Theory and Applications of Categories, Vol. 16, No. 10, 2006, pp. 206–217.

A CHARACTERIZATION OF QUANTIC QUANTIFIERS IN ORTHOMODULAR LATTICES

Dedicated to Professor Humberto Cárdenas on

the occasion of his 80th Birthday

LEOPOLDO ROMÁN

Abstract. Let L be an arbitrary orthomodular lattice. There is a one to one correspondence between orthomodular sublattices of L satisfying an extra condition and quantic quantifiers. The category of orthomodular lattices is equivalent to the category of posets having two families of endofunctors satisfying six conditions.

Introduction

The purpose of this paper is to give some new results concerning quantic quantifiers on orthomodular lattices. As is well known, quantifiers have their main source in the theory of Algebraic Logic and in the theory of orthomodular lattices. More recently, quantifiers became important in the theory of idempotent, right- sided quantales.

In section 1 we deal with the notion of a quantic quantifier and characterize such quantic quantifiers in orthomodular lattices.

In section 2 we apply the results of section 1 for the algebraic foundations of quantum mechanics. We also show the following: the category of orthomodular lattices is equivalent to the category of posets having two families of endofunctors satisfying some conditions.

Part of this work was done when the author was a research visitor at Louisiana Tech University. Many thanks to Prof. R. Greechie for his invitation and many conversations. Also many thanks to Prof. M.F. Janowitz for the electronic mails he sent me and the comments he made about quantifiers. This work was partially supported by a Beca Sabática de la DGAPA de la UNAM.

1. Quantic Quantifiers

The classic notion of a quantifier was introduced in [6] where P. Halmos gave a characterization of quantifiers for Boolean Algebras. Latter, M.F. Janowitz generalized this concept for orthomodular lattices, see [7] for details. There is another concept, namely,

Received by the editors 2005-12-15 and, in revised form, 2006-03-23. Transmitted by F. W. Lawvere. Published on 2006-04-15. 2000 Mathematics Subject Classification: 03G12; 06C99. Key words and phrases: Quantum logic; Orthomodular lattice. ©Leopoldo Román, 2006. Permission to copy for private use granted. 206 the notion of a nucleus for Heyting Algebras. Nuclei and quantifiers have a close relation as we shall see.

1.1. Definition. A bounded lattice L = (L, ∨, ∧, 0, 1) is an ortholattice if there exists a unary operation ⊥ : L → L satisfying the conditions:

1. a^{⊥⊥} = a.

2. a, b ∈ L : (a ∨ b)^⊥ = a^⊥ ∧ b^⊥. 3. a ∨ a^⊥ = 1. 4. a ∧ a^⊥ = 0.

a, b being arbitrary elements of L.

If L is an ortholattice, we shall say L is an orthomodular lattice if it satisfies the following weak modularity property:

Given any a, b ∈ L with a ≤ b we have: b = a ∨ (a^⊥ ∧ b) (equivalently, a = (a ∨ b^⊥) ∧ b).

If L and M are orthomodular lattices, a function f : L → M is said to be a morphism of orthomodular lattices iff the following properties hold:

1. f(1) = 1.

2. f(a ∧ b) = f(a) ∧ f(b), for all a, b ∈ L. 3. f(a^⊥) = f(a)^⊥, for all a ∈ L.

The composition of morphisms is defined in the usual way and clearly, we have a category, denoted by OML.

If L is a bounded lattice with bounds 0,1 and F : L → L is a function, F will be called a quantifier on L in case F satisfies:

1. F (0) = 0.

2. For any a ∈ L, a ≤ F (a).

3. F (a ∧ F (b)) = F (a) ∧ F (b), for all a, b ∈ L.

If we write F (a ∧ b) = F (a) ∧ F (b) in 3 and we do not assume condition 1 then we get the notion of a nucleus. The theory of nuclei is given in the context of Heyting Algebras or Locales, the reader can see [8] where there is a study of nuclei for Heyting Algebras. In [11] the author and Beatriz Rumbos gave a characterization of nuclei and quantic nuclei for orthomodular lattices.

There are always two special quantifiers on L:

1. The discrete quantifier = the identity map.

2. The indiscrete quantifier quantifier: F (a) = 1 for a ≠ 0, F (0) = 0.

Every nucleus is a quantifier but not conversely. If we take the indiscrete quantifier it is not hard to show that it is not a nucleus whenever L is a Heyting algebra or an orthomodular lattice.

Now, for the notion of a quantic quantifier we need to introduce a binary connective & for an arbitrary orthomodular lattice.

1.2. Definition. Let L be an orthomodular lattice, we define two binary operations as follows: If a, b are arbitrary elements of L

1. a & b = (a ∨ b^⊥) ∧ b.

2. a → b = a^⊥ ∨ (a ∧ b).

It is not hard to show the following:

a & b ≤ c iff a ≤ b → c.

The last claim has two equivalent meanings. We can say, the function: F (−b) : L → L given by: F (−, b)(a) = a & b is a residuated map or the functor F (−, b) : L → L given by the same rule has a right adjoint. So, is just a question of terminology; the important idea here is the last inequality and the connective &. To our knowledge, P.D. Finch was the first person to consider & as a binary connective. See [5] for more details. Also, the reader can consult [2] for a detailed account of Residuation Theory.

We just finish with another comment: F (−, b) is called the Sasaki projection and the right adjoint H(b, −) is known in physics as the Sasaki hook; but remember, we shall view this projection as a binary connective, replacing the classical connective ∧. For a Heyting algebra A, it is well known the functor a ∧ − : A → A, has a right adjoint. In fact, whenever A is a boolean algebra the right adjoint is given by: a → b = a^⊥ ∨ b., a, b are elements of A.

For orthomodular lattices, the situation is quite different. Indeed, one might ask if the classical connective has a right adjoint: When this property is satisfied, then L is a boolean algebra as the reader can show easily. We shall present now, some properties of &. 1.3. Lemma. Let L be an orthomodular lattice. Given a, b ∈ L, the binary operation & satisfies:

1. a ∧ b ≤ a & b.

2. a & b ≤ b.

3. a & a = a.

4. 1 & a = a & 1 = a.

5. a & 0 = 0 & a = 0.

6. a & a^⊥ = a^⊥ & a = 0.

The operation & is very strict in the follwing sense:

1.4. Proposition. Let L be an orthomodular lattice; then L is a boolean algebra iff any one of the following holds:

1. & is commutative, i.e., a & b = b & a ∀a, b ∈ L.

2. & is associative, i.e., a & (b & c) = (a & b) & c ∀a, b, c ∈ L.

3. For any a ∈ L, a & − is functorial.

The reader can consult [10] for a proof of the lemma and the proposition. Also, in [10] there is a physical interpretation of the binary connective &. We shall introduce now the concept of a quantic quantifier.

1.5. Definition. Let L be an arbitrary orthomodular lattice. By a quantic quantifier F on L we understand a function F : L → L satisfying the following conditions:

1. F (0) = 0.

2. For any a ∈ L, we have: a ≤ F (a).

3. If a, b ∈ L then F (a & F (b)) = F (a) & F (b).

Clearly, the discrete and indiscrete quantifiers are in fact quantic quantifiers. Instead of looking for more examples we shall give the characterization of the quantic quantifiers. It is not hard to show: any quantifier F , induces a quantic quantifier. Indeed, if we restrict F to the fixed points of F then F is in fact a quantic quantifier. Moreover, if L is an orthomodular lattice and we denote by M(L) the semigroup ( under function composition) of all endofunctors ϕ : L → L, then two endofunctors ϕ and ψ are mutually adjoint in case ψ((ϕ(a))^⊥) ≤ a^⊥ and ϕ((ψ(b))^⊥)) ≤ b^⊥.

1.6. Remark. We borrow this definition from Janowitz,see [7] p. 1242 ; any pair of endofunctors ϕ, ψ which are mutually adjoint induce a pair of endofunctors which are adjoints ( in the categorical sense). Indeed, it is not hard to show, ϕ has a right adjoint. Namely, h = ⊥ ∘ ψ ∘ ⊥, as the reader can check easily.

If S(L) denotes the subset of all ϕ : L → L of M(L) having a ψ : L → L wich are mutually adjoint, then S(L) is a Baer ⋆-semigroup (under function composition) and every element of S(L) preserves 0 and arbitrary suprema whenever they exist in L. See [2] for details. The next theorem can be viewed as a non-commutative, non-associative version of Janowitz’ Theorem stated in [7].

1.7. Theorem. Let L be an arbitrary orthomodular lattice and F a quantic quantifier on L. Then F and F (L) satisfy:

1. F(1)= 1.

2. F is idempotent.

3. F is a functor.

4. F ((F (a))^⊥) = F (a)^⊥.

5. F is a projection in S(L).

6. For every a ∈ L the set [a, −) ∩ F (L) has a least element. Namely, F (a). In particular, F (L) is reflective in L; i.e., the inclusion I : F (L) → L has a left adjoint, denoted by R.

7. F(L), the set of the fixed points of L is a suborthomodular lattice of L.

Proof. Since for any a ∈ L, a ≤ F (a) then in particular 1 ≤ F (1). From this, F (1) = 1. Now, if a ∈ L then F (1 & F (a)) = F (1) & F (a) = F (a) and the LHS is equal to F^2(a).

If a ≤ b then a ≤ F (b) and a = a & F (b). Hence,F (a) = F (a & F (b)) = F (a) & F (b). Therefore, F (a) ≤ F (b).

We only need to check: F ((F (a))^⊥) ≤ F (a)^⊥. Now, F (a) & F ((F (a))^⊥) = F (F (a) & F (a)^⊥) = F (0) = 0. From this we have: F ((F (a))^⊥) & F (a) = 0, as the reader can check easily. For any b ∈ L − & b has a right adjoint, therefore we get: F ((F (a))^⊥) ≤ F (a)^⊥ and F ((F (a)^⊥)) = F (a)^⊥.

F is a projection by the previous results.

Suppose a is an arbitrary element of L then clearly, F (a) ∈ [a, −) ∩ F (L). If x ∈ [a, −) ∩ F (L) then in particular, a ≤ x and F (a) ≤ F (x) = x, since x belongs to F (L).

The functor R : L → F (L) is defined by: given any element a of L, R(a) = F (a). The last claim follows easily since F is a projection in S(L) and F preserves orthocomplements in F (L).

1.8. Corollary. Let L be an orthomodular lattice and consider a quantic quantifier F on L then if the fixed points of F form a boolean subalgebra of L then the notions of a quantifier and a quantic quantifier are equivalent.

1.9. Remark. Condition 6, will allow to give the characterization of the quantic quantifiers. If we take any quantifier in an orthomodular lattice, it is true that a similar result holds. However, when we assume we have a pair of orthomodular lattices L, K satisfying, the inclusion I : K → L has a left adjoint, R : L → K, we cannot prove the composition I ∘ R is a quantifier. See the example given after theorem 2.

We can actually generate a quantic quantifier if we start with a complete orthomodular lattice L and with a preclosure operator. k_o : L → L is a preclosure operator if it satisfies:

k_o(0) = 0 and for any a ∈ L, a ≤ k_(a). The fixed points of k_o induces a closure operator k : L → L if we define:

k(a) = ⋀ {x ∈ L|a ≤ x, k_o(x) = x}.

Now, by a quantic prequantifier k_o : L → L in a complete orthomodular lattice L, we understand a preclosure operator satisfying:

k_o(a) & b ≤ k_o(a & k_o(b)).

We shall see: a prequantifier induces a quantic quantifier.

1.10. Lemma. If L is a complete orthomodular lattice and k_o : L → L is a quantic prequantifier then the closure operator k : L → L, induced by k_o is in fact a quantic quantifier.

Proof. Given any a, b ∈ L we define,

W = {x ∈ L|a ≤ x ≤ k(a), k(a) & b ≤ k(a & k(b)), k_o(x) = x}.

Clearly, if x ∈ W then k_o(x) ∈ W by the definition of k_o. Moreover, if {x_i}_{i∈I} is an arbitrary family of elements of W then the supremum ⋁ i∈I x_i belongs also to W since the map − & b : L → L preserves arbitrary suprema. In particular, if s = ∨W then k_o(s) ∈ W . This means, s ≤ k(a), by the definition of k(a) and also k(a) ≤ k(s). Hence, s = k(a).

Therefore, k(a) & k(b) ≤ k(a & k(b)). Clearly, a & k(b) ≤ k(a) & k(b) and since k is idempotent and preserves order we have: k(a) & k(b) ≤ k(k(a) & k(b)) ≤ k^2(a & k(b)) = k(a & k(b)).

Hence, k(a & k(b)) = k(a) & k(b); i.e., k is a quantic quantifier.

The last theorem has a converse as the next result claims.

1.11. Proposition. Let L be an orthomodular lattice and K be a suborthomodular lattice of L satisfying the following condition:

1. For any a ∈ L the set [a, −) ∩ K has a least element.

The function given by the rule: F (a) is the least element of [a, −) ∩ K is a quantic quantifier.

Proof. We must show three properties. F (0) = 0 since in the set [0, −) ∩ K the least element is clearly 0. Also, by the definition of F , for any a ∈ L, a ≤ F (a). We only need to check: F (a) & F (b) = F (a & F (b)).

First of all, notice F is idempotent and preserves order. Indeed, the least element of [F (a), −) ∩ K is F (a). Since F (a) ∈ K, F is idempotent.

If a ≤ b then a ≤ F (b). Since F (b) ∈ K we get: F (a) ≤ F^2(b) = F (b).

212 LEOPOLDO ROMÁN

From these two facts, we know: a&F (b) ≤ F (a)&F (b) ∈ K. Since −&F (b) preserves order and K is a suborthomodular lattice. Therefore, F (a & F (b)) ≤ F (a) & F (b) by the definition of F .

If a & F (b) ≤ x and x ∈ K then a ≤ F (b) → x ∈ K. Hence, F (a) ≤ F (b) → x and we get: F (a) & F (b) ≤ x. Taking x = F (a & F (b)) we have:

F (a) & F (b) ≤ F (a & F (b)).

And the proof is complete.

We summarise these results as follows.

1.12. Theorem. Let L be an orthomodular lattice. There is a one to one correspondence between quantic quantifiers and pair of orthomodular lattices L, K such that the inclusion K → L has a left adjoint.

We shall present now an example of a finite orthomodular lattice L and a quantic quantifier F : L → L defined on L which is not a quantifier. We shall use the result presented in the last proposition. Consider the following orthomodular lattice L: 1

b^⊥ � � � � � 1

c^⊥ � � � � � �1

d^⊥ � � � � � � � �1

a^⊥ � � � � � � � � 1

a � � � � � � � � � � �

c � � � � � � �b^⊥

d � � � � � � � � c^⊥

b � � � � � � �

d � � � � � � � d^⊥

b � � � � � � � � � d^⊥

c � � � � � � �

0 � � � � � � � � a

0 � � � � � � � � � � � b

0 � � � � � � c

0 � � � � � � � d

� � � � � � �

The suborthomdular lattice K of L is: {0, b, c, d, b^⊥, c^⊥, d^⊥, 1}. The map is given by: F (a) = F (a^⊥) = 1 and in the rest of the elements of L, F (x) = x. Clearly, K satisfies the condition of the last proposition. Hence, F defined as above is a quantic quantifier. However, a simple calculation shows: F (a ∧ F (d)) ≠ F (a) ∧ F (d). Hence, F is not a quantifier.

2. On the Algebraic Foundations of Quantum Mechanics

There are many attempts to give some algebraic axioms for quantum mechanics. Why we choose the Sasaki projection and the Sasaki hook as new connectives? The reason is contained in the following Theorem, proved in [12] .

2.1. Theorem. Let L be an orthomodular lattice. Let →: L×L → L be a binary operation satisfying the following conditions. Given a, b, c arbitrary elements of L, we have:

1. a ≤ b iff a → b = 1.

2. There exists a binary operation ⊕ : L × L → L such that:

a ⊕ b ≤ c iff a ≤ b → c.

3. Whenever a, b are two compatible elements of L, i.e., a & b = a ∧ b, then a → b = a^⊥ ∨ b.

Hence, → is the Sasaki hook; i.e., a → b = a^⊥ ∨ (a ∧ b).

2.2. Remark. In principle, the reader can suspect condition 1 follows from condition 2. If we have ∧, the adjointness written in condition 2, is enough to show condition 1. Something which is true, for instance, for Heyting algebras. We can relax condition 1 and just say: for any a ∈ L, a ≤ a ⊕ a. Assuming this ⊕ is an idempotent binary operation. If we assume this then condition 1 follows easily by adjointness. However, we wrote the theorem in this form, since for the purposes of the algebraic foundations of quantum mechanics, this presentation is more natural. Therefore, condition 1 is not superfluous. These criteria come from quantum mechanics, see [9] for a discussion of these implicative criteria. For orthomodular lattices there are in principle six implications. These six implications are defined as follows:

2.3. Definition. Let L be an orthomodular lattice. If a, b are arbitrary elements of L we introduce the following implications:

1. a →_1 b = a^⊥ ∨ b.

2. a →_2 b = a^⊥(a ∧ b).

3. a →_3 b = b ∨ (a^⊥ ∧ b^⊥).

4. a →_4 b = (a ∧ b) ∨ (a^⊥ ∧ b) ∨ (a^⊥ ∧ b^⊥).

5. a →_5 b = (a ∧ b) ∨ (a^⊥ ∧ b) ∨ [(a^⊥ ∨ b^⊥) ∧ b].

6. a →_6 b = (a^⊥ ∧ b^⊥) ∨ (a^⊥ ∧ b) ∨ [(a^⊥ ∨ b) ∧ a].

Observe that the implications except,of course, for →_2 cannot have a left adjoint. The adjointness written in the last theorem is a weak version of the deduction theorem, stated for instance in classical logic or intuitionistic logic. As is well known, in logic a suitable deduction theorem must be true, if we are really interested in logic or in an algebraic axiomatization of a theory. Therefore, & the Sasaki projection can be viewed as a new logical conjunction. The reader can consult [1] and the recent book [3] where there is a discussion about the logic of quantum mechanics.

Notice, however that all these six implications satisfies conditions 1 and 3 of the last theorem. Hence, condition 2 of the last theorem and the physical reasons given by Piron are crucial if one wants to give an algebraic foundation of quantum mechanics.

The last theorem has a converse. We shall consider first a bounded involution poset. The definition is as follows.

2.4. Definition. A bounded involution poset (L, 0, 1, ⊥) is a bounded poset with bounds 0, 1 and a function ⊥ : L → L satisfying the following two conditions:

1. If a ≤ b then b^⊥ ≤ a^⊥. 2. a^{⊥⊥} = a.

There are many examples of bounded involutions posets. Clearly, any orthomodular lattice is an example. Any boolean algebra is also an example and if A is a Heyting algebra and we take the double negation on A,the fixed points of the double negation this is also an example. The reader can consult for instance [2] for more examples.

We shall see that under certain conditions we can get an orthomodular lattice. We shall do this in two steps, first of all we shall get from a bounded involution poset a bounded orthoposet under certain conditions. The definition of an orthoposet is as follows: 2.5. Definition. An orthoposet (L, ⊥, 0, 1) is a bounded poset satisfying:

1. For any a ∈ L we have: a^{⊥⊥} = a. 2. If a ≤ b in L then b^⊥ ≤ a^⊥. 3. For any a ∈ L a ∧ a^⊥ = 0. 4. For any a ∈ L a ∨ a^⊥ = 1. We can formulate now the following:

2.6. Theorem. Let (L, 0, 1) be a bounded poset. Suppose we have two families of endofunctors {F (−, x) : L → L}_{x∈L} , {H(x, −) : L → L}_{x∈L} satisfying the following conditions:

1. For any a ∈ L, F (−, a) is left adjoint to H(a, −). 2. If x ≤ y then F (−, x) ∘ F (−, y) = F (−, x). 3. For any x ∈ L, H(H(x, 0), 0) ≤ x.

4. For any x, y ∈ L, F (H(F (y, x), 0), x) ≤ H(y, 0). 5. If x ≤ y then x = F (x, y), y = H(H(x, 0), y). 6. For any x ∈ L we have F (1, x) ≤ x.

then L is an orthomodular lattice. Conversely, any orthomodular lattice, has two families of endofunctors satisfying the last six conditions.

Proof. First of all, if we define x^⊥ = H(x, 0) then by condition 3, we get x^{⊥⊥} = x; i.e., H(x, 0) is an involution because H(x, 0) has a left adjoint.

By condition 5, for any x ∈ L, F (x, x) = x and F (x, 1) = x. From x = F (x, x) we get x ≤ F (1, x) and by condition 6 we have: F (1, x) = x.

It is not hard to show F (a, a^⊥) = F (a^⊥, a) = 0. We shall prove first, L is an orthoposet. We define x ∧ x^⊥ = F (F (x, x)^⊥, x) Clearly, the RHS is equal to 0.

Now, since x ∨ x^⊥ = (x^⊥ ∧ (x^⊥)^⊥)^⊥ then the RHS is equal to 0^⊥ = 1 and L is an orthoposet.

We shall see now L is a lattice. If x, y ∈ L we define x ∧ y as follows:

x ∧ y = F (F (y^⊥, x)^⊥, x).

Now, F (F (y^⊥, x)^⊥, x) ≤ F (1, x) = x. By condition 4, F (F (y^⊥, x)^⊥, x) ≤ y. Hence, x ∧ y is a lower bound.

Suppose t ≤ x, y. By condition 2, F (−, t) ∘ F (−, x) = F (−, t) and also y^⊥ ≤ t^⊥. Clearly, F (y^⊥, t) = 0 and therefore F (F (y^⊥, x), t) = F (y^⊥, t) = 0. By condition 1, F (y^⊥, x) ≤ t^⊥ , hence t ≤ F (y^⊥, x)^⊥.

By condition 5, t = F (t, x) ≤ F (F (y^⊥, x)^⊥, x). Therefore, x ∧ y = F (F (y^⊥, x)^⊥, x) is the greatest lower bound of x, y.

Since x ∨ y = (x^⊥ ∧ y^⊥)^⊥ it is now immediate L is a lattice and it is trivial that it is a lattice orthocomplemented by x → x^⊥. To prove L is orthomodular we shall see: if x ∧ y = 0 and y^⊥ ≤ x then x = y^⊥.

We want: x ≤ y^⊥. By condition 5, we know y^⊥ = H(x^⊥, y^⊥). Therefore, x ≤ H(x^⊥, y^⊥) is equivalent to prove: F (x, x^⊥) ≤ y^⊥ but F (x, x^⊥) = 0.

We have then x ≤ y^⊥ and x = y^⊥. This proves, L is an orthomodular lattice. Finally, it is not hard to show: F (y, x) = y & x., for any x, y ∈ L. Conversely, if L is an orthomodular lattice, consider the families, given in definition 2, F (−, a) = − & a : L → L and H(a, −) = a → − : L → L for any element a ∈ L. A straightforward calculation shows these families satisfy the six conditions.

The posets having two families of endofunctors which are adjoints can be viewed as a category. Indeed, if L, M are two posets having families: {F (−, x) : L → L}_{x∈L}, {H(x, −) : L → L}_{x∈L}, {F^′(−, x) : M → M}_{x∈M} , {H^′(x, −) : M → M}_{x∈M} .

A morphism f : L → M is a functor, preserving everything on the nose; i.e., f(0) = 0, f(1) = 1 and f ∘ F (−, x) = F^′(−, f(x)), f ∘ H(x, −) = H^′(f(x), −) for any x ∈ L.

The composition of morphisms is defined in the usual way and clearly we have a category. We denote by PosAdj this category.

If we start with a bounded involution poset the last theorem has a different version. The second condition in the next theorem will produce a right adjoint to the family of endofunctors:

2.7. Theorem. Let (L, 0, 1, ⊥) be an involution poset and suppose we have a family of endofunctors {F (−, x) : L → L}_{x∈L} satisfying the following three conditions:

1. If x ≤ y then F (−, x) ∘ F (−, y) = F (−, x).

2. For any x, y ∈ L we have F (F (x, y)^⊥, y) ≤ x^⊥.

3. For any x ∈ L, F (1, x) = x.

then L is an orthomodular lattice.

Conversely, any orthomodular lattice has a family of endofunctors satisfying the last three conditions.

Proof. First of all, notice F (−, x) is idempotent by condition 1. By condition 2, the endofunctor F (−, x) has a right adjoint, H(x, −) = ⊥∘F (−, x)∘⊥. Moreover, using again condition 2, we can prove the following:

F (y, x) = 0 iff y ≤ x^⊥.

We shall prove first, L is an orthoposet. We need to define a meet and a sup for x and x^⊥, satisfying the conditions of an orthoposet.

x ∧ x^⊥ = F (F (x, x)^⊥, x).

The RHS of the last equality is equal to 0 since we can write this expression as follows: F (F (x, x)^⊥, x) = F ((F (F (1, x), x)^⊥, x) = F (F (1, x)^⊥, x) = 0. Since F (−, x) is idempotent and by condition 3.

Now, since x ∨ x^⊥ = (x^⊥ ∧ (x^⊥)^⊥)^⊥. A simple calculation shows the RHS is equal to 0^⊥ = 1. Hence,L is an orthoposet. Instead of proving directly L has binary meets and sups and L satisfies the orthomodular property we shall use a theorem proved by Finch. Nevertheless, we can define for instance the meet of of two elements x ∧ y by the following formula:

x ∧ y = F (F ((y^⊥), x)^⊥, x).

The endofunctors F (−, x) satisfy the conditions of a theorem proved by Finch in [4], page 321. Hence L is an orthomodular lattice.

Having proven L is an orthomodular lattice, it is not hard to show F (y, x) = y & x. Conversely, if L is an arbitrary orthomodular lattice. We take as a family of endofunctors, F (−, x) = − & x : L → L. For any element x ∈ L. A straightforward calculation shows this family satisfies the three conditions.

We summarize the results presented in this section with the following:

2.8. Theorem. The category of orthomodular lattices, denoted by OML, is equivalent to the category of bounded posets (P, 0, 1) with two families of endofunctors F, H, parameterized by elements a ∈ P, satisfying the conditions of theorem 4.

From our point of view, the characterization of quantic quantifiers shows that using the connective & instead of ∧ gives us a good control of the algebraic manipulations in an orthomodular lattice, despite the problems of & in the second variable. By proposition

3,if a ∈ L then a & − is not even a functor. Also, notice we do not assume at all any completeness property in an orthomodular lattice to produce this characterization.

A personal comment: I want to thank Prof. F. W. Lawvere for his comments and suggestions.

References

[1] Beltrametti Enrico G. and Cassinelli Gianni, The logic of Quantum Mechanics, Encyclopedia of Mathematics and its applications, 15, 1981.

[2] Blyth S.T., Janowitz F.M., Residuation Theory, Pergamon Press, Vol. 102, 1972.

[3] Maria Luisa Dalla Chiara, Roberto Guintini, Richard Greechie, Reasoning in Quamtum Theory, Sharp and Unsharp Logics, 2004.

[4] Finch P.D., Sasaki projections on orthocomplemented posets, Bull. Austral. Math.

Soc. Vol. 1, 319-324, 1969.

[5] Finch P.D., Quantum logic as an implication algebra, Bull. Aust. Math. Soc., Vol. 1, 101–106, 1970.

[6] Halmos, P., Algebraic Logic, Chelsea Publishing Company,New York 1962.

[7] Janowitz, M. F., Quantifiers and Orthomodular Lattices, Pacific Journal of Math.,13, 1963, 1241-1249.

[8] Johnstone , P.T., Stone Spaces, Cambridge Studies in Advanced Mathematics, No.3, Cambridge Univ. Press, 1983.

[9] Piron C., Foundations of Quantum Physics, Benjamin, 1976.

[10] Román L., Rumbos B., Quantum Logic Revisited, Foundations of Physics, Vol 21, No.6, 1991, 727-734.

[11] Román L., Rumbos B., A characterization of nuclei in orthomodular lattices and quantic lattices, JPAA, Vol. 73, 1991, 155-163.

[12] Román Leopoldo, Zuazua Rita, Quantum implication, International Journal of Theoretical Physics , Vol.38, No.3, 1999,793-797.

Instituto de Matemáticas, UNAM Area de la Investigación Científica, Ciudad Universitaria 04510, México, D.F.

Email: leopoldo@matem.unam.mx

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/10/16-10.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca