(v) follows from Theorem 2.1.

4.3. Remark. Under the conditions of Proposition 4.2 both the structure of E_A and the form of the (E_A, M_A)-factorization of morphisms coincide with those described in Section 3.

The results obtained above will be applied below to the problem of relating a factorization system to a pointed endofunctor.

From now on it is assumed that C admits pullbacks. Let (T, η) be a pointed endofunctor on C. Consider the family of adjunctions D : � C/C_{ηC !} � C/T (C)

η^∗_C � � C∈Ob C

, (4.7)

where η^∗_C is the usual change-of-base functor and η_C ! is the corresponding composition functor. Observe that in that case M_D contains precisely the pullbacks of M-morphisms along the corresponding η for any factorization system (E, M) on C. Moreover, for each f : B −→ C in C, the morphism e_f is the canonical one in the commutative diagram B

f � � � � � � � � e_f � � � � e � � � � � � P_σ �

m_f � X m � C_{ηC} � T C

(4.8)

where me is the (E, M)-factorization of η_C f and the internal square is a pullback.

342 DALI ZANGURASHVILI

4.4. Lemma. The class M_D is stable under pullbacks.

Proof. For a given pullback

A^β � n � B m^′ � C_α � D

with m^′ ∈ M_D, we have the commutative diagram

A^β � n �

ξ � � � � � � B �

m^′ �

K m � S � � � �

m^{′′}

� C η_C � � � � � �^α � D^{ηD} � T D

T C T α � � � �

(4.9)

for some m ∈ M and ξ, where the right-hand rear square and the right-hand lateral square are pullbacks, and therefore the left-hand lateral square is also a pullback; moreover, m^{′′} ∈ M.

4.5. Theorem. If (E, M) is a factorization system on C with M ⊂ Mon C and there holds the condition if m ∈ M, then T (m) ∈ M, (4.10)

then the pair (E_D, M_D) is also a factorization system on C. If for each C ∈ Ob C, the pullback along η_C reflects isomorphisms for M-morphisms, then E_D consists precisely of those f : A −→ B for which η_Bf ∈ E; if, moreover, η_C ∈ E, then (E_D, M_D) coincides with the pair � T^{−1}(E), (T^{−1}(E))^↓ � . (4.11)

Proof. Let us show that the condition (iii) of Proposition 4.2 is satisfied. By Proposition 2.6 of [CJKP] and Lemma 4.4, it suffices to verify the existence of a diagonal morphism in the commutative square

B^{ef} � α � P 1_P � A_{m′} � P for each f : B −→ C and each m^′ ∈ M_D. Consider the commutative diagram B α � � � �_e f � � � � � e � � � � � A (I) m^′ �

� � � � � � � P (II) σ � m_f � η_P

� � � � � � � � X m � C_{ηC} � T C

S_{m′′} � T P

T m_f � � � � � �

(4.12)

Here the squares (I), (II) are pullbacks and m^{′′} ∈ M. By condition (4.10) we have T (m_f )m^{′′} ∈ M. Hence e ↓ T (m_f )m^{′′}, which implies the existence of a diagonal morphism δ : X −→ S for the bordering quadrangle in (4.12). We have T (m_f )m^{′′}(δσ) = mσ = T (m_f )η_P , whence m^{′′}δσ = η_P . The pullback (I) gives rise to the sought-for morphism δ^′ : P −→ A.

To prove the second part of the theorem, recall that E_D consists precisely of morphisms of the form ie_f , where i is an isomorphism. Consider diagram (4.8), but this time for e_f instead of f. Since e_f = m_{ef} e_{ef} is the (E_D, M_D)-factorization of e_f , we have that m_{ef} is an isomorphism. Therefore so is m, and η_C e_f ∈ E. The converse is obvious. From the commutativity of the diagram C_{ηC} � f � T C T (f) � C^′_{ηC′} � T C^′

(4.13)

it follows that (E_D, M_D) coincides with (4.11).

4.6. Example. As is known [M], the set S_G of all compact elements (i.e., of elements a of a topological group G, such that the smallest closed subgroup gp(a) of G containing a is compact) is a closed subgroup of G if G is locally compact Hausdorff and Abelian. If f : G −→ G^′ is a continuous homomorphism of such groups and a ∈ S_G, then f(gp(a)) is compact and hence closed. Therefore gp(f(a)) ⊂ f(gp(a)), whence f(a) ∈ S_G′ . These arguments provide the pointed endofuctor T (G) = G/S_G (with η_G being the projection G −→ G/S_G) on the category C of locally compact Hausdorff Abelian groups with compact sets of compact elements (the latter requirement is needed for our further purposes).

To verify that C has finite products, we observe that S_{G×G}′ = S_G × S_G′ for any Hausdorff topological groups G and G^′. Indeed, if (a, a^′) ∈ S_{G×G}′ , then the projection π : G × G^′ → G maps gp(a, a^′) into a closed subset of G. This readily implies that gp(a) = πgp(a, a^′) and a ∈ S_G. The converse inclusion is obvious. Since the closed subsets of a locally compact space are also locally compact, C admits equalizers and thus C is finitely complete.

Obviously, (E =dense homom., M = closed embeddings) is a factorization system on C. We will show that T preserves closed embeddings. Let f : G ↣ G^′ be a mapping of this kind, and let a ∈ G be a compact element of G^′. Then gp^′(a) ⊂ G, whence gp(a) (equal to gp^′(a)) is also compact. Therefore T (f) is injective. Since S_G is compact, the mapping η_G is closed. From the commutativity of (4.13) we conclude that T (f) is also closed.

Thus all the conditions of Theorem 4.5 are satisfied and we obtain the factorization system (4.11) on C. We have:

f : G −→ G^′ lies in T^{−1}(E) precisely when f(G) + S_G′ (= f(G) + S_G′ ) coincides with G^′; f : G −→ G^′ lies in (T^{−1}(E))^↓ precisely when f is a closed embedding and S_G′ ⊂ G.

4.7. Remark. One can easily verify that Theorem 4.5 can be generalized to the case where (E, M) is not necessarily a (usual) factorization system, but, more generally, an arbitrary local factorization system with respect to a class C^′ of objects such that T (Ob C) ⊂ C^′ – we only have to replace “ m ∈ M ” in (4.10) by “ m ∈ M_D ”.

4.8. Remark. In [JT2], among many other things, the pair (E_T , M_T ) of morphism classes is related to a pointed endofunctor (T, η). Recall that E_T consists precisely of T -vertical morphisms, i.e., of morphisms f : B −→ C for which there exists a morphism d such that the diagram C^d �

1_C � T B T f � C^{ηC} � T C

is a pullback, while M_T consists precisely of trivial T -coverings, i.e., of morphisms f : B −→ C for which the diagram

B_{ηB} � f � T B T f � C_{ηC} � T C

is a pullback. It is proved in [JT2] that (E_T , M_T ) is a factorization system and coincides with � T^{−1}(Iso C), � T^{−1}(Iso C)

�_↓�

if T is induced by a simple reflection.

In view of Theorem 4.5 there arises a question whether the pair (E_T , M_T ) is equal to (Iso C_D, Mor C_D) and if not, whether it is equal to (E_D, M_D) for some (E, M). Note that if T η is an isomorphism and ηT is a monomorphism, then M_T = Mor C_D if and only if η is an isomorphism. Indeed, η_C obviously lies in Mor C_D and if it lies also in M_T , then it is the pullback of T (η_C ) along η_{T C} and is therefore an isomorphism. This in particular implies that E_T ≠ Iso C_D in general.

However, sometimes (E_T , M_T ) may coincide with (E_D, M_D) for E = {iη_C |C ∈ Ob C, i is isomorphism} and M = {T (f)i|f ∈ Mor C, i is isomorphism} if (E, M) is a T (Ob C)- factorization system (this happens if, for instance, either T is induced by a reflection or each η_C is an epimorphism and T is idempotent, i.e., ηT is an isomorphism). More precisely, M_T = M_D

if and only if for each f : B −→ C the pullback of T (f) along η_C lies in M_T . This condition is studied in detail in [JT2]. We observe that if, in addition, the canonical morphism in the diagram B

f � � � � � � � � � � � �_{ηB} � � � � � P � �^{pb} T B T f � C_{ηC} � T C

lies in E_T for any f and C has a terminal object preserved by T , then, according to [JT2], (E_T , M_T ) is a factorization system and consequently

E_T = E_D.

4.9. Remark. The requirement M ⊂ Mon C is essential for the validity of the first part of Theorem 4.5. Indeed, on the category of Abelian groups let us consider the pointed endofunctor defined by T (G) = G/2G. It is obvious that a monomorphism f : G � � G^′ lies in Mor C_D if and only if G contains 2G^′. This implies that Mor C_D is not closed under composition since it contains, for instance, the inclusions 4Z � � 2Z and 2Z � � Z , but does not contain 4Z � � Z .

Furthermore, requirement (4.10) is also essential for the validity of Theorem 4.5 since, as is easy to verify, Mon C_D = Mon C ∩ Mor C_D.

From Remark 4.8 we conclude that the equality of (E_D, M_D) with (4.11) shown in the second part of Theorem 4.5 does not hold in general even if M ⊂ Mon C.

5. The Case of Complete and Well-Powered Categories

According to Remark 4.9, it is by no means true that the pair (E_A, M_A) is always a factorization system even if a given category C satisfies a number of natural conditions and M ⊂ Mon C. From this remark it follows in particular that (E_A, M_A) is, in general, not even a prefactorization system. This leads us to considering a new pair of morphism classes � E_A, M^{↑↓}_A � , (5.1)

which sometimes turns out to be a factorization system, while (E_A, M_A) does not (see Examples 5.7 and 5.8).

5.1. Proposition. Let C be a complete and well-powered category and let (E, M) be a factorization system on X with M ⊂ Mon X . Suppose A satisfies the condition of compatibility with respect to E (see Section 3) and I^C (α) is an isomorphism for each one in C. Then the pair (E_A, M^{↑↓}_A ) is a factorization system on C, M^{↑↓}_A ⊂ Mon C and

E_A = � C∈Ob C

I^{C−1} (E). (5.2)

5.2. Remark. We do not specify whether E in (5.2) is taken as a class of objects or a class of morphisms in X /T (C) since, by virtue of Lemma 3.5 and the compatibility condition, in both cases E_A in the left-hand part of (5.2) is the same.

Proof of Proposition 5.1. Let f : B −→ C be any morphism of C. We already have the factorization f = m_f e_f . (5.3)

Recall that m_f = H^C (m) and m is an M-morphism in the (E, M)-factorization I^C (f) = me. Let N be the morphism class M^{↑↓}_A ∩ Mon C. By Theorem (2.1), (N^↑, N) is a factorization system and therefore e_f = nf^′ with n ∈ N and f^′ ∈ N^↑. It suffices to show that f^′ ∈ E_A. Again consider factorization (5.3), this time assuming that f ∈ N^↑. Then m_f ∈ N and thus f ↓ m_f . This implies that m_f is a split epimorphism and thus m_f is an isomorphism. Since I^C (m_f ) = mε^C_m and m ∈ Mon C, we conclude that m is also an isomorphism . Hence I^C (f) ∈ E and, consequently, the image of f : f → 1_C under I^C lies in E. By the condition of compatibility and Lemma 3.5, we obtain that f ∈ E_A. Actually, we have proved that N^↑ = E_A and therefore M^{↑↓}_A ⊂ Mon C. The above arguments also prove (5.2). ■

Proposition 5.1 immediately gives rise to

5.3. Theorem. Let C be a complete and well-powered category and let

I : C � X

be any functor such that for each C ∈ Ob C the induced functor

I^C : C/C � X /I(C)

admits a right adjoint. Then, for each factorization system (E, M) on X with M ⊂ Mon X , the pair of morphism classes � I^{−1}(E), (I^{−1}(E))^↓ � is a factorization system on C.

In particular, we have

5.4. Theorem. Let C be both complete and well-powered. For each adjunction

C_I � X H� and each factorization system (E, M) on X with M ⊂ Mon X the pair of morphism classes � I^{−1}(E), (H(M))^{↑↓} � (5.4) is a factorization system on C.

Proof. Just recall that, according to [Z1], (5.4) is a prefactorization system.

To describe morphisms from (H(M))^{↑↓}, we give 5.5. Lemma. Let C be a category with pullbacks, and let E be any class of morphisms closed under composition and satisfying the following cancellation property: if e = βα and e ∈ E, then β ∈ E.

Suppose (E^′, M^′) is a factorization system on C such that E^′ ⊂ E. Then the following conditions for a C-morphism m are equivalent:

(i) m ∈ E^↓;

(ii) if the pullback α of m along some morphism lies in E, then α is an isomorphism; (iii) if the pullback α of m along some M^′-morphism lies in E, then α is an isomorphism; (iv) m ∈ M^′ and (iii) holds.

Proof. (i)⇒(ii), (ii)⇒(iii), (i)⇒(iv) and (iv)⇒(iii) are obvious. We verify (iii)⇒(i). Consider the commutative diagram A^e � f � B g � C_m � D

(5.5)

with e ∈ E. Factorizing g by (E^′, M^′) and taking the corresponding pullback, we obtain the diagram A^e � h � � � B e^′ � P_q �

m^{′′} � K m^′ � C_m � D From the upper square one has q ∈ E, whence q is an isomorphism. The rest of the proof is obvious.

Note that the class I^{−1}(E) from Theorems 5.3 and 5.4 satisfies the cancellation property of Lemma 5.5 since (I^{−1}(E))^↓ ⊂ Mon C.

5.6. Example. It is well-known that the pair of morphism classes (E, M), where E consists of all integral homomorphisms, while M consists of monomorphisms f : G � � G^′ for which G is integrally closed in G^′, is a factorization system on the category Rng of commutative rings with units. Theorem 5.4 allows us to transport (E, M) along the adjunction

Ab_I � Rng

H� , (5.6)

where Ab is the category of Abelian groups and I(G) is the group ring over an Abelian group G.

We have:

f : G −→ G^′ lies in I^{−1}(E) precisely when for each x ∈ G^′ there exists n ≥ 1 such that x^n ∈ Im f^5.

Indeed, if x^n = f(a), then x clearly is integral over I(f)(I(G)) and now it suffices to observe that elements of G^′ are generators of I(G^′). For the converse, suppose I(G^′) is integral over I(f)(I(G)). Since Im f generates I(f)(I(G)) as an Abelian group, each x ∈ G^′ satisfies an equality of the form

x^n + b_1x^{n−1} + · · · + b_{n−1}x + b_n = 0, (5.7)

where every b_i is written as

b_i = k_{i1}f(a_{i1}) + k_{i2}f(a_{i2}) + · · · + k_{imi} f(a_{imi} ). (5.8)

Here k_{ij} ∈ Z and a_{ij} ∈ G. But I(G^′) is free over G^′ (as an Abelian group), hence, from (5.7) and (5.8) we obtain x^n = f(a_{ij})x^k for some i, j and 0 ≤ k < n. Therefore x^{n−k} ∈ Im f.

Applying Lemma 5.5, the class of morphisms diagonalized with I^{−1}(E) can be easily calculated. Namely, we have:

(H(M))^{↑↓} consists of those monomorphisms f : G � � G^′ for which G contains all x ∈ G^′ with the property x^n ∈ G for some n ≥ 1.

Note that the latter class coincides with M_A for the family A induced by (5.6). Indeed, any f from (H(M))^{↑↓} is a pullback of the inclusion R � � I(G^′) along the corresponding unit, where R is the integral closure of I(G) in I(G^′).

5Here we use the multiplicative abbreviation for the operation of an Abelian group G so as not to confuse it with the operation of addition in I(G).

5.7. Example. We return to Example 3.9 and follow its notation. In particular, C denotes an Abelian category with a copointed endofunctor (V, ε) such that ε_C is a monomorphism and V (C/V (C)) = 0 for any C ∈ Ob C. We have seen that if, in addition, (V, ε) is idempotent, then (I^{−1}(E), (H(M))^{↑↓}) is a factorization system on C. Theorem 5.4 implies that this is the case even if (V, ε) is not idempotent, but C is complete and well-powered. The class I^{−1}(E) has already been calculated in Example 3.9. The class (H(M))^{↑↓} is not, in general, described as in that example (take the copointed endofunctor V (G) = 2G on the category of Abelian groups and then apply arguments similar to those of Remark 4.9). To characterize its morphisms, observe in the first place that all of them are monomorphisms. Applying Lemma 5.5, we obtain:

For a monomorphism f : C � � C^′ the following conditions are equivalent:

(i) f ∈ (H(M))^{↑↓};

(ii) if g : S ↣ C^′ is a subobject of C^′ such that

S = (C ∩ S) + V (S), (5.9)

then S ⊂ C (equivalently V (S) ⊂ C).

It is obvious that V preserves subobjects. From now on it is assumed that V also preserves finite joins in the lattices of subobjects and hence is additive.

Each of (i) and (ii) is implied by the following condition:

(iii) V^l(C^′) ⊂ C for some l ≥ 1. If the chain of subobjects C^′ ⊃ V (C^′) ⊃ V^2(C^′) ⊃ . . . (5.10)

is stabilized at the k-th step, then (i)–(iii) are equivalent and, moreover, we have one more equivalent condition:

(iv) V^k(C^′) ⊂ C.

(iii)⇒(ii): From (5.9) we obtain

S = (C ∩ S) + V (C ∩ S) + V^2(C ∩ S) + · · · + V^{l−1}(C ∩ S) + V^l(S),

whence S ⊂ C.

(ii)⇒(iv): We only observe that C contains any subobject S with V (S) = S.

We have already encountered the condition (iv) for k = 1 in Example 3.9, namely:

(v) V (C^′) ⊂ C.

Observe that monomorphisms satisfying (v) are precisely morphisms from M_A for the evident family A. Obviously, we have (v)⇒(i). As has been noted, the converse is true if V is idempotent, though it fails in general. Nevertheless, even for V described in the corresponding counter-example, under some additional conditions on f the equivalence (i)⇔(v) holds. More precisely,

Let C be the category of Abelian groups, and let V (C) = nC (n ≥ 2). If one of the following conditions holds:

(a) C^′ is isomorphic to the product of cyclic groups of prime orders;

(b) nC^′ is a serving subgroup of C^′;

(c) C + nC^′ is a serving subgroup of C^′,

then each of the conditions (i) and (ii) is equivalent to (v).

Indeed, if (b) holds, then n^2C^′ = nC and we apply the preceding statement. Suppose C + nC^′ is serving so that n(C + nC^′) = (C + nC^′) ∩ nC^′ = nC^′. Then the extension C � � C + nC^′ clearly lies in I^{−1}(E) and therefore nC^′ ⊂ C. It remains to observe that each C^′ from (a) satisfies (b) [FKS].

Finally, let us consider the case where C is the category of (left) R-modules for any commutative ring R with unit, and V is any pointed endofunctor (with the above-mentioned properties). If R is a field and C^′ is finitely generated, then chain (5.10) is obviously stabilized. For arbitrary R, we observe that if x_1, x_2, . . . , x_m ∈ C^′, then the inclusion

C ∩ mod (x_1, x_2, . . . , x_m) � � mod (x_1, x_2, . . . , x_m)

lies in I^{−1}(E) if and only if there exist elements y_{ij} ∈ V (Rx_j) (1 ≤ i, j ≤ m) such that for any i we have x_i + y_{i1} + y_{i2} + · · · + y_{im} ∈ C; (5.11) here mod (x_1, x_2, . . . , x_m) denotes the submodule generated by x_1, x_2, . . . , x_m.

From this observation we immediately get:

Each of (i) and (ii) implies the following conditions:

(vi) C contains all x_1, x_2, . . . , x_m from C^′ satisfying (5.11) for some y_{ij} ∈ V (Rx_j);

(vii) C contains all x from G^′ such that there exists an element y ∈ V (Rx) with x+y ∈ C.

If R is a principal ideal ring and C^′ is finitely generated, then (i), (ii) and (vi) are equivalent. If, moreover, C^′ is a cyclic module, then these conditions are also equivalent to (vii).

5.8. Example. Let Σ be a nonempty set, and let C be the category of groups equipped with unary operators w_i for each i ∈ Σ. Applying the above results, we will relate a certain factorization system on C to any structure that makes Σ a commutative semigroup. In what follows it is assumed that Σ is equipped with this structure. First we observe that for any (G, (w_i)_{i∈Σ}) from C every w_i (i ∈ Σ) induces the operator on G/N(G), where N(G) is the normal subgroup generated by all n_{jk}(x) ≡ w_jw_k(x)w_{jk}(x^{−1}), where x ∈ G and j, k ∈ Σ. Indeed, we have

w_i � w_jw_k(x) w_{jk}(x^{−1}) � = � w_iw_jw_k(x) [w_iw_{jk}(x^{−1}) w_{ijk}(x)] w_iw_jw_k(x^{−1}) � · � w_iw_jw_k(x) w_{ij}w_k(x^{−1}) � · � w_{ij}w_k(x) w_{ijk}(x^{−1}) � and all of the three factors lie in N(G). This implies that the full subcategory X of all (G, (w_i)_{i∈Σ}) such that w_j w_i = w_{ji} (5.12)

for every i, j ∈ Σ, is reflective in C.

The structure of a factorization system naturally arises on X . The class E in it consists of morphisms e : G −→ G^′ such that for each x ∈ G^′ there exists i ∈ Σ with w_i(x) ∈ Im e, while M consists of monomorphisms m : G � � G^′ which satisfy the following condition: if w_i(x) ∈ G for some i, then x ∈ G. The (E, M)-factorization of f : G −→ G^′ is given as G � H � � G^′ , where H = {x ∈ G^′|∃i, w_i(x) ∈ Im f}. (5.12) implies that H is a subgroup of G^′, is closed under the action of all operators and the inclusion H � � G^′ lies in M.

We apply Theorem 5.4 and extend (E, M) to the entire C. We have: f : G −→ G^′ lies in I^{−1}(E) precisely when for each x ∈ G^′ there exists i ∈ Σ such that w_i(x) ∈ Im f · N(G^′).

The class (H(M))^{↑↓} contains only monomorphisms and from Lemma 5.5 we obtain:

The following conditions for a monomorphism f : G � � G^′ are equivalent:

(i) f lies in (H(M))^{↑↓};

(ii) for every subgroup S of G^′ closed under each w_i, if the inclusion G ∩ S � � S lies in I^{−1}(E), then S ⊂ G.

Similarly to Example 5.7, the class (H(M))^{↑↓} differs from the class M_A which is determined by the following condition:

(iii) N(G^′) ⊂ G and for each x ∈ G^′, if w_i(x) ∈ G for some i ∈ Σ, then x ∈ G,

and is not closed under composition (for a counter-example, we consider the case where Σ is trivial, G^′ is the cyclic group of order 4 and the unique operator w on G^′ maps 1 to 3. The monomorphisms {0 } � � N(G^′) and N(G^′) � � G^′ lie in M_A, while their composition does not). If the chain of subgroups G^′ ⊃ N(G^′) ⊃ N^2(G^′) ⊃ . . .

is stabilized at the k-th step and for any i, j ∈ Σ we have

w_iw_j = w_jw_i (5.13)

in G^′, then each of (i) and (ii) implies the condition:

(iv) N^k(G^′) ⊂ G and if w_i(x) ∈ G for some i ∈ Σ, then x ∈ G.

If, in addition, G is normal in G^′, then (i), (ii), (iv) are equivalent and we have one more equivalent condition:

(v) N^l(G^′) ⊂ G for some l ≥ 1 and if w_i(x) ∈ G for some i ∈ Σ, then x ∈ G.

(ii)⇒(iv): Let S be the smallest Σ-subgroup containing x. Clearly, it is generated (as a group) by x and elements of the form w_{j1} w_{j2} · · · w_{jn} (x) for all j_1, j_2, . . . , j_n ∈ Σ. (5.13) implies that w_i(S) ⊂ G, whence S ⊂ G and x ∈ G.

(v)⇒(ii): Let S be a subgroup of G^′ closed under each w_i and such that the inclusion G ∩ S � � S lies in I^{−1}(E). Let x ∈ S. Then w_i(x) = a z_1 z_2 · · · z_m (5.14) for some i ∈ Σ, a ∈ G and elements z_k of the form s_k n_{ikjk} (x_k) s^{−1}_k with s_k, x_k ∈ S. There exist p_k, q_k ∈ Σ such that w_{pk} (s_k) = a_k n_k and w_{qk} (x_k) = b_k m_k for some a_k, b_k ∈ G and n_k, m_k ∈ N(S). Then, according to (5.13) we have w_{pk} w_{qk} (z_k) = w_{qk} (a_k n_k) w_{pk} (n_{ikjk} (b_k m_k)) w_{qk} (n^{−1}_k a^{−1}_k ). But n_{ikjk} (b_k m_k) = w_{ik} w_{jk} (b_k) n_{ikjk} (m_k) w_{ikjk} (b^{−1}_k ).

Hence w_{pk} w_{qk} (z_k) = w_{qk} (a_k)w_{qk} (n_k)w_{pk} w_{ik} w_{jk} (b_k) w_{pk} (n_{ikjk} (m_k)) · w_{pk} w_{ikjk} (b^{−1}_k ) w_{qk} (n^{−1}_k ) w_{qk} (a^{−1}_k ).

Since G, N(S) and N^2(S) are closed under the action of all operators and G is normal in G^′, we have

w_{pk} w_{qk} (z_k) = a^′_k n^′_k b^′_k n_k b^′_k^{−1} n^′_k^{−1} a^′_k^{−1} = a^′_k c_k(n^′_k n_k n^′_k^{−1})d_k a^′_k^{−1}, where a^′_k, b^′_k, c_k, d_k ∈ G, n^′_k ∈ N(S) and n_k ∈ N^2(S). Applying the normality of G several times, we obtain from (5.13) that w_{p1} w_{q1} w_{p2} w_{q2} · · · w_{pm} w_{qm} w_i(x) = bn (5.15) for some b ∈ G and n ∈ N^2(S).

If x ∈ N(S), then (5.15) is equal to w_{p1q1p2q2···pmqmi}(x)n^′ for some n^′ ∈ N^2(S), and hence w_{p1q1p2q2···pkqki}(x) ∈ G · N^2(S).

We have shown that if the inclusion G∩S � � S lies in I^{−1}(E), then G∩N(S) � � N(S) and therefore G ∩ N^{l−1}(S) � � N^{l−1}(S) also lie in I^{−1}(E). Hence, for any x ∈ N^{l−1}(S), there exists i ∈ Σ such that w_i(x) ∈ G · N^l(S) ⊂ G, whence x ∈ G and N^{l−1}(S) ⊂ G. Similar arguments show that N^t(S) ⊂ G for any t ≥ 1. This implies that S ⊂ G.

References [AM] M. F. Atiyah and I. G. Macdonald, Introduction to commutative algebra (Addison- Wesley Publishing Company, Massachusetts, 1969).

[B] F. Borceux, Handbook of Categorial Algebra 3, Categories of Sheaves (Cambridge University Press, 1994).

[BG] G. C. L. Brümmer and E. Giuli, Splitting operators, preprint (1997). [CHK] C. Cassidy, M. Hébert and G. M. Kelly, Reflective subcategories, localizations and factorization systems, J. Austral. Math. Soc. (Series A) 38(1985), 287–329.

[CJKP] A. Carboni, G. Janelidze, G. M. Kelly and R. Paré, On localization and stabilization for factorization systems, Appl. Cat. Str. 5, 1–58, 1997.

[FK] P. J. Freyd and G. M. Kelly, Categories of continuous functors I, J. Pure Appl.

Algebra 2(1972), 169–191.

[FKS] L. Fuchs, A. Kertész and T. Szele, Abelian groups in which every serving subgroup is a direct summand, Publ. Math. 3(1953), 95–105.

[H] D. Holgate, The pullback closure operator and generalisations of perfectness, Appl.

Cat. Str. 4(1996), 107–120.

[J1] G. Janelidze (G. Z. Dzhanelidze), The fundamental theorem of Galois theory, Math.

USSR-Sb. 64(1989), 359–374.

[J2] G. Janelidze, Pure Galois theory in categories, J. Algebra 132(1990), 270–286. [JT1] G. Janelidze and W. Tholen, Facets of descent, I. Appl. Cat. Str. 2(1994), 1–37. [JT2] G. Janelidze and W. Tholen, Functorial factorization, well-pointedness and separability, J. Pure Appl. Algebra 142(1999), 99–130.

[M] S. A. Morris, Pontryagin duality and the structure of locally compact Abelian groups (Cambridge University Press, Cambridge, 1977).

[T] W. Tholen, Semi-topological functors I. J. Pure Appl. Algebra 15(1979), 53–73. [Z1] D. Zangurashvili, Factorization systems and adjunctions, Georgian Math. J. 6(1999), No. 2, 191–200.

[Z2] D. Zangurashvili, Adjunctions and locally transferable factorization systems, Appl.

Cat. Str. 9(2001), No. 6, 625–650.

Laboratory of Synergetics, Georgian Technical University 77 Kostava Str., 0175, Tbilisi, Georgia A. Razmadze Mathematical Institute of the Georgian Academy of Sciences 1 Aleksidze Str., 0193, Tbilisi, Georgia Email: dalizan@rmi.acnet.ge

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/12/11/12-11.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Editorial board.

Michael Barr, McGill University: barr@barrs.org, Associate Managing Editor Lawrence Breen, Université Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of Wales Bangor: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Palo Alto Research Center: paiva@parc.xerox.com Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca, Managing Editor Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca