Theory and Applications of Categories, Vol. 14, No. 16, 2005, pp. 357–398.

ENLARGEMENTS OF CATEGORIES

LARS BRÜNJES, CHRISTIAN SERPÉ

Abstract.

In order to apply nonstandard methods to modern algebraic geometry, as a first step in this paper we study the applications of nonstandard constructions to category theory. It turns out that many categorical properties are well behaved under enlargements.

Contents

1 Introduction 357 2 Enlargements of categories 359 3 Limits and enlargements 368 4 Enlargements of additive and abelian categories 377 5 Enlargements and derived functors 381 6 Enlargement of triangulated and derived categories 384 7 Enlargements of fibred categories 387 A Superstructures and Enlargements 391

1. Introduction

After Abraham Robinson’s pioneering work on nonstandard analysis in the 1960s (see [Rob66]), nonstandard methods have been applied successfully in a wide area of mathematics, especially in stochastics, topology, functional analysis, mathematical physics and mathematical economy.

Nonstandard proofs of classical results are often conceptually more satisfying than the standard proofs; for example, existence of Haar measures on locally compact abelian groups can be proved elegantly by nonstandard methods (see [Par69], [Gor97] and [Ric76]).

Robinson himself also proved the usefulness of his methods for classical problems in algebraic geometry and number theory, namely the distribution of rational points on curves over number fields (see [Rob73] and [RR75]), infinite Galois theory, class field theory of infinite extensions (see [Rob67b] and [Rob69]) and the theory of Dedekind domains (see [Rob67a]).

This work has been written under hospitality of the Department of Pure Mathematics and Mathematical Statistics of the University of Cambridge and the “Sonderforschungsbereich geometrische Strukturen in der Mathematik” of the University of Mnster

Received by the editors 2004-08-20 and, in revised form, 2005-09-28. Transmitted by Ieke Moerdijk. Published on 2005-10-31. 2000 Mathematics Subject Classification: 03H05,18A30,18E30,14A99. ©Lars Brünjes, Christian Serpé, 2005. Permission to copy for private use granted. 357

There are plenty of reasons which could make nonstandard mathematics attractive for arithmetic geometry: If^∗Z is an enlargement of Z, then it contains infinite numbers and in particular infinite prime numbers. If P is such an infinite prime number, then the residue ring^∗Z/P^∗Z is a field that behaves in many respects like a finite field, even though it is of characteristic zero and can — for suitable values of P — even contain an algebraic closure of Q.

If^∗Q denotes the field of fractions of^∗Z, then all p-adic fields Q_p (for standard primes p), as well as the field R and the ring of adeles A_Q, are all natural subquotients of^∗Q (and the obvious analogues remain true if we replace Q with a number field K and^∗Q with^∗K). This seems to suggest that working with^∗Q could lead to new insights into problems concerning local-global principles and adelic questions.

Limits, especially limits of “finite objects”, play an important role in arithmetic geometry: Galois groups are limits of finite groups, the algebraic closure of a field k is the limit over finite extensions of k, Galois cohomology is the limit of the cohomology of the finite quotients of the Galois group, l-adic cohomology is the limit of étale cohomology with coefficients in the finite sheaves Z/l^nZ, and so on. This is another aspect that makes nonstandard methods attractive for arithmetic geometry, because those methods often make it possible to replace such a limit with a^∗finite object which behaves just like a finite object. This is exactly the point of view Robinson takes in his approach to infinite Galois theory which allows him to deduce infinite Galois theory from finite Galois theory. For more motivation for using nonstandard methods in arithmetic algebraic geometry we refer to [Fes03].

Modern arithmetic geometry makes heavy use of categorical and homological methods, and this unfortunately creates a slight problem with applying nonstandard methods directly: The nonstandard constructions are set-theoretical in nature and in the past have mostly been applied to sets (with structure) like R or Q or topological spaces and not to categories and (homological) functors. But in order to be able to talk about “^∗varieties over Q” or “étale cohomology with coefficients in^∗Z/P^∗Z for an infinite prime P ”, it seems necessary to apply the nonstandard construction to categories like the category of varieties over Q or the category of étale sheaves over a base scheme S.

Exactly for this reason, in this paper, we study “enlargements of categories”, i.e. the application of the nonstandard construction to (small) categories and functors, to create the foundations needed to make use of the advantages of nonstandard methods described above in this abstract setup.

As a first application in a second paper, we will enlarge the fibred category of étale sheaves over schemes and then be able to define étale cohomology with coefficients in ∗Z/P^∗Z for an infinite prime P or with coefficients in^∗Z/l^{h∗}Z for a finite prime l and an infinite natural number h. In the case of smooth and proper varieties over an algebraically closed field, the first choice of coefficients then leads to a new Weil-cohomology whereas the second allows a comparison with classical l-adic cohomology.

The plan of the paper is as follows: In the second chapter, we begin by introducing “Ŝsmall” categories for a superstructure Ŝ (categories whose morphisms form a set which is an element of Ŝ) and functors between these. Given an enlargement Ŝ → ^^∗S, we describe how to “enlarge” Ŝ-small categories and functors between them: We assign an ^^∗S-small category^∗C to every Ŝ-small category C and a functor^∗F :^∗C →^∗D to every functor F : C → D of Ŝ-small categories. Then we show that most basic properties of given Ŝ-small categories and functors between them, like the existence of certain finite limits or colimits, the representability of certain functors or the adjointness of a given pair of functors, carry over to the associated enlargements.

In the third chapter, we study the enlargements of filtered and cofiltered categories and the enlargements of filtered limits and colimits. Using the “saturation principle” of enlargements, we will be able to prove that all such limits in an Ŝ-small category C are “dominated” (in a sense that will be made precise) by objects in^∗C.

In the fourth chapter, we will study Ŝ-small additive and abelian categories (and additive functors between them), and their enlargements (which will be additive respectively abelian again), and we will give an interpretation of the enlargement of a category of R-modules (for a ring R that is an element of Ŝ) as a category of internal^∗R-modules.

The fifth chapter is devoted to derived functors between Ŝ-small abelian categories. We will see that taking the enlargement is compatible with taking the i-th derived functor (again in a sense that will be made precise).

In the sixth chapter, we look at triangulated and derived Ŝ-small categories and exact functors between them and study their enlargements. The enlargement of a triangulated category will be triangulated again, the enlargement of a derived functor will be exact, and we will prove several compatibilities between the various constructions.

In the seventh chapter, we add yet more structure and study Ŝ-small fibred categories and Ŝ-small additive, abelian and triangulated fibrations and their enlargements. This is important for most applications we have in mind.

Finally, we have added an appendix on basic definitions and properties of superstructures and enlargements for the convenience of the reader.

We would like to thank our referee whose suggestions led to several improvements of this paper.

2. Enlargements of categories

Let Ŝ be a superstructure and ∗ : Ŝ → ^^∗S an enlargement. Even though a superstructure is not a universe in the sense of [SGA4I] (see A.2), we use the same terminology as in [SGA4I] by simply replacing “universe” by “superstructure” in all definitions. In particular, by an Ŝ-small category C, we mean a small category C whose set of morphisms is contained in Ŝ, and we want to consider its image ∗C in ^∗S. In this paragraph, we want to establish basic properties of^∗C: It is again a category (a ^^∗S-small category to be precise), and it will inherit a lot of the properties of C (like having an initial object or final object).

Not surprisingly, the proofs will rely heavily on the transfer principle, and therefore it will be convenient to have short formal descriptions of the concepts involved. In particular, it will turn out to be easier to work with the following definition of an Ŝ-small category instead of the one given above:

2.1. Definition. Let Ŝ be a superstructure. An Ŝ-small category is a quadruple ⟨M, s, t, c⟩ with

1. M ∈ Ŝ \ S, 2. s, t : M → M satisfying

(a) ss = ts = s, (b) st = tt = t, 3. c ⊆ M × M × M satisfying

(a) ∀f, g, h ∈ M : (⟨f, g, h⟩ ∈ c) ⇒ (sf = tg) ∧ (tf = th) ∧ (sg = sh), (b) ∀f, g ∈ M : (sf = tg) ⇒ (∃!h ∈ M : ⟨f, g, h⟩ ∈ c), 4. ∀f ∈ M : ⟨f, tf, f⟩, ⟨sf, f, f⟩ ∈ c, 5. ∀f_1, f_2, f_3, f_{12}, f_{23}, f_{123} ∈ M : ⟨f_1, f_2, f_{12}⟩, ⟨f_{12}, f_3, f_{123}⟩, ⟨f_2, f_3, f_{23}⟩ ∈ c ⇒ ⟨f_1, f_{23}, f_{123}⟩ ∈ c.

If C = ⟨M, s, t, c⟩ is an Ŝ-small category, we call Mor_C := M the set of morphisms of C. 2.2. Remark. Given an Ŝ-small category C = ⟨M, s, t, c⟩ in the sense just defined, we can get an Ŝ-small category in the usual sense of [SGA4I, I.1.0] as follows:

1. Define the set of objects of C as Ob(C) := s(M) (note that also Ob(C) = t(M) because of 2.1.2; note also that because of 2.1.4, elements of s(M) = t(M) are units under composition, so objects correspond to their identity morphisms).

2. For objects X, Y ∈ Ob(C), define Mor_C(X, Y ), the set of morphisms from X to Y , as {f ∈ M|sf = X ∧ tf = y}.

3. For an object X ∈ Ob(C) define id_X := X^{2.1.2}∈ Mor_C(X, X).

4. Consider objects X, Y and Z of C and morphisms f ∈ Mor_C(Y, Z) and g ∈ Mor_C(X, Y ). According to 2.1.3, there is a unique morphism h ∈ Mor_C(X, Z) such that ⟨f, g, h⟩ ∈ c. Put fg := f ∘ g := h.

If on the other hand we are given an Ŝ-small category D in the sense of [SGA4I] and if we put

• M := � X,Y ∈Ob(D) MorD(X, Y ),

• sf := id_X and tf := id_Y for f ∈ Mor_D(X, Y ) and • c := � ⟨f, g, h⟩ | ∃X, Y, Z ∈ Ob(D) : f ∈ Mor_D(Y, Z) ∧ g ∈ Mor_D(X, Y ) ∧ f ∘ g = h � , then ⟨M, s, t, c⟩ is an Ŝ-small category in the sense of 2.1.

2.3. Example.

1. Let C be a small category. Then A.3 shows that there is a superstructure Ŝ such that C is isomorphic to an Ŝ-small category.

2. Let Ŝ be a superstructure. There is an Ŝ-small category C that is equivalent to the category Ens^{fin} of finite sets.

3. Let Ŝ be a superstructure. If A ∈ Ŝ is a ring, then there is an Ŝ-small category C that is equivalent to Mod^{fin}_A , the category of finitely generated A-modules.

As a next step, we want to describe the notion of a covariant functor between Ŝ-small categories that are given in terms of 2.1:

2.4. Definition. Let Ŝ be a superstructure, and let C = ⟨M, s, t, c⟩ and D = ⟨M^′, s^′, t^′, c^′⟩ be Ŝ-small categories. A (covariant) functor F : C → D is a map F : M → M^′ satisfying • F s = s^′F , • F t = t^′F and • ∀f, g, h ∈ M : ⟨f, g, h⟩ ∈ c ⇒ ⟨F f, F g, F h⟩ ∈ c^′.

2.5. Lemma. Let Ŝ be a superstructure, and let C and D be Ŝ-small categories. Then the following categories are also Ŝ-small:

1. the opposite category C^∘ of C, 2. the product category C × D, 3. the category Funct (C, D) of covariant functors from C to D, 4. the category Funct^∘(C, D) := Funct (C^∘, D) of contravariant functors from C to D.

Proof. 1 and 2 are easy and 3 and 4 follows from the fact M, M^′ ∈ Ŝ ⇒ M^{′M} ∈ Ŝ. Now we can look at the effect of applying ∗ to an Ŝ-small category C: 2.6. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement. and let C be an Ŝ-small category. Then^∗C is a ^^∗S-small category with Mor∗_C =^∗Mor_C (so in particular all morphisms in ∗C are internal).

Proof. If C = ⟨M, s, t, c⟩, then^∗C = ⟨^∗M,^∗s,^∗t,^∗c⟩, and an easy transfer immediately proves that this new quadruple satisfies all the conditions in 2.1.

Before we go on, we need a technical lemma to compute the transfer of various formulas from Ŝ to ^^∗S (by φ[X_1, . . . , X_n] we always mean a formula whose free variables are exactly X_1, . . . , X_n):

2.7. Lemma. In the situation of 2.6, we have:

1. φ[X] ≡ � X ∈ Ob(C) � ⇒^∗φ[X] ≡ � X ∈ Ob(^∗C) � , 2. φ[f, X, Y ] ≡ � f ∈ Mor_C(X, Y ) � ⇒^∗φ[f, X, Y ] ≡ � f ∈ Mor∗_C(X, Y ) � , 3. φ[f, g, h] ≡ � f, g composable morphisms in C with fg = h � ⇒^∗φ[f, g, h] ≡ � f, g composable morphisms in^∗C with fg = h � , 4. φ[f] ≡ � f isomorphism in C � ⇒^∗φ[f] ≡ � f isomorphism in^∗C � , 5. φ[f] ≡ � f monomorphism in C � ⇒^∗φ[f] ≡ � f monomorphism in^∗C � , 6. φ[f] ≡ � f epimorphism in C � ⇒^∗φ[f] ≡ � f epimorphism in^∗C � , Proof. The proofs are all simple. As an example we show 4.Let C = ⟨M, s, t, c⟩.

∗φ[f] =^∗ � ∃g ∈ M : ∃X, Y ∈ Ob(C) : (⟨f, g, X⟩ ∈ c) ∧ (⟨g, f, Y ⟩ ∈ c) � 1= � ∃g ∈^∗M : ∃X, Y ∈ Ob(^∗C) : (⟨f, g, X⟩ ∈^∗c) ∧ (⟨g, f, Y ⟩ ∈^∗c)) � ,

2.8. Corollary. Let ∗ : Ŝ → ^^∗S an enlargement, and let C and D be Ŝ-small categories. Then we have:

1. Ob(^∗C) =^∗Ob(C), and if m : Ob(C) × Ob(C) → Mor_C denotes the map that sends ⟨X, Y ⟩ to Mor_C(X, Y ), then^∗m : Ob(^∗C) × Ob(^∗C) → Mor∗_C maps ⟨X, Y ⟩ to Mor∗_C(X, Y ). In particular we have Mor∗_C(^∗X,^∗Y ) =^∗Mor_C(X, Y ) for X, Y ∈ Ob(C).

2. ∗ induces a covariant functor from C to^∗C that takes isomorphisms (resp. monomorphisms, resp. epimorphisms) to isomorphisms (resp. monomorphisms, resp. epimorphisms).

3.^∗(C^∘) = (^∗C)^∘.

4.^∗(C × D) =^∗C ×^∗D.

2.9. Corollary. Let ∗ : Ŝ → ^^∗S an enlargement, and let C be an Ŝ-small category.

1. Let D be a (full) subcategory of C. Then D is Ŝ-small, and^∗D is a ^^∗S-small (full) subcategory of^∗C.

2. Let X be an object of C, then C/X, the category of objects over X, is Ŝ-small, and ∗(C/X) =^∗C/^∗X.

3. Let D be a subcategory of C, and let F be a covariant (resp. contravariant) functor from C into another Ŝ-small category C^′. Then^∗(F |D) =^∗F |^∗D :^∗D →^∗C^′.

4. Let X be an object of C, and let R be a sieve of X (see [SGA4I, I.4.1]), i.e. a full subcategory of C/X with the property that if Y is an object of C/X and if there exists a morphism from Y to an object of R in C/X, then Y belongs to R. Then ∗R is a sieve of^∗X.

2.10. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, let C be an Ŝ-small category, and let X and Y be two objects of C. Then X and Y are isomorphic if and only if^∗X and^∗Y are isomorphic in^∗C.

Proof. We have � X ∼= Y � ⇔ � ∃f ∈ Mor_C(X, Y ) : f isomorphism � transfer, 2.7.4, 2.8.1 ⇐⇒ � ∃f ∈ Mor∗_C(^∗X,^∗Y ) : f isomorphism � ⇔ �_∗ X ∼=^∗Y � .

2.11. Definition. Let Ŝ be a superstructure. A finite Ŝ-small category is an Ŝ-small category C whose set of morphisms Mor_C is a finite set.

For the next proposition, recall from 2.4 that if ∗ : Ŝ → ^^∗S is an enlargement and if C and D are^∗S-small categories, then a functor from C to D is a map between the sets Mor_C and Mor_D, which are elements of ^^∗S, so in particular such a functor is an element of the superstructure ^^∗S. Therefore we can ask — as for any element of ^^∗S — whether a given functor is an internal element of ^^∗S (see A.8). Such functors, that are internal elements of ^^∗S, we will call internal functors.

2.12. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement, and let C and D be Ŝ-small categories.

1.^∗Funct (C, D) (resp.^∗Funct^∘(C, D)) is the subcategory of internal functors and internal morphisms of functors of Funct (^∗C,^∗D) (resp. Funct^∘(^∗C,^∗D)). In particular, ∗ maps covariant (resp. contravariant) functors from C to D to covariant (resp. contravariant) functors from^∗C to^∗D.

2. If F : C → D is a covariant functor, then the following diagram of categories and functors commutes: C^F � ∗ � D ∗ � ∗C_{∗ F} �^∗D.

3. If C is a finite Ŝ-small category, then

∗Funct (C, D) = Funct (^∗C,^∗D) and^∗Funct^∘(C, D) = Funct^∘(^∗C,^∗D).

Proof. Let C = ⟨M, s, t, c⟩ and D = ⟨M^′, s^′, t^′, c^′⟩. We have the following statement in Ŝ: Ob(Funct (C, D)) = {F : M → M^′ | F subject to 2.4 concerning C, D}.

Transfer of this gives us:

Ob(^∗Funct (C, D))^{2.8.1}=^∗Ob(Funct (C, D)) = {F :^∗M →^∗M^′ | F internal and subject to 2.4 concerning^∗C,^∗D},

i.e. the objects of^∗Funct (C, D) are just the internal functors from^∗C to^∗D. Now for the morphisms of functors, we have the following statement in Ŝ:

∀F, G ∈ Ob(Funct (C, D)) : Mor_{Funct (C,D)}(F, G) = {f : Ob(C) → M^′ | f fulfills certain properties concerning C and D},

and transferring this by using 2.7.2 and 2.8.1, we get

∀F, G ∈ Ob(^∗Funct (C, D)) : Mor∗_{Funct (C,D)}(F, G)

= {f : Ob(^∗C) →^∗M^′ | f internal, fulfills certain properties concerning^∗C and^∗D},

i.e. for internal functors F and G from^∗C to^∗D, the morphisms between F and G in ∗Funct (C, D) are precisely the internal morphisms of functors between F and G. This proves 1 for covariant functors; the proof for contravariant functors is analogous. To prove 2, we see immediately that for an arbitrary morphism f ∈ Mor_C we have ∗F � ∗(f) � =^∗F

�_∗ f �_{A.10.8}

=^∗ � F (f) � = ∗ � F (f) � . To prove 3, according to 1 we have to show that all functors from^∗C to^∗D and all morphisms of functors from^∗C to^∗D are internal if C is finite. But in this case, ∗ : C →^∗C is a bijection, i.e. both functors from^∗C to^∗D and morphisms of functors from^∗C to^∗D are maps from a finite set to an internal set. But such maps are internal (see A.11.4).

2.13. Definition. For a set of sets N, let (N-Ens) denote the full subcategory of the category of sets consisting of those sets which are elements of N.

2.14. Remark. Note that if N ∈ Ŝ is a set of sets in a superstructure Ŝ, then (N-Ens) is an Ŝ-small category (because the set of morphisms in (N-Ens) is then obviously an element of Ŝ). Furthermore, if Ŝ is an arbitrary superstructure, then any full subcategory of the category of sets that is Ŝ-small equals (N-Ens) for a suitable N ∈ Ŝ.

2.15. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement, and let N ∈ Ŝ be a set of sets. Then^∗(N-Ens) is the subcategory of (^∗N-Ens) that consists of all the objects but whose morphisms are only the internal maps.

Proof. Transfer of the statement Ob(N-Ens)^{2.1}= {id_X |X ∈ N} ∼= N gives us Ob(^∗(N-Ens)) ∼= ∗N, so the objects of^∗(N-Ens) are exactly the objects of (^∗N-Ens). As for the morphisms, transfer of ∀id_X , id_Y ∈ Ob(N-Ens) : Mor_{(N}-_{Ens)}(id_X , id_Y ) = Y^X gives the desired result.

2.16. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, let N ∈ Ŝ be a set of sets, and let C be an Ŝ-small category with M := Mor_C ⊆ N.

1. Let F : C^∘ → (N-Ens) be a functor (i.e. F is a presheaf on C with values in (N-Ens)). Then^∗F is a presheaf on^∗C with values in (^∗N-Ens).

2. If in particular we look at the presheaf h_X := Mor_C( , X) : C^∘ → (M-Ens) ⊆ (N-Ens) for an element X ∈ Ob(C), then^∗h_X = Mor∗_C( ,^∗X) =: h∗_X .

3. Consider the statement

φ[F, X] ≡ � F ∈ Ob(Funct^∘(C, (N-Ens))) � ∧ � X ∈ Ob(C) � ∧ � F is representable by X � (note that this makes sense because of M ⊆ N). Then

∗φ[F, X] = � F is an internal presheaf on^∗C with values in (^∗N-Ens)

which is internally representable by X � . (By “internally representable” we mean that there exists an object Y ∈ Ob(^∗C) and an internal isomorphism of functors between F and Mor∗_C( , Y ).)

4. If a presheaf F on C with values in (N-Ens) is representable by an object X ∈ Ob(C), then^∗F is representable by^∗X.

5. If all presheaves on C with values in (^∗N-Ens) are representable, then all internal presheaves on^∗C with values in (^∗N-Ens) are representable.

Proof. 1 is easy. 2 follows directly from 2.8.1.

To prove 3, let h : C → Funct^∘(C, (N-Ens)), X → h_X denote the canonical fully faithful embedding where — as in 2 — h_X denotes the functor Mor_C( , X) : C^∘ → (N-Ens). Then

φ[F, X] = � F ∈ Ob(Funct^∘(C, (N-Ens))) � ∧ � X ∈ Ob(C) � ∧ � ∃f ∈ Mor_{Funct}∘_{(C,(N}-_{Ens))}(F, h(X)) : f isomorphism in Funct^∘(C, (N-Ens)) � . We then get

∗φ[F, X]^{2.7.4,2.8.1}= � F ∈ Ob(^∗Funct^∘(C, (N-Ens))) � ∧ � X ∈ Ob(^∗C) � ∧ � ∃f ∈ Mor∗_{Funct}∘_{(C,(N}-_{Ens))}(F, (^∗h)(X)) : f isomorphism in^∗Funct^∘(C, (N-Ens)) �

and by 2.12.1

∗φ[F, X] = � F is an internal presheaf on C with values in (^∗N-Ens) � ∧ � X ∈ Ob(^∗C) � ∧ � F and (^∗h)(X) are internally isomorphic � . What is (^∗h)(X)?

∀X, Y ∈ Ob(C) : [h(X)](Y ) = Mor_C(Y, X)

transfer,2.7.2,2.8.1

⇐⇒ ∀X, Y ∈ Ob(^∗C) : [(^∗h)(X)](Y ) = Mor∗_C(Y, X) = h_X (Y ).

So we get:

∗φ[F, X] = � F is an internal presheaf on C with values in (^∗N-Ens)

which is internally representable by X � , which is 3.

4 and 5 follows from 3.

2.17. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, let I be a finite Ŝ-small category, and let C be an Ŝ-small category. If for all functors G : I → C the projective limit lim←− G (resp. inductive limit lim−→ G) exists in C, then for all functors G : I →^∗C, lim←− G (resp. lim−→ G) exists in^∗C.

Proof. Follows from 2.12.3 and 2.16.3.

2.18. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, and let C be an Ŝ-small category. Then if C has one of the following properties, then so has^∗C:

1. C has an initial object. 2. C has a final object. 3. C has a null object.

4. Arbitrary finite direct sums exist in C. 5. Arbitrary finite direct products exist in C. 6. Arbitrary finite fibred sums exist in C. 7. Arbitrary finite fibred products exist in C.

8. Difference cokernels of two arbitrary morphisms exist in C. 9. Difference kernels of two arbitrary morphisms exist in C.

2.19. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement, let C and D be Ŝ-small categories, and let F : C → D and G : D → C be two covariant functors. If F is left adjoint to G, then^∗F :^∗C →^∗D is left adjoint to^∗G :^∗D →^∗C.

Proof. First of all, according to 2.12.1,^∗F is a functor from^∗C to^∗D, and^∗G is a functor from^∗D to^∗C.

Now choose a set N ∈ Ŝ that contains the (disjoint) union of the set of morphisms in C and the set of morphisms in D, and consider the following two covariant functors α, β : C^∘ × D → (N-Ens):

C^∘ × D � (N-Ens) Mor_D(F X, Y ) (X, Y ) � α � � � � β � � � Mor_C(X, GY ).

Saying that F is left adjoint to G is equivalent to saying that α and β are isomorphic in the category Funct (C^∘ × D, (N-Ens)) which is Ŝ-small because of 2.5.1, 2 and 3. Because of 2.10, this is equivalent to^∗α an^∗β being isomorphic in^∗Funct (C^∘ × D, (N-Ens)). Now we can apply 2.8.3 and 4, 2.12.1, and 2.15 to see that this is a subcategory of Funct ((^∗C)^∘ ×^∗D, (^∗N-Ens)), i.e. if F is left adjoint to G, then^∗α and^∗β are isomorphic in this latter category, and it is clear by transfer and by 2.8.1 that^∗α and^∗β are given as follows:

(^∗C)^∘ ×^∗D � (^∗N-Ens)

Mor∗_D((^∗F )X, Y )

(X, Y ) � ∗ α � � � � ∗ β � � � Mor∗_C(X, (^∗G)Y ),

i.e. the fact that^∗α and^∗β are isomorphic is equivalent to^∗F being left adjoint to^∗G.

3. Limits and enlargements

So far, so good! — But until now, the only property of enlargements we have used is the transfer principle, and therefore we have not revealed any properties of enlarged categories^∗C that the original category C has not already had. This will change in the next proposition.

Remember that a category I is called pseudo-cofiltered if the following two conditions are satisfied (compare [SGA4I, I.2.7]):

• For any pair of morphisms φ_1 : i_1 → i and φ_2 : i_2 → i, there are morphisms ψ_1 : j → i_1 and ψ_2 : j → i_2 in I such that φ_1 ∘ ψ_1 = φ_2 ∘ ψ_2: i_{1 φ1} � � j ∃ψ_1 �

∃ψ_2 � i i_2^{φ2} � � • For any pair of morphisms φ_1, φ_2 : i_1 → i_2 in I, there is a morphism ψ : j → i_1 in I such that φ_1 ∘ ψ = φ_2 ∘ ψ: j^{∃ψ} � i_1^{φ1} �_{φ2} � i_2

I is called cofiltered if it is pseudo-cofiltered, not empty and connected, where in this case being connected is equivalent to the condition that for any pair of objects i_1, i_2 ∈ Ob(I), there is a pair of morphisms ψ_1 : j → i_1 and ψ_2 : j → i_2: i_1 j ∃ψ_1 �

∃ψ_2 � i2

A category I is called pseudo-filtered, if I^∘ is pseudo-cofiltered, and I is called filtered if I^∘ is cofiltered.

3.1. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement, and let I be an Ŝ-small category.

1. If I is cofiltered, then there exists an object i_{−∞} ∈ Ob(^∗I), together with a family of morphisms {p_i : i_{−∞} →^∗i}_{i∈Ob(I)} with the property that for all morphisms i_1^φ−→ i_2 in I, the following triangle of morphisms in^∗I commutes: ∗i_1 ∗ φ � i_{−∞}

p_{i1} � � p_{i2} �

�_∗

i_2

2. If I is filtered, then there exists an object i_∞ ∈ Ob(^∗I), together with a family of morphisms {ι_i :^∗i → i_∞}_{i∈Ob(I)} with the property that for all morphisms i_1^φ−→ i_2 in I, the following triangle of morphisms in^∗I commutes: i_1

∗ φ �

ι_{i1} � � i_∞ i_2^{ιi}2 � � Proof. We only give a proof for 1, the proof for 2 follows immediately by looking at the opposite category I^∘. Because a filtered category has all cones of finite subdiagramms (comp. [Bor94][Lemma 2.13.2]) we have the following statement:

Let J be a finite subsystem of I. By this we mean a selection of finitely many objects of I and of finitely many morphisms between those objects (note that J in general will not be a subcategory of I). Then there exists an object i_J of I and a family of morphisms p^J_j : i_J → j for every object j of I that is in J such that for any morphism j_1^φ−→ j_2 contained in J , the following triangle of morphisms in I commutes: j_1 φ � i_J

p^J_{j1} � � p^J_{j2} � � � j_2

(1)

Let M ∈ Ŝ denote the set of all morphisms in I, and let F denote the set of all finite subsystems of I — we certainly have F ∈ Ŝ. For J ∈ F , define a set U_J as follows:

U_J = � ⟨i, p⟩ � �i ∈ Ob(I), p ∈ M^{Ob(I)}, ∀j ∈ {objects in J } :

p(j) ∈ Mor_I (i, j), ∀j_1^φ−→ j_2 ∈ {morphisms in J } : p(j_2) = φ ∘ p(j_1) � Statement (1) shows two things:

• For all J ∈ F , the set U_J is not empty (note that for objects i not contained in J , p(i) can be chosen arbitrarily in M, we can for example set p(i) := id_i).

• For J_1, . . . , J_n ∈ F , the intersection U_{J1} ∩ . . . ∩ U_{Jn} is not empty (apply (1) to J := J_1 ∪ . . . ∪ J_n).

According to the saturation principle A.8.4, these imply that the intersection � J ∈F

∗U_J is not empty, i.e. we find a pair ⟨i_{−∞} , p⟩, consisting of an object i_{−∞} ∈ Ob(^∗I) and an internal map p : Ob(^∗I) →^∗M in this intersection. For an object i of I, there certainly is a J ∈ F containing i, and because ⟨i_{−∞} , p⟩ is in^∗U_J , we conclude that p(^∗i) is a morphism from i_{−∞} to^∗i and can thus set p_i := p(^∗i).

If i_1^φ−→ i_2 is any morphism in I, we find a J ∈ F that contains i_1, i_2 and φ, and the fact that ⟨i_{−∞} , p⟩ is an element of^∗U_J implies that the associated triangle commutes. This concludes the proof of the proposition.

3.2. Example. (Construction of algebraic closures) Let k be a field. To construct an algebraic closure of k, it suffices to construct an extension K of k such that K contains all finite algebraic extensions of k, because then taking the algebraic closure of k in K yields an algebraic closure of k.

To construct such a field K, choose a set of sets U such that for every finite algebraic extension L of k, there is a bijection from the set which underlies L to an element of U.

Consider the category C whose objects are pairs ⟨L, s⟩ with L an element of U and s a field-structure on L turning L into a finite algebraic extension of k, and whose morphisms are defined as

Mor_C(⟨L_1, s_1⟩, ⟨L_2, s_2⟩) := � {∗} if there is a k-embedding L_1 → L_2, ∅ otherwise.

We then can find a base set S such that C is (isomorphic to) an Ŝ-small category and such that U is an element of Ŝ \ S (compare 2.3.1).

It is easy to see that C is filtered, so that we find an object i_∞ of^∗C and morphisms ι_L :^∗L → i_∞ for every object L of C as in 3.1.2.

By transfer, i_∞ defines a pair ⟨K, s⟩ where K is a set (and an element of^∗U) and s is a field-structure on K. The existence of the ι_L and transfer show that we have kembeddings L → K for all finite algebraic extensions L of k, and we are done.

Note that in order to prove the existence of enlargements (compare A.9), methods similar to the construction of algebraic closures in elementary algebra are used; therefore it is not really surprising that we are able to give a short proof for the existence of algebraic closures as soon as we have the powerful tool of enlargements at our disposal.

3.3. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, let I be an Ŝ-small category, and let φ[X] be a formula in Ŝ.

1. Assume that I is cofiltered, let i_{−∞} and {p_i} be as in 3.1.1, and assume that for all morphisms ψ : i → j in I, statement φ[i] implies φ[j]. Then � ∀i ∈ Ob(I) : φ[i] � ⇐⇒^∗φ[i_{−∞} ].

2. Assume that I is filtered, let i_∞ and {ι_i} be as in 3.1.2, and assume that for all morphisms ψ : i → j in I, statement φ[j] implies φ[i]. Then � ∀i ∈ Ob(I) : φ[i] � ⇐⇒^∗φ[i_∞].

Proof. We only have to prove 1, because 2 follows from this by looking at I^∘. If φ[i] is true for all i ∈ Ob(I), then by transfer and by 2.8.1,^∗φ[i] is true for all i ∈ Ob(^∗I), so it is in particular true for i := i_{−∞} ∈ Ob(^∗I). On the other hand, by assumption, the following statement is true in Ŝ:

∀j, k ∈ Ob(I) : � Mor_I (j, k) ≠ ∅ � ⇒ � φ[j] ⇒ φ[k] � , and transfer of this gives us

∀j, k ∈ Ob(^∗I) : � Mor∗_I (j, k) ≠ ∅ � ⇒ �_∗ φ[j] ⇒^∗φ[k] � . If we specialize this to j := i_{−∞} and k :=^∗i for an i ∈ Ob(I) and note that Mor∗_I (i_{−∞} ,^∗i) is not empty (because it contains p_i), we get

�_∗

φ[i_{−∞} ] ⇒^∗φ[^∗i] � . But by transfer, the statements^∗φ[^∗i] and φ[i] are equivalent, and this completes the proof.

3.4. Example. Let X be a topological space, let U ⊆ X be an open subspace, and let F be a presheaf on X.

Recall that a covering of U is a family U = (U_j)_{j∈J} of open subspaces of U with � j∈J U_j = U, and a refinement of U is a covering V = (V_k)_{k∈K} of U, such that there exists a map f : K → J satisfying V_k ⊆ U_{f(k)} for all k ∈ K. Consider the following partially ordered set I: An element of I is represented by a covering of U, and two coverings define the same element if each is a refinement of the other. The partial order is defined by V ≤ U :⇔ V is a refinement of U.

If U and V are coverings of U, then U ∩ V := (U_j ∩ V_k)_{(j,k)∈J ×K} is obviously a covering of U and a refinement of both U and V, which shows that I, considered as a category, is cofiltered.

For a covering U of U, recall the sheaf condition for F with respect to U, which states that the following sequence is exact:

F(U) → � j∈J F(U_j) ⇒ � i,j∈J

F(U_i ∩ U_j).

It is easy to see that if V is a refinement of U and if F satisfies the sheaf condition with respect to V, then it also satisfies the sheaf condition with respect to U. This in particular implies that if U and V are coverings of U that define the same element of I, then F satisfies the sheaf condition with respect to U iff it satisfies the sheaf condition with respect to V. It therefore makes sense to say that F satisfies the sheaf condition with respect to an element of I.

Now let Ŝ be a superstructure that contains the small category I, and let φ[X] be the following formula in Ŝ:

φ[X] ≡ � X is an element of I, and F satisfies the sheaf condition with respect to X � . By proposition 3.1.1, we find an object i_{−∞} of^∗I, represented by a “hyper covering” U = (U_j)_{j∈J} of^∗U, where U is an internal family of^∗open subsets of^∗U which covers^∗U and refines all standard coverings of U.

Applying corollary 3.3.1 to this situation, we get that F satisfies the sheaf condition with respect to every covering iff^∗F satisfies the^∗sheaf condition for the one hyper covering U. This latter condition is obviously satisfied iff the following two conditions are both satisfied:

1. If s, t ∈^∗(F(U)) = (^∗F)(U) satisfy s|U_j = t|U_j for all j ∈ J , then s = t.

2. If (s_j)_{j∈J} is an internal family with s_j ∈ (^∗F)(U_j), satisfying s_j|U_j ∩U_j′ = s_j′ |U_j ∩U_j′ for all j, j^′ ∈ J , then there exists an s ∈^∗(F(U)) with s_j = s|U_j for all j ∈ J .

3.5. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, let I be an Ŝ-small category, let N ∈ Ŝ be a set of sets, and let F : I → (N-Ens) be a covariant functor.

1. Assume that I is cofiltered, and let i_{−∞} be as in 3.1.1. Then we have a canonical injection μ : lim←− F →^∗F (i_{−∞} ), and for every object i ∈ Ob(I), we have a commutative diagram

∗F (i_{−∞} )_∗

F (p_i) � � � � lim←− F_{(xi)i∈Ob(I)→∗ xi} � � μ � � � ∗F (^∗i)

(2)

2. Assume that I is filtered, and let i_∞ and {ι_i} be as in 3.1.2. Then we have a canonical injection ν : lim−→ F →^∗F (i_∞).

Proof. In the situation of 1, let x be an element of lim←− F , given by a family (x_i)_{i∈Ob(I)} of elements x_i ∈ F (i) such that for all morphisms φ : i → j in I, the element x_i is mapped to x_j under F (φ). If we consider each x_i as a morphism {∗} → F (i) in (N-Ens), we consequently can consider x as a map x : Ob(I) → Mor_{(N}-_{Ens)} with the property � ∀i ∈ Ob(I) : x(i) ∈ Mor_{(N}-_{Ens)}({∗}, F i) �

∧ � ∀i, j ∈ Ob(I) : ∀φ ∈ Mor_I (i, j) : x(j) = F φ ∘ x(i) � . Then by transfer,^∗x is a map from Ob(^∗I) to Mor∗_{(N}-_{Ens)}^{2.15}→ Mor_(∗_N-_{Ens)} satisfying � ∀i ∈ Ob(^∗I) : x(i) ∈ Mor_(∗_N-_{Ens)}({∗},^∗F (i)) �

∧ � ∀i, j ∈ Ob(^∗I) : ∀φ ∈ Mor∗_I (i, j) : x(j) =^∗F (φ) ∘ x(i) � , i.e. by setting x̃_i :=

�_∗

x(i) � (∗) ∈^∗F (i) for all objects i ∈ Ob(^∗I), we get a compatible system (x̃_i)_{i∈Ob(}∗_{I)}, and we define μ(x) as x̃_{i−∞} .

To see that the so defined map μ is injective, let y = (y_i) be another element of P with the property μ(x) = μ(y). We have to show that x_i = y_i for all objects i of I. Look at the formula φ[X] ≡ � x_X = y_X � in Ŝ. We have to show that the statement φ[i] is true for all i ∈ Ob(I). If φ : i → j is a morphism in I, then φ[i] implies φ[j], so we can apply 3.3.1, i.e. we have to show that^∗φ[i_{−∞} ] is true in ^^∗S. But obviously^∗φ[X] = � x̃_X = ỹ_X � , so^∗φ[i_{−∞} ] is true because of μ(x) = μ(y). So we see that μ indeed is injective.

In the situation of 2, let x be an element of lim−→ F , represented by an element x_j of F (j) for an j ∈ Ob(I). Put ν(x) := ι_j(^∗x_j). To see that this is well defined, it suffices to show that for a morphism φ : j → k in I we have ι_j(^∗x_j) = ι_k

�_∗ (φ(x_j)) � , but this is clear by definition of the {ι_i}. So we get a well defined map ν : lim−→ F → F (i_∞). To show that ν is injective, let y be another element of lim−→ F , represented by y_k ∈ F (k), with x ≠ y. We have to show ν(x) ≠ ν(y). Look at the formula

φ[X] ≡ � ∀φ ∈ Mor_I (j, X) : ∀ψ ∈ Mor_I (k, X) : φ(x_j) ≠ ψ(y_k) � . Because we assume x ≠ y, we know that φ[i] is true for all i ∈ Ob(I). Then by transfer ∗φ[i] must be true for all i ∈ Ob(^∗I), so that in particular^∗φ[i_∞] is true in ^^∗S (to see this, we could have also applied 3.3.2). Now

φ[i_∞] = � ∀φ ∈ Mor_I (^∗j, i_∞) : ∀ψ ∈ Mor_I (^∗k, i_∞) : φ(^∗x_j) ≠ ψ(^∗y_k) � , and if we specialize this to φ := ι_j and ψ := ι_k, we see that in particular ν(x) ≠ ν(y) is true, i.e. ν is indeed injective.

Let I be a cofiltered category, let C be any category, and let G : I → C be a covariant functor. Remember that by definition, the projective limit lim←− G is the presheaf X → lim←−_{i∈Ob(I)} Mor_C(X, Gi) on C, and that we say that “the projective limit exists in C” if lim←− G is representable by an object P of C.

Assume for a moment that I has an initial object i_0. In that case, lim←− G obviously exists in C, and it is represented by Gi_0, i.e. we have a commutative diagram of presheaves

lim←− G� � � (proj_i) � ∼ � h_{Gi0}� � G(i_0→i) � � i∈Ob(I) hGi � i∈Ob(I) hGi.

Now, in general I will not have an initial object, but we have seen in 3.1.1 that in the category^∗I, there is an object i_{−∞} which is “nearly as good as an initial object for I”, and we could hope that in the following commuting diagram of presheaves

lim←− G� � � (proj_i) � � G̃ := �X → Mor_{∗ C}(X, ∗Gi_{−∞} )� � � p_i � � i∈Ob(I) hGi ∗ � � i∈Ob(I) � X → Mor∗_C(^∗X,^∗Gi) �

the morphism lim←− G → G̃ is an isomorphism. Unfortunately, there are two problems with this: First, for an object X of C, an object i of I and a section φ ∈ G̃(X), p_{i∗}(φ) must be of the form^∗φ_i for a suitable φ_i ∈ Mor_C(X, Gi), and there is no reason why this should be the case.

Second, remember that the pair ⟨i_{−∞} , (p_i)_i⟩ is in general not uniquely determined. For example, for any morphism p : i^′_{−∞} → i_{−∞} in^∗I, the pair ⟨i^′_{−∞} , (p_i ∘ p)_i⟩ has the same property.

Now let G̃^′ be the presheaf � X → Mor∗_C(X,^∗Gi^′_{−∞} ) � , and for an object X of C, let s and t be two distinct sections in G̃^′(X). If p is not a monomorphism, it can happen that s and t become equal in G̃(X), and this shows that � p_{i∗} in general will not be a monomorphism.

To solve the first problem, we will define a subpresheaf G̃^{fin} of G̃ whose sections are mapped to something of the right form under � p_{i∗}. To solve the second problem, we will introduce an equivalence relation ∼ on G̃^{fin} such that two section of G̃ that are mapped to the same section under � p_{i∗} will be equivalent.

Having done that, we will be able to prove lim←− G ∼= G̃^{fin} /∼.

3.6. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, and let G : I → C be a covariant functor of Ŝ-small categories.

1. Assume that I is cofiltered, and let i_{−∞} and {p_i} be as in 3.1.1. Define the presheaf G̃ on C by G̃(X) := Mor_{∗ C}(∗X, (∗G)(i_{−∞} )) for X ∈ Ob(C), define the subpresheaf G̃fin of G̃ by

G̃^{fin} (X) := � φ ∈ G̃(X) � �∀i ∈ Ob(I) : ∃φi ∈ MorC(X, G(i)) : (^∗G)(pi) ∘ φ =^∗φi �

for X ∈ Ob(C), and define an equivalence relation ∼ on G̃^{fin} as follows:

∀X ∈ Ob(C) : ∀φ, ψ ∈ G̃^{fin} (X) : φ ∼ ψ :⇔ ∀i ∈ Ob(I) : (^∗G)(p_i) ∘ φ = (^∗G)(p_i) ∘ ψ.

Then we have a canonical monomorphism lim←− G → G̃ of presheaves on C that induces an isomorphism lim←− G^∼−→ G̃^{fin} /∼. If in addition Mor_C(X, G(i)) is finite for all X ∈ Ob(C) and all i ∈ Ob(I), then G̃^{fin} = G̃.

The following diagram of presheaves on C commutes:

lim←− G� � � (proj_i) � ∼ � G̃fin /∼�

�_�

p_i � � i∈Ob(I) hGi ∗ � � i∈Ob(I) � X → Mor∗_C(^∗X,^∗Gi) � .

(3)

2. Assume that I is filtered, and let i_∞ and {ι_i} be as in 3.1.2. Define the presheaf G̃ on C^∘ by G̃(X) := Mor∗_C((^∗G)(i_∞),^∗X) for X ∈ Ob(C), define the subpresheaf G̃^{fin} of G̃ by

G̃^{fin} (X) := � φ ∈ G̃(X) � �∀i ∈ Ob(I) : ∃φi ∈ MorC(G(i), X) : φ ∘ (^∗G)(ιi) =^∗φi � for X ∈ Ob(C), and define an equivalence relation ∼ on G̃^{fin} as follows: ∀X ∈ Ob(C) : ∀φ, ψ ∈ G̃^{fin} (X) : φ ∼ ψ :⇔ ∀i ∈ Ob(I) : φ ∘ (^∗G)(ι_i) = ψ ∘ (^∗G)(ι_i). Then we have a canonical monomorphism lim−→ G → G̃ of presheaves on C^∘ that induces an isomorphism lim−→ G^∼−→ G̃^{fin} /∼. If in addition Mor_C(G(i), X) is finite for all X ∈ Ob(C) and all i ∈ Ob(I), then G̃^{fin} = G̃.

For every i ∈ Ob(I), the following diagram of presheaves on C^∘ commutes: lim−→ G� � � (proj_i) � ∼ � G̃fin /∼�

�_�

ι_i � � i∈Ob(I) hGi ∗ � � i∈Ob(I) � X → Mor∗_C(^∗Gi,^∗X) � .

(4)

Proof. We only prove 1, because 2 follows from 1 by considering I^∘ and C^∘. Let X be an object of C. The first claim is equivalent to the statement that for every object X ∈ Ob(C) there is a canonical injection α_X : lim←− Mor_C(X, G(i)) → Mor∗_C(^∗X, (^∗G)(i_{−∞} )) which is functorial in X. To see this, apply 3.5.1 to N := Mor_C and F : I → (N-Ens), i → Mor_C(X, Gi) (the functorality is clear by construction). We thus get a monomorphism lim←− G → G̃ of presheaves on C which we call α.

We have already proved that the image of this monomorphism is contained in G̃^{fin} — this is just (2), so that we get an induced map lim←− G^ᾱ−→ G̃^{fin} /∼, and (2) obviously also shows that ᾱ is injective. Furthermore, it is clear by construction that (3) indeed is a well-defined, commuting diagram of presheaves on C.

It remains to be seen that ᾱ is surjective. So let p :^∗X → (^∗G)(i_{−∞} ) be an element of G̃fin (X). For i ∈ Ob(I), by definition of G̃fin , there exists a φ_i : X → G(i) such that (^∗G)(p_i) ∘ p =^∗φ_i. If i^ψ−→ j is a morphism in I, then by definition of the p_i we have ψ ∘ p_i = p_j ⇒ (^∗G)(^∗ψ) ∘ (^∗G)(p_i) = (^∗G)(p_j) ⇒ (^∗G)(^∗ψ) ∘ � (^∗G)(p_i) ∘ p � = � (^∗G)(p_j) ∘ p � ⇒ (^∗G)(^∗ψ)(^∗φ_i) =^∗φ_j ⇔ G(ψ)(φ_i) = φ_j which proves that φ := {φ_i}_{i∈Ob(I)} defines an element of (lim←− G)(X). By construction we have α_X (φ) ∼ p, i.e. φ is a preimage of p under ᾱ. This shows that ᾱ indeed is an isomorphism of presheaves on C.

Finally, let us assume that Mor_C(X, G(i)) is finite for all X ∈ Ob(C) and i ∈ Ob(I). Then ∗ induces bijections Mor_C(X, G(i))^∼−→ Mor ∗_C(^∗X, (^∗G)(^∗i)) because of A.10.2, i.e. all elements on the right hand side are of the form^∗φ for a suitable φ, so that all sections of G̃ belong to G̃^{fin} .

3.7. Example.

1. Let C be the category of finite rings (whose elements are contained in the set Z, say), let I be the category of the ordered set N_+ (ordered by ≥), let Ŝ be a superstructure that contains I and C as Ŝ-small categories, let p be a prime number, let G : I → C be the functor n → Z/p^nZ, and let ∗ : Ŝ → ^^∗S be an enlargement.

Then I is cofiltered, and we can apply 3.6.1 to lim←− G: I is the category of the ordered set^∗N, as i_{−∞} , we can choose any h ∈^∗N \ N, the category^∗C is the category of^∗finite rings (with internal ring-structure, whose elements are contained in^∗Z) and internal ring-homomorphisms as morphisms, and^∗G is the functor that sends h to^∗Z/p^{h∗}Z. The corollary then tells us (because all the sets of morphisms in C are finite) that to give a compatible system of ring-homomorphisms from a finite Ring R into every Z/p^nZ is the same as giving a ring-homomorphism (which is automatically internal because R is finite) from R into the^∗finite ring^∗Z/p^{h∗}Z where two such ring-homomorphisms give the same compatible system if and only if their compositions with all projections^∗Z/p^{h∗}Z ↠ Z/p^nZ coincide. This is equivalent to the existence of a ring-isomorphism Z_p^∼−→

�_∗ Z/p^{h∗}Z � /I where I is the (external) ideal generated by {p^k|k ∈^∗N \ N}.

2. Let C be a small category of abelian groups that contains all Z/nZ for n ∈ N_+ and Q/Z as objects, let I be the category of the ordered set N_+, (now ordered by |), let ∗ : Ŝ → ^^∗S be an enlargement where Ŝ contains C and I as Ŝ-small categories, and let G : I → C be the functor that sends n ∈ N_+ to Z/nZ and a morphism m | n in I to Z/mZ^{1→n/m}−−−−→ Z/nZ.

Then I is filtered, and we can apply 3.6.2 to lim−→ G: The category^∗I is the category of the ordered set^∗N_+, and if h ∈^∗N_+ \ N is any infinite natural number, then as i_∞ we can take the number (h!). The category^∗C is a category of abelian groups (with internal group-structure and with internal group homomorphisms as morphisms), and^∗G is the functor that sends a k ∈^∗N_+ to^∗Z/k^∗Z. The corollary then tells us that to give a morphism from lim−→ G to an abelian group A in C, we have to give an (internal) group homomorphism φ from^∗Z/h!^∗Z to^∗A, such that for all n ∈ N_+, the composition ψ :^∗(Z/nZ)^{1→h!/n}−−−−→^∗Z/h!^∗Z^φ−→^∗A is of the form ∗φ_n for a φ : Z/nZ → A. As this condition is obviously equivalent to the condition that ψ(1) ∈ A, we see that a morphism from lim−→ G to A is given by a morphism φ :^∗Z/h!^∗Z →^∗A such that for all n ∈ N_+, we have φ(h!/n) ∈ A ⊆^∗A.

Two such morphisms φ_1 and φ_2 correspond to the same morphism lim−→ G → A if and only if their compositions with all inclusions Z/nZ →^∗Z/h!^∗Z coincide, i.e. if and only if φ_1(h!/n) = φ_2(h!/n) ∈ A for all n ∈ N_+.

We have the isomorphism α : lim−→ G^∼−→ Q/Z, defined by the morphisms α_n :

Z/nZ^{1→1/n}

−−−→ Q/Z for n ∈ N_+. To which morphisms φ :^∗Z/h!^∗Z →^∗Q/Z does α correspond? — By transfer, φ is uniquely determined by x := φ(1), and by (4), for every n ∈ N_+, the following diagram in^∗C must commute:

∗Z/h!^∗Z_φ^{1→x} �^∗(Q/Z)

Z/nZ

1→h!/n � α_n � � � �

This shows that we must have 1/n = α_n(1) = (h!/n) · x ∈^∗(Q/Z), i.e. x = (1 + mn)/h! for an m ∈^∗Z. Because this holds for every n ∈ N_+, we get x = (1 + N)/h! with N ∈^∗Z a number divisible by all n ∈ N_+.

4. Enlargements of additive and abelian categories

Next, we want to have a look at Ŝ-small categories with more structure, namely at additive and abelian categories. We start by giving a formal definition:

4.1. Definition. Let Ŝ be a superstructure.

1. An additive Ŝ-small category is a pair ⟨A, P ⟩, consisting of an Ŝ-small category A = ⟨M, s, t, c⟩ and a set P ⊆ M × M × M, subject to the following conditions:

(a) For all objects A, B of A, the intersection � Mor_A(A, B) × Mor_A(A, B) × Mor_A(A, B) � ∩ P is a map P_{A,B} : Mor_A(A, B) × Mor_A(A, B) → Mor_A(A, B) that endows Mor_A(A, B) with the structure of an abelian group.

(b) For all A, B, C ∈ ObA, the map Mor_A(B, C) × Mor_A(A, B)^∘−→ Mor_A(A, C) given by c is bilinear with respect to the group-structures defined in (1).

(c) A has a zero object.

(d) A has arbitrary finite sums.

2. An additive Ŝ-small category ⟨A, P ⟩ is called abelian if it is abelian in the usual sense, i.e. if all morphisms in A have a kernel and a cokernel and if for each morphism f, the canonical map coim(f) → im(f) is an isomorphism.

4.2. Remark.

1. For a superstructure Ŝ, an additive Ŝ-small category is just an additive category in the usual sense whose underlying category is Ŝ-small.

2. Let A be a small, additive category. Then there is a base set S and an Ŝ-small additive category which is isomorphic to A (compare 2.3.1).

4.3. Remark. Let F : A → B be an additive functor between abelian categories. Then F is exact if and only if F maps ker(f) to ker(F f) for every morphism f in A and if F maps epimorphisms to epimorphisms:

It is clear that the condition is necessary. If on the other hand A^f−→ B^g−→ C is exact in A, then this is equivalent to the existence of a factorization

A_f � � � � f̄ � � � 0 � ker(g) � B^g � C

with an epimorphism f̄. Applying F to this diagram and using F ker(g) = ker(F g) and the fact that F f̄ is an epimorphism then shows that F A^{F f}−→ F B^{F g}−→ F C is exact in B, so the condition is also sufficient.

4.4. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement, and let ⟨A, P ⟩ be an additive Ŝ-small category. Then:

1. ⟨^∗A,^∗P ⟩ is an additive ^^∗S-small category, and the functor ∗ is additive.

2. If φ[X, Y, Z, f, g] is the formula � X^f−→ Y is a morphism in A with kernel Z^g−→ X � in Ŝ, then^∗φ[X, Y, Z, f, g] is the formula � X^f−→ Y is a morphism in^∗A with kernel Z^g−→ X � in ^^∗S, and the analogous statement is true for “cokernel”, “image” or “coimage” instead of “kernel”.

3. If in addition ⟨A, P ⟩ is abelian, then so is ⟨^∗A,^∗P ⟩, and the functor ∗ is exact.

Proof. By easy transfer, we see that ⟨^∗A,^∗P ⟩ satisfies conditions (1) and (2), and 2.18 shows that it also satisfies conditions (3) and (4), so it is indeed an additive category. By 2.16.4, we know that ∗ maps the zero object of A to the zero object of^∗A and the sum X ⊕ Y of two objects X, Y ∈ A to the sum of^∗X and^∗Y in^∗A — this shows that ∗ is an additive functor and therefore completes the proof of 1. To prove 2, we only have to formalize φ:

φ[X, Y, Z, f, g] = � X, Y, Z ∈ Ob(A) ∧ f ∈ Mor_A(X, Y ) ∧ g ∈ Mor_A(Z, X) � ∧ � ∀A ∈ Ob(A) : ∀h ∈ Mor_A(A, X) : [fh = 0] ⇒ [∃!h^′ ∈ Mor_A(A, Z) : gh^′ = h] � . It is then clear (again by using 2.8.1) that^∗φ is what we claim in 2. Now let us assume that ⟨A, P ⟩ is abelian. First, in^∗A kernels and cokernels of arbitrary morphisms exist because of 2.18. To prove that coimage and image of every morphism in

∗A are canonically isomorphic, we first write down the corresponding statement in A:

∀A, B, C, D ∈ Ob(A) : ∀f ∈ Mor_A(A, B) :

∀φ ∈ Mor_A(A, C) : ∀g ∈ Mor_A(C, D) : ∀ψ ∈ Mor_A(D, B) : � A^φ−→ C is the coimage of f � ∧ � D^ψ−→ B is the image of f � ∧ � ψgφ = f � ⇒ g is an isomorphism.

To see that the transfer of this statement is exactly what we want in^∗A, we can apply 2 for “image” and “coimage”. This proves that^∗A is indeed an abelian category. Finally, ∗ maps kernels to kernels because of 2.16.4 and epimorphisms to epimorphisms because of 2.7.6, so 4.3 shows that ∗ in this case is exact.

From now on, when talking about an additive or abelian Ŝ-small category ⟨A, P ⟩, we will simply denote it by A and drop P from the notation.

4.5. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement, let A and B be Ŝ-small additive categories, and let F : A → B be a functor.

1. If F is additive, then^∗F :^∗A →^∗B is also additive.

2. If A and B are abelian and if F is left exact (resp. right exact, resp. exact), then ∗F is also left exact (resp. right exact, resp. exact).

Proof. To prove 1, we have to show that^∗F maps the zero object to the zero object and direct sums to direct sums:

F (0_A) = 0_B^{transfer}=⇒ (^∗F )(^∗0_A�

=0∗_A

) =^∗0_B�

=0∗_B ,

and ∀X, Y ∈ Ob(A) : F (X ⊕ Y ) = F (X) ⊕ F (Y )

2.16.3,transfer

=⇒ ∀X, Y ∈ Ob(^∗A) : (^∗F )(X ⊕ Y ) = (^∗F )(X) ⊕ (^∗F )(Y ).

Now let us assume that A and B are abelian and that F is left exact. We have to show that^∗F then also is left exact, i.e. that^∗F maps kernels to kernels. But this follows, using 2.8.1 and 2.16.4, by transfer of

∀A, B ∈ Ob(A) : ∀f ∈ Mor_A(A, B) : F ker(f) = ker(F f).

4.6. Lemma. Let ∗ : Ŝ → ^^∗S be an enlargement, and let A and B be Ŝ-small categories.

1. If A and B are additive, then the formula

φ[F ] ≡ � F is an additive functor from A to B �

becomes_∗ φ[F ] ≡ � F is an additive functor from^∗A to^∗B � . 2. If A and B are abelian, then the formula

φ[F ] ≡ � F is an exact functor from A to B �

becomes_∗ φ[F ] ≡ � F is an exact functor from^∗A to^∗B � . Proof. To prove 1, we can formalize φ as follows:

φ[F ] = � F ∈ Ob(Funct (A, B)) � ∧ � F (0_A) = 0_B �

∧ � ∀A, B ∈ Ob(A) : F (A ⊕ B) = F (A) ⊕ F (B) � , and then the claim follows by transfer and using 2.8.1 and 2.16.3. To prove 2, we use 4.3 and write

φ[F ] = � F is an additive functor from A to B �

∧ � F maps kernels to kernels and epimorphisms to epimorphisms � , and if we use 1, 2.7.6, 2.8.1 and 2.16.4, the claim again follows by transfer.

4.7. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement, let R be a ring whose underlying set is an element of Ŝ, let T ∈ Ŝ be a set of sets, and let (R-Mod)_T be the full subcategory of the category of R-modules whose objects have underlying sets in T — this is obviously an Ŝ-small category in the sense of 2.2.

1. The ring structure on R induces a canonical internal ring structure on^∗R.

2. Let M be an object of (R-Mod)_T . Then the R-module structure on M induces a canonical internal^∗R-module structure on^∗M.

3. The enlargement of (R-Mod)_T is (in the sense of 2.2) the Ŝ-small category of internal^∗R-modules with underlying sets in^∗T and with internal,^∗R-linear maps as morphisms.

Proof. The ring structure of R is given by two maps R × R → R (addition and multiplication), subject to certain conditions. Likewise, the R-module structure on M is given by two maps M ×M → M (addition) and R×M → M (scalar multiplication), again subject to certain conditions. It is clear by transfer that the enlargements of these maps define an internal ring structure on^∗R and an internal^∗R-module structure on^∗M, thus proving 1 and 2. From this by transfer, 3 follows easily, keeping in mind that the enlargement of the set of maps between two sets (with certain conditions) is the set of internal maps between the enlargements of the two sets (with the induced conditions) — compare A.10.10.

4.8. Remark. Proposition 4.7 has obvious analogues for subcategories of (S-Mod)_T like the full subcategories of finitely generated or finite R-modules. In particular, for the case R = Z, we can apply this remark to the category Ab^{fin} of finite abelian groups.

5. Enlargements and derived functors

5.1. Lemma. Let ∗ : Ŝ → ^^∗S be an enlargement, let A be an Ŝ-small abelian category, and consider the formula φ[X] ≡ � X is an injective object of A � in Ŝ. Then

∗φ[X] = � X is an injective object of^∗A � . Proof. An object X of A is injective iff for every monomorphism f : A → B and every morphism g : A → X in A, there exists a morphism h : B → X in A so that h ∘ f = g: X 0 � A_f � g � � � � B. h �

Therefore we have

φ[X] = � X ∈ Ob(A) � ∧ � ∀A, B ∈ Ob(A) : ∀f ∈ Mor_A(A, B) :

(f monomorphism) =⇒ ∀g ∈ Mor_A(A, X) : ∃h ∈ Mor_A(B, X) : h ∘ f = g � . With this description, the lemma follows easily from 2.7.5 and 2.8.

5.2. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, and let A be an Ŝ-small abelian category. Then ∗ maps injective (resp. projective) objects of A to injective (resp. projective) objects of^∗A, and if A has enough injectives (resp. projectives), then so has^∗A.

Proof. The corollary follows easily from 5.1: If I is an injective object of A, then φ[I] is true, so that by transfer^∗φ[^∗I] is also true, i.e.^∗I is an injective object of^∗A. And if A has enough injectives, then the following statement is true:

∀A ∈ Ob(A) : ∃I ∈ Ob(A) : ∃f ∈ Mor_A(A, I) : � f monomorphism � ∧ φ[I].

Then by transfer and because of 2.7.5 and 2.8.1, it follows that also^∗A has enough injectives. — The proof for projectives is analogous.

5.3. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, and let A and B be Ŝ-small abelian category, and let F : A → B be a functor that maps injectives to injectives (resp. projectives to projectives). Then^∗F :^∗A →^∗B also maps injectives to injectives (resp. projectives to projectives).

Proof. For injectives, this follows immediately from 5.1 by transfer of the statement

∀A ∈ Ob(A) : � A injective � ⇒ � F A injective � , and for projectives, it is analogous.

5.4. Corollary. Let ∗ : Ŝ → ^^∗S be an enlargement, and let F : A → B be an additive functor between Ŝ-small abelian categories.

1. If A has enough injectives and if F is left exact, then for all i ≥ 0, the right derived functors R^iF : A → B and R^i(^∗F ) :^∗A →^∗B exist, and the following diagram of functors commutes:

A^∗ �

R^iF � ∗A ∗ (R^iF ) � ∗A R^i(^∗ F ) � B_∗ �^∗B^∗B

2. If A has enough projectives and if F is right exact, then for all i ≥ 0 the left derived functors L^iF : A → B and L^i(^∗F ) :^∗A →^∗B exist, and the following diagram of functors commutes:

A^∗ �

L^iF � ∗A ∗ (L^iF ) � ∗A L^i(^∗ F ) � B_∗ �^∗B^∗B

Proof. We only give a proof for 1, the proof for 2 is analogous. It is well known that the right derived functors of a left exact functor exist if the source category has enough injectives. Now A has enough injectives by assumption, so the R^iF exist, and^∗F is left exact by 4.5.2 and^∗A has enough injectives because of 5.2, so the R^i(^∗F ) also exist. The left square commutes because of 2.12.2. To show that the right square commutes, look at the following statement in Ŝ:

∀A ∈ Ob(A) : ∀(A^ε−→ I^{0 δ0}−→ I^{1 δ1}−→ . . .^{δi}−→ I^{i+1}) injective resolution of A in A :

R^iF A = H � I^{i−1 δi−1}−−→ I^{i δi}−→ I^{i+1} � . (5)

What is the transfer of this statement? To answer this question, we first note that the transfer of φ[X, Y, Z, f, g] ≡ � X^f−→ Y^g−→ Z is an exact sequence in A �

is ∗φ[X, Y, Z, f, g] = � X^f−→ Y^g−→ Z is an exact sequence in^∗A � . (To see this, we write the exactness in terms of equalities between kernels and cokernels etc. and then use 2.16.3.) From 5.1 we know that the transfer of the statement φ[X] ≡ � X is injective in A � is^∗φ[X] = � X is injective in^∗A � , and combining these two results with 4.4.2 we get as the transfer of (5):

∀A ∈ Ob(^∗A) : ∀(A^ε−→ I^{0 δ0}−→ I^{1 δ1}−→ . . .^{δi}−→ I^{i+1}) injective resolution of A in^∗A :

∗(R^iF )A = H � I^{i−1 δi−1}−−→ I^{i δi}−→ I^{i+1} � � � �

=R^i(^∗ F )A .

This proves that the right square also commutes.

5.5. Remark. In most cases it is not a restriction to assume that an abelian category is small and has enough injectives, at least if one assumes the existence of arbitrary large inaccessible cardinals:

Let A be a Grothendieck category with a generator U ∈ A. For an object A in A, we define the cardinality of A by |A| := |{A^′ ⊂ A}|. Let κ be an inaccessible (i.e. regular and limit) cardinal number with κ > |U| and κ > |Hom(U, U)| and let A^{<κ} be the full subcategory of A of objects A ∈ A with |A| < κ. Further let S be a set with |S| > κ.

5.6. Lemma.

1. The category A^{<κ} is a small abelian category with enough injective objects, and the inclusion functor i : A^{<κ} → A is exact and respects injective objects.

2. The category A^{<κ} is an Ŝ-small category

Proof Sketch of proof. Each object of A^{<κ} is a quotient of the object � κ U.

Therefore A^{<κ} is small. If 0 → A^′ → A → A^{′′} → 0 is a short exact sequence in A, than the inequalities |A^′| ≤ |A| and |A^{′′}| ≤ |A| hold. We further have |A × B| ≤ 2^{α max(|A|,|B|)} . So the category A^{<κ} is an abelian subcategory of A, and the inclusion functor is exact. The concrete construction of injective resolutions in [Gro57] and the choice of κ show that A^{<κ} has enough injectives. Because U and all subobjects of U are in A^{<κ} , the inclusion functor i respects injectives (compare [Gro57, Lemma 1 in 1.10]).

6. Enlargement of triangulated and derived categories

In this section we want to investigate what happens if we enlarge triangulated and derived categories. From now on, the proofs will be a little bit shorter, and we will not give all the details.

Let T be an additive category with an automorphism Σ : T → T .

• A triangle in T is a triple (f, g, h) of morphisms in T of the form A^f−→ B^g−→ C^h−→ ΣA with A, B, C ∈ T .

• The category T together with the automorphism Σ and a class of triangles Δ is called a triangulated category if it fulfills certain axioms (compare for example [Wei94]).

Now let Ŝ be a superstructure, (T , Σ, Δ) a triangulated category with T Ŝ–small, and ∗ : Ŝ → ^^∗S be an enlargement. In particular this means that the set Δ is also Ŝ–small. We get 6.1. Proposition. The triple (^∗T ,^∗Σ,^∗Δ) is again a triangulated category. Proof. Follows easily from the transfer principle. We also get 6.2. Proposition. If F : T → T^′ is a functor of triangulated categories then^∗F :^∗T → ∗T^′ is also a functor of triangulated categories. Proof. Follows again easily from the transfer principle. Now let us look at triangulated subcategories.

6.3. Definition. A triangulated subcategory D of a triangulated category T is called thick iff for all objects x, y ∈ Ob(T ), we have the implication x ⊕ y ∈ Ob(D) ⇒ x ∈ Ob(D). We have already seen that ∗ is exact. The next statement reflects this on a triangulated level.

6.4. Proposition. Let T be an Ŝ–small triangulated category and D ⊂ T be a thick subcategory. Then^∗D ⊂^∗T is again thick and we have a canonical isomorphism ∗T /^∗D^∼−→^∗(T /D) of triangulated categories.

Proof. That^∗D ⊂^∗T is again a thick subcategory follows from the definition, the transfer principle, and corollary 2.16.2. The canonical functor T → T /D induces a functor^∗T →^∗(T /D) and by transfer the subcategory^∗D is the full subcategory of objects which are mapped to zero. So we get a functor^∗T /^∗D →^∗(T /D). Now we have the following general and well known fact about triangulated categories:

6.5. Lemma. Let T and T^′ be triangulated categories and F : T → T^′ be a functor of triangulated categories with

1. F is essentially surjective on objects

2. for all A^′, B^′ ∈ Ob(T^′) and f ∈ Mor_T ′ (A^′, B^′) there are A, B ∈ Ob(T ), f ∈ Mor_T (A, B) and isomorphism g_A : F (A) → A^′ and g_B : F (B) → B^′ such that the diagram

F (A)^{F (f)} �

g_A � F (B)

g_B � A^{′ f} � B is commutative.

Then the canonical functor T /ker(F ) → T^′ is an isomorphism of triangulated categories.

By the transfer principle and 2.6 both properties are fulfilled for the functor^∗T → ∗(T /D) and so the proposition follows.

Now we want to consider the derived category of an abelian category. The derived category can be obtained in three steps. So let A be an abelian category. First we look at the category Kom (A) of complexes in the abelian category. Then we identify morphisms of complexes which are homotopic and get the homotopy–category of complexes K(A). This is a triangulated category and there we divide out the thick subcategory of all complexes which are quasi–isomorphic to the zero complex to get the derived category D(A). Now we look step by step what happens under enlargements. For that let A be an Ŝ–small abelian category. Let Z be the category which has as objects Z and for each i ≤ j exactly one morphism from i to j. For a functor from Z to a category we denote by d_i the image of the unique morphism from i to i + 1. The category Kom (A) of complexes in A is the category of functors from Z to A with the property that for all i ∈ Z the equality d_{j+1} ∘ d_j = 0 holds. Therefore^∗Kom (A) is the category of internal functors from^∗Z to ∗A with d_{j+1} ∘ d_j = 0 for all i ∈^∗Z. We call the objects of this category ∗–complexes. The category^∗Z has as objects^∗Z and again for each i ≤ j exactly one morphism from i to j. Because Z lies inside of^∗Z we get a restriction functor from^∗Kom (A) to Kom (^∗A). By the transfer principle we get^∗K(A) out of^∗Kom (A) if we identify morphisms which are internal homotopic. Because internal homotopies in^∗Kom (A) become homotopies in Kom (^∗A) this functor induces a functor from^∗K(A) to K(^∗A). With 6.4 one can see easily that we get a functor res_A :^∗D(A) → D(^∗A).

For an abelian category A we denote by D^b(A) the full triangulated subcategory of D(A) of all complexes A^• ∈ D(A) such that there is an i ∈ N with ∀j ∈ Z : |j| > i ⇒ h^i(A^•) ≃ 0. The full subcategory of Kom (A) of all complexes A^• ∈ Kom (A) with A^j ≃ 0 for all j ∈ Z with |j| > i for a specific i ∈ N is denoted by Kom^b (A).

386 LARS BRÜNJES, CHRISTIAN SERPÉ

6.6. Remark. It is not possible to define the functor res_A for the bounded derived category, i.e. a functor^∗D^b(A) → D^b(^∗A), because the *–complexes in^∗D^b(A) are not bounded by a standard natural number.

By transfer we get for each i ∈^∗Z a functor

•^i :^∗Kom (A) →^∗A

and_∗ h^i :^∗D(A) →^∗A.

We summarize this in the following

6.7. Proposition. Let A be an Ŝ–small abelian category. Then for each i ∈ Z, we have the following commutative diagram:

∗A^{∗ i} �^∗D(A)

res_A

�

∗ h^i � ∗A

A ∗ � � � � �

∗ � � � � � i � D(A) ∗ � � � � R∗ � � � � h^i � A ∗ � � � � � ∗ � � � � �

∗A_i � D(^∗A)^{hi} �^∗A

Here R∗ denotes the right derived functor of the exact functor ∗ : A →^∗A.

Proof. This follows immediately from the constructions.

In general we do not have a non-trivial functor from D(^∗A) to^∗D(A). But we do have one if we restrict ourselves to bounded complexes. Then we even get more. Namely we can identify D^b(^∗A) with a full but external subcategory of^∗D(A).

6.8. Proposition. Let A be an Ŝ–small abelian category. There is a canonical fully faithful functor D^b(^∗A) →^∗D(A)

which identifies D^b(^∗A) with the (external!) triangulated subcategory^∗D^{fb}(A) of all *– complexes A ∈^∗D(A) such that there is an i ∈ N with

∀j ∈^∗Z : |j| > i ⇒ h^j(A) ≃ 0 in^∗A.

The functor res_A :^∗D(A) → D(^∗A) restricts to a functor^∗D^{fb}(A) → D^b(^∗A) which is an inverse of the above functor.

Proof. An object in D^b(^∗A) is represented by a complex A^• ∈ Kom (^∗A) with A^j ≃ 0 for all j ∈ Z with |j| > i for a certain i ∈ Z. Because there are only finitely many j ∈ Z with A^j ≠ 0, we can continue A^• to an internal functor from^∗Z to^∗A (compare A.11). The same is true for homotopies and quasi-isomorphisms. So the statement follows from this.

6.9. Proposition. Let A and B be Ŝ–small abelian categories, and we assume that A has enough injective objects. Further let F : A → B be a left exact functor. Then the functors in the following diagram exist and make it commutative.

D^+(A)^{RF} � R∗ � D^+(B) R∗ � D^+(^∗A)^{R∗ F} � D^+(^∗B)

Proof. This can be proven in the same way as proposition 5.4.

6.10. Proposition. Let A and B be Ŝ–small abelian categories, and we assume that A has enough injective objects. Further let F : A → B be a left exact functor of finite cohomological dimension. The functor^∗RF restricts to a functor

∗D^{fb}(A) →^∗D^{fb}(B)

and we get a commutative diagram

∗D^{fb}(A)

∗ RF_{|∗ Dfb(A)} � ≀ res_A � ∗D^{fb}(B) ≀ res_B � D^b(^∗A)^{R∗ F} � D^b(^∗B)

Proof. We denote by^∗Kom^{fb}(A) the category of all ∗–complexes A^• ∈^∗Kom (A) such that there is an i ∈ N with

∀j ∈^∗Z : |j| > i ⇒ A^i ≃ 0 in^∗A.

By transfer we have for each ∗–complex A^• ∈^∗Kom^{fb}(A) a resolution in^∗Kom^{fb}(A) r : A^• → I^•_A• with I^•_A• ∈^∗Kom^{fb}(A) such that for all i ∈ N the object I^i_A• is^∗F – acyclic and^∗RF =^∗F (I^•_A• ). We see that res_A(I^•_A• ) has also acyclic components and so R^∗F (res_A(I^•_A• )) =^∗F (res_A(I^•_A• ) and the proposition follows.

6.11. Remark. It is easy to see that if A and B are Ŝ-small abelian categories, if A has enough projective objects, and if F : A → B is a right exact functor (of finite cohomological dimension), the obvious statements which are analogous to 6.9 and 6.10 hold.

7. Enlargements of fibred categories

For each ring in the superstructure Ŝ we have the Ŝ–small category of finitely generated modules over the ring. This gives us also for each standard ring (i.e. of the form^∗R for a ring R in Ŝ) an internal category of modules in ^^∗S. But we also want to have a category of modules for an internal but nonstandard ring. Furthermore we would like to have functorial properties with respect to morphisms between the rings. For this we show in this section that the notion of fibred categories behaves well under enlargements. How this solves the above problem we will see in example 7.10.

For the theory of fibred categories we refer to [SGA1, expos 6] and for additive, abelian, triangulated and derived fibrations to [SGA4III, expos 17].

First we recall the notations and definitions of fibred categories relevant for us. 7.1. Definition.

1. Let p : F → E be a functor, and let S be an object in E. The category F_S with

Ob(F_S) := {X ∈ F|p(X) = S} and Mor_{FS} (X, Y ) := {f ∈ Mor_F (X, Y )|p(f) = id_S}

is called the fibre of F in S.

2. Let p : F → E be a functor, and let α : X → Y be a morphism in F. Then α is called cartesian if for all X^′ ∈ F and for all morphisms u : X^′ → Y such that there is a factorisation p(u) = p(α) ∘ β there is a unique u ∈ Mor_F (X^′, X) with u = α ∘ u and p(u) = β.

3. A functor p : F → E is called a fibration if for every morphism α : S^′ → S in E and for every Y ∈ F_S, there is a cartesian morphism f : X → Y with p(f) = α. The category F is also called a category fibred over E.

7.2. Remark. The definition of a cartesian morphism differs slightly from [SGA1, VI.5.1] but compare [SGA1, VI.6.11]. Now let ∗ : Ŝ → ^^∗S be an enlargement.

7.3. Proposition. Let p : F → E be a fibration of Ŝ–small categories. Then^∗p :^∗F →^∗E is also a fibration and for all S ∈ E we have^∗(F_S) =^∗F ∗_S.

Proof. The last statement follows immediately from the definition. Now let F = ⟨M, s_M , t_M , c_M ⟩ and E = ⟨N, s_N , t_N , c_N ⟩. Then the functor is just a map p : M → N. For a morphism in F to be cartesian we have the formula

φ[f] ≡ f ∈ M ∧ ∀X^′ ∈ F ∀u ∈ Mor_F (X^′, t_M (f)) : ∃β ∈ N : p(u) = p(f) ∘ β ⇒ ∃!u ∈ Mor_F (X^′, s_M (f)) : u = f ∘ u ∧ p(u) = β

Now we have

∗φ[f] ≡ f ∈^∗M ∧ ∀X^′ ∈^∗F ∀u ∈ Mor∗_F (X^′,^∗t_M (f)) : ∃β ∈^∗N :^∗p(u) =^∗p(f) ∘ β ⇒ ∃!u ∈ Mor∗_F (X^′,^∗s_M (f)) : u = f ∘ u ∧^∗p(u) = β

But this means just that f is a cartesian morphism in^∗F. Now the theorem follows by applying the transfer principle.

If all fibres of a fibration have a certain formal property, then the fibres of the enlargement of the fibration have the same property. We don’t want to work this out in detail but we just want to give one example.

7.4. Proposition. Let p : F → E be a fibration of Ŝ–small categories and we assume that for all S ∈ E the category F_S has fibre products. Then we also have for all S ∈^∗E fibre products in^∗F_S.

Proof. This can be proven in the same way as in corollary 2.17

Now we want to add some more structures to the category F. For that we recall some definitions from [SGA4III]. For a functor p : A → B, a morphism f in B and objects X, Y ∈ A we define Hom_f (X, Y ) := {g ∈ Hom_A(X, Y )|p(g) = f}.

7.5. Definition. An additive category over a category B is a category A with a functor p : A → B and with abelian group structures on all Hom_f (X, Y ) for all morphisms f in B and all objects X, Y ∈ A such that:

1. The composition in A is biadditive.

2. The fibres of the functor become additive categories.

7.6. Definition. An abelian category over a category B is an additive category F : A → B such that the fibres are abelian categories and such that for all f : x → y in B, the bifunctor Hom_f (X, Y ) : A^{op}_x × A_y → Ab is left exact in both X and Y .

7.7. Definition. A triangulated category over a category B is an additive category F : A → B over B together with a functor T : A → A and a class of triangles Δ_x in A_x for all x ∈ B such that:

1. T is an additive B–automorphism of A.

2. For all x ∈ B the triple (A_x, T_x, Δ_x) is a triangulated category. 3. For all x, y ∈ B and triangles (X, Y, Z, u, v, w) ∈ Δ_x, (X^′, Y^′, Z^′, u^′, v^′, w^′) ∈ Δ_y and all commutative diagrams

X^u � f � Y^v � j � Z^w � TxX f � X^{′ u′} � Y^{′ v′} � Z^{′ w′} � TyX^′ there is an h : Z → Z^′ such that this will become a morphism of triangles.

It is straightforward to enlarge such categories. We omit a precise statement and just state the following

7.8. Proposition. The notion of small additive (abelian/triangulated) category over another small category behaves well under enlargement.

Moreover we get

7.9. Proposition. Let p : A → B be an abelian fibration of Ŝ–small categories such that for all B ∈ B the abelian category A_B has enough injective/projective objects. Then for all B ∈^∗B the abelian category^∗A_B has enough injective/projective objects.

Proof. This can be proved in the same way as corollary 5.2.

7.10. Example. Let E be the category of finite rings in Ŝ from example 3.7. Now let F be the category of pairs (R, M) where R is a finite Ring and M is a finitely generated R– module. A morphism from an object (R, M) to an object (R^′, M^′) is by definition a pair (φ, f) where φ is just a ring homomorphism φ : R → R^′ and f is just an R–linear module homomorphism from M to M^′_R. Here M^′_R denotes the module which is as abelian group the same as M^′ and gets its R–module structure via φ : R → R^′. This gives a category with the obvious composition. We have the natural functor F → E which maps the pair (R, M) to R and a morphism (φ, f) to φ. One can easily check that this gives an abelian fibred category over the category of finite rings. Now let^∗F →^∗E be the corresponding fibration in ^^∗S. If R is an object in^∗E we call the fibre^∗F_R the category of *–finitely generated R–modules. The category^∗E can easily be identified with the category of *– finite internal rings in Ŝ. Furthermore^∗F_R can be identified with a category of specific internal R–modules in ^^∗S.

7.11. Remark. A motivation for the previous definitions is the following proposition from [SGA4III, XVII: Prop. 2.2.13]

7.12. Proposition. There is an equivalence between

1. the 2-category of pseudo–functors from a category B^{op} to the category of additive (abelian/triangulated) categories with additive (left exact/triangulated) functors

2. the 2–category of additive (abelian/triangulated) fibred categories over B.

The notion of a 2–category also behaves well under enlargement. Now let (Cat) be a Ŝ–small 2–category of small categories in Ŝ. Then one can get by the transfer principle from the previous proposition the following

7.13. Proposition. Let B be a Ŝ–small category. There is an equivalence between 1. the 2-category of internal pseudo–functors from a category^∗B^{op} to the category of additive (abelian/triangulated) categories in^∗(Cat) with additive (left exact/triangulated) functors.

2. the 2–category of additive (abelian/triangulated) fibred internal categories over ∗B.

Finally we want to have a fibred version of proposition 6.8 and 6.10. For details on derived fibrations of an abelian fibration and cofibrations we refer again to [SGA4III, expose 17].

7.14. Proposition. Let A → B be an abelian cofibration which is bounded derivable, and furthermore we assume that there is an n_0 ∈ N such that for all morphisms f : X → Y in B the cohomological dimension of the left exact functor f_∗ : A_X → A_Y is less or equal to n_0. Then^∗A →^∗B is also an abelian cofibration which is bounded derivable and for all f : X → Y in^∗B the cohomological dimension of the left exact functor f_∗ :^∗A_X →^∗A_Y is again less or equal to n_0. Further we define^∗D^{fb}(A/B) as the full subcategory of ∗D(A/B) which consists of those *complexes which are bounded by a standard natural number. Then^∗D^{fb}(A/B) defines also a triangulated cofibration over^∗B and we have an canonical isomorphism of triangulated fibrations

∗D^{fb}(A/B)^∼−→ D^b(^∗A/^∗B).

Proof. By the transfer principle it follows that^∗A/^∗B is again derivable and the statement about the cohomological dimension. The last property shows that^∗D^{fb}(A/B) is also cofibred over^∗B. The last statement of the proposition can be shown in a similar way as in 6.8 and 6.10.

A. Superstructures and Enlargements

In this appendix we give a short introduction to enlargements and list (without proofs) some of their basic properties. Details can be found in [LR94] and [LW00]. For a set M, let P(M) denote the power set of M, i.e. the set of all subsets of M.

A.1. Definition. (Superstructure) Let S be an infinite set whose elements are no sets. Such a set we call a base set, and its elements we call base elements. We define Ŝ, the superstructure over S, as follows:

Ŝ :=^∞ � n=0 S_n where S_0 := S and ∀n ≥ 1 : S_n := S_{n−1} ∪ P(S_{n−1} ).

A.2. Remark. Recall from [SGA4I, I.0] that a universe is a set U satisfying the following conditions:

1. y ∈ x ∈ U ⇒ y ∈ U,

2. x, y ∈ U ⇒ {x, y} ∈ U,

3. if x ∈ U is a set, then P(x) ∈ U,

4. if (x_i)_{i∈I∈U} is a family with x_i ∈ U for all i, then � i∈I x_i ∈ U.

Every superstructure satisfies axioms 1, 2 and 3 of a universe, but not 4: Let Ŝ be a superstructure.

1. Let y ∈ x ∈ Ŝ. Because x is a set and the base elements are no sets, there exists a uniquely determined n ∈ N_+ such that x ∈ S_n \ S_{n−1} , i.e. x ∈ P(S_{n−1} ). So x is a subset of S_{n−1} and y an element of S_{n−1} ⊆ Ŝ.

2. Let x, y ∈ Ŝ. Then there is a n ∈ N_0 such that x, y ∈ S_n, i.e. {x, y} ∈ P(S_n) ⊆ S_{n+1} ⊆ Ŝ.

3. Let x ∈ Ŝ be a set. Then as above, x ⊆ S_n for a suitable n ∈ N_0, and it follows P(x) ⊆ P(S_n) ⊆ S_{n+1}, i.e. P(x) ∈ S_{n+2} ⊆ Ŝ.

4. To see that axiom 4 does no hold, let I be a countable infinite subset of S, choose a bijection φ : I → N_0 and put x_i := S_{φ(i)} ∈ Ŝ. (Note that for all n, the set S_n is an element of P(S_n) ⊆ S_{n+1} ⊆ Ŝ.) Then � i∈I x_i = Ŝ, which is not an element of Ŝ.

Note that even though superstructures fail to be universes, axiom A.2.4 holds under the additional assumption that all sets x_i of the family are contained in a fixed set U ∈ Ŝ, and in praxis all families considered will be of this sort. In addition to that, we have the following

A.3. Proposition. Let U be a universe, and let C be an U-small category. Then there exists a base set S such that C is equivalent to an Ŝ-small category.

Proof. Let M ∈ U denote the set of morphisms of C. Choose a base set S whose cardinality is greater than that of M, and choose an injection M → S. Then the construction given after 2.1 obviously produces an Ŝ-small category that is isomorphic to C.

In the superstructure Ŝ to a base set S, we will find most of the mathematical objects of interest related to S: First of all, for sets M, N ∈ Ŝ, the product set M × N is again an element of Ŝ when we identify an ordered pair ⟨a, b⟩ for a ∈ M, b ∈ N with the set {a, {a, b}}, and for sets M_1, . . . , M_n ∈ Ŝ, the product set M_1 × . . . × M_n := (M_1 × . . . × M_{n−1} ) × M_n is an element of Ŝ. Therefore, relations between two sets M, N ∈ Ŝ and in particular functions from M to N are again elements of Ŝ.

For example, if S contains the set of real numbers R, then Ŝ will contain the sets R^n for n ∈ N_+ as well as functions between subsets of R^n and R^m, the set of continuous functions between such sets or the set of differentiable functions and so on.

A.4. Definition. Let Ŝ be a superstructure, and let f, x ∈ Ŝ. Then we define the element (f∠x) of Ŝ as follows: if f is a set that contains ⟨x, y⟩ for exactly one y ∈ Ŝ, then (f∠x) := y, otherwise (f∠x) := ∅.

(So if f : A → B is a function with A, B ∈ Ŝ and if x ∈ A, then (f∠x) = f(x).)

Now we want to define what terms, formulas and statements in a given superstructure are:

A.5. Definition. Let Ŝ be a superstructure.

1. A term in Ŝ is the following

(a) An element of Ŝ is a term, a so called constant (note that Ŝ itself is not an element of Ŝ and therefore not a constant).

(b) A variable, i.e. a symbol that is not an element of Ŝ, is a term; usually we will denote variables by x, y, x_1, x_2, X, Y and so on.

(c) If s and t are terms, then ⟨s, t⟩ and (s∠t) are terms.

(d) A sequence of symbols is a term if and only if it can be built by (1), (2) and (3) in finitely many steps.

Note that terms that do not contain variables are elements of Ŝ. 2. A formula in Ŝ is the following:

(a) If s and t are terms, then s = t and s ∈ t are formulas. (b) If ψ is a formula, then ¬ψ is a formula. (c) If ψ and χ are formulas, then (ψ ∧ χ) is a formula.

(d) If x is a variable, t is a term in which x does not appear and ψ is a formula, then (∀x ∈ t)ψ is a formula.

(e) A sequence of symbols is a formula if and only if it can be built by (1), (2), (3) and (4) in finitely many steps.

3. Let φ be a formula in Ŝ, and let X be a variable that occurs at position j of φ (remember that a formula is a sequence of symbols). We say that this occurrence of X is bound if position j is part of a subsequence of φ of the form (∀X ∈ t)ψ for a term t and a formula ψ. Otherwise, we call the occurrence of X free.

4. Let φ be a formula in Ŝ. We say that a variable X is a free variable of φ, if there is a free occurrence of X at a position of φ. If X_1, . . . , X_n are the free variables of φ, we often write φ[X_1, . . . , X_n] instead of φ.

5. If φ[X_1, . . . , X_n] is a formula in Ŝ with free variables X_1, . . . , X_n and if τ_1, . . . , τ_n ∈ Ŝ are constants, then φ[τ_1, . . . , τ_n] is the statement in Ŝ that we get when we replace any free occurrence of X_i in φ by τ_i.

6. A statement in Ŝ is a formula that has no free variables.

A.6. Proposition. Let φ be a statement in a superstructure Ŝ.

1. If φ contains none of the logical symbols ¬, ∧ or ∀, then φ is either of the form s = t or of the form s ∈ t with terms s, t ∈ Ŝ that contain no variables and are therefore elements of Ŝ.

2. If φ contains at least one of the symbols ¬, ∧ or ∀, then it is of one and only one of the following forms:

(a) φ = ¬ψ with a statement ψ, (b) φ = (ψ_1 ∧ ψ_2) with statements ψ_1 and ψ_2.

(c) φ = (∀X ∈ t)ψ with a term t without variables and a formula ψ which can only contain X as a free variable.

A.7. Definition. Let φ be a statement in a superstructure Ŝ. We will call φ true or valid under the following conditions, depending on the structure of φ in the sense of A.6:

1. If φ is of the form s = t or s ∈ t with terms s and t that are elements of Ŝ, then φ is true iff s equals t in the first case and iff s is an element of t in the second case.

2. If φ = ¬ψ for a statement ψ, then φ is true iff ψ is not true.

3. If φ = (ψ_1 ∧ ψ_2) for statements ψ_1 and ψ_2, then φ is true iff ψ_1 and ψ_2 both are true.

4. If φ = (∀X ∈ t)ψ for a term t which is an element of Ŝ and a formula ψ which can only contain X as a free variable, then we distinguish between the following three cases:

(a) If t is a set and if X is a free variable of ψ, then φ is true iff the statement ψ[τ] is true for all τ ∈ t.

(b) If t is a set and if ψ is a statement, then φ is true iff ψ is true. (c) If t is no set, then φ is true.

A.8. Definition. (Enlargement) Let ∗ : Ŝ → Ŵ be a map between superstructures. For τ ∈ Ŝ we denote the image of τ under ∗ by^∗τ, and for a formula φ in Ŝ, we define^∗φ to be the formula in Ŵ that we get when we replace any constant τ occurring in φ by^∗τ. We call ∗ an enlargement if the following conditions hold:

1.^∗S = W . (Because of this property, we will often write ∗ : Ŝ → ^^∗S.)

2. ∀s ∈ S :^∗s = s.

3. ( transfer principle)

If φ is a statement in Ŝ, then φ is true iff^∗φ is true.

4. ( saturation principle)

Put I := � A∈Ŝ\S

∗A ⊆ Ŵ , let I be a nonempty set whose cardinality is not bigger than that of Ŝ, and let {U_i}_{i∈I} be a family of nonempty sets U_i ∈ I with the property that for all finite subsets J ⊆ I, the intersection � j∈J U_j is nonempty. Then � i∈I U_i ≠ ∅.

If ∗ is an enlargement, we call the elements of I the internal elements of Ŵ .

A.9. Theorem. For any base set S, there exists an enlargement ∗ : Ŝ → ^^∗S.

An easy corollary of the transfer principle is that ∗ is injective: If σ and τ are elements of Ŝ and φ denotes the statement � σ = τ � , then^∗φ ≡

�_∗ σ =^∗τ � , i.e.^∗σ =^∗τ implies σ = τ by transfer.

From now on, in building formulas, we will as well use the symbols ∨, ⇒, ⇔, ∃ and ∃! as obvious abbreviations for the corresponding constructions involving only the symbols ¬, ∧ and ∀. We will also often write f(x) instead of (f∠x) and ∀X ∈ t : ψ instead of (∀X ∈ t)ψ to make formulas more readable.

A.10. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement.

1. If M ∈ Ŝ is a set, then^∗M is also a set.

2. If A ∈ Ŝ is a set, then {^∗a|a ∈ A} ⊆^∗A with equality if and only if A is finite. In particular, if A ⊂ S is finite, then^∗A = A.

3.^∗∅ = ∅.

4. If A, B ∈ Ŝ are sets, then

∗(A ∪ B) =^∗A∪^∗B,^∗(A ∩ B) =^∗A∩^∗B,^∗(A \ B) =^∗A\^∗B,^∗(A × B) =^∗A×^∗B.

5. If A_1, . . . , A_n ∈ Ŝ are sets and a_1 ∈ A_1, . . . , a_n ∈ A_n, then

∗⟨a_1, . . . , a_n⟩ = ⟨^∗a_1, . . . ,^∗a_n⟩.

6. Let A ∈ Ŝ be a set and φ[X_1, . . . , X_n] be a formula in Ŝ. Then ∗� ⟨a_1, . . . , a_n⟩ ∈ A^n � φ[a_1, . . . , a_n] is true � = � ⟨a_1, . . . , a_n⟩ ∈ (^∗A)^n

�_∗

φ[a_1, . . . , a_n] is true � .

7. If A ∈ Ŝ is a set, then

∗[P(A)] = � B ∈ P(^∗A) � B internal � . 8. For f, x ∈ Ŝ, we have^∗(f∠x) = (^∗f∠^∗x), and if A, B ∈ Ŝ are sets and f : A → B is a function, then^∗f is a function from^∗A to^∗B.

9. If A, B, C ∈ Ŝ are sets and g : A → B and f : B → C are maps, then^∗(f ∘ g) = ∗f ∘^∗g.

10. If A, B ∈ Ŝ, then_∗ � B^A � = � f :^∗A →^∗B � f internal � (here B^A denotes as usual the set of maps from A to B).

11. If A ∈ Ŝ is an ordered set (resp. partial ordered set, totally ordered set, group, abelian group, ring, commutative ring, commutative ring with unit, field, totally ordered field), then^∗A also is an ordered set (resp. partial ordered set, . . . ).

A.11. Proposition. Let ∗ : Ŝ → ^^∗S be an enlargement.

1. Let A, B ∈ ^^∗S be internal sets, i.e. sets which are internal elements of ^^∗S. Then A ∪ B, A ∩ B, A \ B and A × B are also internal sets.

2. Let B ∈ ^^∗S be an internal set, and let φ[X_1, . . . , X_n] be an internal formula in ^^∗S, i.e. a formula in which all constants are internal elements of ^^∗S. Then the set � ⟨b_1, . . . , b_n⟩ ∈ B^n � φ[b_1, . . . , b_n] is true � is internal.

3. If a ∈ A ∈ ^^∗S and A is an internal set, then a is internal.

4. If A ∈ Ŝ \ S is a finite set, and B ∈ ^^∗S is an internal set, then any map from ∗A = A to B is internal.

References

[Bor94] Francis Borceux. Handbook of categorical algebra. 1, volume 50 of Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 1994. Basic category theory.

[Fes03] I. Fesenko. Several nonstandard remarks. preprint, 2003.

[Gor97] E. I. Gordon. Nonstandard methods in commutative harmonic analysis, volume 164 of Translations of Mathematical Monographs. American Mathematical Society, Providence, RI, 1997. Translated from the Russian manuscript by H. H. McFaden.

[Gro57] A. Grothendieck. Sur quelques points d’algèbre homologique. Tohoku Mathematical Journal, Second Series, 9:119–221, 1957.

[LR94] Dieter Landers and Lothar Rogge. Nichtstandard Analysis. Springer, New York, Berlin, Heidelberg, 1994.

[LW00] Peter A. Loeb and Manfred Wolff. Nonstandard analysis for the working mathematician. Mathematics and its Applications. Kluwer Academic Publishers, Dordrecht, 2000.

[Par69] Rohit Parikh. A nonstandard theory of topological groups. In Applications of Model Theory to Algebra, Analysis, and Probability (Internat. Sympos., Pasadena, Calif., 1967), pages 279–284. Holt, Rinehart and Winston, New York, 1969.

[Ric76] Denis Richard. Mesure de Haar en analyse non-standard. Publ. Dép. Math.

(Lyon), 13(1):15–21, 1976.

[Rob66] Abraham Robinson. Non-standard analysis. North-Holland Publishing Co., Amsterdam, 1966.

[Rob67a] Abraham Robinson. Non-standard theory of Dedekind rings. Nederl. Akad.

Wetensch. Proc. Ser. A 70=Indag. Math., 29:444–452, 1967.

[Rob67b] Abraham Robinson. Nonstandard Arithmetic. Bulletin of the American Mathematical Society, 73:818–843, 1967.

[Rob69] Abraham Robinson. Topics in nonstandard algebraic number theory. In Applications of Model Theory to Algebra, Analysis, and Probability (Internat. Sympos., Pasadena, Calif., 1967), pages 1–17. Holt, Rinehart and Winston, New York, 1969.

[Rob73] Abraham Robinson. Nonstandard points on algebraic curves. Journal of Number Theory, 5:301–327, 1973.

[RR75] Abraham Robinson and P. Roquette. On the finiteness theorem of Siegel and Mahler concerning Diophantine equations. Journal of Number Theory, 7:121– 176, 1975.

[SGA1] A. Grothendieck. Revêtements étales et groupe fondamental (SGA 1), volume 224 of Lecture Notes in Mathematics. Springer, New York, Berlin, Heidelberg, 1971.

[SGA4I] A. Grothendieck and J. L. Verdier. Théorie des topos et cohomologie étale des schémas (SGA4 I), volume 269 of Lecture Notes in Mathematics. Springer, Berlin, Heidelberg, New York, 1972.

[SGA4III] A. Grothendieck, M. Artin, and P. Deligne. Théorie des topos et cohomologie étale des schémas (SGA 4 III), volume 305 of Lecture Notes in Mathematics. Springer, Berlin, Heidelberg, New York, 1973.

[Wei94] Charles A. Weibel. An introduction to homological algebra, volume 38 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1994.

Lars Brünjes NWF I – Mathematik, Universität Regensburg, 93040 Regensburg, Germany Christian Serpé Westfälische Wilhelms-Universität Münster, Mathematisches Institut, Einsteinstr. 62, 48149 Münster, Germany

Email: lars bruenjesa0mathematik uni-regensburg de

serpea0math uni-muenster de

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/14/16/14-16.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods. Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication. The method of distribution of the journal is via the Internet tools

WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca