Theory and Applications of Categories, Vol. 16, No. 1, 2006, pp. 1–45.

MONADS OF EFFECTIVE DESCENT TYPE AND COMONADICITY

BACHUKI MESABLISHVILI

Abstract. We show, for an arbitrary adjunction F ⊣ U : B → A with B Cauchy complete, that the functor F is comonadic if and only if the monad T on A induced by the adjunction is of effective descent type, meaning that the free T-algebra functor F^T : A → A^T is comonadic. This result is applied to several situations: In Section 4 to give a sufficient condition for an exponential functor on a cartesian closed category to be monadic, in Sections 5 and 6 to settle the question of the comonadicity of those functors whose domain is Set, or Set_⋆, or the category of modules over a semisimple ring, in Section 7 to study the effectiveness of (co)monads on module categories. Our final application is a descent theorem for noncommutative rings from which we deduce an important result of A. Joyal and M. Tierney and of J.-P. Olivier, asserting that the effective descent morphisms in the opposite of the category of commutative unital rings are precisely the pure monomorphisms.

1. Introduction

Let A and B be two (not necessarily commutative) rings related by a ring homomorphism i : B → A. The problem of Grothendieck’s descent theory for modules with respect to i : B → A is concerned with the characterization of those (right) A-modules Y for which there is X ∈ Mod_B and an isomorphism Y ≃ X⊗_BA of right A-modules. Because of a fundamental connection between descent and monads discovered by Beck (unpublished) and Bénabou and Roubaud [6], this problem is equivalent to the problem of the comonadicity of the extension-of-scalars functor −⊗_BA : Mod_B → Mod_A. There are several results obtained along this line. For example, a fundamental result, due to A. Grothendieck [22] in the case of commutative rings and extended by Cipolla [14] and Nuss [40] to the noncommutative setting, states that the extension-of-scalars functor −⊗_BA is comonadic provided A is a faithfully flat left B-module. Descent theory for modules w.r.t. morphism of (not necessarily commutative) rings can be generalized by considering the situation in which the rings A and B are related by a (B, A)-bimodule M. This case is considered by L. El Kaoutit and J. Gómez Torrecillas in [16] and S. Caenepeel, E. De Groot and J. Vercruysse in [13]. They have in particular showed that when_BM is faithfully flat, the induction functor −⊗_BM : Mod_B → Mod_A is comonadic. We observe that in this case, the left B-module S = End_A(M) of the A-endomorphisms of M is also faithfully flat,

The work was partially supported by the Georgian Academy of Sciences under the project 1.5.04 Received by the editors 2005-08-11 and, in revised form, 2006-01-05. Transmitted by S. Lack. Published on 2006-01-09.

2000 Mathematics Subject Classification: 18A40, 18C15, 18C20, 16W30.

Key words and phrases: Monad of effective descent type, (co)monadicity, separable functor, coring, descent data.

©Bachuki Mesablishvili, 2006. Permission to copy for private use granted. 1 and hence the extension-of-scalars functor −⊗_BS : Mod_B → Mod_S corresponding to the canonical ring extension B → S, b → (m → bm)

is comonadic. This rises the question of whether the converse is also true. Thus, it seems natural and, indeed, desirable to pursue the relations between the (pre)comonadicity of the functor −⊗_BM : Mod_B → Mod_A and that of −⊗_BS : Mod_B → Mod_S. Since −⊗_BS can be considered as the monad on the category Mod_B arising from the adjunction −⊗_BM ⊣ Mod(M, −) : Mod_A → Mod_B and Mod_S as the Eilenberg-Moore category of algebras over this monad, this motivates to consider an arbitrary adjunction F ⊣ U : B → A and to investigate what is the connection between the (pre)comonadicity of the functor F and that of the free T-algebra functor F^T : A → A^T, for T being the monad on A arising from this adjunction. The first observation in this direction is that F is precomonadic iff so is F^T, and when B is Cauchy complete, our main result, given in Theorem 3.20, asserts that F is comonadic iff F^T is, from which we deduce in Theorem 7.5 that the question of the comonadicity of the induction functor −⊗_BM reduces to the comonadicity of the extension-of-scalars functor −⊗_BS corresponding to the ring extension B → S.

The outline of this paper is as follows. After recalling in Section 2 those notions and aspects of the theory of (co)monads that will be needed, we introduce the notion of monad of (effective) descent type and give a necessary and sufficient condition for a monad on a category having an injective cogenerator to be of descent type.

In Section 3 we present our main result and obtain a necessary and sufficient condition for an arbitrary monad on a Cauchy complete category to be of effective descent type.

In Section 4 we illustrate how to use the results of the previous section to obtain a sufficient condition on an adjoint (co)monad in order its functor-part be (co)monadic.

In Section 5 we analyze when (co)monads on (co)exact categories in which every object is projective (injective) are of effective descent type.

In Section 6 the question of the comonadicity of those functors whose domain is the category of sets is fully answered.

In Section 7 we find some conditions on a (B, A)-bimodule M under which the corresponding induction functor −⊗_BM : Mod_B → Mod_A is comonadic.

Finally, in Section 8 we make some applications to the descent problem for modules with respect to morphisms of (not necessarily commutative) rings.

2. Preliminaries

In this section we collect some basic facts on (co)monads and their (co)algebras as well as fix notation and terminology. We shall follow usual conventions as, for example, in [1] and [33].

We write η, ϵ: F ⊣ U : B → A to denote that F : A → B and U : B → A are functors where F is left adjoint to U with unit η : 1 → UF and counit ϵ : F U → 1.

A monad T = (T, η, μ) on a given category A is an endofunctor T : A → A equipped with natural transformations η : 1 → T and μ : T^2 → T satisfying

μ · T μ = μ · μT and μ · ηT = μ · T η = 1.

Comonads are dual to monads. Namely, G = (G, ϵ, δ) is a comonad on a given category B if G : B → B is an endofunctor, ϵ : G → 1 and δ : G → G^2 are natural transformations satisfying axioms formally dual to those of a monad.

Let T = (T, η, μ) be a monad on a category A with the Eilenberg-Moore category of Talgebras A^T and the corresponding forgetful-free adjunction η^T, ϵ^T : F^T ⊣ U^T : A^T → A, where F^T : A → A^T is the free T-algebra functor, and U^T : A^T → A is the underlying object functor. Recall that U^T(a, ξ) = a, where (a, ξ) = (a, ξ : T (a) → a) is a T-algebra, while F^T(a) = (T (a), μ_a). We have U^TF^T = T = UF, and η^T = η; while F^TU^T(a, ξ) = (T (a), μ_a) and ϵ^T(a, ξ) : (T (a), μ_a) → (a, ξ) is the T-algebra morphism ξ : T (a) → a. If T = (T, η, μ) is the monad generated on A by an adjoint pair η, ϵ: F ⊣ U : B → A (so that, T = UF and μ = UϵF ), then there is the comparison functor K_T : B → A^T which assigns to each object b ∈ B the T-algebra (U(b), U(ϵ_b)), and to each morphism f : b → b^′ the morphism U(f) : U(b) → U(b^′), and for which U^TK_T ≃ U and K_TF ≃ F^T. This situation is illustrated by the following diagram B K_T � � � � � � � U � � � � � � �

A

F � � � � � � � F_T

� A^T.

U_T � The functor U is called monadic (resp. premonadic) if the comparison functor K_T is an equivalence of categories (resp. full and faithful).

Dually, any comonad G = (G, ϵ, δ) on a category B gives rise to an adjoint pair F_G ⊣ U_G : B_G → B, where B_G is the category of G-coalgebras, U_G(a) = (G(a), δ_a) and F_G(a, h) = a. If F ⊣ U : B → A is an adjoint pair and G = (F U, ϵ, F ηU) is the comonad on B associated to (U, F ), then one has the comparison functor

K_G : A → B_G, a → (F (a), F (δ_a))

for which F_G · K_G ≃ F and K_G · U ≃ U_G. One says that the functor F is precomonadic if K_G is full and faithful, and it is comonadic if K_G is an equivalence of categories.

Beck’s monadicity theorem gives a necessary and sufficient condition for a right adjoint functor to be (pre)monadic. Before stating this result, we need the following definitions

(see [33]). A coequalizer b^f �_g � b^{′ h} � b^{′′} is said to be split if there are morphisms

k : b^′ → b and l : b^{′′} → b^′ with

hl = 1, fk = 1 and gk = lh.

Given a functor U : B → A, a pair of morphisms (f, g : b ⇒ b^′) in B is U-split if the pair (U(f), U(g)) is part of a split coequalizer in A, and U preserves coequalizers of U-split pairs if for any U-split pair (f, g : b ⇒ b^′) in B, and any coequalizer h : b^′ → b^{′′} of f and g, U(h) is a coequalizer (necessarily split) of U(f) and U(g).

We are now ready to state Beck’s monadicity theorem.

2.1. Theorem. (Beck, [5]) Let η, ϵ: F ⊣ U : B → A be an adjunction, and let T = (UF, η, UϵF ) be the corresponding monad on A. Then:

1. the comparison functor K_T : B → A^T has a left adjoint L_T : A^T → B if and only if for each (a, h) ∈ A^T, the pair of morphisms (F (h), ϵ_{F (a)}) has a coequalizer in B.

2. When the left adjoint L_T of K_T exists (as it surely does when B has coequalizers of reflexive pairs of morphisms), then:

(i) the unit 1 → K_TL_T of the adjunction L_T ⊣ K_T is an isomorphism (or, equivalently, the functor U is premonadic) if and only if each

F UF U(b)^{F U(ϵb)} �

ϵ_{F U(b)}

� F U(b)^{ϵb} � b

is a coequalizer diagram, if and only if each ϵ_b : F U(b) → b is a regular epimorphism;

(ii) the counit L_TK_T → 1 of the adjunction L_T ⊣ K_T is an isomorphism if and only if for all (a, h) ∈ A^T, the functor U preserves the coequalizer of F (h) and ϵ_{F (a)};

(iii) if the counit L_TK_T → 1 is an isomorphism, then the unit 1 → K_TL_T is an isomorphism if and only if the functor U is conservative (that is, reflects invertibility of morphisms).

Thus, U is monadic if and only if it is conservative and for each (a, h) ∈ A^T, the pair of morphisms (F (h), ϵ_{F (a)}) has a coequalizer and this coequalizer is preserved by U.

It is well-known (see, for example, [9]) that if η, ϵ : F ⊣ U : B → A is an adjunction with B admitting equalizers, then U is conservative iff each ϵ_b : F U(b) → b is an extremal epimorphism; that is, an epimorphism that factorizes through no proper subobject of its codomain. Quite obviously, every regular epimorphism is extremal, hence U is conservative, provided that it is premonadic. Moreover, it is easy to see that if every extremal epimorphism in B is regular, then U is premonadic iff it is conservative. Hence:

2.2. Proposition. Let F ⊣ U : B → A be an adjunction with B admitting equalizers. If U is premonadic, then it is conservative. The converse holds when every extremal epimorphism in B is regular.

Consider now a monad T = (T, η, μ) on a category A and the corresponding adjoint pair η^T, ϵ^T : F^T ⊣ U^T : A^T→ A. This adjunction gives rise to a comonad G = (G = F^TU^T, ϵ = ϵ^T, δ = F^Tη^TU^T) on A^T. Write (A^T)_G for the category of G-coalgebras, and write K : A −→ (A^T)_G for the comparison functor. We record this information in the following diagram A K � � � � � � �

F^T � � � � � � �

A^T

U^T � � � � � � � (U^T)_G

� (A^T)_G

(F^T)_G � where

• F^T(a) = (T (a), η_a), F^T(f) = f

• U^T(a, h) = a, U^T(f) = f

• (U^T)_G(a, h) = ((T (a), μ_a), T (η_a)), U_G(f) = T (f)

• (F^T)_G((a, h), θ) = (a, h), (F^T)_G(f) = f

• (F^T)_G is a left adjoint of (U^T)_G

• (F^T)_G · K ≃ F^T and K · U^T ≃ (U^T)_G.

The category (A^T)_G is called the category of descent data with respect to the monad T and denoted by Des_A(T).

We say that the monad T = (T, η, μ) is of descent type when K is full and faithful (or, equivalently, when the functor F^T : A → A^T is precomonadic), and it is of effective descent type if K is an equivalence of categories (or, equivalently, if F^T is comonadic).

In order to state conditions on T so that it be of (effective) descent type, we apply the dual of Beck’s theorem to our present situation and conclude that:

2.3. Theorem. let T = (T, η, μ) be a monad on a category A. Then:

(i) T is of descent type iff each component η_a of the unit η : 1 → T is a regular monomorphism.

(ii) T = (T, η, μ) is of effective descent type iff the functor T is conservative and for each ((a, h), θ) ∈ Des_A(T), the pair of morphisms (η_a, θ : a ⇒ T (a)) has an equalizer in A and this equalizer is preserved by T .

Moreover, applying Proposition 2.2 to the adjunction F^T ⊣ U^T : A^T → A, we get:

2.4. Proposition. Let T = (T, η, μ) be a monad on a category A which admits coequalizers. If T is of descent type, then the functor T is conservative. Moreover, if extremal monomorphisms in A coincide with regular ones, the converse is also true.

The next result determines exactly what is needed to guarantee that a left adjoint functor whose domain has an injective cogenerator be precomonadic.

2.5. Proposition. Let F : A → B be a functor with right adjoint U : B → A and unit η : 1 → UF , and suppose that A has an injective cogenerator Q. Then F is precomonadic if and only if the morphism η_Q : Q → UF (Q) is a (split) monomorphism.

Proof. In view of (the dual of) Theorem 2.1(2)(i), F is precomonadic if and only if each η_a : a → UF (a) is a regular monomorphism; and since Q is injective in A, one direction is clear. For the converse, suppose that η_Q : Q → UF (Q) is a split monomorphism. Then it follows from the Yoneda lemma that the natural transformation

A(η_, Q) : A(UF (−), Q) → A(−, Q)

is a split epimorphism. Hence, for any a ∈ A, the morphism

A(η, Q) : A(UF (a), Q) → A(a, Q)

is a split epimorphism and since Q is an injective cogenerator for A, the morphism η_a : a → UF (a) is a regular monomorphism.

As an immediate consequence we observe that

2.6. Corollary. Let T = (T, η, μ) be a monad on a category A and suppose that A has an injective cogenerator Q. Then T is of descent type if and only if the morphism η_Q : Q → T (Q) is a (split) monomorphism.

3. Separable functors and comonadicity

We begin by recalling the notion of a separable functor of the second kind introduced in [12].

Given a diagram A^F � I � B X of categories and functors, consider the following diagram of functors and natural transformations A(−, −)^{F−,−} �

I_{−,−} � B(F (−), F (−))

X (I(−), I(−)).

The functor F is called I-separable (or a separable functor of the second kind) if there exists a natural transformation

τ : B(F (−), F (−)) → X (I(−), I(−))

with τ ∘ F_{−,−} = I_{−,−} .

Note that F is 1_A-separable if and only if it is separable in the sense of [39]. The following result gives a useful way to check that a left adjoint functor is separable, using the unit of the adjunction.

3.1. Theorem. (Rafael, [43]) Let η, ϵ : F ⊣ U : B → A be an adjunction and I: A → X a functor. Then F is I-separable if and only if the natural transformation Iη : I → IUF is a split monomorphism.

Given a monad T = (T, η, μ) on a category A, an adjunction σ, ϵ : F ⊣ U : B → A is said to be a T-adjunction on A if T = UF, σ = η and μ = UϵF . In other words, F ⊣ U : B → A is a T-adjunction on A if the monad generated by this adjunction is the given monad T. Clearly the adjunction F^T ⊣ U^T : A^T → A is a T-adjunction on A. Given an arbitrary functor I : A → X , we say that the monad T is I-separable if its functor-part T is I-separable.

It follows from Theorem 3.1 that:

3.2. Proposition. Let η, ϵ:F ⊣ U : B →A be an adjunction, T the corresponding monad on A and I:A→X an arbitrary functor. The following assertions are equivalent:

(i) The functor F is I-separable.

(ii) The free T-algebra functor F^T :A → A^T is I-separable.

(iii) For any T-adjunction F^′ ⊣ U^′ :B^′ → A, the functor F^′ is I-separable.

(iv) The monad T is I-separable.

Since any functor V is at once seen to be V -separable, a corollary follows immediately:

3.3. Corollary. Let F ⊣ U : B → A be an adjunction and T the corresponding monad on A. Then, for any T-adjunction F^′ ⊣ U^′ : B^′ → A, the functor F^′ is F -separable and the monad T is F -separable. In particular, F is F^T-separable and T is F^T-separable.

We shall need the following elementary lemmas on separable functors. The first one is evident.

3.4. Lemma. If F : A → B is the composite of functors I : A → X and K : X → B, then the functor I is F -separable.

3.5. Lemma. Let F : A → B and I : A → X be functors such that F is I-separable. If I is conservative, then so is F .

Proof. Let F (f) is an isomorphism. Then I(f) is also an isomorphism by Proposition 2.4 in [12], and since I is conservative by hypothesis, f is an isomorphism as well. So F is conservative.

The two preceding lemmas yield:

3.6. Proposition. In the situation of Lemma 3.4, suppose further that F is I-separable. Then F is conservative if and only if I is.

Recall [33] that a pair of morphisms (f, g : a^′ ⇒ a^{′′}) in a category A is called contractible if there exists a morphism t : a^{′′} → a^′ with tf = 1 and ftg = gtg; and that if F : A → B is a functor, (f, g : a^′ ⇒ a^{′′}) is called F -contractible if the pair of morphisms (F (f), F (g) : F (a^′) ⇒ F (a^{′′})) in B is contractible.

3.7. Proposition. Let F:A→B and I:A→X be functors and assume that F is I-separable. Then any F -contractible pair is also I-contractible. Moreover, when X is Cauchy complete, in the sense that every idempotent endomorphism e in X has a factorization e = ij where ji = 1, any F -split pair is also I-split.

Proof. Since F is I-separable, there exists a natural transformation τ : B(F, F ) → X (I, I) such that τ ∘ F_{−,−} ≃ I_{−,−} . Now, if (f, g : a^′ ⇒ a^{′′}) is a F -contractible pair, there exists a morphism q : F (a^{′′}) → F (a^′) such that q · F (f) = 1 and F (f) · q · F (g) = F (g) · q · F (g). Put t = τ_a′′_{,a}′ (q). Then, using the naturality of τ, we compute

t · I(f) = τ_a′′_{,a}′ (q) · I(f) = τ_a′_{,a}′ (q · F (f)) = τ_a′_{,a}′ (1_{F (a}′_)) = I_a′_{,a}′ (1_a′ ) = 1_{I(a}′_), and I(f) · t · I(g) = I(f) · τ_a′′_{,a}′ (q) · I(g) = τ_a′_{,a}′′ · (F (f) · q · F (g)

= τ_a′_{,a}′′ (F (g) · q · F (g)) = I(g) · τ_a′′_{,a}′ (q) · I(g) = I(g) · t · I(g).

Hence that pair (I(f), I(g)) is contractible, so that (f, g) is I-contractible.

For the second assertion of the proposition, we recall (for instance from [1]) that an

equalizer x^h � y^f �_g � z in an arbitrary category X is split if and only if the pair (f, g)

is contractible; and if one assumes that X is Cauchy complete, then any contractible pair has an equalizer (see, for example, [4]), and this equalizer is split. Now, if (f, g : a^′ ⇒ a^{′′}) is F -split, then the pair (f, g) is F -contractible and it follows from the previous part of the proof that it is also I-contractible. By hypothesis, X is Cauchy complete, so that I(f) and I(g) have an equalizer and this equalizer splits. Consequently, the pair (f, g) is I-split.

Combining this with Lemma 3.4 gives:

3.8. Proposition. Let F : A → B be a composite KI, where I : A → X and K : X → B. If F is I-separable, then a pair of morphisms in A is F -contractible if and only if it is I-contractible. When X is Cauchy complete, then a pair of morphisms in A is F -split if and only if it is I-split.

Proof. Just observe that any I-split pair is also F ≃ KI-split.

A corollary follows immediately:

3.9. Corollary. Let F : A → B be a composite KI, where I : A → X and K : X → B. Suppose that F is I-separable and that the category X is Cauchy complete. Then A has equalizers of F -split pairs if and only if it has equalizers of I-split pairs.

Call a conservative functor I : A → X quasi-comonadic if A has and I preserves equalizers of I-split pairs. Clearly a quasi-comonadic functor is comonadic iff it has a right adjoint.

3.10. Proposition. Let F : A → B be a left adjoint functor and let I : A → X be a quasi-comonadic functor such that F is I-separable. Suppose that X is Cauchy complete and that F preserves equalizers of I-split pairs (available by our assumption on I). Then F is comonadic.

Proof. The functor I, being quasi-comonadic, is conservative and it follows from Lemma 3.5 that F is also conservative. Moreover, F has a right adjoint by hypothesis. Then we conclude from (the dual of ) Beck’s Theorem that F is comonadic if and only if A has and F preserves equalizers of F -split pairs. But since A has and F preserves equalizers of I-split pairs by our assumption on I, it suffices to show that every F -split pair is also I-split. Since X is assumed to be Cauchy complete, this follows from Proposition 3.8.

3.11. Proposition. Let T = (T, η, μ) be a monad on a Cauchy complete category A, and let F^T ⊣ U^T : A^T → A be the corresponding adjunction. Then:

(i) The functor T is conservative iff F^T is.

(ii) A has and T preserves equalizers of T -split pairs iff A has and F^T preserves equalizers of F^T-split pairs.

(iii) The monad T is of effective descent type if and only if the functor T is quasicomonadic.

Proof. (i). Since T = U^TF^T and since F^T : A^T → A is conservative, T is conservative iff so is F^T.

(ii). As A is Cauchy complete by hypothesis, so too is A^T, and since T is F^T-separable by Corollary 3.3, it follows from Corollary 3.9 applied to the diagram A F^T � T � A

A^T

U^T � � � �

that A has equalizers of F^T-split pairs iff it has equalizers of T -split pairs. The result now follows from the fact that U^T preserves and reflects all limit that exist in A^T.

(iii) is an immediate consequence of (i) and (ii).

3.12. Corollary. Let T be a monad on a Cauchy complete category A. If the functor T has a right adjoint, then the following are equivalent:

(i) T is of effective descent type.

(ii) T is conservative.

In order to proceed, we shall need the following

3.13. Lemma. Let H, H^′ : X → Y be functors and assume that there are natural transformations p : H^′ → H and q : H → H^′ such that q · p = 1. Then, for any diagram x^h � y^f �_g � z in X such that fh = gh, with H(x)^{H(h)} � H(y)^{H(f)} �_{H(g)} � H(z) also

H^′(x)^{H′(h)} � H^′(y)^H

′(f) � H^′(g)

� H^′(z) is a (split) equalizer.

Proof. Let us first assume that, in the following commutative diagram

H^′(x)

p_x �

H^′(h) �

H^′(y)

p_y �

H^′(f) � H^′(g)

� H^′(z)

p_z � H(x)^{H(h)} � H(y)^{H(f)} �_{H(g)} � H(z),

the bottom row is an equalizer diagram. We have to show that the top row is also an equalizer diagram. An easy diagram chasing shows that the desired result will follow if the left square is shown to be a pullback, and that this is indeed the case follows from Lemma 10 of [8] applied to the commutative diagram

H^′(x)

p_x �

H^′(h) �

H^′(y)

p_y � H(x)

q_x �

H(h)

� H(y).

q_y �

The second assertion of the lemma is immediate from the fact that split equalizers are absolute, in the sense that they are preserved by any functor.

Note that, although the lemma is stated for (split) equalizers, it would remain true if that were replaced by any (absolute) limit.

With the aid of this lemma, we can now prove:

3.14. Proposition. In a diagram of categories and functors A I �

F � B U �

X K � � � � � � � suppose that

• U is a right adjoint of F , • F ≃ KI, • F is I-separable.

Then:

(i) A pair (f, g : a^′ ⇒ a^{′′}) of morphisms in A is F -contractible iff it is I-contractible. (ii) For any diagram a^h � a^{′ f} �_g � a^{′′} in A, I(a)^{I(h)} � I(a^′)^{I(f)} �_{I(g)} � I(a^{′′}) (3.1) is a split equalizer if and only if so is

UF (a)^{UF (h)}� UF (a^′)^{UF (f)}�_{UF (g)}� UF (a^{′′}). (3.2)

(iii) If A has and F preserves equalizers of F -split pairs, then A has and I preserves equalizers of I-split pairs. The converse is also true when X is Cauchy complete.

Proof. (i) is a direct consequence of Proposition 3.8.

(ii). Suppose that (3.1) is a split equalizer. Applying the composite UK to this split equalizer and using that KI is (isomorphic to) F , we see that (3.2) is a split equalizer diagram.

Conversely, suppose that (3.2), and hence also

IUF (a)^{IUF (h)}� IUF (a^′)^{IUF (f)}�_{IUF (g)}� IUF (a^{′′}), (3.3)

is a split equalizer diagram. Since F is I-separable and since F admits as a right adjoint the functor U with unit say η : 1 → UF , the natural transformation Iη : I → IUF is a split monomorphism (see Theorem 3.1). It now follows from Lemma 3.13 that the diagram

I(a)^{I(h)} � I(a^′)^{I(f)} �_{I(g)} � I(a^{′′}) (3.4)

is a split equalizer.

(iii) follows by applying part (ii), together with Corollary 3.9.

3.15. Proposition. Let A I � F � B X K � � � � be a diagram of categories and functors commuting to within a natural isomorphism and suppose that

• F is I-separable,

• the functors F and I have right adjoints.

Then:

(i) If F is comonadic, then so is I.

(ii) If X is Cauchy complete, then F is comonadic if and only if I is.

Proof. In view of part (iii) of Proposition 3.14, it suffices to show that under these conditions, F is conservative if and only if I is; but this is indeed so, as Proposition 3.6 shows.

Taking I = 1 and K = F in this theorem, we obtain the following result which relates comonadic functors to separable ones.

3.16. Proposition. (cf. Proposition 7.7 in [42] and Theorem 2.3 in [25]) Let η, ϵ : F ⊣ U : B → A be an adjunction with A Cauchy complete. Then F is comonadic provided that it is separable; in other words (by Theorem 3.1), if the natural transformation η : 1 → F U is a split monomorphism, then F is comonadic.

As a special case we have:

3.17. Corollary. Let T = (T, η, μ) be a monad on a Cauchy complete category A. If the natural transformation η : 1 → T is a split monomorphism, then T is a monad of effective descent type.

Let T be a monad on a category A and let η, ϵ : F ⊣ U : B → A be a T-adjunction. Applying Proposition 3.15 to the commutative diagram A F �

F^T

� A^T

U^T �

B , K_T � � � � � � �

we get:

3.18. Proposition. Let T be a monad on a category A and let F ⊣ U : B → A be a T-adjunction. If T is of effective descent type, then the functor F is comonadic. The converse is true when B is Cauchy complete.

We now come to the main result of this section:

3.19. Theorem. Let T be a monad on a category A. Then:

(i) T is of descent type if and only if any T-adjunction F ⊣ U : B → A has F precomonadic.

(ii) If T is of effective descent type, then any T-adjunction F ⊣ U : B → A has F comonadic.

(iii) If there exists a T-adjunction F ⊣ U : B → A with B Cauchy complete and with F comonadic, then T is of effective descent type.

(iv) If A is Cauchy complete, then T is of effective descent type if and only if there exists a T-adjunction F ⊣ U : B → A with B Cauchy complete and with F comonadic.

Proof. (i) follows by comparing the dual of Theorem 2.1 (2(i)) and Theorem 2.3 (i).

(ii) (resp. (iii)) follows by applying Proposition 3.15 (i) (resp. Proposition 3.15 (ii)) to the diagram A F �

F^T �

A^T B, K_T � � � � together with the fact that F^T is F -separable (see Corollary 3.3).

(iv). If T is of effective descent type, then A^T is Cauchy complete (since A is so) and the T-adjunction F^T ⊣ U^T : A^T → A has F^T comonadic. The converse is just part (iii).

An important consequence of this theorem is

3.20. Theorem. Let F ⊣ U : B → A be an adjunction with B Cauchy complete and let T = (T, η, μ) be the corresponding monad on A. Then the functor F is (pre)comonadic if and only if the monad T is of (effective) descent type.

3.21. Proposition. Let A and B be categories with equalizers, F ⊣ U : B → A an adjunction and T (resp. G) the corresponding monad (resp. comonad) on A (resp. on B). Then the following are equivalent:

(i) The functor F is conservative and preserves equalizers (equivalently, preserves and reflects equalizers).

(ii) The functor F is comonadic and the functor G = F U preserves equalizers.

(iii) The functor G preserves equalizers and the functor T = UF preserves and reflects equalizers.

Proof. (i) ⇒ (ii). If the functor F preserves and reflects equalizers, then a straightforward application of the dual of Beck’s theorem shows that F is comonadic. Moreover, since the functor U (being right adjoint) preserves all limits, the composite G = F U preserves and reflects equalizers provided that so does F .

(ii) ⇒ (i). The comonadicity of F implies that it is conservative and that the comparison functor K_G : A → B_G is an equivalence of categories. Then, since F_GK_G ≃ F , F preserves equalizers iff F_G does. But if G preserves equalizers, then so too does F_G, since it is well known (see, for instance, [7]) that if the category B has some type of limits preserved by F U, then the category B_G has the same type of limits and these are preserved by the functor F_G.

(i) ⇒ (iii). If F preserves and reflects equalizers, then it is comonadic and the functor G preserves equalizers by the proof of the implication (i) ⇒ (ii); and since any category admitting equalizers is Cauchy complete, it follows from Proposition 3.18 that the monad T is of effective descent type. Then, by Proposition 3.11(iii), the functor T is quasi-comonadic and hence conservative. Moreover, the functor T as a composite of the equalizer-preserving F and the right adjoint (and hence equalizer-preserving) U, does preserve equalizers. Thus the functor T preserves and reflects equalizers.

(iii) ⇒ (ii). We have only to show that F is comonadic. Since the functor T preserves and reflects equalizers, it is of effective descent type by Theorem 3.11(iii), and it follows from Proposition 3.18 that F is comonadic.

We conclude this section with the following necessary and sufficient condition for a monad on a Cauchy complete category to be of effective descent type. 3.22. Theorem. A monad T = (T, η, μ) on a Cauchy complete category A is of effective descent type if and only if there exists a commutative diagram (up to natural isomorphism) A I � T � A

I^′ � B_{T ′} � C of categories and functors such that

(i) the functor I is quasi-comonadic, (ii) the category B is Cauchy complete, (iii) the functor I^′ is conservative, (iv) the monad T is I-separable.

Proof. To prove the “only if” part, just take I = T , and T^′ = I^′ = 1_B and observe that • the functor T is quasi-comonadic by Proposition 3.11(iii); • like any functor, T is T -separable.

Turning to the converse, assume that the conditions of the theorem are satisfied. Then, since T = U^TF^T, one has the following commutative diagram (up to natural isomorphism) A I �

F^T �

A^T

U^T � A I^′ � B_{T ′} � C in which

• the functor I^′U^T, being the composite two conservative functors, is conservative; • since T is I-separable, F^T is I-separable by Proposition 3.2.

We may therefore apply Theorem 6 in [36] to conclude that the functor F^T is comonadic, or equivalently, that the monad T is of effective descent type.

16 BACHUKI MESABLISHVILI

In the rest of the paper, we shall give some applications of the results of this section by studying the (co)monadicity of certain special classes of functors.

4. Adjoint (co)monads

We follow [15] in calling a comonad G = (G, ϵ, δ) on a category A left adjoint to a monad T = (T, η, μ) on A if there exists an adjunction α : A(G(a), a^′) → A(a, T (a^′)) such that the following two diagrams are commutative for all a, a^′ ∈ A : A(a, a^′)

A(a,η_a′ )

� � � � � � � � � A(ϵ_a,a^′) � � � � � � � �

A(G(a), a^′)^{α a,a′} � A(a, T (a^′))

(4.1)

A(G^2(a), a^′)^α 2 a,a′ �

A(δ_a,a^′) �

A(a, T^2(a^′))

A(a,μ_a′ ) � A(G(a), a^′)^{α a,a′} � A(a, T (a^′))

(4.2)

Specializing a = a^′ in (4.1), we see that the diagram A(a, a)

A(a,η_a)

� � � � � � � � � A(ϵ_a,a)

� � � � � � � �

A(G(a), a)^{α a,a} � A(a, T (a)) commutes. Chasing the identity morphism 1_a : a → a around the last diagram gives the equality A(a, η_a)(1_a) = α_{a,a}(A(ϵ_a, a)(1_a)) which, using A(a, η_a)(1_a) = η_a and A(ϵ_a, a)(1_a) = ϵ_a, may be written as ϵ_a = α^{−1}_{a,a}(η_a), or equivalently, since α^{−1}_{a,a}(η_a) = ϵ^′_a · G(η_a) (where ϵ^′ : GT → 1 is the counit of the adjunction G ⊣ T ), as ϵ_a = ϵ^′_a · G(η_a).

Hence ϵ = ϵ^′ · G(η).

Similarly, η = T (ϵ) · η^′, where η^′ : 1 → T G is the unit of the adjunction G ⊣ T , and we have: 4.1. Proposition. Let A be a category and let a comonad G = (G, ϵ, δ) on A be left adjoint to a monad T = (T, η, μ). Write η^′ : 1 → T G and ϵ^′ : GT → 1 for the unit and counit of the adjunction G ⊣ T . Then:

• if ϵ is a split epimorphism, then so too is ϵ^′; • if η is a split monomorphism, then so too is η^′.

Combining Corollary 3.17 and its dual with Proposition 4.1 yields: 4.2. Theorem. Let T = (T, η, μ) be a monad on a Cauchy complete category A and let G = (G, ϵ, δ) be a comonad on A which is left adjoint to T. Then:

• If ϵ : G → 1 is a split epimorphism, then the functor T : A → A is monadic. • If η : 1 → T is a split monomorphism, then the functor G : A → A is comonadic. Recall [33] that a category A with all finite products is called cartesian closed when each functor a × − : A → A has a right adjoint (−)^a : A → A.

It is well known that, for any object a ∈ A, one can equip (−)^a and a × − with monad and comonad structures, respectively, so that the comonad a × − becomes a left adjoint to the monad (−)^a.

Recall that an object a ∈ A has a global element, if there exists a morphism from the terminal object t of A into a.

4.3. Proposition. Let A be a cartesian closed category and suppose that A is Cauchy complete. Then, for any object a ∈ A with a global element, the functor (−)^a : A → A is monadic.

Proof. Immediate from Theorem 4.2 using the fact that the counit of the comonad a×−, which is induced by the projection a × x → x, is a split epimorphism if and only if the unique morphism a → t is a split epimorphism, i.e. iff a has a global element.

As a special case of the above theorem, we obtain the following result of F. Métayer on the monadicity of the functor-part of a state monad (see, [37]):

4.4. Proposition. Let A be a cartesian closed category with a proper factorization system. Then, for any object a ∈ A with a global element, the functor

(−)^a : A → A

is monadic.

(Recall [21] that a factorization system (E, M) is proper when each member of E is an epimorphisms and each member of M is a monomorphism.)

Proof. It suffices by the previous proposition to show that a category with a proper factorization system is Cauchy complete. Suppose, therefore, that A is a category with a proper factorization system (E, M), and consider an idempotent morphism e in A. Let e = sr be its (E, M)-factorization. Then sr = e = e^2 = (sr)(sr) = (srs)r, and since r is an epimorphisms, we have s = srs, and since s is a monomorphism, we get the equality rs = 1. It means that in A every idempotent splits, so that A is Cauchy complete.

5. (Co)monads on (co)exact categories in which every object is projective (injective)

We use the notion of an exact category in the sense of Barr [2], with the convention that “exact” always includes the existence of finite limits.

We start with the following variation of Duskin’s theorem (see, for example, [1]).

5.1. Theorem. Let A be a category admitting kernel-pairs of split epimorphisms and let B be an exact category. Then the following two assertions are equivalent for any right adjoint functor U : B → A:

(i) U is monadic.

(ii) U is conservative and U preserves those regular epimorphisms whose kernel-pairs are U-split.

Since split epimorphisms and split monomorphisms are preserved by any functor, Theorem 5.1 and its dual give:

5.2. Proposition. A (co)monad on a (co)exact category in which every object is projective (injective) is of effective (co)descent type if and only if its functor-part is conservative.

Recall that a category that admits equalizers or coequalizers is Cauchy complete; in particular, any exact or coexact category is Cauchy complete and the previous theorem and Proposition 3.18 give:

5.3. Theorem. A right adjoint functor from an exact category in which every object is projective to any category admitting kernel-pairs of split epimorphisms is monadic if and only if it is conservative. Dually, a left adjoint functor from a coexact category in which every object is injective into any category admitting cokernel-pairs of split monomorphisms is comonadic if and only if it is conservative.

Since the categories of pointed sets, Set_∗, and modules over an arbitrary semisimple ring are both exact and coexact and since in these categories every object is both projective and injective, we recover Theorem 6 in [3] as a special case of Theorem 5.3.

6. (Co)monads on Set

In this section, we will discuss when a (co)monad on Set is of effective (co)descent type. We start by considering comonads on Set. Recall that a comonad G = (G, ϵ, δ) on Set is called non-degenerate if there exists a set X for which G(X) ≠ ∅. It is easy to see that G is non-degenerate iff G(1) ≠ ∅. Since the identity functor Id : Set → Set is representable by the set 1, it follows from the Yoneda lemma that the natural transformations Id → G are in bijection with the elements of the set G(1); hence there exists at least one natural transformation ϵ^′ : Id → G, provided that G is non-degenerate. It is clear then that the composite Id^{ϵ′} � G^ϵ � Id is the identity natural transformation. So we have proved that for any non-degenerate comonad G = (G, ϵ, δ) on Set, the natural transformation ϵ : G → 1 is a split epimorphism and since Set is well-known to be Cauchy complete, it follows from (the dual of) Corollary 3.17 that

6.1. Theorem. Every non-degenerate comonad on Set is of effective codescent type.

In view of Theorem 3.19, we have the following

6.2. Corollary. Let F ⊣ U : Set → A be an adjunction with A Cauchy complete. Then U is monadic if and only if F U(1) ≠ ∅.

Our next task is to derive a necessary and sufficient condition under which a monad on Set is of effective descent type. In contrast to the case of comonads, the situation with monads on Set is more complicated, as we shall see below.

Let A be a locally small category and let a be an object of A admitting all small copowers. Given a small set X and an element x ∈ X, write X • a for the X-indexed copower of a, and write i_x : a → X • a for the canonical x-th injection into the coproduct. Then one has an adjunction

η, ϵ : − • a ⊣ A(a, −) : A → Set

whose unit η has the components

η_X : X → A(a, X • a), η_X (x) = i_x, while the components ϵ_a′ : A(a, a^′) • a → a of the counit ϵ are given by ϵ_a′ · i_f = f for all f : a → a^′.

Conversely, it is well known that a functor U : A → Set has a left adjoint F : Set → A if and only if it is representable, say U = A(a, −), for some object a ∈ A for which the category A has all set-indexed copowers, in which case F may be given by F (X) = X • a, for each X ∈ Set.

6.3. Proposition. Let A be a locally small category and let a be an object of A admitting all small copowers. Write T for the monad on Set arising from the adjunction F = −•a ⊣ U = A(a, −) : A → Set. Then the following statements are equivalent:

(i) The functor − • a : Set → A is faithful.

(ii) The functor − • a : Set → A is conservative.

(iii) The functor − • a : Set → A is precomonadic.

(iv) The functor-part T of the monad T is faithful.

(v) The functor-part T of the monad T is conservative.

(vi) The monad T is of descent type.

(vii) The morphism η_2 : 2 → T (2), where η is the unit of the adjunction − • a ⊣ A(a, −) and 2 denotes the two-element set {0, 1}, is injective.

(viii) The coproduct injections i_0, i_1 : a → a + a are distinct morphisms.

(ix) The codiagonal morphism ∇ : a → a + a is not an isomorphism.

(x) a is not a partial initial object. (Recall [2] that an object is called partial initial if it equalizes every parallel pair out of it.)

( xi) There exists at least two distinct morphisms with domain a.

(xii) There exists an object of Set^T whose underlying set has more than one element.

Proof. It is well known (see, for example [28], p. 44) that a left adjoint functor whose domain admits coequalizers is faithful (resp. conservative, resp. precomonadic) if and only if the unit of the adjunction is componentwise a monomorphism (resp. an extremal monomorphism, resp. a regular monomorphism). Since every regular monomorphism is extremal and since in Set, every monomorphism is regular, it follows that the functor − • a : Set → A is faithful iff it is conservative, iff it is precomonadic. Thus, (i), (ii) and (iii) are equivalent.

Since T = U^TF^T, where, recall, F^T : Set → Set^T is the free T-algebra functor and U^T : Set^T → Set is the underlying object functor, and since the functor U^T is conservative and faithful, T is faithful (resp. conservative) if and only if the functor F^T is. It follows that (i) is equivalent to (iv) and (ii) is equivalent to (v).

(iii) and (vi) are equivalent by definition.

Since 2 is an injective cogenerator for Set, we get from Corollary 2.6 that (vi) is equivalent to (vii).

The equivalence of (viii), (ix), (x) and (xi) is proved in Barr [2]. (vi) and (xii) are equivalent by Lemma 3 of [20].

Finally, since the functor-part T of T is the functor A(a, − • a), to say that the map η_2 is injective is to say that the map 2 → A(a, 2 • a) = A(a, a + a), which sends k ∈ {0, 1} the k-th injection a → a + a, is injective, whence the equivalence of (vii) and (viii).

6.4. Remark. It follows at once from the definition of a partial initial object that, for any such object, the unique morphism 0_a : 0 → a, where 0 is the initial object of the category A (or, equivalently, 0 = ∅ • a), is an epimorphism; thus this morphism is an isomorphism iff it is a regular monomorphism.

Recall that in a category, a pair of morphisms f, g : X ⇒ Y is called coreflexive, if there exists a morphism s : Y → X such that sf = sg = 1.

6.5. Lemma. In Set, any coreflexive equalizer diagram

X^h � Y^f �_g � Z s � (6.1)

with X ≠ ∅ can be given the structure of a split equalizer.

Proof. Let q_1, q_2 : Y ⇒ D be the cokenel-pair of h, and r : D → Z the unique map for which rq_1 = f and rq_2 = g. As the pair (f, g) is coreflexive, the map r is easily seen to be injective; hence, since D ≠ ∅ because X ≠ ∅ by hypothesis, there exists a map r^′ : Z → D with rr^′ = 1. Similarly, h is a split injection, and hence the diagram

X^h � Y^{q1} �_{q2} � D

is a split equalizer (see, for example, [7]). Now, a simple computation shows that if the

maps D^j � Y^i � X split this diagram, then the maps Z^{j′=jr′} � Y^i � X split (6.1).

6.6. Proposition. Let η, ϵ : F⊣ U: A → Set be an adjunction with A Cauchy complete. Then the following statements are equivalent:

(i) There exists a non-empty set X for which the pair of the coproduct injections (i_0, i_1 :

X ⇒ X + X) is F -split.

(ii) The pair of maps (i_0, i_1 : 1 ⇒ 1 + 1) is F -split.

(iii) The pair of maps (i_0, i_1 : 1 ⇒ 1 + 1) is UF -split.

(iv) The equalizer of the maps UF (i_0) and UF (i_1) is non-empty.

Proof. The implications (ii) ⇒ (i) and (iii) ⇒ (iv) are trivial. Since A is assumed to be Cauchy complete, taking I = F in Proposition 3.14 (ii) gives that (ii) and (iii) are equivalent. The implication (iv) ⇒ (iii) follows from Lemma 6.5. It remains to show that (i) ⇒ (ii). If X is non-empty and x_0 ∈ X, then the diagram 1 x_0 �

i_0 �

i_1

� 1 + 1

x_0+x_0 � X k_X � i_0 �

i_1

� X + X,

k_X +k_X �

where x_0 : 1 → X is the map that picks up the element x_0 in X, and k_X : X → 1 is the unique map, is commutative. It follows from (the dual of) Observation 1.2 of [25] that

1^{i0} �_{i1} � 1 + 1 is F -split provided that X^{i0} �_{i1} � X + X is.

6.7. Lemma. Let X be a non-empty set and ∅_X :∅→X the unique map. For an arbitrary functor F : Set → A, the morphism F (∅_X ) : F (∅) → F (X) is a regular monomorphism if and only if the morphism F (∅_1):F (∅) →F (1) is.

Proof. Since X is non-empty, there exists an element x_0 ∈ X. Then we can write the map ∅_X : ∅ → X as the composite of ∅_1 : ∅ → 1 and x_0 : 1 → X. But the map x_0 : 1 → X, and hence also F (x_0), is a split monomorphism and applying Propositions 2.1 and 2.2 of [27], we see that F (∅_X ) is a regular monomorphism if and only if F (∅_1) is.

Let F : Set→ A be an arbitrary functor. Since in Set, any injection with non-empty domain splits and since split monomorphisms are preserved by any functor, the only monomorphisms in Set F has a chance of not preserving are those with empty domain. But, according to the previous lemma, F preserves such monomorphisms if and only if the morphism F (∅_1) : F (∅) → F (1) is a regular monomorphism in A. Thus, we have proved that

6.8. Proposition. A functor F : Set → A preserves all (regular) monomorphisms if and only if the morphism F (∅_1) : F (∅) → F (1) is a regular monomorphism in A.

6.9. Proposition. Let F ⊣ U : A → Set be an adjunction with A admitting equalizers. If U is conservative, the following conditions are equivalent:

(i) F preserves all (regular) monomorphisms.

(ii) The morphism F (∅_1) : F (∅) → F (1) is regular monomorphism in A.

(iii) F preserves those (regular) monomorphisms whose cokernel-pairs are F -split.

(iv) The diagram

UF (∅)^{UF (∅1)} � UF (1)^{UF (i0)} �_{UF (i1)} � UF (1 + 1)

is an equalizer.

Proof. (i) and (ii) are equivalent by the previous proposition, (i) implies (iii) trivially.

(iii) ⇒ (ii) : Suppose that Condition (iii) holds, and consider the following commutative diagram

X^i � F (1)^{F (i0)} �_{F (i1)} � F (1 + 1)

0 = F (∅) j � F (∅_1) � � � � where i : X → F (1) is the equalizer of F (i_0) and F (i_1) and j is the comparison morphism. Applying U to this diagram and using that U preserves limits, we get the following commutative diagram

U(X)^{U(i)} � UF (1)^{UF (i0)} �_{UF (i1)} � UF (1 + 1)

U(0) = UF (∅)

U(j) � UF (∅_1) � � � �

in which the row is an equalizer. We distinguish two cases, according as U(X) is or is not the empty set.

If U(X) = ∅, then U(0) = ∅ also and hence U(j) is an isomorphism. But U is conservative by hypothesis, so j is also an isomorphism; it follows that the morphism F (∅_1) is an equalizer of F (i_0) and F (i_1). In particular, F (i_0) is a regular monomorphism in A.

If instead U(X) is non-empty, then, since the pair of maps (UF (i_0), UF (i_1)) is coreflexive, it is part of a split equalizer diagram by Lemma 6.5. Thus the pair (i_0, i_1 : 1 ⇒ 1 + 1) is UF -split, and since any category admitting equalizers is Cauchy complete, it follows from Proposition 6.6 that the pair (i_0, i_1) is F -split. Hence, the morphism ∅_1 : ∅ → 1 is a monomorphism whose cokernel-pair is F -split; and since F is assumed to preserve such monomorphisms, the morphism F (∅_1) : F (∅) → F (1) is a regular monomorphism in A.

(ii) ⇔ (iv) : To say that F (∅_1) : F (∅) → F (1) is a regular monomorphism in A is (since F , having a right adjoint, preserves cokernel-pairs) to say that the diagram

F (∅)^{F (∅1)} � F (1)^{F (i0)} �_{F (i1)} � F (1 + 1) (6.2)

is an equalizer. But the conservative and right adjoint U preserves and reflects all limits that exists in A. Thus in particular (6.2) is an equalizer diagram if and only if the diagram

UF (∅)^{UF (∅1)} � UF (1)^{UF (i0)} �_{UF (i1)} � UF (1 + 1) is.

Noting that for any monad T on Set, the category Set^T is complete and the forgetful functor U : Set^T → Set is conservative, we get the following result: 6.10. Theorem. A monad T = (T, η, μ) on Set is of effective descent type if and only if the map η_2 : 2 → T (2) is injective and the diagram

T (∅)^{T (∅1)} � T (1)^{T (i0)} �_{T (i1)} � T (1 + 1)

is an equalizer.

From Theorems 3.19 and 6.10 we get 6.11. Theorem. Let A be a locally small category and let a be an object of A for which A has all small copowers. Then the functor F = − • a : Set → A is comonadic if a is not a partial initial object and the diagram

A(a, 0)^{A(a,0a)} � A(a, a)^{A(a,i0)} �_{A(a,i1)} � A(a, a + a)

is an equalizer. When A is Cauchy complete, the converse is also true.

It is well known that a morphism admitting a cokernel-pair is a regular monomorphism iff it is the equalizer of its cokernel-pair; so, if a ∈ A is such that A admits all small copowers X • a, then to say that the unique morphism 0_a : 0 → a is a regular monomorphism is to say that the diagram 0^{0a} � a^{i0} �_{i1} � a + a is an equalizer and since representable functors preserve limits, it follows from the above theorem that: 6.12. Proposition. Let A be a locally small category and let a be an object of A for which A admits all small copowers. If a is not a partial initial object and if the morphism 0_a : 0 → a is a regular monomorphism in A, then the functor F = − • a : Set → A is comonadic.

Using Remark 6.4, this proposition can be paraphrased as follows:

6.13. Proposition. Let A be a locally small category and let a be an object of A for which A admits all small copowers. If a is not (isomorphic to) 0 and if the morphism 0_a : 0 → a is a regular monomorphism in A, then the functor F = − • a : Set → A is comonadic.

6.14. Proposition. Let A be a locally small category in which coproducts are disjoint and a an object of A for which A admits all small copowers. Under these conditions, the functor F = − • a : Set → A

is comonadic if and only if a is not a partial initial object.

Proof. Disjointness says that the diagram 0^{0a} � a^{i0} �_{i1} � a + a is an equalizer, and so

if a is not a partial initial object, then it follows directly from the previous theorem that the functor F is comonadic. The converse is trivial.

Propositions 6.3 and 6.14 together give the following:

6.15. Theorem. Let A be a locally small category in which coproducts are disjoint. Then a functor F = − • a : Set → A is comonadic if and only if it is precomonadic.

As a special case of Proposition 6.12, we have the following result of Sobral (see Proposition 2.1 in [44]):

6.16. Proposition. Let A be a locally small category and a an object of A for which A admits all small copowers. If a is not a partial initial object and if the unique morphism 0_a : 0 → a is a split monomorphism, the functor F = − • a : Set → A is comonadic.

Proof. This is immediate because any split monomorphism is regular.

There is another way of stating the results obtained above.

It is well known (see, [34], Chapter 1) that monads on Set and (possibly infinitary) algebraic theories are entirely equivalent concepts. Accordingly we may think of any monad on Set as a (possibly infinitary) algebraic theory, and if T is an algebraic theory corresponding to a monad T on Set, the elements of T (X), X ∈ Set, can be identified with the set T (X, 1) of X-ary operations of the theory T . Under this identification, T (∅) becomes simply the set of constants of T , while the equalizer i : P → T (1) of the maps T (i_0), T (i_1) : T (1) ⇒ T (1 + 1) becomes the set of the pseudo-constants of T . (Recall (for example, from [26]) that a pseudo-constant of a theory is a unary operation u for which u(x) = u(y) is an equation.) One says that an algebraic theory is degenerate if the identity unary operation is a pseudo-constant. It is easily seen that this is equivalent to saying that each model of the theory has at most one element.

One can now easily translate Theorems 6.10 and 6.11 and Propositions 6.12-6.16 into the present language. For instance, in the case of Theorem 6.10, one obtains:

6.17. Theorem. (cf. Theorem 11 in [3]) The monad corresponding to an algebraic theory T is

(i) of descent type if and only if T is non-degenerate;

(ii) of effective descent type if and only if T is non-degenerate and every pseudo-constant is a constant.

7. (Co)monads on module categories

Let K be an associative commutative ring with unit, fixed throughout the rest of the paper (possible K = Z, the ring of integers). All rings are associative unital K-algebras. A right or left module means a unital module. All bimodules are assumed to be K-symmetric. The K-categories of left and right modules over a ring A are denoted by_AMod and Mod_A, respectively; while the category of (A, B)-bimodules is_AMod_B. We will use the notation BM_A to indicate that M is a left B, right A-module.

Let A be a ring. Recall that an A-coring is a comonoid in the monoidal category AMod_A. Thus an A-coring is a triple Σ = (Σ, δ_Σ , ϵ_Σ ), where Σ is an (A, A)-bimodule, and δ_Σ : Σ → Σ⊗_AΣ and ϵ_Σ : Σ → A are (A, A)-bimodule morphisms such that

(δ_Σ ⊗_A1_Σ )δ_Σ = (1_Σ ⊗_Aδ_Σ )δ_Σ and (ϵ_Σ ⊗_A1_Σ )δ_Σ = (1_Σ ⊗_Aϵ_Σ )δ_Σ = 1_Σ .

δ_Σ is known as the comultiplication of the A-coring, ϵ_Σ as the counit, and the equations show that δ_Σ and ϵ_Σ obey coassociative and left and right counitary laws.

A right Σ-comodule is a pair (X, σ_X ) consisting of a right A-module X and a morphism σ_X : X → X ⊗_A Σ (called the Σ-coaction) satisfying

(1_X ⊗_A δ_Σ )σ_X = (σ_X ⊗_A 1_Σ )σ_X and (1_X ⊗_A ϵ_Σ )σ_X = 1_X .

A morphism of right Σ-comodules (X, σ_X ) and (X^′, σ_X′ ) is a morphism of right Amodules f : X → X^′ such that (f ⊗_A 1_Σ )σ_X = σ_X′ f. The category of right Σ-comodules and their morphisms is denoted by Mod^Σ . Left Σ-comodules and their morphisms are defined analogously, and their category is denoted by^Σ Mod.

For any right A-module Y , the right A-module morphism

Y ⊗_Aδ_Σ : Y ⊗_AΣ → Y ⊗_AΣ⊗_AΣ

makes Y ⊗_AΣ a right Σ-comodule. Thus the assignment

Y → (Y ⊗_AΣ, Y ⊗_Aδ_Σ )

yields a functor Mod_A → Mod^Σ ,

which is right adjoint to the evident forgetful functor

Mod^Σ → Mod_A.

Similarly, one has that the functor

AMod →^Σ Mod

defined, on objects, by Y → (Σ⊗_AY, δ_Σ ⊗_AY ) is right adjoint to the forgetful functor

Σ Mod →_AMod.

A detailed account of the theory of corings and comodules can be found in [11]. For any A-coring Σ = (Σ, δ_Σ , ϵ_Σ ), we can define on Mod_A a monad

T_Σ = (T = Mod_A(Σ, −), η = Mod_A(ϵ_Σ , −), μ = Mod_A(δ_Σ , −))

and a comonad

G_Σ = (G = − ⊗_A Σ, σ = − ⊗_A ϵ_Σ , ρ = − ⊗_A δ_Σ ).

Note that the category (Mod_A)^{GΣ} is just the category of right Σ-comodules over the A-coring Σ and that the free G_Σ -coalgebra functor U_{GΣ} : Mod_A → (Mod_A)^{GΣ} is just the functor Mod_A → Mod^Σ , Y → (Y ⊗_AΣ, Y ⊗_Aδ_Σ ).

7.1. Proposition. Let A be a ring and let Σ = (Σ, δ_Σ , ϵ_Σ ) be an A-coring. Then the following are equivalent:

(i) The monad T_Σ is of descent type.

(ii) The monad T_Σ is of effective descent type.

(iii) The comonad G_Σ is of codescent type.

(iv) The comonad G_Σ is of effective codescent type.

(v) The morphism ϵ_Σ : Σ → A is a split epimorphism in Mod_A.

Proof. Since the functor T = Mod_A(Σ, −) : Mod_A → Mod_A preserves all limits, the monad T_Σ is of effective descent type iff it is of descent type. But to say that T_Σ is of descent type is, by Theorem 2.3(i), to say that, for each X ∈ Mod_A, the morphism η_X = Mod_A(ϵ_Σ , X) is a (regular) monomorphism, which in turn is to say that ϵ_Σ is an epimorphism (and then necessarily a split one) in Mod_A. Thus, (i), (ii) and (v) are equivalent.

Next, since the functor G = −⊗_A : Mod_A → Mod_A preserves all colimits, the comonad G_Σ is of effective codescent type iff it is of codescent type. But since A is a projective generator for the category Mod_A, it follows from the dual of Corollary 2.6 that G_Σ is of codescent type iff the A-component σ_A = A ⊗_A ϵ_Σ ≃ ϵ_Σ of the counit σ : G → 1 is a split epimorphism in Mod_A. So that, (iii), (iv) and (v) are also equivalent. This completes the proof.

7.2. Proposition. Let A be a ring and E a Cauchy complete K-category. Then:

(i) If η, ϵ : F ⊣ U : Mod_A → E is an adjunction such that the composite F U preserves all colimits, then the functor U is monadic if and only if the morphism ϵ_A : F U(A) → A is a split epimorphism in Mod_A.

(ii) If η, ϵ : F ⊣ U : E → Mod_A is an adjunction such that the composite UF preserves all limits, then the functor F is comonadic if and only if the morphism ϵ_A : F U(A) → A is a split epimorphism in Mod_A.

Proof. (i). Since E is Cauchy complete, it follows from (the dual of) Theorem 3.19 that U is monadic iff the comonad G = (F U, ϵ, F ηU) arising from the adjunction F ⊣ U is of effective codescent type. As F U is assumed to preserve all colimits, there exists an Acoring Σ = (Σ, δ_Σ , ϵ_Σ ), where Σ = F U(A), for which one has an isomorphism G ≃ G_Σ of comonads (see Corollary (3.7)(ii), in [19]). The conclusion now follows from the previous theorem using the fact that ϵ_Σ = ϵ_A : F U(A) → A.

(ii). The argument here is the same as in (i): Just use Corollary (5.5)(1) instead of Corollary (3.7)(ii) in [19].

We now turn our attention to monads on module categories.

Let A and B be rings, M a (B, A)-bimodule, E_M = Mod_A(M, M) the ring of the right endomorphisms of M and i_M : B → E, b → (m → bm) the corresponding ring extension. (A ring extension means a homomorphism of rings that takes 1 to 1). Consider the induction functor F_M = −⊗_BM : Mod_B → Mod_A

and its right adjoint, the coinduction functor,

U_M = Mod_A(M, −) : Mod_A → Mod_B.

The unit η : 1 → U_M F_M and counit ϵ : F_M U_M → 1 of the adjunction are given by the formulas:

η_X : X → Mod_A(M, X ⊗_B M), η_X (x)(m) = x ⊗_B m and ϵ_Y : Mod_A(M, Y ) ⊗_B M → Y, ϵ_Y (f ⊗_B m) = f(m).

We write T_M (resp. G_M ) to denote the monad (resp. comonad) on Mod_B (resp. Mod_A) arising from this adjunction.

Dually, if N is an (A, B)-bimodule, then the functor N⊗_B− :_BMod →_AMod is adjoint on the left to the functor_AMod(M, −) :_AMod →_BMod. We write_N T (resp. N G) for the monad (resp. comonad) on_BMod (resp._AMod) generated by this adjunction.

Recall (for example from [31]) that a morphism f : M → N of right B-modules is called pure if f ⊗_B 1_L : M ⊗_B L → N ⊗_B L is injective for every left B-module L. Pure morphisms in the category of left B-modules are defined analogously.

7.3. Proposition. For any (B, A)-bimodule M, the following are equivalent:

(i) the functor −⊗_BM : Mod_B → Mod_A is faithful; (ii) the functor −⊗_BM : Mod_B → Mod_A is conservative; (iii) M is totally faithful as a left B-module, i.e. the morphism η_X : X → Mod_A(M, X ⊗_B M), η_X (m) = x ⊗_B m, is injective for every X ∈ Mod_B;

(iv) the functor −⊗_BM : Mod_B → Mod_A is precomonadic; (v) the monad T_M is of descent type;

(vi) the functor −⊗_BM : Mod_B → Mod_A reflects the zero object; that is, if X ⊗_B M ≃ 0, then X ≃ 0.

Each of (i)-(vi) implies (vii) the ring extension i_M : B → E_M is a pure morphism of left B-modules;

and all seven are equivalent if M is finitely generated and projective as a right Amodule.

Proof. As in the proof of Proposition 6.3, we see−since the unit of the adjunction F_M ⊣ U_M has for its X-component the morphism η_X −that (i)-(iv) are equivalent.

(iv) and (v) are equivalent by definition.

(i) implies (vi), since any faithful functor reflects monomorphisms. (vi) ⇒ (iii). We just observe that, if X^′ is the kernel of the morphism η_X : X → Mod_A(M, X ⊗_B M), then X^′ ⊗_B M = 0.

For any X ∈ Mod_B, consider the composition

X^{X⊗ B iM} � X ⊗ B ModA(M, M)^{tX} � ModA(M, X ⊗ B M), where t_X is given by t_X (x ⊗_B f)(m) = x ⊗_B f(m).

Then t_X · (X ⊗_B i_M ) = η_X , whence it follows trivially that X ⊗_B i_M is injective for every X ∈ Mod_B (or, equally, i_M is pure in_BMod ), provided that every η_X is. Hence each of (i)-(vi) implies that the ring extension i_M : B → E_M is pure in_BMod.

Finally, if M is assumed to be finitely generated and projective as a right A-module, then the morphism t_X is an isomorphism and thus η_X is injective if and only if X ⊗_B i_M is.

7.4. Remark. When M_A is finitely generated and projective, the equivalence of (i), (ii) and (iii) is proved in [13] (see Proposition 2.3 of [13]).

When M is assumed to be finitely generated and projective as a right A-module, then there is a natural isomorphism of functors U_M = Mod_A(M, −) ≃ − ⊗_B M^∗, where M^∗ = Mod_A(M, A) is the dual of M_A which is an (A, B)-bimodule in a canonical way. Then T_M = U_M ∘ F_M = Mod_A(M, − ⊗_B M) ≃ − ⊗_B Mod_A(M, M) = − ⊗_B E_M , while G_M = F_M U_M = Mod_A(M, −)⊗_BM ≃ −⊗_AM^∗⊗_BM. Moreover, the unit and the counit of the adjunction F_M ⊣ U_M take, in the present case, the forms

η_X = X⊗_Bi_M : X ≃ X⊗_BB → X⊗_BE_M and ϵ_Y = Y ⊗_Aev_M : Y ⊗_AM^∗⊗_BM → Y ⊗_AA ≃ Y.

It follows that tensoring with the ring E_M is isomorphic to the monad T_M . It is well known (see, for example, [19]) that (Mod_B)^{TM} is equivalent to the category of right E_M -modules, Mod_{EM} , by an equivalence which identifies the comparison functor K_{TM} : Mod_B → Mod_{EM} with the functor − ⊗_B E_M .

Recall that if i : B → A is a ring extension, then the natural A-bimodule structure on A gives rise to a (B, B)-bimodule structure on A via i. A then receives the natural (B, A)- bimodule structure and thus induces the functor −⊗_BA : Mod_B → Mod_A. Similarly, viewing A as (A, B)-bimodule, one has the functor A⊗_B− :_BMod →_AMod. Theorem 3.20 now gives:

7.5. Theorem. Let A and B be rings, M a (B, A)-bimodule with M_A finitely generated and projective, E_M = Mod_A(M, M) the ring of the right endomorphisms of M and

i_M : B → E_M , b −→ [m → bm]

the corresponding ring extension. Then the induction functor −⊗_BM : Mod_B → Mod_A is (pre)comonadic if and only if the functor −⊗_BE_M : Mod_B → Mod_{EM} is.

We now consider the functor

C = Ab(−, Q/Z) : Ab → (Ab)^{op}

(where Ab is the category of abelian groups and Q/Z is the rational circle abelian group) which is well-known to be exact and conservative. Given a ring A and a right A-module M, the abelian group C(M) = Ab(M, Q/Z) has the structure of a left A-module: The left A-actions on C(M) is defined by (a · ψ)(m) = ψ(ma). Hence C induces a functor

Mod_A → (_AMod)^{op}.

We write C_A for this functor. Similarly, if M is a left A-module, then viewing C(M) = Ab(M, Q/Z) as a right A-module via (ψ · a)(m) = ψ(am), one has a functor

AC :_BMod → (_AMod)^{op}.

(Note that_AC could equivalently be defined as the functor C_{Aop} :_AMod = Mod_Aop → (_Aop Mod)^{op} = (Mod_A)^{op}).

For any M ∈_AMod_A, it is easy to check that the left and right A-module structures on C(M) as defined above are compatible and thus enables us to view C(M) as an A-A-bimodule. So one can introduce a third functor AMod_A → (_AMod_A)^{op}, M → C(M).

We let_AC_A denote this functor.

The following is well known (see, for example, [31]):

7.6. Proposition. A morphism of right (resp. left) A-modules f : M → N is pure if and only if the morphism C_A (f) : C_A (N) → C_A (M) (resp._AC(f) :_AC(N) →_AC(M)) is a split epimorphism.

Let A and B be rings. For any (B, A)-bimodule M and any right A-module X, Mod_A(X, M) is a left B-module via (bf)(x) = b · f(x); hence we have a functor Mod_A(−, M) : (Mod_A)^{op} →_BMod.

Then the assignment M → Mod_A(−, M) can be considered in the obvious way as a functor X : (_BMod_A) → [(Mod_A)^{op},_BMod].

(Here [(Mod_A)^{op},_BMod] denotes the category of K-functors from (Mod_A)^{op} to_BMod), and the following is a simple consequence of the Yoneda lemma. 7.7. Proposition. The functor X is full and faithful.

As a particular case of this proposition, we have:

7.8. Corollary. A morphism f : M → M^′ of (B, A)-bimodules is a split epimorphism if and only if the corresponding natural transformation X(f) : X(M) → X(M^′) is.

In order to proceed, we shall need the following result that gives a sufficient condition on a left adjoint functor with coexact domain to be comonadic.

7.9. Proposition. Let A be a coexact category, B a category admitting cokernel-pairs of split monomorphisms and F : A → B a left adjoint functor. Suppose that there exists a comonadic functor I : A → X with X Cauchy complete and such that F is I-separable and that F takes I-split monomorphisms into regular monomorphisms, then F is comonadic.

Proof. Let us first recall that a morphism in A is an I- split monomorphism if its image under I is a split monomorphism in X . Note that the comonodacity of I guarantees that any I-split monomorphism is necessarily a regular monomorphism (see, for example, [29]).

The functor I, being comonadic, is conservative, and it follows from Proposition 3.6 that F is conservative as well. Hence, in view of (the dual of) Theorem 5.1, the desired result will follow if we can show that F preserves those regular monomorphisms whose cokernel-pairs are F -split, and this in turn will follow if we can prove that any such regular monomorphism is I-split. Suppose therefore that f : a → a^′ is a regular monomorphism in A with F -split cokernel-pair (i_1, i_2 : a^′ ⇒ a^′ ⊔_a a^′). Since X is assumed to be Cauchy complete, it follows from Proposition 3.7 that the pair (i_1, i_2) is also I-split. But I is comonadic by hypothesis, hence it preserves equalizers of I-split pairs. Since f is a regular monomorphism, it is the equalizer of its cokernel-pair. Thus, the diagram

I(a)^{I(f)} � I(a^′)^{I(i1)} �_{I(i2)} � I(a^′ ⊔_a a^′)

is a split equalizer, from which it follows in particular that I(f) is a split monomorphism. Therefore, f is an I-split monomorphism, as needed.

7.10. Theorem. Let i : B → A be a ring extension. Then the following are equivalent:

(i) The functor −⊗_BA : Mod_B → Mod_A is C_B -separable.

(ii) The functor A⊗_B− :_BMod →_AMod is_BC-separable.

(iii) The morphism_BC_B (i) :_BC_B (B) →_BC_B (B) is a split epimorphism.

If these conditions hold, then the functors −⊗_BA and A⊗_B− are both comonadic.

Proof. Since the functor −⊗_BA : Mod_B → Mod_A admits as a right adjoint the functor Mod_A(A, −) : Mod_A → Mod_B, with the unit η being

η = 1 ⊗_B i : 1 ≃ − ⊗_B B → − ⊗_B A,

to say that −⊗_BA is C_B -separable is, by Theorem 3.1, to say that the natural transformation C_B (η) : C_B (− ⊗_B A) → C_B (− ⊗_B B)

is a split epimorphism. Recalling that for any (B, B)-bimodule X, one has an isomorphism of functors C_B (− ⊗_B X) ≃_BMod(−,_BC_B(X)),

we see that the above natural transformation is isomorphic to the natural transformation

BMod(−,_BC_B (i)) :_BMod(−,_BC_B (A)) →_BMod(−,_BC_B (B)),

which in view of Corollary 7.8 is a split epimorphism if and only if the morphism_BC_B (i) is a split epimorphism in_BMod_B. This proves that (i) and (iii) are equivalent, and the equivalence of (ii) and (iii) can be shown in a similar way, using the fact that the unit of the adjunction A⊗_B− ⊣_AMod(A, −) is the natural transformation

i ⊗_B − : 1 ≃ B ⊗_B − → A ⊗_B −.

Suppose now that the functor − ⊗_B A is C_B -separable. Then, since

• the category Mod_B being abelian is coexact,

• the category Mod_A is complete (and cocomplete),

• the functor C_B is comonadic; (indeed, the forgetful functor U_A : Mod_A → Ab and the functor C : Ab → (Ab)^{op} are both exact and conservative and since (U_Aop )^{op} ∘ C_A = C ∘ U_A, the functor C_A is also exact and conservative. Moreover, it is easy to check that C_A admits as a right adjoint the functor

(_AC)^{op} = (C_Aop )^{op} :_AMod → (Mod_A)^{op}.

It follows that the functor C_A is comonadic.)

• C_B -split monomorphisms in Mod_B are exactly the pure monomorphisms of left Bmodules (see Proposition 7.6),

• the functor − ⊗_B A takes pure monomorphisms of right B-modules into monomorphisms of right A-modules,

we can apply Proposition 7.9 to conclude that the functor − ⊗_B A is comonadic.

Analogously, (ii) implies that the functor A ⊗_B − is comonadic.

7.11. Theorem. Let A and B be rings, M a (B, A)-bimodule with M_A finitely generated and projective, E_M = Mod_A(M, M) the right endomorphism ring of M and i_M : B → E_M the corresponding ring extension. If the morphism_BC_B (i_M ) is a split epimorphism, then the induction functors −⊗_BM : Mod_B → Mod_A and M^∗⊗_B− :_BMod →_AMod

are both comonadic.

Proof. Observe first that if M_A is finitely generated and projective, then so too is_AM^∗, and that the rings E_M and_M ∗ E are isomorphic. It now follows from Theorem 7.5, its dual and Proposition 7.9 that the functors − ⊗_B M and M^∗ ⊗_B − are both comonadic.

8. Relation to the descent problem for modules

We begin by describing the descent problem for modules.

Given a ring extension i : B → A, a (right) descent datum on a right A-module X is a morphism θ : X → X ⊗_B A of right A-modules rendering commutative the following two diagrams X � � � � � � � �^θ

� X ⊗_B A

λ_X � X θ � θ � X ⊗_B A

θ⊗_B 1_A � X X ⊗ B A_{ηX ⊗ B 1A} � X ⊗ B A ⊗ B A .

Here η_X : X → X ⊗_B A is given by η_X (x) = x ⊗_B 1, while λ_X : X ⊗_B A → X is the right A-module structure on X. We write RDes(i) for the category whose objects are pairs (X, θ), where X is a right A-module, and θ is a (right) descent datum on X. Morphisms are homomorphisms of right A-modules compatible in the obvious sense with the descent data. Compositions and identities in RDes(i) are induced by those in Mod_A, in the evident manner.

For any right B-module Y , the morphism

η_{Y ⊗ B A} : Y ⊗_B A → Y ⊗_B A ⊗_B A

is a descent datum on Y ⊗_B A, and the assignment

Y −→ (Y ⊗_B A, η_{Y ⊗ B A})

yields a comparison functor K_i : Mod_B → RDes(i).

i : B → A is said to be a right (effective) descent ring extension if the functor K_i is (an equivalence of categories) full and faithful.

The dual notions are the left descent datum on a left B-module, the corresponding category of left descent data, LDes(i), and the comparison functor

iK :_BMod → LDes(i).

And one says that i : B → A is a left (effective) descent ring extension if the functor_iK is (an equivalence of categories) full and faithful.

The descent problem for modules consists in finding conditions which are either necessary or sufficient in order that a given ring extension be left (or right) effective for descent.

More details on Descent Theory can be found in [23], [24] and [25]. It is not hard to see that the category RDes(i) is nothing but the Eilenberg-Moore category of G-coalgebras, where G is the comonad on Mod_A arising from the adjunction

− ⊗_B A ⊣ Mod_A(A, −) : Mod_A → Mod_B. But the functor Mod_A(A, −), which is (isomorphic to) the restriction of scalars functor, is monadic, so that Mod_A ≃ (Mod_B)^{TA} (where, recall, T_A is the monad on Mod_B generated by the adjunction − ⊗_B A ⊣ Mod_A(A, −)) and hence RDes(i) can be identified with the category Des_{ModB} (T_A). Hence i is a right descent ring extension iff the functor −⊗_BA : Mod_B → Mod_A is precomonadic, and it is a right effective descent ring extension iff the functor −⊗_BA is comonadic. Symmetrically, LDes(i) ≃ Des_{B Mod}(_AT), and i is a left descent ring extension iff the functor A⊗_B− :_BMod →_AMod is precomonadic, and it is a left effective descent ring extension iff the functor A⊗_B− is comonadic.

It is well known (see [11]) that the category (Mod_A)_G is equivalent to the category of right comodules over the so-called Sweedler’s canonical A-coring associated to the ring extension i : B → A. Recall ([45]) that the A-A-bimodule A ⊗_B A is an A-coring with the comultiplication

A⊗_B A → (A⊗_B A)⊗_A (A⊗_B A) ≃ A⊗_B A⊗_B A, a_1 ⊗_B a_2 −→ a_1 ⊗_B 1_B ⊗_B a_2

and the counit A⊗_B A → A, a_1 ⊗_B a_2 −→ a_1 · a_2.

This A-coring is known as a Sweedler’s A-coring associated to the ring extension i : B → A. So that, the categories Mod^{A⊗ B A} and (Mod_A)_G are equivalent, and this allows us to identify the functor K_i : Mod_B → RDes(i) with the functor K_G : Mod_B → Mod^{A⊗ B A}. Similarly, (_AMod)_G′ ≃^{A⊗ B A}Mod, where G^′ is the comonad on_BMod generated by the adjunction A ⊗_B − ⊣_AMod(A, −) :_AMod →_BMod, and the functor_iK :_BMod → RDes(i) can be identified with the functor K_G′ :_BMod →^{A⊗ B A}Mod.

It follows from Theorem 7.10 that

8.1. Theorem. Let i : B → A be a ring extension such that the morphism_BC_B(i) : BC_B(A) →_BC_B(B) is a split epimorphism. Then i is an effective descent ring extension on both sides.

After this theorem it is natural to ask:

QUESTION 1: Are “left effective descent” and “right effective descent” equivalent properties?

Note that, the question is not fully answered yet. Theorem 8.1 provides only a partial answer to this question.

A more general situation is that where A and B are connected by (B, A)-bimodule M that is finitely generated and projective as a right A-module with a fixed dual basis e = ∑ m_i ⊗_B f_i ∈ M ⊗_A M^∗. (This situation has been considered by L. El Kaoutit and J.

Gómez Torrecillas in [16] and by S. Caenepeel, E. De Groot and J. Vercruyssen in [13].) Then the (A, A)-bimodule M^∗ ⊗_B M is an A-coring with the comultiplication

M^∗ ⊗_B M → M^∗ ⊗_B M ⊗_A M^∗ ⊗_B M, f ⊗_B m −→ f ⊗_B e ⊗_B m

and the counit M^∗ ⊗_B M → A, f ⊗_B m −→ f(m).

The A-coring M^∗⊗_BM is known as a comatrix A-coring [16]. Like any A-coring, M^∗⊗_BM determines a comonad G_M ∗_{⊗ BM} = (G, ϵ, δ) on Mod_A, where G = − ⊗_A (M^∗ ⊗_B M), ϵ = − ⊗_A ϵ_M ∗_{⊗ B M} , δ = − ⊗_A δ_M ∗_{⊗ B M} .

Then the resulting category of coalgebras over this comonad is nothing more than the category of right M^∗ ⊗_B M-comodules Mod^{M ∗ ⊗ B M} , and one has the comparison functor K_M : Mod_B → Mod^{M ∗ ⊗ B M} , K_M (X) = (X ⊗_B M, σ_{X⊗ B M} ), where σ_{X⊗ B M} : X⊗_BM → X⊗_BM⊗_AM^∗⊗_BM is a morphism of right A-modules given by σ_{X⊗ B M} (x⊗_Bm) = x⊗_Be⊗_Bm.

In particular, taking X = B we deduce that the right A-module M is a right (M^∗⊗_BM)- comodule with coaction σ_M : M → M⊗_AM^∗⊗_BM, σ_M (m) = e⊗_Bm.

Given a (B, A)-bimodule M such that it is finitely generated and projective as a right A-module, we say that M_A is of (effective) descent type if the functor K_M is (an equivalence of categories) fully faithful; in other words (since Mod^{M ∗ ⊗ B M} is (isomorphic to) the Eilenberg-Moore category of G_M -coalgebras) M_A is of (effective) descent type iff the comonad G_M is. Note that, if i : B → A is a ring extension, then A_A is of (effective) descent type iff i is a right (effective) descent ring extension, while_AA is of (effective) descent type iff i is a left (effective) descent ring extension.

Theorem 3.19 gives:

8.2. Theorem. Let A and B be rings, M a (B, A)-bimodule with M_A finitely generated and projective, E_M = Mod_A(M, M) the right endomorphism ring of M and i_M : B → E_M the corresponding ring extension. Then the functor K_M : Mod_B → Mod^{M ∗ ⊗ B M} , K_M (X) = X⊗_BM is (an equivalence of categories) fully faithful if and only if the functor K_{EM} : Mod_B → Mod^{EM ⊗ B EM} , K_E (X) = X⊗_B E_M is. Said otherwise, M_A is of (effective) descent type iff i_M is a right (effective) descent ring extension.

In the light of Theorem 7.11, we get from Theorem 8.2 and its dual the following result:

8.3. Theorem. Let A, B be rings, M a (B, A)-bimodule with M_A finitely generated

and projective, E_M = Mod_A(M, M) its right endomorphism ring and i_M : B → E_M the

corresponding ring extension. If the morphism_BC_B(i_M ) :_BC_B(E_M ) →_BC_B(B) is a split

epimorphism, then the functors

K_M : Mod_B −→ Mod^{M∗ ⊗ B M} and M^∗ K : BMod −→

M⊗ B M∗ Mod are equivalences of categories. In other words, if_BC_B(i_M ) is a split epimorphism, then

both M_A and_AM^∗ are of effective descent type.

Note that the analogue of QUESTION 1 is

QUESTION 2: For M ∈_BMod_A with M_A finitely generated and projective, are M_A and

AM^∗ both of effective descent type?

By Theorem 3.20, the answer to this question is the same as that to QUESTION 1.

It is shown in [17] that the functors

−⊗_{EM} M : Mod_{EM} → Mod_A and −⊗_AM^∗ : Mod_A → Mod_{EM}

can be lifted to an adjoint pair of functors

−⊗_{EM} M ⊣ −⊗_AM^∗ : Mod^{M ∗ ⊗ B M} → Mod^{EM ⊗ B EM} (8.1)

for which the diagram

Mod^{EM ⊗ B EM}_{−⊗ EM M} � Mod^{M ∗ ⊗ B M}

−⊗_AM^∗ �

Mod_B

K_{EM} � � � � � � �^{KM}

� � � � � � � commutes (up to isomorphism). Symmetrically, one has an adjunction

M^∗⊗_{EM} − ⊣ M⊗_A− :^{M∗ ⊗ B M}Mod →^{EM ⊗ B EM}Mod (8.2)

for which the diagram

EM ⊗ B EM

Mod_{M ∗ ⊗ EM −} �^{M∗ ⊗ B M}Mod

M⊗_A− �

BMod

EM K � � � � � �^{M K}

� � � � � � � is commutative.

Putting Theorem 8.2, its dual and Theorem 8.3 together, we obtain:

8.4. Proposition. Let A, B be rings, M a (B, A)-bimodule with M_A finitely generated and projective, E_M = Mod_A(M, M) its right endomorphism ring and i_M : B → E_M the corresponding ring extension. Then

(i) if the functor −⊗_BM : Mod_B → Mod_A is comonadic, or equivalently, M_A is of effective descent type, then (8.1) is an adjoint equivalence;

(ii) if the functor M^∗⊗_B− :_BMod →_AMod is comonadic, or equivalently,_AM^∗ is of effective descent type, then (8.2) is an adjoint equivalence;

(iii) if the morphism_BC_B (i_M ) :_BC_B (E_M ) →_BC_B (B) is a split epimorphism, then (8.1) and (8.2) are both adjoint equivalences.

Two A-corings Σ and Σ^′ are said to be right (resp. left) Morita-Takeuchi equivalent if the categories Mod^Σ and Mod^{Σ ′} (resp.^Σ Mod and^{Σ ′} Mod) are equivalent. Σ and Σ^′ are called Morita-Takeuchi equivalent if they are both right and left Morita-Takeuchi equivalent.

Using these concepts, Proposition 8.4 can be interpreted as a result about Morita- Takeuchi equivalences as follows:

8.5. Proposition. Under the assumptions of Proposition 8.4, if

(i) the functor −⊗_BM : Mod_B → Mod_A is comonadic, or equivalently, M_A is of effective descent type, then the A-corings M^∗⊗_BM and E_M ⊗_B E_M are right Morita- Takeuchi equivalent;

(ii) the functor M^∗⊗_B− :_BMod →_AMod is comonadic, or equivalently,_AM^∗ is of effective descent type, then the A-corings M^∗⊗_BM and E_M ⊗_B E_M are left Morita- Takeuchi equivalent;

(iii) the morphism_BC_B (i_M ) :_BC_B (E_M ) →_BC_B (B) is a split epimorphism, then the Acorings M^∗⊗_BM and E_M ⊗_B E_M are Morita-Takeuchi equivalent.

It is well known that when a given A-coring Σ is flat as a left A-module, then the category Mod^Σ is an (abelian) Grothendieck category (see, for example, [18]). This is a special case of a general result which asserts that if G is a flat comonad on a category A that is additive (resp. abelian, resp. abelian with small coproducts, resp. an (abelian) Grothendieck category), then the category A_G has the same property (see, for example, Proposition 6.5 in [30]). Recall [38] that an object a of a Grothendieck category A is a small projective generator when the functor A(a, −) : A → Mod_K preserves and reflects all small colimits. This is of course equivalent to saying that A(a, −) is conservative and preserves all small coproducts.

We are now in position to state and prove the following result of L. El Kaoutit and J. Gómez-Torrecillas (see Theorem 3.10 in [17]):

8.6. Proposition. Let M be a (B, A)-bimodule with M_A finitely generated projective. Define L_M = Mod^{M ∗ ⊗ B M} ((M, σ_M ), (M, σ_M )) and write k : B → L_M for the corresponding ring extension. Then the following assertions are equivalent:

(i) M^∗⊗_BM is flat as a left A-module, (M, σ_M ) is a small projective generator for Mod^{M ∗ ⊗ B M} and k is an isomorphism.

(ii)_A(M^∗⊗_BM) is flat and M_A is of effective descent type.

(iii)_BM is faithfully flat.

(iv)_A(M^∗⊗_BM) is flat and E_M is a faithfully flat left B-module.

Proof. That (ii), (iii) and (iv) are equivalent is a direct consequence of Proposition 3.21, since to say that an (R, R)-bimodule X, R being an arbitrary ring, is (faithfully) flat as a left R-module is to say that the functor − ⊗_R X : Mod_R → Mod_R preserves (and reflects) equalizers. We claim that (i) and (ii) are also equivalent. To see this, let us first recall that the comparison functor

K_M : Mod_B → Mod^{M ∗ ⊗ B M} ,

that sends X ∈ Mod_B to the M^∗⊗_BM-comodule (X⊗_BM, σ_{X⊗ B M} ), admits the functor

Mod^{M ∗ ⊗ B M} ((M, σ_M ), −) : Mod^{M ∗ ⊗ B M} → Mod_B

as a right adjoint.

(i) =⇒ (ii). We need only to show that under condition (i), M_A is of effective descent type. Since (M, σ_M ) is a small projective generator for Mod^{M ∗ ⊗ B M} , it follows from Mitchell’s theorem (see [38]) that the functor Mod^{M ∗ ⊗ B M} ((M, σ_M ), −) induces an equivalent between Mod^{M ∗ ⊗ B M} and the category of right modules over the ring L_M = Mod^{M ∗ ⊗ B M} ((M, σ_M ), (M, σ_M )). But, by hypothesis, L_M is isomorphic to the ring B. It now follows that the functor Mod^{M ∗ ⊗ B M} ((M, σ_M ), −) (and hence also its left adjoint K_M ) is an equivalence of categories. Thus, M_A is of effective descent type.

(ii) =⇒ (i). Assuming (ii), we have to show that k is an isomorphisms and that (M, σ) is a small projective generator for Mod^{M ∗ ⊗ B M} . But since M_A is of effective descent type, the adjunction

K_A ⊣ Mod^{M ∗ ⊗ B M} ((M, σ_M ), −) : Mod^{M ∗ ⊗ B M} → Mod_B

is an adjoint equivalence, and in particular the functor K_M is an equivalence of categories. Then the composite

B^≃ � ModB(B, B)^{(KM )B,B} � Mod^{M ∗ ⊗ B M} ((M, σ_M ), (M, σ_M )) = L_M ,

which is just the morphism k : B → L_M , is an isomorphism. Moreover, since the functor

Mod^{M ∗ ⊗ B M} ((M, σ_M ), −) : Mod^{M ∗ ⊗ B M} → Mod_K is the composite of the equivalence Mod^{M ∗ ⊗ B M} ((M, σ_M ), −) : Mod^{M ∗ ⊗ B M} → Mod_B and the forgetful functor Mod_B → Mod_K , and since this latter functor preserves and reflects all small colimits, Mod^{M ∗ ⊗ B M} ((M, σ_M ), −) : Mod^{M ∗ ⊗ B M} → Mod_K itself preserves and reflects all small colimits. Therefore, (M, σ_M ) is a small projective generator for Mod^{M ∗ ⊗ B M} .

We specialize now to the case where B is a commutative ring. Then any M ∈_BMod is a right B-module with right B-action m · b = bm. It is easy to verify that this makes M into (B, B)-bimodule: The compatibility of the left B-action with right one is just the commutativity of B. Thus_BMod can be viewed as a full subcategory of_BMod_B. Let L denote the canonical embedding_BMod →_BMod_B. Similarly, one has a full embedding R : Mod_B →_BMod_B. Consider the following diagram

BMod_B

1 �

U_B � � � �_{BU} � � � � Mod_B R � � � �^BMod L � � � � BMod_B in which U_B and_BU are the evident forgetful functors.

The following result is obvious:

8.7. Lemma. Let B be a commutative ring. For any (B, B)-bimodule M, the following are equivalent:

(i) The left and right B-actions on M coincide, i.e. bm = mb for all b ∈ B and m ∈ M. (ii) RU_B (M) = M. (iii) L_BU(M) = M.

B-B-bimodules satisfying one (and hence all) of the conditions (i), (ii) and (iii) in Lemma 8.7 form a full subcategory of_BMod_B, and we write_Bℑ_B for this subcategory.

From the above lemma one obtains:

8.8. Corollary. For a morphism f : M → N in_Bℑ_B, the following are equivalent:

(i) f is a split epimorphism (in_Bℑ_B or in_BMod_B − it makes no difference). (ii) f, viewed as a morphism of right B-modules, is a split epimorphism, or equivalently, U_B (f) is a split epimorphism (in Mod_B).

(iii) f, viewed as a morphism of left B-modules, is a split epimorphism, or equivalently, BU(f) is a split epimorphism (in_BMod).

A straightforward calculation shows: 8.9. Proposition. The functor BC_B :_BMod_B → (_BMod_B)^{op} restricts to a functor Bℑ_B → (_Bℑ_B)^{op}.

In other words, f ∈_Bℑ_B implies_BC_B (f) ∈_Bℑ_B, for all morphisms f ∈_Bℑ_B.

Combining this with Proposition 7.6, we conclude that:

8.10. Proposition. For a morphism f ∈_Bℑ_B, the following are equivalent:

(i) f, viewed as a morphism of left B-modules, is pure; (ii) f, viewed as a morphism of right B-modules, is pure.

We can now state and prove the following result:

8.11. Theorem. (cf. Theorem 2.7 in [13]) Let A be a ring, B be a commutative ring. If M ∈_BMod_A with M_A finitely generated and projective is such that the ring extension i_M : B → E_M = Mod_A(M, M) factorizes through the center of E_M , then the following are equivalent:

(i) i_M is pure in_BMod; (ii) i_M is pure in Mod_B;

(iii)_BC(i_M ) is a split epimorphism; (iv) C_B (i_M ) is a split epimorphism; (v)_BC_B (i_M ) is a split epimorphism;

(vi) i_M is a right (effective) descent ring extension; (vii) i_M is a left (effective) descent ring extension;

(viii) M_A is of (effective) descent type; (ix)_AM^∗ is of (effective) descent type;

(x) the monad T_{EM} on Mod_B is of (effective) descent type; (xi) the monad_{EM} T on_BMod is of (effective) descent type; (xii) the monad T_M on Mod_B is of (effective) descent type; (xiii) the monad_M ∗ T on_BMod is of (effective) descent type; (xiv) the functor K_{EM} : Mod_B −→ Mod^{EM ⊗ B EM} is an equivalence of categories; (xv) the functor_{EM} K :_BMod −→^{EM ⊗ B EM}Mod is an equivalence of categories; (xvi) the functor K_M : Mod_B −→ Mod^{M∗ ⊗ B M} is an equivalence of categories; (xvii) the functor_M ∗ K :_BMod −→^{M⊗ B M∗}Mod is an equivalence of categories; Proof. We only observe that, since the center of the B-algebra A can equivalently be defined as the algebra of (A, A)-bimodule endomorphisms of A, to say that i_M factorizes through the center of A is to say that A ∈_Bℑ_B, and since clearly B ∈_Bℑ_B, i_M is a morphism in_Bℑ_B.

Combining the last result and Proposition 8.4((iii)), we obtain the following result: 8.12. Proposition. In the situation of Theorem 8.11, if i_M : B → E_M is pure as either left or right B-module, then (8.1) and (8.2) are both adjoint equivalences.

As a special case of the Theorem 8.11, we obtain the following result of J. -P. Olivier [41] and A. Joyal and M. Tierney (unpublished, but see [35]) (note that, after Proposition 8.10, we are at liberty to drop the adjective “left” and “right” when we talk about purity of morphisms lying in_Bℑ_B. ):

8.13. Theorem. Let i : B → A be a morphism of commutative rings. Then i is an effective descent morphism for modules if and only if it is pure as a morphism of Bmodules.

References

[1] M. Barr and C. Wells, Toposes, Triples, and Theories, Grundlehren der Math. Wissenschaften 278, Springer-Verlag, 1985 and Reprints in Theory and Applications of Categories 12 (2005).

[2] M. Barr, Exact Categories, Lecture Notes Math. 236 (1971), 1–120.

[3] M. Barr, Coalgebras in a category of algebras, Lecture Notes Math. 236 (1971), 1–12.

[4] M. Barr, The point of empty set, Cahiers Topologie Géom. Différentielle Catégoriques 13 (1972), 357–368.

[5] J.M. Beck, Triples, algebras and cohomology, Reprints in Theory and Applications of Categories 2 (2003), 1–59.

[6] J. Bénabou and J. Roubaud, Monades et descente, C. R. Acad. Sci. 270 (1970), 96–98.

[7] F. Borceux, Handbook of Categorical Algebra, vol. 2, Cambridge University Press, 1994.

[8] F. Borceux, Descent theory and Morita theory for ultrametric Banach modules, Appl.

Categorical Structures 6 (1998), 105–116.

[9] R. Börger and W. Tholen, Strong, regular and dense generators, Cahiers Topologie Géom. Différentielle Catégoriques 32 (1991), 257–276.

[10] T. Brzeziński, The structure of corings. Induction functors, Maschke-type theorem, and Frobenius and Galois-type properties, Algebras and Representation Theory 5 (2002), 389–410.

[11] T. Brzeziński and R. Wisbauer, Corings and Comodules, Cambridge University Press, Cambridge, 2003.

[12] S. Caenepeel and G. Militaru, Maschke functors, semisimple functors and separable functors of the second kind: applications, Journal of Pure and Applied Algebra 178 (2003), 131–157.

[13] S. Caenepeel, E. De Groot and J. Vercruysse, Galois theory for comatrix corings:

descent theory, Morita Theory, Frobenius and separability properties, To appear in Trans. Amer. Math. Soc.

[14] M. Cipolla, Discesa fedelmente piatta dei moduli, Rend. Circ. Mat. Palermo 25 (1976), 43–46.

[15] S. Eilenberg and J. Moore, Adjoint functors and triples, Illinois J. Math. 9 (1965), 381-398.

[16] L. El Kaoutit and J. Gómez-Torrecillas, Comatrix corings: Galois corings, descent theory, and a structure theorem for cosemisimple corings, Math. Z. 244 (2003), 887– 906.

[17] L. El Kaoutit and J. Gómez-Torrecillas, Comatrix corings and invertible bimodules, Preprint arXiv: math. RA/0501032, 2005.

[18] L. El Kaoutit, J. Gómez-Torrecillas and F.J. Lobillo, Semisimple corings, Algebra Colloquium 11 (2004), 427–442.

[19] J. Fisher-Palmquist and D. C. Newell, Triples on functor categories, Journal of Algebra 25 (1973), 226–258.

[20] A. Frei and J. L. MacDonald, Algebras, coalgebras and cotripleability, Arch. Math.

22 (1971), 1–6.

[21] P.J. Freyd and G.M. Kelly, Categories of continuous functors, Journal of Pure and Applied Algebra 2 (1972), 169–191.

[22] A. Grothendieck, Technique de descente et théoremes d’existence en géometrie algébrique I, Séminaire Bourbaki 190 (1959).

[23] G. Janelidze and W. Tholen, Facets of Descent, I, Appl. Categorical Structures 2 (1994), 245–281.

[24] G. Janelidze and W. Tholen, Facets of Descent, II, Appl. Categorical Structures 5 (1997), 229–248.

[25] G. Janelidze and W. Tholen, Facets of Descent, III : Monadic Descent for Rings and Algebras, Appl. Categorical Structures 12 (2004), 461–476.

[26] P. Johnstone, When is a variety a topos?, Algebra Universalis 21 (1985),198–212.

[27] G.M. Kelly, Monomorphisms, epimorphisms and pullbacks, J. Austral. Math. Soc. 9 (1969), 124–142.

[28] G.M. Kelly, Basic Concepts of Enriched Category Theory, Cambridge University Press, Cambridge, 1982 and Reprints in Theory and Applications of Categories 10 (2005).

[29] G.M. Kelly and A.J. Power, Adjunctions whose counits are coequalizers, and presentations of finitary enriched monads, Journal of Pure and Applied Algebra 89 (1993), 163–179.

[30] M. Kontsevich and A. Rosenberg, Noncommutative spaces and flat descent, MPI 2004-36; preprints, Bonn 2004.

[31] T.Y. Lam, Lectures on Modules and Rings, Graduate Texts in Mathematics, Springer- Verlag New York, 1999.

[32] F.E.J. Linton, Some aspects of equational categories, in: “Proceedings, La Jolla Conference on Categorical Algebra”, Springer-Verlag, New York/Berlin (1966), 84– 94.

[33] S. Mac Lane, Categories for the Working Mathematician, Graduate Texts in Mathematics Vol. 5, Springer, Berlin-New York, 1971.

[34] E.G. Manes, Algebraic Theories, Springer, Berlin, 1976.

[35] B. Mesablishvili, Pure morphisms of commutative rings are effective descent morphisms for modules - a new proof, Theory and Applications of Categories 7 (2000), 38–42.

[36] B. Mesablishvili, Descent in the categories of (co)algebras, Homology, Homotopy and Applications 7 (2005), 1–8.

[37] F. Métayer, State monads and their algebras, Preprint arXiv: math.CT/0407251, 2004.

[38] B. Mitchell, The full embedding theorem, Amer. J. Math.86 (1964), 619–637.

[39] C. Năstǎsescu, M. Van den Bergh and F. Van Oystaeyen, Separable functors applied to graded rings, Journal of algebra 123 (1989), 397-413.

[40] P. Nuss, Noncommutative descent and non-abelian cohomology, K-Theory 12 (1997), 23–74.

[41] J.-P. Olivier, Descente par morphismes purs, C. R. Acad. Sci. Paris Sér. A-B 271 (1970), 821-823.

[42] R. Paré, On absolute colimits, Journal of Algebra 19 (1971), 80-95.

[43] M.D. Rafael, Separable functors revisited, Comm. Algebra 18 (1990), 1445-1459.

[44] M. Sobral, CABool is monadic over almost all categories, Journal of Pure and Applied Algebra 77 (1992), 207–218.

[45] M. Sweedler, The predual theorem to the Jacobson-Bourbaki Theorem, Trans. Amer.

Math. Soc. 213 (1975), 391–406.

Mathematical Institute of the Georgian Academy of Sciences, M. Alexidze Str. 1, 0193 Tbilisi, Georgia Email: bachi@rmi.acnet.ge

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/1/16-01.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods. Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication. The method of distribution of the journal is via the Internet tools

WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca