Theory and Applications of Categories, Vol. 14, No. 17, 2005, pp. 399–423.

NOTES ON ENRICHED CATEGORIES WITH COLIMITS OF SOME CLASS

G.M. KELLY AND V. SCHMITT

Abstract. The paper is in essence a survey of categories having ϕ-weighted colimits for all the weights ϕ in some class Φ. We introduce the class Φ^+ of Φ-flat weights which are those ψ for which ψ-colimits commute in the base V with limits having weights in Φ; and the class Φ^− of Φ-atomic weights, which are those ψ for which ψ-limits commute in the base V with colimits having weights in Φ. We show that both these classes are saturated (that is, what was called closed in the terminology of [AK88]). We prove that for the class P of all weights, the classes P^+ and P^− both coincide with the class Q of absolute weights. For any class Φ and any category A, we have the free Φ-cocompletion Φ(A) of A; and we recognize Q(A) as the Cauchy-completion of A. We study the equivalence between (Q(A^{op}))^{op} and Q(A), which we exhibit as the restriction of the Isbell adjunction between [A, V]^{op} and [A^{op}, V] when A is small; and we give a new Morita theorem for any class Φ containing Q. We end with the study of Φ-continuous weights and their relation to the Φ-flat weights.

1. Introduction

The present observations had their beginnings in an analysis of the results obtained by Borceux, Quintero and Rosický in their article [BQR98], which in turn followed on from that of Borceux and Quintero [BQ96]. These authors were concerned with extending to the enriched case the notion of accessible category and its properties, described for ordinary categories in the books [MP89] of Makkai and Paré and [AR94] of Adàmek and Rosický. They were led to discuss categories – now meaning V-categories – with finite limits (in a suitable sense), or more generally with α-small limits, or with filtered colimits (in a suitable sense), and more generally with α-filtered colimits, or again with α-flat colimits, and to discuss the connexions between these classes of limits and of colimits. When we looked in detail at their work, we observed that many of the properties they discussed hold in fact for categories having colimits of any given class Φ, while others hold when Φ is the class of colimits commuting in the base category V with the limits of some class Ψ – such particular properties as finiteness or filteredness arising only as special cases of the general results. Approaching in this abstract way, not generalizations

The first author gratefully acknowledges the support of the Australian Research Council. The second author gratefully acknowledges the support of the British Engineering and Physical Sciences Research Council (grant GR/R63004/01).

Received by the editors 2005-09-02.

Transmitted by Ross Street. Published on 2005-12-03. Revised on 2006-04-29. Original version at

www.tac.mta.ca/tac/volumes/14/17/14-17a.dvi..

2000 Mathematics Subject Classification: 18A35, 18C35, 18D20.

Key words and phrases: limits, colimits, flat, atomic, small presentable, Cauchy completion. ©G.M. Kelly and V. Schmitt, 2005. Permission to copy for private use granted. 399 of accessible categories as such, but the study of categories with colimits (or limits) of some class, brings considerable notional simplifications.

Although our original positive results are limited in number, their value may be judged by the extra light they cast on several of the results in [BQR98]. To expound these results, it has seemed to us necessary to repeat some known facts so as to provide the proper context. The outcome is that we have produced a rather complete study of categories having colimits of a given class, which is to a large extent self-contained: a kind of survey paper containing a fair number of original results.

We begin by reviewing and completing some known material in the first sections: in Section 2 the general notions of weighted limits and colimits for enriched categories; in Section 3 the free Φ-cocompletion Φ(A) of a V-category A; and in Section 4 results on the recognition of categories of the form Φ(A).

Section 5 treats generally the commutation of limits and colimits in the base V: it introduces classes of the form Φ^+ of Φ-flat weights – those weights whose colimits in V commute with Φ-weighted limits – and classes of the form Φ^− of Φ-atomic weights – those weights whose limits in V commute with Φ-weighted colimits. We show that each of these classes is saturated.

Section 6 focuses on the class Q = P^− where P is the class of all (small) weights; this Q is the class of small projective or atomic weights, which is also, as Street showed in [Str83], the class of absolute weights. We show that Q is also the class P^+ of P-flat weights. We recall that a weight ϕ : K^{op} → V corresponds to a module ϕ : I ∘ � K , while a weight ψ : K → V corresponds to a module ψ : K ∘ � I ; and we recall that the relation between a left adjoint module ϕ and its right adjoint ψ gives rise to an equivalence between (Q(K^{op}))^{op} and Q(K), which is in fact the restriction to the small projectives of the Isbell Adjunction between [K, V]^{op} and [K^{op}, V].

Section 7 studies the Cauchy-completion Q(A) for a general category A and gives an extension of the classical Morita theorem: for any class Φ containing Q we have Φ(A) ≃ Φ(B) if and only if Q(A) ≃ Q(B). (We use ∼= to denote isomorphism and ≃ to denote equivalence.)

Finally we consider in section 8 the class of Φ-continuous functors N^{op} → V, where N is a small category admitting Φ-colimits; and we compare these with the Φ-flat functors. For V = Set, some special cases of the results here appeared in [ABLR02].

We have benefited greatly from discussions with Francis Borceux and with Ross Street, both of whom have contributed significantly to the improvement of our exposition; we thankfully acknowledge their help.

2. Revision of weighted limits and colimits

The necessary background knowledge about enriched categories is largely contained in [Kel82], augmented by [Kel82-2] and the Albert-Kelly article [AK88].

We deal with categories enriched in a symmetric monoidal closed category V, supposing as usual that the ordinary category V_0 underlying V is locally small, complete and cocomplete. (A set is small when its cardinal is less than a chosen inaccessible cardinal ∞, and a category is locally small when each of its hom-sets is small.) We henceforth use “category”, “functor”, and “natural transformation” to mean “V-category”, “V-functor”, and “V-natural transformation”, except when more precision is needed. We call a V-category small when its set of isomorphism classes of objects is a small set; a V-category that is not small is sometimes said to be large. V-CAT is the 2-category of V-categories, whereas V-Cat is that of small V-categories. Set is the category of small sets, Cat = Set-Cat is the 2-category of small categories, and CAT = Set-CAT is the 2-category of locally small categories.

A weight is a functor ϕ : K^{op} → V with domain K^{op} small; weights were called indexingtypes in [Kel82], [Kel82-2] and [AK88], where weighted limits were called indexed limits. (A functor with codomain V is often called a presheaf; so that a weight is a presheaf with a small domain.) Recall that the ϕ-weighted limit {ϕ, T } of a functor T : K^{op} → A is defined representably by

2.1. A(a, {ϕ, T }) ∼= [K^{op}, V](ϕ, A(a, T −)),

while the ϕ-weighted colimit ϕ ∗ S of S : K → A is defined dually by

2.2. A(ϕ ∗ S, a) ∼= [K^{op}, V](ϕ, A(S−, a)),

so that ϕ ∗ S is equally the ϕ-weighted limit of S^{op} : K^{op} → A^{op}. Of course the limit {ϕ, T } consists not just of the object {ϕ, T } but also of the representation 2.1, or equally of the corresponding counit μ : ϕ → A({ϕ, T }, T −); it is by abus de langage that we usually mention only {ϕ, T }. When V = Set, we refind the classical (or “conical”) limit of T : K^{op} → A and the classical colimit of S : K → A as

2.3. lim T = {Δ1, T } and colim S = Δ1 ∗ S

where Δ1 : K^{op} → Set is the constant functor at the one point set 1. Recall too that the weighted limits and colimits can be calculated using the classical ones when V = Set: for then the presheaf ϕ : K^{op} → Set gives the discrete op-fibration d : el(ϕ) → K^{op} where el(ϕ) is the category of elements of ϕ, and now

2.4. {ϕ, T } = lim{ el(ϕ)^d � K^{op T} � A },

2.5. ϕ ∗ S = colim{ el(ϕ)^{op dop} � K^S � A }.

Recall finally that a functor F : A → B is said to preserve the limit {ϕ, T } as in 2.1 when F ({ϕ, T }) is the limit of F T weighted by ϕ, with counit

ϕ^μ � A({ϕ, T }, T −)^F � B(F {ϕ, T }, F T −) ;

and F is said to preserve the colimit ϕ ∗ S as in 2.2 when F^{op} preserves {ϕ, S^{op}}.

We spoke above of a “class Φ of colimits” or a “class Ψ of limits”; but this is loose and rather dangerous language – the only thing that one can sensibly speak of is a class Φ of weights. Then a category A admits Φ-limits, or is Φ-complete, if A admits the limit {ϕ, T } for each weight ϕ : K^{op} → V in Φ and each T : K^{op} → A; while A admits Φ-colimits, or is Φ-cocomplete, when A admits the colimit ϕ ∗ S for each ϕ : K^{op} → V in Φ and each S : K → A (and thus when A^{op} is Φ-complete). Moreover a functor A → B between Φ-complete categories is said to be Φ-continuous when it preserves all Φ-limits, and one defines Φ-cocontinuous dually. We write Φ-Conts for the 2-category of Φ-complete categories, Φ-continuous functors, and all natural transformations – which is a (non full) sub-2-category of V-CAT; and similarly Φ-Cocts for the 2-category of Φ-cocomplete categories, Φ-cocontinuous functors, and all natural transformations.

To give a class Φ of weights is to give, for each small K, those ϕ ∈ Φ with domain K^{op}; let us use as in [AK88] the notation

2.6. Φ[K] = {ϕ ∈ Φ | dom(ϕ) = K^{op}},

so that

2.7. Φ = Σ_{K small}Φ[K].

In future, we look on Φ[K] as a full subcategory of the functor category [K^{op}, V] (which we may also call a presheaf category). The smallest class of weights is the empty class 0, and 0-Conts is just V-CAT. The largest class of weights consists of all weights – that is, all presheaves with small domains – and we denote this class by P; the 2-category P-Conts is just the 2-category Conts of complete categories and continuous functors, and similarly P-Cocts = Cocts.

There may well be different classes Φ and Ψ for which the sub-2-categories Φ-Conts and Ψ-Conts of V-CAT coincide; which is equally to say that Φ-Cocts and Ψ-Cocts coincide. When V = Set, for instance, Conts = P-Conts coincides with Φ-Conts where Φ consists of the weights for products and for equalizers. We define the saturation Φ^∗ of a class Φ of weights as follows: the weight ψ belongs to Φ^∗ when every Φ-complete category is also ψ-complete and every Φ-continuous functor is also ψ-continuous. Note that Φ^∗ was called in [AK88] the closure of Φ; we now prefer the term “saturation”, since “closure” already has so many meanings. Clearly then, we have

2.8. Φ-Conts = Ψ-Conts ⇔ Φ-Cocts = Ψ-Cocts ⇔ Φ^∗ = Ψ^∗.

When V = Set, we can of course consider Φ-Conts where Φ consists of the Δ1 : K^{op} → Set for all K in some class D of small categories; and we might write D-Conts for this 2-category Φ-Conts of D-complete categories, D-continuous functors, and all natural transformations. We underline the fact, however, that when V = Set, NOT every Φ-Conts is of the form D-Conts for some D as above; a simple example of this situation is given in [AK88].

We spoke of V-CAT as a 2-category, the category V-CAT(A, B) having as its objects the V-functors T : A → B and as its arrows the V-natural transformations α : T → S : A → B. When A is small, however, we also have the V-category [A, B], whose underlying ordinary category [A, B]_0 is V-CAT(A, B); an example is of course the presheaf V-category [K^{op}, V] of 2.1.

When A is not small, [A, B] may not exist as a V-category, since the end ∫ a B(F a, Ga) giving the V-valued hom [A, B](F, G) may not exist in V for all F, G : A → B. However it may exist for some pairs F, G, and then we can speak of [A, B](F, G). This allows us the convenience of speaking of the limit {ϕ, T } of 2.1 or the colimit ϕ ∗ S of 2.2 even when K is not small (so that ϕ is no longer a weight, in the sense of this article) : for instance, we say that ϕ ∗ S exists if the right side of 2.2 exists in V for each a, and is representable as the left side of 2.2. In particular, we can speak, even when A is not small, of the possible existence of the left Kan extension Lan_K T of some T : A → B along some K : A → C, recalling from Chapter 4 of [Kel82] that it is given by

2.9. Lan_K T (c) ∼= C(K−, c) ∗ T ,

existing when the colimit on the right exists for each c.

3. Revision of the free Φ-cocompletion of a category and of saturated classes of weights

Another piece of background knowledge that we need to recall concerns the “left biadjoint” to the forgetful 2-functor U_Φ : Φ-Cocts → V-CAT. (Note that it is convenient to deal with colimits rather than limits.)

Recall from Section 4.8 of [Kel82] that a presheaf F : A^{op} → V, where A need not be small, is said to be accessible if it is the left Kan extension of some ϕ : K^{op} → V with K small along some H^{op} : K^{op} → A^{op}; which is to say, by 2.9, that F has the form

3.1. F a ∼= A(a, H−) ∗ ϕ,

which by (3.9) of [Kel82] may equally be written as

3.2. F a ∼= ϕ ∗ A(a, H−).

It is shown in Proposition 4.83 of [Kel82]^1 that, whenever F is accessible, it is a left Kan extension as above for some H that is fully faithful; in other words, that F is the left Kan extension of its restriction to some small full subcategory of A^{op}. Whenever F is accessible, [A^{op}, V](F, G) exists for each G, an easy calculation using the Yoneda isomorphism giving

3.3. ∫ a[F a, Ga] ∼= ∫ a[ϕ ∗ A(a, H−), Ga] ∼= [K^{op}, V](ϕ, GH^{op}).

Accordingly, for any A there is a V-category PA having as its objects the accessible presheaves, and with its V-valued hom given by the usual formula ∫ a[F a, Ga]; it was first introduced by Lindner [Lin74]. Any presheaf A^{op} → V is accessible if A is small, being the left Kan extension of itself along the identity, so that PA coincides with [A^{op}, V] for a small A.

Every representable A(−, b) is accessible; we express it in the form 3.2 by taking ϕ = I : I^{op} → V and H = b : I → A, where I is the unit V-category and I is the unit for ⊗. Accordingly we have the fully-faithful Yoneda embedding Y : A → PA sending b to A(−, b), which we sometimes loosely treat as an inclusion. Now calculating 3.3 with F = Y b gives at once the Yoneda isomorphism

3.4. PA(Y b, G) ∼= Gb.

By Proposition 5.34 of [Kel82] the category PA admits all small colimits, these being formed pointwise from those in V. So the typical object F of PA as in 3.2 can be written as 3.5. F ∼= ϕ ∗ Y H,

this now being a colimit in PA. We can see 3.5 as expressing the general accessible F as a small colimit in PA of representables.

Recall from [Kel82] p.154 that, given a class Φ of weights and a full subcategory A of a Φ-cocomplete category B, the closure of A in B under Φ-colimits is the smallest full replete subcategory of B containing A and closed under the formation of Φ-colimits in B – namely the intersection of all such. For any class Φ of weights, and any category A, we write Φ(A) for the closure of A in PA under Φ-colimits, with Z : A → Φ(A) and W : Φ(A) → PA for the full inclusions, so that Y : A → PA is the composite W Z; note that W is Φ-cocontinuous. We now reproduce (the main point of) [Kel82] Theorem 5.35. The proof below is a little more direct than that given there, which referred back to earlier propositions. The result itself must be older still, at least for certain classes Φ.

1See also Proposition 3.16 below. Added 2006-04-29.

3.6. Proposition. For any Φ-cocomplete category B, composition with Z gives an equivalence of categories Φ-Cocts(Φ(A), B) → V-CAT(A, B)

with an equivalence inverse given by the left Kan extension along Z. Thus Φ(−) provides a left bi-adjoint to the forgetful 2-functor Φ-Cocts → V-CAT.

Proof. By 2.9, the left Kan extension Lan_Z G of G : A → B is given by Lan_Z G(F ) = Φ(A)(Z−, F ) ∗ G, existing when this last colimit exists for each F in Φ(A). However Φ(A)(Z−, F ) = PA(W Z−, W F ) = PA(Y −, W F ), which by Yoneda is isomorphic to W F . Consider the full subcategory of Φ(A) given by those F for which W F ∗ G does exist; it contains the representables by Yoneda, and it is closed under Φ-colimits: for these exist in Φ(A) and are preserved by W , while [Kel82] (3.23) gives (ϕ∗S)∗G ∼= ϕ∗(S −∗G), either side existing if the other does; so the subcategory in question is all of Φ(A).

What is more: Lan_Z G = W − ∗G : Φ(A) → B preserves Φ-colimits since W does so and colimits are cocontinuous in their weights (see [Kel82] (3.23) again). So one does indeed have a functor Lan_Z : V-CAT(A, B) → Φ-Cocts(Φ(A), B), while one has trivially the restriction functor Φ-Cocts(Φ(A), B) → V-CAT(A, B) given by composition with Z. By [Kel82] (4.23), the canonical G → Lan_Z (G)Z is invertible for all G since Z is fully faithful. Thus it remains to consider the canonical α : Lan_Z (SZ) → S for a Φcocontinuous S : Φ(A) → B. The F -component of α for F ∈ Φ(A) is the canonical α_F : W F ∗ SZ → SF ; and clearly the collection of those F for which α_F is invertible contains the representables and is closed under Φ-colimits: therefore it is the totality of Φ(A).

3.7. Remarks. We may express this by saying that Φ(A) is the free Φ-cocomplete category on A. As a particular case, PA itself is the free cocomplete category on A; in other words Φ(A) = PA when Φ is the class of all weights – which is why (identifying P(A) with PA) we use P as the name for this class of all weights.

As shown in [Kel82], one can form Φ(A) by transfinite induction. Define successively full replete subcategories A_α of PA as α runs through the ordinals: A_0, which is equivalent to A, consists of the representables, now in the sense of those presheaves isomorphic to some A(−, a); then A_{α+1} consists of A_α together with all Φ-colimits in PA of diagrams in A_α ; and for a limit ordinal α we set A_α = ⋃ β<α A_β . This sequence stabilizes if, as we suppose, there exist arbitrarily large inaccessible cardinals: for we have Φ(A) = Φ_α (A) when α is the smallest regular cardinal greater than card(ob(K)) for all small K with Φ[K] non-empty. It follows that Φ(A) is a small category when A and Φ are small. In a number of important cases, one has Φ(A) = A_1 in the notation above; it is so when Φ = P since by 3.5 every accessible F is a small colimit of representables, and in the case V = Set it is so by [Kel82] Theorem 5.37 when Φ consists of the weights for finite conical colimits. However there is no special value in this condition, which (as we shall see in Proposition 3.15 below) always holds for a small A when the class Φ is saturated.

An explicit description of the saturation Φ^∗ of a class Φ of weights was given by Albert and Kelly in [AK88], in the following terms:

3.8. Proposition. The weight ψ : K^{op} → V lies in the saturation Φ^∗ of the class Φ if and only if the object ψ of PK = [K^{op}, V] lies in the full subcategory Φ(K) of [K^{op}, V].

There is another useful way of putting this. When K is small, both Φ[K] and Φ(K) make sense for any class Φ; and in fact we have

3.9. Φ[K] ⊂ Φ(K),

since for ϕ : K^{op} → V the Yoneda isomorphism

3.10. ϕ ∼= ϕ ∗ Y

exhibits ϕ as an object of Φ(K) when ϕ ∈ Φ. We can write Proposition 3.8 as

3.11. Φ^∗[K] = Φ(K),

so that Φ is a saturated class precisely when

3.12. Φ[K] = Φ(K)

for each small K. In other words the class Φ is saturated precisely when, for each small K, the full subcategory Φ[K] of [K^{op}, V] contains the representables K(−, k) and is closed in [K^{op}, V] under Φ-colimits.

3.13. Example. Consider the case when V is locally finitely presentable as a closed category in the sense of [Kel82-2], and Φ is the class of finite weights as described there; this includes the case where V = Set and Φ is the set of weights for the classical finite colimits. Then Φ^∗[K] = Φ^∗(K) is the closure of K in [K^{op}, V] under finite colimits, which by [Kel82-2] Theorem 7.2 is the full subcategory of [K^{op}, V] given by the finitely presentable objects.

It follows of course from the definitions of Φ(A) and of Φ^∗ that

3.14. Φ^∗(A) = Φ(A)

for any A. We cannot write 3.12 when K is replaced by a non-small A, since then Φ[A] has no meaning; but a partial replacement for it is provided by the following, which was Proposition 7.4 in [AK88]:

3.15. Proposition. If the presheaf F : A^{op} → V lies in Φ(A) for some saturated class Φ, then F is a Φ-colimit in PA of representables; that is, F ∼= ϕ ∗ Y H for some ϕ : K^{op} → V in Φ and some H : K → A. Since Φ-colimits are formed in Φ(A) as in PA, F is equally the colimit ϕ ∗ ZH in Φ(A).

In other words an F in Φ(A) has the form 3.5 with ϕ in Φ. Equally, this asserts that F : A^{op} → V is the left Kan extension of ϕ : K^{op} → V along H^{op} : K^{op} → A^{op}. In fact, we can take H here to be fully faithful, as was shown [Kel82] Proposition 4.83 for the case Φ = P:

3.16. Proposition. For a saturated class Φ, any F in Φ(A) is of the form Lan_Hop ϕ for some ϕ : K^{op} → V in Φ and some fully faithful H : K → A.

Proof. We already have that F ∼= Lan_T op ψ for some ψ : L^{op} → V in Φ and some T : L → A. Let T factorize as T = HP where H : K → A is fully faithful and P : L → K is bijective on objects. Then K is small since L is small. Now F ∼= Lan_T op ψ ∼= Lan_Hop ϕ, where ϕ = Lan_P op ψ. However ϕ = Lan_P op ψ ∼= ψ ∗ Y P , which, as a Φ-colimit of representables, lies in Φ(K), and hence in Φ[K].

It may be useful to understand extreme special cases of one’s notation. First observe that the saturation 0^∗ of the empty class 0 consists precisely of the representables – that is, 0^∗[K] = 0^∗(K) consists of the isomorphs of the various K(−, k) : K^{op} → V. Another extreme case involves the empty V-category 0 with no objects. Of course P0 = [0^{op}, V] is the terminal category 1; its unique object is the unique functor ! : 0^{op} → V and 1(!, !) is the terminal object 1 of V. (This differs in general from the unit V-category I, with one object ∗ but with I(∗, ∗)=I.) So for any class Φ, we have Φ[0] = 0 if ! : 0^{op} → V is not in Φ, and Φ[0] = [0^{op}, V] = 1 otherwise. Now Φ(0) is the closure of 0 in P0 under Φ-colimits, and any diagram T : K → 0 has K = 0, so that Φ(0) = 0 if ! ∉ Φ and otherwise Φ(0) contains ! ∗ Y =!, giving Φ(0) = 1. So in fact Φ(0) = Φ[0], being 0 or 1. Both are possible for a saturated Φ; for P0 = 1, while the Albert-Kelly theorem (Proposition 3.8 above) gives 0^∗[0] = 0(0) = 0[0] = 0.

Before ending this section, we recall a result characterizing Φ-cocomplete categories, along with a short proof. This was Proposition 4.5 in [AK88].

3.17. Proposition. For any class Φ of weights, a category A admits Φ-colimits if and only if the fully faithful embedding Z : A → Φ(A) admits a left adjoint; that is, if and only if the full subcategory A given by the representables is reflective in Φ(A).

Proof. If A is reflective, it admits Φ-colimits because Φ(A) does so. Suppose conversely that A admits Φ-colimits, and write B for the full subcategory of PA given by those objects admitting a reflection into A; then B contains A and B is closed in PA under Φ-colimits since A admits these; so that B contains Φ(A), as desired.

4. Recognition theorems

We recall from Proposition 5.62 of [Kel82] a result characterizing categories of the form Φ(A) – or more precisely functors of the form Z : A → Φ(A). At the same time, we give a direct proof; for the proof in [Kel82] refers back to earlier results in that book.

We begin with a piece of notation: for a category A and a class Φ of weights, we write A_Φ for the full subcategory of A given by those a ∈ A for which the representable A(a, −) : A → V preserves all Φ-colimits (That is, all Φ-colimits that exist in A). There is no agreed name for A_Φ ; the objects of A_Φ are usually called finitely presentable when the Φ-colimits are the classical filtered colimits; while when Φ is the class P of all weights, the objects of A_Φ were called small projectives in [Kel82], but have also been called atoms by some authors. Let us use the name Φ-atoms for the objects of A_Φ . When A admits Φ-colimits and hence Φ^∗-colimits, it follows from the definition of A_Φ that

4.1. A_Φ ∗ = A_Φ .

For a functor G : A → B, we get for each b ∈ B the presheaf B(G−, b) : A^{op} → V. If this is accessible for every b, we have a functor G̃ : B → PA in the notation of [Kel82]. Note that G̃G ∼= Y : A^{op} → PA when G is fully faithful.

The following is the characterization result of Proposition 5.62 of [Kel82] with a slightly expanded form of its statement.

4.2. Proposition. In order that G : A → B be equivalent to the free Φ-cocompletion Z : A → Φ(A) of A for a class Φ of weights, the following conditions are necessary and sufficient:

(i) G is fully faithful (allowing us to treat A henceforth as a full subcategory of B); (ii) B is Φ-cocomplete;

(iii) the closure of A in B under Φ-colimits is B itself; (iv) A is contained in the full subcategory B_Φ of B.

When these conditions hold, each functor B(G−, b) : A^{op} → V is accessible and in fact lies in the full subcategory Φ(A) of PA. Thus we have a functor G̃ : B → PA given by G̃(b) = B(G−, b), and this factorizes as W K where W is, as before, the inclusion from Φ(A) to PA. The functor K : B → Φ(A) here is an equivalence, an equivalence inverse being given by Lan_Z G : Φ(A) → B, which by Proposition 3.6 is the unique Φ-cocontinuous extension of G to Φ(A).

Proof. The necessity of the first two conditions is clear. That of the third results from the fact that the inclusion W : Φ(A) → PA preserves Φ-colimits by definition. For that of the fourth condition, the point is that Φ(A)(Za, −) ∼= PA(Y a, W −) preserves Φ-colimits: for W does so, while PA(Y a, −) : PA → V preserves all small colimits, being isomorphic by Yoneda to the evaluation E_a.

We turn now to the proof of sufficiency. First, to see that each B(G−, b) lies in the full replete subcategory Φ(A) of PA, consider the full subcategory of B given by those b for which this is so; this contains A since B(G−, Ga) ∼= Y a because G is fully faithful, and it is closed in B under Φ-colimits by (iv), since Φ(A) is closed under these in PA; so it is all of B.

Thus we have indeed a functor K : B → Φ(A), sending b to B(G−, b). We next show that K or equivalently G̃ = W K : B → PA is fully faithful. Consider the full subcategory of B given by those b for which the map G̃_{b,c} : B(b, c) → PA(G̃(b), G̃(c)) is invertible for all c. We observe that it contains A since G is fully faithful, and that it is closed under Φ-colimits since A ⊂ B_Φ . Thus it is all of B.

It remains to show that K and S = Lan_Z G : Φ(A) → B are equivalence-inverses. Recall that G̃G ∼= Y since G is fully faithful. Also recall from Proposition 3.6 that S is the essentially unique Φ-cocontinuous functor with SZ ∼= G. So W KSZ ∼= G̃G ∼= Y ∼= W Z, giving KSZ ∼= Z since W is fully faithful, and then giving KS ∼= 1 by Proposition 3.6 since KS and 1 are Φ-cocontinuous, K being so because A ⊂ B_Φ . Finally KS ∼= 1 gives KSK ∼= K; whence SK ∼= 1 since K (as we saw) is fully faithful.

Proposition 4.2 is of particular interest in the case of a small A. We may cast the result for a small A in the form:

4.3. Proposition. For a class Φ of weights, the following properties of a category B are equivalent:

(i) For some small K, there is an equivalence B ≃ Φ(K);

(ii) B is Φ-cocomplete and has a small full subcategory A ⊂ B_Φ such that every object of B is a Φ^∗-colimit of a diagram in A;

(iii) B is Φ-cocomplete and has a small full sub-category A ⊂ B_Φ such that the closure of A in B under Φ-colimits is B itself.

Under the hypothesis (iii) – and so a fortiori under (ii) – if G : A → B denotes the inclusion, the functor G̃ : B → PA is fully faithful, with Φ(A) for its replete image.

4.4. Remarks. (a) When Φ is the class P of all weights, we get a characterization here of the functor category PK = [K^{op}, V] for a small K; note that it differs from the characterization given in [Kel82] Theorem 5.26, which replaces the condition that B be the colimit closure of A by the condition that A be strongly generating in B; but these conditions are very similar in strength by [Kel82] Proposition 3.40. (b) Theorem 5.3 of [BQR98] is the special case where V is locally finitely presentable as a closed category in the sense of [Kel82-2] and Φ is the saturated class of α-flat presheaves. (See Section 5 below.)

Let us mention the following consequence of Proposition 4.3.

4.5. Proposition. For a small K and a saturated class Φ, let A be a full reflective subcategory of Φ(K) that is closed in Φ(K) under Φ-colimits. Then A is equivalent to Φ(L) for a small L.

Proof. Write J : A → Φ(K) for the inclusion, with R : Φ(K) → A for its left adjoint, and regard Z : K → Φ(K) as an inclusion of the representables in Φ(K). The objects RZk of A with k ∈ K constitute a full subcategory L of A. By hypothesis, A admits Φ-colimits and J preserves these. The subcategory L lies in A_Φ , because A(RZk, −) ∼= Φ(K)(Zk, J−) preserves Φ-colimits since both J and Φ(K)(Zk, −) (being the evaluation at k) do so. Finally every object a of A is a Φ-colimit of a diagram taking its values in L; for Ja ∈ Φ(K) is a Φ-colimit Ja ∗ Z, and R preserves this colimit, so that a ∼= RJa ∼= Ja ∗ RZ, where the diagram RZ : K → A takes its values in L.

5. Limits and colimits commuting in V

The new observations to which we now turn begin with the general study of the commutativity in V of limits and colimits. For a pair of weights ψ : K^{op} → V and ϕ : L^{op} → V, to say that

5.1. ϕ ∗ − : [L, V] → V preserves ψ-limits

is equally to say that

5.2. {ψ, −} : [K^{op}, V] → V preserves ϕ-colimits,

because each in fact asserts the invertibility, for every functor S : K^{op} ⊗ L → V, of the canonical comparison morphism

5.3. ϕ? ∗ {ψ−, S(−, ?)} → {ψ−, ϕ? ∗ S(−, ?)}.

When these statements are true for every such S, we say that ϕ-colimits commute with ψ-limits in V. For classes Φ and Ψ of weights, if 5.1 (or equivalently 5.2) holds for all ϕ ∈ Φ and all ψ ∈ Ψ, we say that Φ-colimits commute with Ψ-limits in V. For any class Ψ of weights we may consider the class Ψ^+ of all weights ϕ for which ϕ-colimits commute with Ψ-limits in V; and for any class Φ of weights we may consider the class Φ^− of all weights ψ for which Φ-colimits commute with ψ-limits in V. We have here of course a Galois connection, with Φ ⊂ Ψ^+ if and only if Ψ ⊂ Φ^− . Note that [L, V] and V in 5.1 admit all (small) limits; so that by the definition above of the saturation Ψ^∗ of a class Ψ of weights, if ϕ ∗ − preserves all Ψ-limits, it also preserves Ψ^∗-limits. From this and a dual argument, one concludes that:

5.4. Proposition. For any classes Φ and Ψ of weights, the classes Φ^− and Ψ^+ are saturated; so that Ψ^{+ ∗} = Ψ^+ and Φ^{− ∗} = Φ^− . Moreover Ψ^+ = Ψ^{∗ +} and Φ^− = Φ^{∗ −} .

When Ψ consists of the weights for finite limits (in the usual sense for ordinary categories, or in the sense of [Kel82-2] when V is locally finitely presentable as a closed category), it has been customary to call the elements of Ψ^+ the flat weights, as they are those ϕ having ϕ ∗ − : [L, V] → V left exact. (Note the corresponding use of “α-flat” in Definition 4.1 of [BQR98].) Accordingly for a general Ψ we call the elements of Ψ^+ the Ψ-flat weights.

Recall that the limit functor {ψ, −} : [K^{op}, V] → V of 5.2 is just the representable functor [K^{op}, V](ψ, −). Accordingly ψ : K^{op} → V lies in Φ^− for a given class Φ if and only if it lies in the subcategory [K^{op}, V]_Φ :

5.5. Φ^− [K] = Φ^− (K) = [K^{op}, V]_Φ .

In other words, the elements ψ of Φ^− [K] are the Φ-atoms of [K^{op}, V]; we also call them the Φ-atomic weights. When Φ is the class P of all weights, the elements of P^− are also called the small projective weights.

Part of the saturatedness of Φ^− – namely the closedness of Φ^− [K] in [K^{op}, V] under Φ^− -colimits – is the special case for A = [K^{op}, V] of the following more general result:

5.6. Proposition. For any class Φ of weights and any category A, the full subcategory A_Φ of A is closed in A under any Φ^− -colimits that exist in A.

Proof. Let the colimit ψ ∗ S exist, where ψ : K^{op} → V lies in Φ^− and S : K → A takes its values in A_Φ . Then by definition

A(ψ ∗ S, a) ∼= [K^{op}, V](ψ, A(S−, a)).

Since each A(Sk, −) preserves Φ-colimits, and since [K^{op}, V](ψ, −) preserves Φ-colimits by 5.5, it follows that A(ψ ∗ S, −) preserves Φ-colimits: that is to say ψ ∗ S ∈ A_Φ .

5.7. Example. When V = Set, let Ψ be the class of weights for (classical conical) finite limits: that is, the set of all Δ1 : K^{op} → Set with K finite. Then Ψ^+ consists of those ϕ : L^{op} → Set with ϕ ∗ − : [L, Set] → Set left exact; that is, the flat presheaves ϕ : L^{op} → Set. As is well known, these are those presheaves ϕ for which (el(ϕ))^{op} is filtered. Since ϕ ∗ S for S : L → A is given as in 2.5 by colim{ el(ϕ)^{op dop} � L^S � A }, a functor [K^{op}, Set] → Set is Ψ^+-cocontinuous if and only if it preserves filtered colimits; that is, if and only if it is finitary. By 5.5, therefore, Ψ^{+−} consists of those ψ : K^{op} → V for which [K^{op}, Set](ψ, −) preserved filtered colimits; that is, those ψ that are finitely presentable in [K^{op}, Set]. It follows from 3.13 that Ψ^{+−} coincides in this case with Ψ^∗.

5.8. Example. With V = Set again, let Ψ consist of the single object 0^{op} → Set, where 0 is the empty category: so a Ψ-limit is a terminal object. Now ϕ : L^{op} → Set lies in Ψ^+ whenever ϕ ∗ − : [L, Set] → Set preserves the terminal object; which is to say that ϕ ∗ Δ1 ∼= 1, or equally that colim(ϕ) ∼= 1, or again that el(ϕ) is connected. So the presheaf ψ : K^{op} → Set lies in Ψ^{+−} just when [K^{op}, Set](ψ, −) preserves connected (conical) colimits. This time Ψ^{+−} strictly includes Ψ^∗. For Ψ^∗(K), being the closure of the representables in [K^{op}, Set] under Ψ-colimits, consists of the representables together with the initial object Δ0 : K^{op} → Set. When K has one object, being given by the monoid {1, e} with e^2 = e, the subcategory Q(K) of [K^{op}, Set] given by the Cauchy completion of K has, by Section 5.8 of [Kel82], two objects, the representable object ∗ and the equalizer E of the two maps 1, e : ∗ → ∗, which splits the idempotent e; and E is not Δ0 since there is an arrow from ∗ to E because ee = e. Now Q = P^− by Section 6 below, and P^− ⊂ Ψ^{+−} because Ψ^+ ⊂ P. So in this case, there are objects of Ψ^{+−} (K) which are not contained in Ψ^∗(K), and Ψ^∗ is properly contained in Ψ^{+−} .

5.9. Remark. When V = Set, it is well known (see for example Theorem 5.38 of [Kel82]) that the flat weights K^{op} → V are precisely the filtered conical colimits of representables, and hence constitute the closure of K in [K^{op}, V] under filtered conical colimits. This is false for a general V that is locally finitely presentable as a closed category; if [BQR98] seems to suggest otherwise, it is only because those authors define “filtered colimit” to mean “colimit weighted by a flat weight”.

6. The class Q of small projective weights

This section is devoted to the study of the saturated class Q = P^− of small projective weights. So for a small K, 5.5 gives

6.1. Q[K] = Q(K) = [K^{op}, V]_P , consisting of those ϕ : K^{op} → V for which {ϕ, −} = [K^{op}, V](ϕ, −) : [K^{op}, V] → V preserves all small colimits. We shall establish the following alternative characterizations of Q. First from Proposition 6.14 below:

6.2. ϕ : K^{op} → V lies in Q if and only the corresponding module I ∘ � K is a left adjoint.

Proposition 6.20 below gives:

6.3. Q is the class P^+ of P-flat weights. Finally, as Street showed in [Str83],

6.4. Q is the class of absolute weights.

Moreover there is an adjunction L ⊣ R : [K, V]^{op} → [K^{op}, V], due in the case V = Set to Isbell, which restricts to an equivalence (Q(K^{op}))^{op} ≃ Q(K) between the full subcategories of small projectives in [K, V] and in [K^{op}, V]. In terms of modules, this equivalence sends a right adjoint module K ∘ � I to its left adjoint I ∘ � K .

Recall that by a module A ∘ � B is meant a functor B^{op} ⊗ A → V with A and B small, and that modules with their usual composition and 2-cells form a bicategory V-Mod. Recall further that each functor T : A → B gives rise to modules T_∗ : A ∘ � B and T^∗ : B ∘ � A , where

6.5. T_∗(b, a) = B(b, T a) and T^∗(a, b) = B(T a, b), and that T_∗ is left adjoint to T^∗ in V-Mod. Recall finally that the bicategory V-Mod is closed, admitting all right liftings and all right extensions as follows: given modules f : A^∘ � B , g : C^∘ � A and h : C^∘ � B , we have the right lifting {| f, h |} : C^∘ � A of h through f and the right extension [[g, h]] : A ∘ � B of h along g, given by:

6.6. {| f, h |}(a, c) = ∫ b[f(b, a), h(b, c)] and 6.7. [[g, h]](b, a) = ∫ c[g(a, c), h(b, c)], satisfying the universal properties

6.8. V-Mod(A, B)(f, [[g, h]]) ∼= V-Mod(C, B)(fg, h) ∼= V-Mod(C, A)(g, {| f, h |}). The second isomorphism corresponds by Yoneda to a morphism ϵ : f{| f, h |} → h : C → B which is said, in the language of [StWa78], to exhibit {| f, h |} as the right lifting of h through f. Such a lifting {| f, h |} is respected by a k : D ∘ � C when the 2-cell ϵk exhibits {| f, h |}k as the right lifting {| f, hk |} of hk through f, and the lifting {| f, h |} is absolute when it is respected by every such arrow k.

As in any closed bicategory, we have the following characterization of left adjoints:

6.9. Proposition. In V-Mod, the following statements are equivalent: (i) f : A ∘ � B has a right adjoint;

(ii) for all h : C ∘ � B , the right lifting {| f, h |} of h through f is absolute; (iii) the right lifting {| f, 1 |} of 1 : B ∘ � B through f is respected by f. When these are satisfied, the right adjoint f^∗ of f is the right lifting {| f, 1 |} of 1 through f; moreover the right lifting {| f, h |} of (ii) above is given by f^∗h.

There exists of course a dual characterization of right adjoints, in terms of right extensions. Thus letting h in 6.8 be 1_B : B ∘ � B yields an adjunction

6.10. {| −, 1 |} ⊣ [[−, 1]] : V-Mod(B, A)^{op} → V-Mod(A, B),

which restricts to an equivalence between the right adjoints B ∘ � A and the left adjoints A ∘ � B , for {| −, 1 |} sends a left adjoint to its right adjoint, while [[−, 1]] sends a right adjoint to its left adjoint.

We now translate Proposition 6.9 into the language of functors. Consider again morphisms f : A ∘ � B , h : C ∘ � B and k : D ∘ � C in V-Mod. These correspond respectively to functors F : A → [B^{op}, V], H : C → [B^{op}, V], and K : D → [C^{op}, V]; let us also write H^′ : B^{op} → [C, V] for the other functor corresponding to h. One checks straightforwardly that

6.11. k respects the right lifting {| f, h |} of h through f

is equivalent to

6.12. for all a in A and all d in D, Kd ∗ − : [C, V] → V preserves the limit {F a, H^′},

which, by the equivalence of 5.1 and 5.2, is further equivalent to

6.13. for all a in A and all d in D, the colimit Kd∗H is preserved by {F a, −} : [B^{op}, V] → V. Our particular interest is in the case A = I of the above: to give a module f : I ∘ � B is to give a presheaf ϕ : B^{op} → V, and we write ϕ for f. Equally to give a module g : B ∘ � I is to give a presheaf ψ : B → V, and we write ψ for g. Now 6.9 gives the following proposition, in which the assertion (ii) is the direct translation of the fact that for any module h : C ∘ � B the right lifting {| f, h |} is respected by any module I^∘ � C .

6.14. Proposition. Given a weight ϕ : B^{op} → V, the following conditions are equivalent: (i) ϕ has a right adjoint ψ;

(ii) the representable functor {ϕ, −} = [B^{op}, V](ϕ, −) : [B^{op}, V] → V is cocontinuous, that is, ϕ is a small projective;

(iii) the representable functor {ϕ, −} : [B^{op}, V] → V preserves the colimit ϕ ∗ Y of Y : B → [B^{op}, V] weighted by ϕ : B^{op} → V.

When these are satisfied, a right adjoint ψ of ϕ is given by taking

6.15. ψ = [B^{op}, V](ϕ, Y −).

Dually, ψ has a left adjoint if and only ψ is a small projective in [B, V], and then a left adjoint ϕ of ψ is given by

6.16. ϕ = [B, V](ψ, Y^′−),

where Y^′ is the Yoneda embedding B^{op} → [B, V].

Recall that every functor G : B → C where B is small and C is cocomplete has the essentially unique cocontinuous extension Lan_Y G = −∗G : [B^{op}, V] → C along the Yoneda embedding Y : B → [B^{op}, V], and −∗G has in fact the right adjoint G̃ : C → [B^{op}, V] given by G̃(c) = C(G−, c). Moreover G̃G is isomorphic to Y when G is fully faithful. Applying this when G is the Yoneda embedding Y^{′op} : B → [B, V]^{op}, we get a commutative diagram

[B, V]^{op R} � [B^{op}, V] L �

B Y^{′op}

� � � � � � � Y

� � � � � � � � with L left adjoint to R; an easy calculation gives

6.17. L(ϕ) = [B^{op}, V](ϕ, Y −) and R(ψ) = [B, V](ψ, Y^′−).

This adjunction, which we shall call the Isbell adjunction, is in fact the case A = I of the adjunction 6.10. Moreover when ϕ ∈ [B^{op}, V] is a small projective, it follows from 6.15 that L(ϕ) = ψ where the module ψ is the right adjoint of the module ϕ; so that in fact ψ too is a small projective. Dually, when ψ ∈ [B, V] is a small projective, it follows from 6.16 that R(ψ) = ϕ where ϕ is the left adjoint of ψ; with ϕ too a small projective. In other words the adjunction L ⊣ R restricts to an equivalence at the level of small projectives, which we may write as

6.18. (Q(B^{op}))^{op} ≃ Q(B).

If ϕ ∈ [B^{op}, V] and ψ ∈ [B, V] are small projectives which correspond in this equivalence, the functor [B, V](ψ, −) : [B, V] → V, being cocontinuous, has the form − ∗ θ where θ is its composite with Y^′ : B^{op} → [B, V]. However this composite is ϕ by 6.16, and we can write − ∗ ϕ as ϕ ∗ −; so we have

6.19. [B, V](ψ, −) ∼= ϕ ∗ − : [B, V] → V.

In terms of modules, this is just the observation that a right extension along a right adjoint is given by composition with its left adjoint – since for a ϕ and a ψ as above we have an adjunction ϕ ⊣ ψ : B ∘ � I . This leads to another characterization of the small projectives:

6.20. Proposition. For a weight ϕ : B^{op} → V, the following conditions are equivalent: (i) ϕ is a small projective;

(ii) ϕ ∗ − : [B, V] → V is representable; (iii) ϕ ∗ − : [B, V] → V is continuous;

(iv) ϕ ∗ − : [B, V] → V preserves the limit {ϕ, Y^′} of Y^′ : B^{op} → [B, V] weighted by ϕ.

Proof. (i) ⇒ (ii) by 6.19. It is trivial that (ii) ⇒ (iii) ⇒ (iv). By the equivalence of 5.1 and 5.2, (iv) is equivalent to the preservation by {ϕ, −} of the colimit ϕ ∗ Y ; and this is equivalent to (i) by Proposition 6.14.

6.21. Remark. The assertion (iii) of the proposition above may be expressed by saying that Q is the class P^+ of P-flat weights.

There is a further characterization of the weights in Q, due to Street. A weight ϕ : B^{op} → V is said to be absolute if each limit {ϕ, T }, where T : B^{op} → C say, is preserved by every functor P : C → D; or equally if each colimit ψ ∗ S, where S : B → C, is preserved by every functor P : C → D. Street showed the following, in a context wider than ours, in [Str83]; we give a proof (in our context) for completeness:

6.22. Theorem. A weight ϕ : B^{op} → V is absolute precisely when it is a small projective in [B^{op}, V].

Proof. One direction is clear: to say that ϕ : B^{op} → V is a small projective is, by the equivalence of 5.1 and 5.2, to say that, for each T : B^{op} → [A, V] with A small and for each weight ψ : A^{op} → V, the limit {ϕ, T } is preserved by the functor ψ ∗ − : [A, V] → V; so that each absolute ϕ : B^{op} → V is certainly a small projective in [B^{op}, V].

As a preliminary to the proof of the converse, recall that the defining property of the colimit ϕ ∗ S for S : B → C is an isomorphism

6.23. C(ϕ ∗ S, c) ∼= [B^{op}, V](ϕ, C(S−, c)).

However C(Sb, c) = S^∗(b, c); and then if ϕ : B^{op} → V corresponds to the module ϕ : I^∘ � B , the right side of 6.23 is {| ϕ, S^∗ |}(∗, c), where ∗ denotes the unique object of I. Finally the object ϕ ∗ S of C corresponds to a functor ϕ ∗ S : I → C and hence to a module (ϕ ∗ S)^∗ : C ∘ � I with (ϕ ∗ S)^∗(∗, c) = C(ϕ ∗ S, c); so that the defining equation 6.23 of ϕ ∗ S may be written as

6.24. (ϕ ∗ S)^∗ ∼= {| ϕ, S^∗ |}

which is just to say that the lifting of S^∗ through ϕ is given by (ϕ ∗ S)^∗.

To ask P : C → D to preserve the colimit ϕ∗S is to ask the invertibility of the canonical comparison ϕ ∗ (P S) → P (ϕ ∗ S) or equally of the canonical comparison (ϕ ∗ S)^∗P^∗ → (ϕ ∗ P S)^∗. By 6.24 this may be written in the form

6.25. {| ϕ, S^∗ |}P^∗ → {| ϕ, S^∗P^∗ |};

so that P preserves ϕ ∗ S exactly when P^∗ respects the right lifting {| ϕ, S^∗ |}.

We now complete the proof of the converse, showing a small projective weight ϕ to be absolute. Supposing ϕ ∗ S to exist for S : B → C, we are to show that the right lifting {| ϕ, S^∗ |} of 6.24 is respected by P^∗ for every P : C → D. But this is certainly the case since, ϕ being a left adjoint by Proposition 6.14, the lifting in question is absolute by Proposition 6.9.

7. Cauchy completion and the Morita theorems

For any category A, the inclusion J : A → Q(A) expresses Q(A) as the free Q-cocomplete category on A, which by Theorem 6.22 is the free cocompletion of A under absolute colimits. It is determined by the universal property 3.6, which here, because every functor preserves absolute colimits, becomes:

7.1. V-CAT(Q(A), B) ≃ V-CAT(A, B) for any B with absolute colimits.

Proposition 4.5 here takes the following stronger form:

7.2. Proposition. The inclusion J : A → Q(A) is an equivalence if and and only if A admits all absolute colimits.

Proof. The “only if” part is trivial. If A and B are Q-cocomplete, we have Q-Cocts(A, B) = V-CAT(A, B) ≃ Q-Cocts(Q(A), B), whence it follows that J : A → Q(A) is an equivalence.

7.3. Proposition. For a small B, let ϕ ∈ [B^{op}, V] and ψ ∈ [B, V] be small projective weights related by the equivalence 6.18. Then for any category A and any functor F : B → A, we have an isomorphism {ψ, F } ∼= ϕ ∗ F , either side existing if the other does. Accordingly, A admits absolute limits if and only if it admits absolute colimits.

Proof. Let {ψ, F } exist; as the ψ-weighted limit of F in A, it is also the ψ-weighted colimit of F^{op} in A^{op}. Since ψ-weighted colimits are absolute by Theorem 6.22, the canonical ψ ∗ A(F −, a) → A({ψ, F }, a) is invertible; but ψ ∗ A(F −, a) is isomorphic by 6.19 to [B^{op}, V](ϕ, A(F −, a)), exhibiting {ψ, F } as the colimit ϕ ∗ F .

The equivalence 6.18 above was for small categories B; it admits the following extension to arbitrary categories:

7.4. Proposition. For any category A, we have an equivalence (Q(A^{op}))^{op} ≃ Q(A).

Proof. Let B admit absolute colimits; so B^{op} too admits absolute colimits, by Proposition 7.3. Then for any A, we have equivalences

Q-Cocts(Q(A), B) ≃ V-CAT(A, B) ∼= (V-CAT(Aop, Bop))^{op} ≃ (V-CAT(Q(A^{op}), B^{op}))^{op} ∼= V-CAT((Q(Aop))^{op}, B) = Q-Cocts((Q(A^{op}))^{op}, B).

The desired equivalence (Q(A^{op}))^{op} ≃ Q(A) follows.

A category A which admits absolute colimits, and hence absolute limits, is said to be Cauchy-complete; and Q(A) is called the Cauchy-completion of A; this concept was introduced by Lawvere in [Law73]. For a general class Φ of weights, the free completion of A under Φ-limits is of course (Φ(A^{op}))^{op}; so by Proposition 7.4, Q(A) is also the completion of A under absolute limits.

7.5. Proposition. For any class Φ of weights and any category A, the category Φ(A)_Φ is included in Q(A). If the class Φ contains Q, we have an equality Φ(A)_Φ = Q(A).

Proof. By 3.14 and 4.1, we may as well assume Φ to be saturated.^2 We begin by proving the first assertion in the case of a small A. Let us denote the inclusions again by A^Z � Φ(A)^W � [A^{op}, V] with W Z = Y . For ϕ ∈ Φ(A) Φ , the representable functor Φ(A)(ϕ, −) : Φ(A) → V preserves Φ-colimits; in particular, it preserves the colimit ϕ ∗ Z ∼= ϕ in Φ(A), which is a Φ-colimit since ϕ ∈ Φ(A) = Φ[A] ⊂ Φ.^3 Since W preserves Φ-colimits, we have W (ϕ ∗ Z) ∼= ϕ ∗ W Z = ϕ ∗ Y in [A^{op}, V]. The composite of [A^{op}, V](ϕ, −) = [A^{op}, V](W ϕ, −) with W is [A^{op}, V](W ϕ, W −), which is isomorphic to Φ(A)(ϕ, −) since W is fully faithful. Since both W and this composite preserve the colimit ϕ ∗ Z, it follows that [A^{op}, V](ϕ, −) preserves the colimit W (ϕ ∗ Z) ∼= ϕ ∗ Y . Accordingly, ϕ is a small projective by 6.14.

We now prove the first statement for an arbitrary category A. By Proposition 3.16, any F ∈ Φ(A) is of the form Lan_Hop ϕ for some fully faithful H : K → A with K small and some ϕ ∈ Φ. Because H is fully faithful, Lan_Hop : [K^{op}, V] → PA is also fully faithful; moreover, as a left adjoint, it preserves all colimits. For ψ ∈ Φ(K), its image Lan_Hop ψ = ψ ∗Y H, as a Φ-colimit of representables, lies in Φ(A); so that Lan_Hop restricts to a functor L : Φ(K) → Φ(A). This functor, like Lan_Hop , is fully faithful, and it preserves Φ-colimits, since these are formed in Φ(K) as in [K^{op}, V] and in Φ(A) as in PA. Since L is fully faithful, we have an isomorphism Φ(K)(ϕ, −) ∼= Φ(A)(L(ϕ), L−) = Φ(A)(F, L−). If F belongs to Φ(A)_Φ then, Φ-colimits are also preserved by Φ(A)(F, −), and hence by Φ(A)(F, L−). Thus Φ-colimits are preserved by Φ(K)(ϕ, −), so that ϕ belongs to Q by the first part of the proof. So F = ϕ∗Y H, as a Q-colimit of representables, lies in Q(A).

2Sentence added 2006-04-29. 3Phrase added 2006-04-29.

Suppose now that Q ⊂ Φ. Since Φ ⊂ P, we have P^− ⊂ Φ^− , or Q ⊂ Φ^− . By Proposition 5.6, Φ(A)_Φ is closed in Φ(A) under Φ^− -colimits, and hence under Q-colimits. Since Q ⊂ Φ however, Q-colimits are preserved by the inclusion Φ(A) → PA. Thus Φ(A)_Φ is also closed under Q-colimits in PA; and since it contains the representables, it contains Q(A).

For any class Φ containing Q, for any A and, for any Φ-cocomplete B, we have

Φ-Cocts(Φ(A), B) ≃ V-CAT(A, B) ≃ V-CAT(Q(A), B) ≃ Φ-Cocts(Φ(Q(A)), B),

so we have an equivalence,

7.6. Φ(A) ≃ Φ(Q(A)).

The case Φ = P of the following proposition is the principal classic Morita theorem:

7.7. Proposition. Let Φ be a class of weights containing Q. Then for any categories A and B, we have Φ(A) ≃ Φ(B) if and only if Q(A) ≃ Q(B).

Proof. If Q(A) ≃ Q(B) we get Φ(A) ≃ Φ(B) by 7.6. If Φ(A) ≃ Φ(B) then Q(A) ≃ Q(B) by Proposition 7.5

In the circumstances of this proposition, the categories A and B are said to be Morita equivalent.

8. Φ-continuous presheaves

We turn now to the study of categories of the form Φ-Conts[N^{op}, V], where N is a small Φ-cocomplete category and Φ-Conts[N^{op}, V] denotes the full subcategory of [N^{op}, V] determined by the Φ-continuous functors N^{op} → V. Since Φ-Conts equals Φ^∗-Conts by the definition of Φ^∗, we may as well suppose that Φ is saturated. Since the representables are certainly Φ-continuous, the Yoneda embedding factorizes through the inclusion J : Φ-Conts[N^{op}, V] → [N^{op}, V], as say Y = JK; then since J is fully faithful, it follows from Yoneda that J is isomorphic (in the notation of Section 4) to K̃. For the case where V = Set and Φ is a small set of weights of the form Δ1 : K^{op} → Set, some of the results below appear in [ABLR02].

Since Φ-limits commute in V with all limits and with Φ^+-colimits, and since such limits and colimits are formed pointwise in [N^{op}, V], we have:

8.1. Proposition. For any small Φ-cocomplete N , the category Φ-Conts[N^{op}, V] is closed in [N^{op}, V] under all limits and under Φ^+-colimits. As a consequence, Φ^+(N ) ⊂ Φ-Conts[N^{op}, V].

In other words, each Φ-flat weight N^{op} → V is Φ-continuous; we shall later give conditions for the converse to hold. That it does not hold in general is shown by the following example, which was Example 2.3 (vii) of [ABLR02]:

8.2. Example. With V = Set, let Φ be the saturated class of weights for which a Φcocomplete category is one with pushouts, and let N^{op} be the one-object category given by a non-trivial group G, so that [N^{op}, Set] is the category of G-sets. Then N^{op} has pullbacks, and Δ1 : N^{op} → Set preserves pullbacks. Yet Δ1 is not Φ-flat: for 2.3 gives Δ1 ∗ − = colim, which by (3.35) of [Kel82] sends a presheaf to the set of connected components of its set of elements, and thus sends a G-set X to the set of its orbits. Now the G-sets G → 1 ← G have a pullback given by G ← G × G → G, and this pullback is not preserved by the passage to the sets of orbits.

Recall from [Kel82] that many important base-categories V are locally bounded, and that Theorem 6.11 of that work gives:

8.3. Proposition. Whenever the base category V is locally bounded, Φ-Conts[N^{op}, V] is reflective in [N^{op}, V], for any class Φ of weights, and any small Φ-cocomplete N .

Sometimes however – as under certain hypotheses to be introduced below – we can infer the reflectiveness of Φ-Conts[N^{op}, V] more easily, without using the general theorem above, which involves a transfinite induction. Moreover additional hypotheses may imply special properties of the reflexion.

An important property of Φ-Conts[N^{op}, V] is the following; this is well known, one generalization of it being Theorem 5.56 in [Kel82].

8.4. Lemma. For any functor G : N → B where N is Φ-cocomplete, the corresponding functor G̃ : B → [N^{op}, V] takes its values in Φ-Conts[N^{op}, V] if and only if G preserves Φ-colimits.

Proof. Consider a Φ-colimit ϕ ∗ T in N , where ϕ : L^{op} → V lies in Φ and where T : L → N . To say that G preserves this colimit is to say that G(ϕ ∗ T ) (with the appropriate unit) is the colimit ϕ ∗ GT in B, which is also to say that, for each b ∈ B, the object B(ϕ ∗ GT, b) (with the appropriate counit) is the limit {ϕ, B(GT −, b)} in V; this, in turn, is to say that each G̃b : N^{op} → V preserves the limit {ϕ, T^{op}} in N^{op}. To ask this for each Φ-colimit ϕ ∗ T in N is just to ask G̃b to lie in Φ-Conts(N^{op}, V).

When we take G : N → B in 8.4 to be K : N → Φ-Conts[N^{op}, V], it is trivial that the inclusion K̃ : Φ-Conts[N^{op}, V] → [N^{op}, V] takes its values in Φ-Conts[N^{op}, V]; so the lemma gives:

8.5. Corollary. For any Φ-cocomplete N , the inclusion K : N → Φ-Conts[N^{op}, V] preserves Φ-colimits.

Another useful lemma is the following:

8.6. Lemma. Let C be a full subcategory of A, and write B for the full subcategory of A given by those objects of A which admit a reflexion into C. Let C and A admit Φ-colimits. Then B is closed in A under Φ-colimits.

Proof. Let the colimit ϕ∗T exist in A, where ϕ : K^{op} → V lies in Φ and where T : K → A takes its values in B. Write R : B → C for the functor sending each b ∈ B to its reflexion Rb in C. Then for c ∈ C we have

A(ϕ ∗ T, c) ∼= [K^{op}, V](ϕ, A(T −, c)), by the definition of ϕ ∗ T ;

∼= [Kop, V](ϕ, C(RT −, c))), since R is the reflexion; ∼= C(ϕ ∗ RT, c), by the definition of ϕ ∗ RT ;

thus ϕ ∗ T admits the reflexion ϕ ∗ RT in C.

8.7. Remark. Any full subcategory C of [N^{op}, V] is of course cocomplete like [N^{op}, V] if it is reflective. It is an old and classical observation that the converse is also true whenever C contains the representables (so that, once again, the inclusion C → [N^{op}, V] is isomorphic to K̃, where K : N → C is the inclusion). For to say that the object ϕ of [N^{op}, V] admits a reflexion d in C is to say that we have, naturally in c, an isomorphism

[N^{op}, V](ϕ, K̃c) ∼= C(d, c),

and this is to say that d is the colimit ϕ ∗ K in C.

We shall adopt the following notation: for a full subcategory B of A and a class Φ of weights: we write Φ{B} for the closure of B in A under Φ-colimits. Of course A must be understood if this notation is to suffice: otherwise we should use Φ{B | A}.

8.8. Proposition. Still supposing N to be small and Φ-cocomplete, write Φ^+{Φ(N )} for the closure of Φ(N ) in [N^{op}, V] under Φ^+-colimits. Then each object of [N^{op}, V] that lies in Φ^+{Φ(N )} has a reflexion in Φ-Conts[N^{op}, V]. In fact this reflexion lies in Φ^+(N ), and the reflexion of an object of Φ(N ) lies in N .

Proof. Since N is Φ-cocomplete by hypothesis, it admits for each ϕ ∈ Φ(N ) = Φ[N ] the colimit ϕ ∗ 1_N of 1_N : N → N . So since K : N → Φ-Conts[N^{op}, V] preserves Φ-colimits by Corollary 8.5, the object K(ϕ ∗ 1) of Φ-Conts[N^{op}, V] is the colimit ϕ ∗ K; and accordingly it is, by Remark 8.7, the reflexion in Φ-Conts[N^{op}, V] of ϕ ∈ [N^{op}, V]. Thus every ϕ ∈ Φ(N ) has a reflexion in Φ-Conts[N^{op}, V], which in fact lies in N (embedded by K : N → Φ-Conts[N^{op}, V]). Since Φ-Conts[N^{op}, V] admits Φ^+-colimits by Proposition 8.1, it follows from Lemma 8.6 that the objects of [N^{op}, V] admitting a reflexion in Φ-Conts[N^{op}, V] are closed under Φ^+-colimits; accordingly they include all the objects of Φ^+{Φ(N )}. Since the reflexion preserves Φ^+-colimits, which are (by Proposition 8.1) formed in Φ-Conts[N^{op}, V] as they are in [N^{op}, V], the reflexions all lie in the Φ^+-closure Φ^+(N ) of N in [N^{op}, V].

8.9. Theorem. For a small Φ-cocomplete N , the inclusion Φ^+(N ) ⊂ Φ-Conts[N^{op}, V] of Proposition 8.1 is an equality if and only if Φ-Conts[N^{op}, V] ⊂ Φ^+{Φ(N )}. In particular Φ^+(N ) = Φ-Conts[N^{op}, V] whenever Φ^+{Φ(N )} is all of [N^{op}, V].

Proof. Since N ⊂ Φ(N ) we have Φ^+(N ) ⊂ Φ^+{Φ(N )}, so that certainly Φ-Conts[N^{op}, V] ⊂ Φ^+{Φ(N )} if Φ^+(N ) = Φ-Conts[N^{op}, V]. Now if Φ-Conts[N^{op}, V] ⊂ Φ^+{Φ(N )}, then by Proposition 8.8 each object of Φ-Conts[N^{op}, V] has for its reflexion in Φ-Conts[N^{op}, V] – namely itself – an object of Φ^+(N ).

We may express the above by saying that, in these circumstances, the Φ-flat weights coincide with the Φ-continuous ones.

It is convenient to introduce the following definition.

8.10. Definition. A class Φ of weights is said to be locally small if each Φ(K) with K small is also small.

Since Φ^∗(K) = Φ(K) for any K, a class Φ is locally small if and only if its saturation Φ^∗ is so. Moreover, when Φ is saturated, since we have Φ(K) = Φ[K], to say that Φ is locally small is to say that each Φ[K] is small. For a general class Φ, it was observed in Section 3.5 of [Kel82] that Φ is locally small when the class Φ is in fact a small set. For example, when V = Set and Φ consists of the three weights giving initial objects, binary coproducts and coequalizers, Φ^∗ is locally small; here Φ(K) is the free finitely-cocomplete category on K, and Φ^∗ is the saturation of the weights for finite colimits. Similarly when V is locally finitely presentable as a closed category, as in [Kel82-2]; what are there called “the finite indexing types” form a small set Φ, so that Φ^∗ is locally small; here Φ(K) is again the free finitely-cocomplete category on K, and Φ^∗ is the saturation of the weights for finite colimits; compare Examples 3.13 and 5.7. We may note that the class Φ of Example 8.2 is locally small.

For a locally small saturated class Φ, the last statement of 8.9 has a converse. First note that for any K : A → C with A small, the left Kan extension along K of Y : A → [A^{op}, V] is K̃, by 2.9. In particular Lan_Y Y is the identity. However Y = W Z, where Z : A → Φ(A) and W : Φ(A) → [A^{op}, V] are the inclusions. Thus Lan_Y Y ∼= Lan_W (Lan_Z Y ) ∼= Lan_W W , since Lan_Z Y ∼= Z̃ ∼= W . (That is, in the language of [Kel82], the functor W is dense).

8.11. Theorem. When the saturated class Φ is locally small, the following are equivalent: (i) Φ-Conts[N^{op}, V] = Φ^+(N ) for any small Φ-cocomplete N ;

(ii) For any small A, every presheaf A^{op} → V is a Φ^+-colimit of a diagram in Φ(A); (iii) For any small A, Φ^+{Φ(A)} = [A^{op}, V].

Proof. (iii) implies (i) by Theorem 8.9 and (ii) implies (iii) trivially; so it remains to prove (i) implies (ii). For any presheaf F : A^{op} → V, we have F ∼= Lan_W W (F ) ∼= [A^{op}, V](W −, F )∗W using 2.9. However the presheaf [A^{op}, V](W −, F ) : Φ(A)^{op} → V is Φcontinuous as W preserves Φ-colimits and the representable [A^{op}, V](−, F ) is continuous. But this presheaf is a weight since Φ(A) like A is small; so by (i), it belongs to Φ^+.

8.12. Remark. A special case of Theorem 8.11 forms part of [ABLR02] Theorem 2.4.

Notice that Φ^+{Φ(A)} in the theorem above is different from Φ^+(Φ(A)), which is the closure of Φ(A) under Φ^+-colimits in [Φ(A)^{op}, V]. Nevertheless since Φ ⊂ Φ^{+−} , [A^{op}, V]_Φ + is closed in [A^{op}, V] under Φ-colimits by Proposition 5.6 and since [A^{op}, V]_Φ + also contains the representables, it contains Φ(A). So Proposition 4.3 gives:

8.13. Observation. Let Φ be a locally small class satisfying the equivalent conditions of Theorem 8.11. Then for each small A, the category [A^{op}, V] is equivalent to Φ^+(Φ(A)).

Note that this result may also be deduced from Theorem 3.6 which, because V is complete, gives Φ-Conts[Φ(A)^{op}, V] ≃ [A^{op}, V] for any small A; for we have Φ-Conts[Φ(A)^{op}, V] = Φ^+(Φ(A)) from 8.9.

8.14. Example. Let V be locally finitely presentable as a closed category, in the sense of [Kel82-2], and let Φ be the saturation of the weights for finite colimits. In this context, the weights in Φ^+ are said to be flat. For a small A, the full subcategory Φ(A) of [A^{op}, V] consisting of the finite colimits of the representables is also, as mentioned previously in 3.13, the subcategory of [A^{op}, V] given by the finitely presentable objects; moreover, by [Kel82-2] Theorem 7.2 again, every object of [A^{op}, V] is a filtered colimit of a diagram in Φ(A). However (conical) filtered colimits in V commute, by [Kel82-2] Proposition 4.9, with finite limits; so the weight for a conical filtered colimit is flat – that is, belongs to Φ^+. Thus Φ^+{Φ(A)} is all of [A^{op}, V] for any small A, so that Theorem 8.11 applies for this Φ.

8.15. Example. Everything in Example 8.14 continues to hold when we take for Φ not the weights for finite colimits but those for α-colimits, where α is a regular cardinal; see [Kel82-2], Section 7.4.

8.16. Example. Let Φ be the saturation of the class Ψ of Example 5.8, so that a Φcocomplete category is one with an initial object. Here Φ(A) consists of the representables along with the initial object 0 of [A^{op}, Set]. Now any presheaf F : A^{op} → Set is the conical colimit of the canonical Y/F → [A^{op}, Set], where Y/F is the comma category of Y : A → [A^{op}, Set] and F : 1 → [A^{op}, Set]; so it is also the conical colimit of the canonical W/F → [A^{op}, Set], where W : Φ(A) → [A^{op}, Set] is the inclusion; for W/F differs from Y/F only by the addition of an initial object, namely the unique map 0 → F . Since W/F is accordingly connected, F lies in Φ^+{Φ(A)} by Example 5.8. So again Theorem 8.11 applies.

8.17. Remark. We get a trivial case where Theorem 8.11 applies if we take Φ to be Q. Since Q = P^− = 0^{+ −} , we have Q^+ = 0^{+ − +} = 0^+ = P. By [Joh89], the class Q is locally small if V_0 is locally presentable.

References

[ABLR02] J. Adàmek, F. Borceux, S. Lack, and J. Rosický, A classification of accessible categories, J Pure Appl. Algebra 175 (2002) 7-30.

[AR94] J. Adàmek and J. Rosický, Locally presentable and accessible categories, Cambridge University Press, (1994).

[AK88] M.H. Albert and G. M. Kelly, The closure of a class of colimits, J Pure Appl.

Algebra 51 (1988) 1-17.

[Bet85] R. Betti, Cocompleteness over coverings, J. Austral. Math. Soc. (Series A) 39 (1985) 169-177.

[BQ96] F. Borceux and C. Quintero, Enriched accessible categories, Bull Austral Math Soc 54 (1996) 489-501.

[BQR98] F. Borceux, C. Quintero, and J. Rosický, A theory of enriched sketches, Theory and Applications of Categories 4 (1998) 47-72.

[Joh89] S.R. Johnson, Small Cauchy completions, J. Pure Appl. Algebra 62 (1989) 35-45.

[KeLa80] G.M. Kelly and M. Laplaza, Compact closed categories, J. Pure Appl. Algebra 19 (1980) 193-213.

[Kel82] G.M. Kelly, Basic concepts of enriched category theory, London Mathematical Society Lecture Note Series 64, Cambridge University Press (1982). Also: Reprints in Theory and Applications of Categories, No. 10 (2005).

[Kel82-2] G.M. Kelly, Structures defined by finite limits in the enriched context, I, Cahiers de Top. et Géom. Diff. 23 (1982) 3-42.

[Law73] F.W. Lawvere, Metric spaces, generalized logic, and closed categories, Rend. Sem.

Mat. Fis. di Milano 43 (1973) 135-166. Also: Reprints in Theory and Applications of Categories, No. 1 (2002).

[Lin74] H. Lindner Morita equivalences of enriched categories, Cahiers de Top. et Géom. Diff.

15 (1974) 377-397.

[MP89] M. Makkai and R. Paré, Accessible categories: the foundations of categorical model theory, Contemporary Math. 104, American Math. Soc., Providence (1989).

[Str83] R. Street, Absolute colimits in enriched categories, Cahiers de Top. et Géom. Diff. 24 (1983) 377-379.

[StWa78] R. Street and R. Walters, Yoneda structures on 2-categories, J. Algebra 50 (1978) 350-379.

School of Mathematics and Statistics F07 University of Sydney NSW 2006 Australia School of Mathematics and Computer Science The University of Leicester LE17RH Leicester, United Kingdom Email: maxk@maths.usyd.edu.au, vs27@mcs.le.ac.uk

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/14/17/14-17.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods. Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication. The method of distribution of the journal is via the Internet tools

WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca