Theory and Applications of Categories, Vol. 16, No. 13, 2006, pp. 262–282.

CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS II: BOURN LOCALIZATION

ZURAB JANELIDZE

Abstract. We say that a class D of categories is the Bourn localization of a class C of categories, and we write D = Loc(C), if D is the class of all (finitely complete) categories D such that for each object A in D, Pt(D ↓ A) ∈ C, where Pt(D ↓ A) denotes the category of all pointed objects in the comma-category (D ↓ A). As D. Bourn showed, if we take D to be the class of Mal’tsev categories in the sense of A. Carboni, J. Lambek, and M. C. Pedicchio, and C to be the class of unital categories in the sense of D. Bourn, which generalize pointed Jónsson-Tarski varieties, then D = Loc(C). A similar result was obtained by the author: if D is as above and C is the class of subtractive categories, which generalize pointed subtractive varieties in the sense of A. Ursini, then D = Loc(C). In the present paper we extend these results to abstract classes of categories obtained from classes of varieties. We also show that the Bourn localization of the union of the classes of unital and subtractive categories is still the class of Mal’tsev categories.

Introduction

In this paper’s predecessor [11], I gave a general method of finding categorical conditions on varieties of universal algebras, equivalent to term conditions of a particular kind. Each categorical condition arising in this way is determined by an extended term matrix

M = t_{11} · · · t_{1m} u_1 . . . . . . t_{n1} · · · t_{nm} u_n .

Here, the terms t_{ij}, u_i belong to some fixed algebraic theory T , which, in the examples, is either the algebraic theory of the variety of sets, T = Th[sets], or that of the variety of pointed sets, T = Th[pointed sets]. The class of categories determined by the categorical condition corresponding to M (which says that every internal relation is M-closed, see Section 1) will be also called the class of categories determined by M.

In [11] it was shown that

• the class of Mal’tsev categories in the sense of A. Carboni, M. C. Pedicchio, and N. Pirovano [7] (see also [6] and [5]), which generalize Mal’tsev varieties of universal

Partially supported by Australian Research Council and South African National Research Foundation.

Received by the editors 2006-04-30 and, in revised form, 2006-06-09. Transmitted by A. Carboni. Published on 2006-06-19. 2000 Mathematics Subject Classification: 18C99, 08B05, 18A25.

Key words and phrases: Mal’tsev, unital and subtractive categories; fibration of points. ©Zurab Janelidze, 2006. Permission to copy for private use granted. 262 algebras [13], is the same as the class of categories determined by the extended matrix ( x y y x x x y y ) (1) of terms in Th[sets];

• the class of unital categories in the sense of D. Bourn [2], which generalize pointed Jónsson-Tarski varieties [12], is the same as the class of categories determined by the matrix ( x 0 x 0 x x )

of terms in Th[pointed sets], where 0 denotes the unique constant of Th[pointed sets];

• the class of strongly unital categories in the sense of D. Bourn [2] is the same as the class of categories determined by the matrix ( x 0 0 x x x y y )

of terms in Th[pointed sets];

• the class of subtractive categories in the sense of [9], which generalize pointed subtractive varieties in the sense of A. Ursini [14], is the same as the class of categories determined by the matrix ( x 0 x x x 0 )

of terms in Th[pointed sets].

Each of the above matrices naturally correspond to the systems of term equations that determine the corresponding classes of varieties of universal algebras. For instance, the extended matrix (1) corresponds to the system { p(x, y, y) = x,

p(x, x, y) = y

of Mal’tsev equations [13], that determines the class of Mal’tsev varieties (recall that a Mal’tsev variety is a variety whose algebraic theory contains a ternary term p for which the above equations are satisfied).

In [2] D. Bourn gave a characterization of Mal’tsev categories via unital and strongly unital categories, using fibration of points. Let C be a category and let X be an object in C. The X-fibre of the fibration of points over C is the category Pt(C ↓ X) of pointed objects of the comma category (C ↓ X). It was shown in [2] that a finitely complete category C is a Mal’tsev category if and only if each fibre of the fibration of points over C is unital, and it was shown also that this is the case precisely when each fibre of the fibration of points is strongly unital (for other similar results due to D. Bourn, see [3] and [4]; see also [1] and the references there). In [9] a similar result was obtained with subtractive categories in the place of unital ones: a finitely complete category C is a Mal’tsev category if and only if each fibre of the fibration of points over C is subtractive. In the present paper, which is based on the last chapter of the author’s M.Sc. Thesis [8] (see also [10]), we will unify these three results by considering abstract classes of categories determined by term matrices in the place of the classes of Mal’tsev, unital, strongly unital, and subtractive categories (see Theorem 3.9).

Convention. Throughout the paper by a category we will always mean a category having finite limits.

1. Preliminaries

In this section we recall some material from [9], and we also give some new results, which will be used in the following sections (the proofs are given only for the new results).

Let A_1, ..., A_n be arbitrary sets. We will consider extended matrices

M = a_{11} · · · a_{1m} b_1 . . . . . . a_{n1} · · · a_{nm} b_n ,

where a_{i1}, ..., a_{im}, b_i ∈ A_i for each i ∈ {1, ..., n}; we then say that M is an n × (m + 1) extended matrix with columns from A_1 × ... × A_n. Here we assume n ≥ 1 and m ≥ 0. If m = 0 then M becomes b_1 . . b_n .

The columns of a’s will be called left columns of M, and the column of b’s will be called right column of M.

Let T be an arbitrary algebraic theory and let

M = t_{11} · · · t_{1m} u_1 . . . . . . t_{n1} · · · t_{nm} u_n

be an extended matrix of terms of T . We identify a term of T with the corresponding element of the free T -algebra Fr_T X over the alphabet X of T . We also assume to be given a fixed sequence x_1, ..., x_k of distinct variables, such that each term in M depends only on those variables that belong to this sequence; this allows to regard each term w in M as a k-ary term w = w(x_1, ..., x_k).

1.1. Definition. Let A_1, ..., A_n be T -algebras and let M^′ be an n × (m + 1) extended matrix with columns from A_1 × ... × A_n.

(a) M^′ is said to be a row-wise interpretation of M if

M^′ = t_{11}(c_{11}, ..., c_{1k}) · · · t_{1m}(c_{11}, ..., c_{1k}) u_1(c_{11}, ..., c_{1k}) . . . . . . t_{n1}(c_{n1}, ..., c_{nk}) · · · t_{nm}(c_{n1}, ..., c_{nk}) u_n(c_{n1}, ..., c_{nk})

for some c_{11}, ..., c_{1k} ∈ A_1, ..., c_{n1}, ..., c_{nk} ∈ A_n. Equivalently, M^′ is a row-wise interpretation of M if there there exist T -algebra homomorphisms

f_1 : Fr_T X → A_1, ..., f_n : Fr_T X → A_n

such that

M^′ = f_1(t_{11}) · · · f_1(t_{1m}) f_1(u_1) . . . . . . f_n(t_{n1}) · · · f_n(t_{nm}) f_n(u_n) .

(b) Suppose A_1 = ... = A_n = A. Then, M^′ is said to be a regular interpretation of M if

M^′ = t_{11}(c_1, ..., c_k) · · · t_{1m}(c_1, ..., c_k) u_1(c_1, ..., c_k) . . . . . . t_{n1}(c_1, ..., c_k) · · · t_{nm}(c_1, ..., c_k) u_n(c_1, ..., c_k)

for some c_1, ..., c_k ∈ A. Equivalently, M^′ is said to be a regular interpretation of M if there exists a T -algebra homomorphism f : Fr_T X → A such that

M^′ = f(t_{11}) · · · f(t_{1m}) f(u_1) . . . . . . f(t_{n1}) · · · f(t_{nm}) f(u_n) .

(c) Two n × (m + 1) extended term matrices M and M^′ are said to be row-wise similar to each other if each one of them is, regarded as an extended matrix of elements of Fr_T X , a row-wise interpretation of the other.

Let R −→ A_1 × ... × A_n be an internal relation in a category C, and X an object in C. Consider an extended matrix

M^′ = f_{11} · · · f_{1m} g_1 . . . . . . f_{n1} · · · f_{nm} g_n

whose each i-th row consists of morphisms f_{i1}, ..., f_{im}, g_i : X −→ A_i of C. We will say that the relation R is compatible with M^′ if whenever the morphisms (f_{1j} , ..., f_{nj} ) : X −→ A_1 × ... × A_n factor through r, so does the morphism (g_1, ..., g_n) : X −→ A_1 × ... × A_n.

1.2. Definition. Let C be a category, and let A_1, ..., A_n be objects in C, each A_i equipped with an internal T -algebra structure. Then the T -algebra structure on A_i induces a T - algebra structure on hom(X, A_i), for every object X in C. Let R −→ A_1 × ... × A_n be an internal relation in C.

(a) The relation R is said to be strictly M-closed, if for every object X, R is compatible with every interpretation M^′ of M, whose each i-th row consists of morphisms from the T -algebra hom(X, A_i).

(b) Suppose A_1 = ... = A_n = A, and suppose the corresponding T -algebra structures also coincide. Then, the relation R is said to be M-closed, if for every object X, R is compatible with every interpretation M^′ of M, consisting of morphisms from the T -algebra hom(X, A).

Observe:

• If an extended term matrix M^′ is an interpretation of M, then M-closedness always implies M^′-closedness.

• If an extended term matrix M^′ is a row-wise interpretation of M, then strict Mclosedness always implies strict M^′-closedness. In particular, this gives that if M and M^′ are row-wise similar to each other, then strict M-closedness is the same as strict M^′-closedness.

• A strictly M-closed relation R −→ A^n is always M-closed.

Let C be a category and let r = (r_1, ..., r_n) : R −→ A^n be an n-ary relation in C, where A is an object of C equipped with an internal T -algebra structure. Consider the relation

r^M = (r^M_1 , ..., r^M_k ) : R^M −→ A^k

where R^M is the object obtained as the limit of the diagram

A^k

t_{11} . . t_{n1} �

A^k

t_{12} . . t_{n2} �

... Ak

t_{1m} . . t_{nm} � A^n A^n ...

...

A^n

R r �

R r �

... ... R r �

(here t_{ij} denotes the operation t_{ij} : A^k −→ A of the T -algebra structure of A, corresponding to the term t_{ij}) and r^M is the limit projection R^M −→ A^k.

1.3. Lemma. The following conditions are equivalent:

(a) The relation R is M-closed.

(b) The morphism

(u_1(r^M_1 , ..., r^M_k ), ..., u_n(r^M_1 , ..., r^M_k )) : R^M −→ A^n

factors through r.

(c) The relation R is compatible with

t_{11}(r^M_1 , ..., r^M_k ) · · · t_{1m}(r^M_1 , ..., r^M_k ) u_1(r^M_1 , ..., r^M_k ) . . . . . . t_{n1}(r^M_1 , ..., r^M_k ) · · · t_{nm}(r^M_1 , ..., r^M_k ) u_n(r^M_1 , ..., r^M_k ) .

Proof. This Lemma is the same as Lemma 2.1 of [11], but with the additional equivalent condition (c) added to the conditions (a) and (b) in Lemma 2.1 of [11]. The equivalence of (b) and (c) follows immediately from the fact that the morphisms R^M −→ A^n, induced by the left columns of the matrix in (c), factor through r.

1.4. Definition. A category C is said to have M-closed relations (or, it is said to be a category with M-closed relations) if any internal relation R −→ A^n in C is M-closed with respect to any internal T -algebra structure on A.

1.5. Theorem. For any category C, the following conditions are equivalent:

(a) Every relation R −→ A_1 × ... × A_n in C is strictly M-closed, with respect to any choice of a T -algebra structure on each A_i.

(b) C has M-closed relations.

Proof. (a)⇒(b) is trivial. Let C be a category and let R −→ A_1 × ... × A_n be an internal relation in C, where A_1, ..., A_n are objects in C, each equipped with an internal T -algebra structure. Construct from R a relation R^′ −→ (A_1, ..., A_n)^n via the pullback

R^′

�

� R

� (A_1 × ... × A_n)^n_{π 1×...×π n}� A_1 × ... × A_n

where each π_i denotes the i-th product projection π_i : A_1 × ... × A_n −→ A_i. If C has Mclosed relations, then the relation R^′ is M-closed, with respect to any T -algebra structure of A_1 ×...×A_n, and in particular, with respect to its product T -algebra structure, obtained from the T -algebra structures of A_1, ..., A_n. It is easy to show that this implies that R is strictly M-closed (see [11]) (with respect to the given T -algebra structures of A_1, ..., A_n). This shows (b)⇒(a), concluding the proof.

1.6. Corollary. If an extended term matrix M^′ is a row-wise interpretation of an extended term matrix M, then any category with M-closed relations has M^′-closed relations. If M and M^′ are row-wise similar to each other, then categories with M-closed relations are the same as categories with M^′-closed relations.

1.7. Proposition. Suppose M^′ is a (nonempty) extended matrix of terms obtained from an extended term matrix M by applying to it any one of the following operations:

(a) permutation of left columns,

(b) addition of a left column,

(c) deletion of one of two identical left columns,

(d) permutation of rows,

(e) deletion of a row,

(f) addition of a row that is identical to an existing row.

Then, any category with M-closed relations has M^′-closed relations.

Proof. The cases of (a),(b),(c) are obvious. Suppose M^′ is obtained from M by permuting the rows of M. That is, suppose there is a permutation φ : {1, ..., n} −→ {1, ..., n}, such that each i-th row of M is identical to the φ(i)-th row of M^′. Consider a relation (r_1, ..., r_n) : R −→ A^n in a category C, where A is an object of C equipped with a T -algebra structure. It is obvious that R is M^′-closed if and only if the relation (r_φ−1_{(1)}, ..., r_φ−1_{(n)}) : R −→ A^n is M-closed. Hence, if C has M-closed relations, then it has M^′-closed relations.

Now suppose M^′ is obtained from M by deleting it’s i-th row. Without loss of generality we can assume i = n. Consider a relation (r_1, ..., r_{n−1} ) : R −→ A^{n−1} in a category C, where, as above, A is an object of C equipped with a T -algebra structure. Let T denote the terminal object of C and let t denote the unique morphism t : R −→ T . It is easy to see that the relation R is strictly M^′-closed if and only if the relation (r_1, ..., r_{n−1} , t) : R −→ A^{n−1} × T is strictly M-closed, with respect to the given T -algebra structure of A and the unique T -algebra structure of T . This shows that if C has M-closed relations then C has M^′-closed relations.

Finally, suppose M^′ is obtained from M by adding to M a new row that is a copy of an existing row. Without loss of generality we can assume that the new row, and its copy, are the last two rows of M. Consider an (n + 1)-ary relation (r_1, ..., r_{n+1}) : R −→ A^{n+1} in a category C, where A is again an object equipped with a T -algebra structure, and form a new n-ary relation (r_1, ..., r_{n−1} , (r_n, r_{n+1})) : R −→ A^{n−1} × (A × A). It is easy to see that the first relation is strictly M^′-closed if and only if the second relation is strictly M-closed with respect to the given T -algebra structure of A and the induced product T -algebra structure of A × A. We obtain, once again, that if C has M-closed relations then C has M^′-closed relations.

2. Matrices of variables, pointed matrices of variables, and admissible pairs (M, x)

Let T and M be as in the previous section. In the case when T is the algebraic theory of sets, M becomes an extended matrix of variables. If T is the algebraic theory of pointed sets, then the entries of M are either variables or a fixed nullary term 0. In this case let us say that M is a pointed (extended) matrix of variables.

Let M be any n × (m + 1) extended matrix of variables. An n × (m + 1) extended matrix M^′ of elements of an arbitrary set is a regular interpretation of M if and only if whenever two entries in M coincide, the corresponding entries in M^′ also coincide. An n × (m + 1) extended matrix M^′, whose each i-th row consists of elements of an arbitrary set, is a row-wise interpretation of M if and only if whenever in each row of M two entries coincide, the corresponding entries of the corresponding row of M^′ also coincide.

Let M be any n × (m + 1) pointed extended matrix of variables. An an n × (m + 1) extended matrix M^′ of elements of a pointed set A is a regular interpretation of M if and only if whenever two entries in M coincide, the corresponding entries in M^′ also coincide, and an entry in M is 0 implies that the corresponding entry in M^′ is the base point of A. An n × (m + 1) extended matrix M^′, whose each i-th row consists of elements of a pointed set A_i, is a row-wise interpretation of M if and only if whenever in each row of M two entries coincide, the corresponding entries of the corresponding row of M^′ also coincide, and an entry of some i-th row of M is 0 implies that the corresponding entry of the i-th row of M^′ is the base point of A_i.

For an arbitrary extended matrix M of variables, and for an arbitrary variable x, the pair (M, x) will denote the pointed matrix of variables obtained from M by writing 0 in the place of each instance of x encountered in M, i.e. (M, x) is the pointed matrix obtained from M by substituting 0 in x. Note that if x is not an entry of M, then the pointed matrix (M, x) is equal to M, however, while we regard M as a matrix of terms in the algebraic theory of sets, we regard (M, x) as a matrix of terms in the algebraic theory of pointed sets.

For an extended matrix M of variables (pointed or not) by Cat_M we denote the class of all categories with M-closed relations, and by Cat^∗_M the class of all pointed categories with M-closed relations.

2.1. Definition. Let M be an arbitrary extended matrix of variables and let x be an arbitrary variable. The pair (M, x) is said to be admissible if there is a left column

t_{1j} . . t_{nj}

in M such that for each i ∈ {1, ..., n}, if the i-th row of M contains x then t_{ij} = x.

Note that if there exists a variable x such that (M, x) is admissible, then M contains at least one left column.

The following proposition is a special case of (the “internal version” of) Proposition 1.10 in [11].

2.2. Proposition. Let (r_1, ..., r_n) : R −→ A_1 × ... × A_n be an arbitrary internal relation in an arbitrary category C. Consider the relation S −→ R^n obtained from R via the pullback S �

�

R (r_1,...,r_n) � R^n_{r1×...×r n}� A1 × ... × A n

For any extended matrix M of variables such that for any variable x the pair (M, x) is admissible, the following conditions are equivalent:

(a) R is strictly M-closed.

(b) S is strictly M-closed.

(c) S is M-closed.

2.3. Remark. Note that the relation S −→ R^n constructed in Proposition 2.2 is a reflexive relation, i.e. it contains the diagonal R −→ R^n. Hence, from the above proposition we can deduce: for an extended matrix M of variables as in Proposition 2.2, a category C has M-closed relations if and only if every reflexive relation R −→ A^n in C has M-closed relations.

2.4. Proposition. Let M be an extended matrix of variables containing a row ( t_{i1} · · · t_{im} u_i )

such that u_i /∈ {t_{i1}, ..., t_{im}}, and let x be any variable such that x ≠ u_i. Then:

(a) If m ≠ 0 then Cat_M is the class of all preorders and Cat^∗_{(M,x)} is the class of all codiscrete categories.

(b) If m = 0 then both Cat_M and Cat^∗_{(M,x)} are equal to the class of all codiscrete categories.

Proof. Let C be a category with M-closed relations. Then, by Proposition 1.7, C has M^′-closed relations, where

M^′ = ( t_{i1} · · · t_{im} u_i ) . Suppose m ≠ 0. To show that C is a preorder, consider any two parallel morphisms f, g : X −→ A in C. The diagonal Δ : A −→ A × A, regarded as a unary relation on A × A, is compatible with ((f, f) · · · (f, f)|(f, g)), where (f, f) and (f, g) denote the induced morphisms X −→ A × A. This gives f = g, which shows that C is a preorder. Conversely, it is easy to see that any preorder has M-closed relations. If a pointed category D has (M, x)-closed relations, then D has M^{′′}-closed relations, where M^{′′} = (0|u_i). A similar argument as above shows that any morphism f : X −→ A in D coincides with the zero morphism 0 : X −→ A. Hence D is codiscrete. Conversely, any codiscrete category has (M, x)-closed relations. This proves (a).

Now suppose m = 0. Then each diagonal Δ : A −→ A × A in C is compatible with (|1_{A×A} ), which gives that Δ is an isomorphism. This implies that C is a preorder. Since C is also connected (as it has all binary products), to show that C is codiscrete, it remains to show that for any morphism f : X −→ A there exists a morphism backwards A −→ X. Indeed, since C is a preorder, f is a monomorphism; now, as a unary relation on A, f is compatible with (|1_A), which implies the existence of a morphism A −→ X. Thus, we showed that if a category has M-closed relations then it is codiscrete. Conversely, any codiscrete category has M-closed relations. Next we show that Cat^∗_{(M,x)} is the class of all codiscrete categories. Any codiscrete category is pointed and has (M, x)-closed relations. To show the converse, consider a pointed category D with (M, x)-closed relations. As in the non-pointed case, we have: by Proposition 1.7, any unary relation in D is closed with respect to (|u_i), which implies that each diagonal Δ : A −→ A × A in D is compatible with (|1_{A×A} ), and hence D is a preorder. Since D is also pointed, D is automatically codiscrete.

For a category C and an object A in C, by Pt(C ↓ A) we denote the category of pointed objects of the comma category (C ↓ A). The objects of Pt(C ↓ A) can be represented as triples (X, g, h), where X is an object in C and g, h are morphisms

g : X −→ A, h : A −→ X with gh = 1_A.

A morphism f : (X, g, h) −→ (X^′, g^′, h^′) in Pt(C ↓ A) is a morphism f : X −→ X^′ in C such that fh = h^′ and g^′f = g. The triple (A, 1_A, 1_A) is a zero object in Pt(C ↓ A), and the zero morphism 0 from (X, g, h) to (X^′, g^′, h^′) is the composite h^′g.

2.5. Proposition. Let C be an arbitrary category and let A be an arbitrary object in C. For any extended matrix M of variables and any variable x, if the pointed category Pt(C ↓ A) has (M, x)-closed relations, then every n-ary reflexive relation R −→ A^n in C is M-closed.

Proof. Without loss of generality we can assume that x is an entry of some left column of M. Indeed, let M^′ denote the extended matrix obtained from M by adding to M a left column consisting of just x’s:

M^′ = x t_{11} · · · t_{1m} u_1 . . . . . . . . x t_{n1} · · · t_{nm} u_n .

Since (M^′, x) is different from (M, x) only by a left column of 0’s, Pt(C ↓ A) has (M^′, x)- closed relations if and only if it has (M, x)-closed relations. At the same time, M^′- closedness of a reflexive relation is the same as M-closedness.

Let r = (r_1, ..., r_n) : R −→ A^n be an n-ary reflexive relation in C. Recall from Section 1 that each entry w of M can be regarded as a k-ary term. Since w is a variable, to regard w as a k-ary term is the same as to regard w as a natural number w ∈ {1, ..., k}; this natural number is then the same as i in the formula w(x_1, ..., x_k) = x_i, which defines the k-ary term w. So, the extended matrix in Lemma 1.3 can be written as

M_r = r^M_{t11} · · · r^M_{t1m} r^M_{u1} . . . . . . r^M_{tn1} · · · r^M_{tnm} r^M_{un} .

By this lemma, R is M-closed if and only if R is compatible with M_r. Thus, we must show that if Pt(C ↓ A) has (M, x)-closed relations, then R is compatible with M_r. Since R is reflexive,

• there exists a morphism d_0 : A −→ R such that r_1d_0 = ... = r_nd_0 = 1_A, and

• there exists a morphism d_1 : A −→ R^M such that r^M_1 d_1 = ... = r^M_k d_1 = 1_A (where R^M is the same as in Lemma 1.3).

Next, we observe:

• the triples

B = (R^M , r^M_x , d_1), C = (A × A, pr_2 : A × A −→ A, (1_A, 1_A) : A −→ A × A), S = (R × A, pr_2 : R × A −→ A, (d_0, 1_A) : A −→ R × A)

are objects in Pt(C ↓ A);

• for each i ∈ {1, ..., n}, the morphism s_i = r_i × 1_A : R × A −→ A × A is a morphism s_i : S −→ C in Pt(C ↓ A), and s = (s_1, ..., s_n) : S −→ C^n is a relation in Pt(C ↓ A);

• for each entry w in M, the morphism

(r^M_w , r^M_x ) : R^M −→ A × A

is a morphism (r^M_w , r^M_x ) : B −→ C in Pt(C ↓ A); in the case when w = x, this morphism is the zero morphism 0 : B −→ C in Pt(C ↓ A), and so the extended matrix

M^′_r =

(r^M_{t11} , r^M_x ) · · · (r^M_{t1m} , r^M_x ) (r^M_{u1} , r^M_x ) . . . . . . (r^M_{tn1} , r^M_x ) · · · (r^M_{tnm} , r^M_x ) (r^M_{un} , r^M_x )

is a regular interpretation of the pointed matrix (M, x).

After these observations it suffices to show that if S is compatible with M^′_r, then R is compatible with M_r. Indeed, this follows from the fact that for each column

w_1 . . w_n

of M, the following two conditions are equivalent to each other:

• In Pt(C ↓ A), the morphism ((r^M_{w1} , r^M_x ), ..., (r^M_{wn} , r^M_x )) : B −→ C^n factors through s.

• In C, the morphism (r^M_{w1} , ..., r^M_{wn} ) : R^M −→ A^n factors through r.

This concludes the proof.

3. Bourn localization

3.1. Definition. Let C be an arbitrary class of categories. The Bourn localization of C is the class Loc(C) of all categories C such that for every object A in C, the pointed category Pt(C ↓ A) belongs to C.

Note that for any matrix M of variables (pointed or not), Loc(Cat_M ) = Loc(Cat^∗_M ). The proof of Theorem 3.3 below will use the following theorem, which follows easily from Lemma 1.3 and the fact that a pullback preserving functor always preserves jointly monomorphic families of morphisms:

3.2. Theorem. Let M be an extended matrix of variables and let F : D → C be a pullback preserving functor which reflects isomorphisms. Then, if C has M-closed relations, so does D. 3.3. Theorem. For any extended matrix M of variables, and for any variable x such that the pair (M, x) is admissible,

Cat_M = Loc(Cat_{(M,x)}).

Proof. Let M and x be as in the theorem. Let X denote the set of all variables (i.e. X is the alphabet of the algebraic theory of sets). For each i ∈ {1, ..., n}, let f_i be an injective map f_i : {t_{i1}, ..., t_{im}, u_i} −→ X

from the set of all entries of the i-th row of M, to the set X . Further, suppose f_1, ..., f_n is chosen in such a way that the following two conditions are met:

• for each i ∈ {1, ..., n}, and for each entry y of the i-th row of M,

f_i(y) = x ⇔ y = x,

• for each i, i^′ ∈ {1, ..., n}, Im(f_i) ∩ Im(f^′_i ) ⊆ {x}.

Then, the extended matrix

M_x = f_1(t_{11}) · · · f_1(t_{1m}) f_1(u_1) . . . . . . f_n(t_{n1}) · · · f_n(t_{nm}) f_n(u_n)

has the following properties:

• if a variable y is repeated in two different rows of M_x, then y = x,

• the pair (M_x, x) is admissible,

• Cat_{(M,x)} = Cat_{(Mx,x)} and Cat_M = Cat_{Mx} .

The two equalities above follow from the fact that M and M_x are each other’s row-wise interpretations, and also the pointed matrices (M, x) and (M_x, x) are each other’s row-wise interpretations.

Thus, to prove the theorem it suffices to show Cat_{Mx} = Loc(Cat^∗_{(Mx,x)}). First suppose there exists a variable y such that the pair (M_x, y) is not admissible. Since (M_x, x) is admissible, M_x must contain at least one left column, which implies that y must be an entry of M_x. Next, we claim that y is not an entry of any of the left columns of M_x. Indeed, since y ≠ x, there is only one row ( t_{i1} · · · t_{im} u_i ) in M_x which contains y, and if y ∈ {t_{i1}, ..., t_{im}}, then we would get that the pair (M_x, y) is admissible, contrary to our assumption. So y = u_i /∈ {t_{i1}, ..., t_{im}}. By Proposition 2.4, Cat_{Mx} is the class of all preorders, and Cat^∗_{(Mx,x)} is the class of all codiscrete categories. Then the inclusion Cat_{Mx} ⊆ Loc(Cat^∗_{(Mx,x)}) is obvious. We now show the converse inclusion, Loc(Cat^∗_{(Mx,x)}) ⊆ Cat_{Mx} . Let C be a category such that for each object A in C the category Pt(C ↓ A) is a codiscrete category. To show that C is a preorder, it suffices to show that for each object A in C, the diagonal Δ : A −→ A × A is an isomorphism.

Indeed, since Pt(C ↓ A) is codiscrete, the morphism Δ : (A, 1_A, 1_A) −→ (A, pr_2, Δ) in Pt(C ↓ A) is an isomorphism, which implies that Δ is an isomorphism in C as well.

Now suppose for any variable y, the pair (M_x, y) is admissible. From Proposition 2.5 we obtain that if C ∈ Loc(Cat^∗_{(Mx,x)}), then every reflexive relation in C is M_x-closed. By Remark 2.3, this implies that C has M_x-closed relations. Hence Loc(Cat^∗_{(Mx,x)}) ⊆ Cat_{Mx} . It remains to show Cat_{Mx} ⊆ Loc(Cat^∗_{(Mx,x)}). Let C be a category with M_x-closed relations. Take an arbitrary object A in C. The forgetful functor Pt(C ↓ A) −→ C, which takes each triple (X, f, g) to the object X, preserves pullbacks and reflects isomorphisms. By Theorem 3.2, Pt(C ↓ A) has M_x-closed relations. This obviously implies that Pt(C ↓ A) has (M_x, x)-closed relations. We obtain Cat_{Mx} ⊆ Loc(Cat^∗_{(Mx,x)}), completing the proof.

Theorem 3.3 unifies the following three results:

(i) The class of all Mal’tsev categories is the Bourn localization of the class of all unital categories [2].

(ii) The class of all Mal’tsev categories is the Bourn localization of the class of all strongly unital categories [2].

(iii) The class of all Mal’tsev categories is the Bourn localization of the class of all subtractive categories [11].

To see how the above three statements follow from Theorem 3.3, we just have to make the following observations, which are based on the results of the last section of [11]:

(i) A Mal’tsev category is the same as a category with M-closed relations, where M = ( y x x y x x y y ) . In this case (M, x) = ( y 0 0 y 0 0 y y ) . A pointed category with (M, x)-closed relations is the same as a pointed category with M^′-closed relations, where

M^′ = ( y 0 y 0 y y ) , which is the same as a unital category.

(ii) A Mal’tsev category is the same as a category with M-closed relations, where M = ( y x x y y y z z ) .

In this case (M, x) = ( y 0 0 y y y z z ) . A pointed category with (M, x)-closed relations is the same as a strongly unital category.

(iii) A Mal’tsev category is the same as a category with M-closed relations, where M = ( y x x y y y x x ) . In this case (M, x) = ( y 0 0 y y y 0 0 ) . A pointed category with (M, x)-closed relations is the same as a pointed category with M^′-closed relations, where

M^′ = ( y 0 y y y 0 ) , which is the same as a subtractive category.

3.4. Remark. Note that the three M’s in (i), (ii) and (iii) are all row-wise similar, and they are also row-wise similar to the matrix (1). In [11], any such matrix, i.e. any matrix which is row-wise similar to (1), was called a Mal’tsev matrix. Thus, the classes of unital, strongly unital, and subtractive categories are all of the form Cat^∗_{(M,x)}, where M is some Mal’tsev matrix and x is a variable such that the pair (M, x) is admissible. It can be shown that no other class of categories is of that form, apart from also the class of all pointed Mal’tsev categories.

Let M be an arbitrary extended matrix of variables. From Theorem 3.3 we obtain, that if M has at least one left column, then Cat_M = Loc(Cat_M ). What happens when M does not have any left columns? By Proposition 2.4, in this case Cat_M is the class of all codiscrete categories.

3.5. Proposition. The class of all codiscrete categories is not a Bourn localization of any class of categories.

Proof. Let C be a class of categories. Suppose Loc(C) contains all codiscrete categories. Consider a category C which consists of exactly two objects, X and Y , and exactly three morphisms: the two identity morphisms 1_X and 1_Y of X and Y , respectively, and one morphism f : X −→ Y . And, consider its subcategories D_1 and D_2, where D_1 consists of just the object X (and its identity morphism), and D_2 consists of just the object Y . Then Pt(C ↓ X) = Pt(D_1 ↓ X) and Pt(C ↓ Y ) = Pt(D_2 ↓ Y ). Since D_1 and D_2 are codiscrete, they belong to Loc(C). From this we obtain that C belongs to Loc(C) as well, but C is not codiscrete. We showed that if the Bourn localization of a class of categories contains all codiscrete categories, then it also contains a category which is not codiscrete. Hence, the class of all codiscrete categories is not a Bourn localization of any class of categories.

Thus, if M does not have any left columns, then Cat_M is not a Bourn localization of any class of categories.

Suppose M has at least one left column. For any variable x such that the pair (M, x) is admissible, we have Cat^∗_M ⊆ Cat^∗_{(M,x)}.

Since Loc(Cat^∗_M ) = Loc(Cat^∗_{(M,x)}), for any class C of categories such that

Cat^∗_M ⊆ C ⊆ Cat^∗_{(M,x)},

we would have Cat_M = Loc(C). This gives that the fact that the Bourn localization of the class of all strongly unital categories is the class of all Mal’tsev categories follows from the fact that the Bourn localization of the class of all unital categories is the class of all Mal’tsev categories, and the fact that the Bourn localization of the class of all (pointed) Mal’tsev categories is the class of all Mal’tsev categories (since any pointed Mal’tsev category is strongly unital, and any strongly unital category is unital). At the same time the class of all strongly unital categories is the intersection of the classes of all unital and subtractive categories. Observe that, more generally, Bourn localization always preserves intersections of classes of categories, that is, for any family (C_i)_{i∈I} of classes of categories, we have: Loc ( ⋂ i∈I C_i ) = ⋂ i∈I Loc(C_i).

However, in general, for unions we only have Loc ( ⋃ i∈I C_i ) ⊇ ⋃ i∈I Loc(C_i).

So the following result is somewhat unexpected:

3.6. Theorem. For any extended matrix M of variables with at least one left column, one has

Cat_M = Loc ( ⋃ x∈X Cat_{(M,x)} )

where X denotes the set of all variables x such that the pair (M, x) is admissible.

Proof. Since M has at least one left column, X is not empty (any variable that is not in M belongs to X). By Theorem 3.3, Cat_M = Loc(Cat_{(M,x)}) for all x ∈ X, so we have

Cat_M ⊆ Loc ( ⋃ x∈X Cat_{(M,x)} ) . Suppose first there exists a row ( t_{i1} · · · t_{im} u_i ) in M such that u_i /∈ {t_{i1}, ..., t_{im}}. Note u_i /∈ X. Hence, by Proposition 2.4, for each x ∈ X, Cat^∗_{(M,x)} is the class of all codiscrete categories. Therefore, for any y ∈ X we have

Cat^∗_{(M,y)} = ⋃ x∈X Cat^∗_{(M,x)},

which means that the equality in Theorem 3.6 becomes the same as the equality in Theorem 3.3 (these equalities state that the class of all preorders is the Bourn localization of the class of all codiscrete categories).

Now suppose u_i ∈ {t_{i1}, ..., t_{im}} for each i ∈ {1, ..., n}. Let C be a category from the class Loc ( ⋃ x∈X Cat_{(M,x)} ) . We should show that C has M-closed relations. Consider an arbitrary internal relation R −→ A^n in C. Let S denote the reflexive relation S −→ R^n constructed in Proposition 2.2. Take x ∈ X for which Pt(C ↓ R) has (M, x)-closed relations. Let M_x be the extended matrix of variables, constructed in the proof of Theorem 3.3, from the pair (M, x). We then have:

• for any variable y, the pair (M_x, y) is admissible,

• Cat_{(M,x)} = Cat_{(Mx,x)},

• strict M-closedness of any relation is the same as strict M_x-closedness.

Now, Pt(C ↓ R) has (M_x, x)-closed relations, which implies, by Proposition 2.5, that the relation S is M_x-closed. By Proposition 2.2, this gives that the relation R is strictly M_x-closed. Hence, R is strictly M-closed. This shows that C has M-closed relations, concluding the proof.

From this Bourn localization theorem we obtain:

3.7. Corollary. The class of all Mal’tsev categories is the Bourn localization of the union of the class of all unital categories and the class of all subtractive categories.

Proof. Let M be the Mal’tsev matrix M = ( x y y x y y z z ) . Then, Cat_M is the class of Mal’tsev categories, Cat^∗_{(M,x)} is the class of subtractive categories (see [11]), and Cat^∗_{(M,y)} is the class of unital categories. At the same time, both pairs (M, x) and (M, y) are admissible. Note that Cat^∗_{(M,z)} = Cat^∗_{(M,x)}. So for this M the equality in Theorem 3.6 states precisely that the class of Mal’tsev categories is the Bourn localization of the union of the classes of unital and subtractive categories.

Theorems 3.3 and 3.6 can be derived from the following more general Bourn localization theorem:

3.8. Theorem. For any extended matrix M of variables with at least one left column, one has

Cat_M = Loc(Cat_M ) = Loc ( ⋃ P ∈P

Cat_P ) , where P denotes the set of all pointed matrices P such that P = (M^′, x) for some extended matrix M^′ of variables, which is row-wise similar to M, and for some variable x such that the pair (M^′, x) is admissible.

Proof. We already know Cat_M = Loc(Cat_M ). Further, for each admissible pair (M^′, x), where M^′ is row-wise similar to M, Cat_M = Cat_M ′ = Loc(Cat_{(M} ′_{,x)}). This gives

Cat_M = ⋃ P ∈P

Loc(Cat_P ) ⊆ Loc ( ⋃ P ∈P

Cat_P ) . It remains to show

Cat_M ⊇ Loc ( ⋃ P ∈P

Cat_P ) . Suppose first there exists a row ( t_{i1} · · · t_{im} u_i ) in M such that u_i /∈ {t_{i1}, ..., t_{im}}. Then the same statement is true also for any M^′ which is row-wise similar to M. If we then take an admissible pair (M^′, x), we would have x ≠ u^′_i, where u^′_i denotes the right column entry of the i-th row of M^′. This gives, by Proposition 2.4, that Cat^∗_{(M} ′_{,x)} is the class of all codiscrete categories. Hence, ⋃ P ∈P

Cat^∗_P

is also the class of all codiscrete categories. Its localization is, as we already know, the class of all preorders, which, by Proposition 2.4 again, is precisely the class Cat_M .

Now suppose u_i ∈ {t_{i1}, ..., t_{im}} for each i ∈ {1, ..., n}, i.e. every right column entry of each row is also a left column entry of the same row. Then any M^′ which is row-wise similar to M also has the same property. Take any category C from the class Loc ( ⋃ P ∈P

Cat_P ) . We should show that C has M-closed relations. Consider an arbitrary internal relation R −→ A^n in C. Let S denote the reflexive relation S −→ R^n constructed in Proposition

2.2. Take P ∈ P for which Pt(C ↓ R) has P -closed relations. Then P = (M^′, x) where M^′ is row-wise similar to M and the pair (M^′, x) is admissible. Let M^′_x be the extended matrix of variables, constructed from M^′ and x, as in the proof of Theorem 3.3 (where we had M instead of M^′). We then have:

• for any variable y, the pair (M^′_x, y) is admissible,

• Cat_{(M} ′_{,x)} = Cat_{(M} ′_{x,x)},

• strict M^′-closedness of any relation is the same as strict M^′_x-closedness.

Now, Pt(C ↓ R) has (M^′_x, x)-closed relations, which implies, by Proposition 2.5, that the relation S is M^′_x-closed. By Proposition 2.2, this gives that the relation R is strictly M^′_x-closed. Hence, R is strictly M^′-closed. But M^′ is row-wise similar to M, so we obtain that R is strictly M-closed. This shows that C has M-closed relations, concluding the proof.

Note that, as this follows from Remark 3.4, Theorem 3.8 does not give us any new information on the class of Mal’tsev categories (if we let M in Theorem 3.8 to be any Mal’tsev matrix). However, for each particular Mal’tsev matrix M, the equality in Theorem 3.8 may be more general than the equality in Theorem 3.6. For instance, let M = ( x y y x u u v v ) . Then the equality in 3.6 does not imply that the Bourn localization of the class of all unital categories is the class of all Mal’tsev categories (it only implies that the Bourn localization of the class of all subtractive categories is the class of all Mal’tsev categories). However, for each Mal’tsev matrix M, the equality in 3.8 implies the assertion 3.7.

Let M and P be as in Theorem 3.8. Take any matrix M^′ which is row-wise similar to M, but has the property that no variable belongs to two different rows of M^′ at the same time, i.e. the sets of entries of any two different rows of M^′ are disjoint. Call a pointed matrix P a pointed matrix obtained from M^′ by a coherent substitution of 0’s in M^′, if P can be obtained from M^′ by substituting 0’s in certain variables, all of which can be found in one fixed left column of M^′. It is easy to show that any pointed matrix P from P is row-wise similar to some pointed matrix P^′, which is obtained from M^′ by a coherent substitution of 0’s. Thus, Theorem 3.8 can be restated in the following way:

3.9. Theorem. Let M be an extended matrix of variables, with at least one left column, and such that the sets of entries of any two different rows of M are disjoint. Then,

Cat_M = Loc(Cat_M ) = Loc ( ⋃ P ∈P

Cat_P ) , where P denotes the set of all pointed matrices P which can be obtained from M by a coherent substitution of 0’s in M, i.e. P can be obtained from M by substituting 0’s in

(every instance of) certain variables x_1, ..., x_j such that there exists a left column of M among whose entries are x_1, ..., x_j . In particular, this gives that for each P ∈ P,

Cat_M = Loc(Cat_P ).

Let us also add in conclusion that for any pointed matrix P , the Bourn localization of Cat_P is a class of categories determined by an extended matrix of variables, i.e. Loc(Cat_P ) = Cat_M for some matrix M of variables. Indeed, we can always present P as P = (M, x), where M is an extended matrix of variables. If the pair (M, x) is admissible, then, from Theorem 3.3 we get Loc(Cat_P ) = Loc(Cat_{(M,x)}) = Cat_M . If the pair (M, x) is not admissible, then we should add to M a column consisting of just x’s. Then, for the resulting matrix M^′ of variables, we would have: (i) the pair (M^′, x) is admissible, (ii) Cat^∗_P = Cat^∗_{(M} ′_{,x)} (since P is different from (M^′, x) only by a left column consisting of just 0’s). Hence, from Theorem 3.3 again, we get Loc(Cat_P ) = Loc(Cat_{(M} ′_{,x)}) = Cat_M ′ .

References

[1] F. Borceux and D. Bourn, Mal’cev, protomodular, homological and semi-abelian categories, Mathematics and its applications 566, Kluwer 2004.

[2] D. Bourn, Mal’cev categories and fibration of pointed objects, Applied Categorical structures 4, 1996, 307-327.

[3] D. Bourn, A categorical genealogy for the congruence distributive property, Theory and Applications of Categories 8, 2001, 391-407.

[4] D. Bourn, Fibration of points and congruence modularity, Algebra Universalis 52, 2004, 403-429.

[5] A. Carboni, G. M. Kelly, and M. C. Pedicchio, Some remarks on Maltsev and Goursat Categories, Applied Categorical Structures 1, 1993, 385-421.

[6] A. Carboni, J. Lambek, and M. C. Pedicchio, Diagram chasing in Mal’cev categories, Journal of Pure and Applied Algebra 69, 1990, 271-284.

[7] A. Carboni, M. C. Pedicchio, and N. Pirovano, Internal graphs and internal groupoids in Mal’tsev categories, in Proc. Conf. Montreal 1991, 1992, 97-109.

[8] Z. Janelidze, Matrices of terms and relations in categories, M.Sc. Thesis, Tbilisi State University, 2004.

[9] Z. Janelidze, Subtractive categories, Applied Categorical Structures 13, 2005, 343-350.

[10] Z. Janelidze, Normal product projections, subtractive categories, and elementary term conditions in universal and categorical algebra, Ph.D. Thesis, A. Razmadze Mathematical Institute of Georgian Academy of Sciences, 2006.

[11] Z. Janelidze, Closedness properties of internal relations I: A unified approach to Mal’tsev, unital and subtractive categories, Theory and Applications of Categories 16 2006, 236-261.

[12] B. Jónsson and A. Tarski, Direct decompositions of finite algebraic systems, Notre Dame Mathematical Lectures 5, University of Notre Dame, Indiana, 1947.

[13] A. I. Mal’tsev, On the general theory of algebraic systems, USSR Mathematical Sbornik N.S. 35, 1954, 3-20.

[14] A. Ursini, On subtractive varieties, I, Algebra Universalis 31, 1994, 204-222.

Department of Mathematics and Applied Mathematics, University of Cape Town, Rondebosch 7701, Cape Town, South Africa

A. Razmadze Mathematical Institute of Georgian Academy of Sciences, 1 M. Alexidze Street, 0093 Tbilisi, Georgia Email: zurab@gol.ge

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/13/16-13.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca