Theory and Applications of Categories, Vol. 16, No. 3, 2006, pp. 59–83.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE USING HOMOTOPY CONTINUOUS FLOW

PHILIPPE GAUCHER

Abstract. A flow is homotopy continuous if it is indefinitely divisible up to S-homo-topy. The full subcategory of cofibrant homotopy continuous flows has nice features. Not only it is big enough to contain all dihomotopy types, but also a morphism between them is a weak dihomotopy equivalence if and only if it is invertible up to dihomotopy. Thus, the category of cofibrant homotopy continuous flows provides an implementation of Whitehead’s theorem for the full dihomotopy relation, and not only for S-homotopy as in previous works of the author. This fact is not the consequence of the existence of a model structure on the category of flows because it is known that there does not exist any model structure on it whose weak equivalences are exactly the weak dihomotopy equivalences. This fact is an application of a general result for the localization of a model category with respect to a weak factorization system.

Contents

1 Introduction 59 2 Prerequisites and notations 63 3 Localizing a model category w.r.t. a weak factorization system 64 4 Application : homotopy continuous flow and Whitehead’s theorem 78

1. Introduction

There are numerous uses of the notion of “category without identities”. For recent papers, see for example [30] [26] [32]. An enriched version of this notion, in the sense of [21], over the category of general topological spaces can be found in [31]. By considering “small categories without identities” enriched over the category of compactly generated topological spaces, that is weak Hausdorff k-spaces in the sense of [20], one obtains an object called a flow which allows a model categorical treatment of dihomotopy (directed homotopy). Indeed, a flow X can model (the time flow of) a higher dimensional automaton [27] [18] [33] as follows. A flow X consists of

1. a set of states X^0;

Received by the editors 2005-08-30 and, in revised form, 2005-12-21. Transmitted by W. Tholen. Published on 2006-01-18. 2000 Mathematics Subject Classification: 55U35, 55P99, 68Q85.

Key words and phrases: concurrency, homotopy, Whitehead theorem, directed homotopy, weak factorization system, model category, localization.

©Philippe Gaucher, 2006. Permission to copy for private use granted. 59

60 PHILIPPE GAUCHER ^0 � �^1

^0 �

Figure 1: Bad identification of a 1-dimensional empty globe and a loop after a contraction in the direction of time

2. for each pair of states (α, β) ∈ X^0 × X^0, there is a compactly generated topological space P_{α,β} X called the path space between α and β representing the concurrency between α and β; each element of P_{α,β} X corresponds to a non-constant execution path from α to β; the emptiness of the space P_{α,α} X for some state α means that there are no loops from α to itself; let

PX = � (α,β)∈X^0×X^0

P_{α,β} X.

3. for each triple of states (α, β, γ) ∈ X^0 × X^0 × X^0, there is a strictly associative composition law P_{α,β} X × P_{β,γ} X −→ P_{α,γ} X corresponding to the concatenation of non-constant execution paths.

The main problem to model dihomotopy is that contractions in the direction of time are forbidden. Otherwise in the categorical localization of flows with respect to the dihomotopy equivalences, the relevant geometric information is lost [15] [17]. Here is a very simple example. Take two non-constant execution paths going from one initial state to one final state. If contractions in the direction of time were allowed, then one would find in the same equivalence class a loop (cf. Figure 1): this is not acceptable.

Two kinds of deformations are of interest in the framework of flows. The first one is called weak S-homotopy equivalence: it is a morphism of flows f : X −→ Y such that the set map f^0 : X^0 −→ Y^0 is a bijection and such that the continuous map Pf : PX −→ PY is a weak homotopy equivalence. It turns out that there exists a model structure on the category of flows whose weak equivalences are exactly the weak S-homotopy equivalences ([11] and Section 4 of this paper). However, the identifications allowed by the weak Shomotopy equivalences are too rigid. So another kind of weak equivalence is required. The T-homotopy equivalences are generated by a set T of cofibrations obtained by taking the cofibrant replacement of the inclusions of posets^1 of Definition 4.2. This approach of T-homotopy is presented for the first time in [15]. The latter models “refinement of observation”. For instance, the inclusion of posets {^0 < ^1} ⊂ { ^0 < A < ^1} corresponds to the identification of a directed segment U going from the initial state ^0 to the final state ^1 with the composite U^′ ∗ U^{′′} of two directed segments (cf. Figure 2).

The problem we face can then be presented as follows. We have:

1Any poset P can be viewed as a flow in an obvious way: the set of states is the underlying set of P and there is a non-constant execution path from α to β if and only if α < β. Note that the inequality

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 61

^0^U � ^1

^0^{U ′} � A^{U ′′} � ^1

Figure 2: The simplest example of refinement of observation

1. A model structure on the category of flows Flow, called the weak S-homotopy model structure, such that the class of weak equivalences is exactly the class S of weak S-homotopy equivalences. One wants to invert the weak S-homotopy equivalences because two weakly S-homotopy equivalent flows are equivalent from an observational viewpoint. This model structure provides an implementation of Whitehead’s theorem for S-homotopy only.

2. A set of cofibrations T of generating T-homotopy equivalences one would like to invert because these maps model refinement of observation.

3. Three known invariants with respect to weak S-homotopy and T-homotopy: the underlying homotopy type functor [12], the branching homology and the merging homology [14].

4. Every model structure on Flow which contains as weak equivalences the class of morphisms S ∪T , contains weak equivalences which do not preserve the three known invariants [13]. In particular, the category Flow[S^{−1}_T ] below is not the Quillen homotopy category of a model structure of Flow. The left Bousfield localization of the weak S-homotopy model structure with respect to the set of cofibrations T is therefore not relevant here.

The negative result (4) prevents us from using the machinery of model category on the category Flow for understanding the full dihomotopy equivalence relation. There are then several possibilities: reconstructing some pieces of homotopy theory in the framework of flows, finding new categories for studying S-homotopy and T-homotopy, or also relating dihomotopy on Flow to other axiomatic presentations of homotopy theory. The possibility which is explored in this paper is the first one.

Indeed, the goal of this work is to prove that it is possible to find a full subcategory of the category of flows which is big enough to contain all dihomotopy types and in which the weak dihomotopy equivalences are exactly the invertible morphisms up to dihomotopy. The main theorem of the paper states as follows (cf. Section 4 for a reminder about flows):

1.1. Theorem. (Theorem 4.6 and Theorem 4.7) Let J^{gl} be the set of generating trivial cofibrations of the weak S-homotopy model structure of Flow. Let T be the set of generating T-homotopy equivalences. Let Flow_{cof} be the full subcategory of cofibrant flows.

is strict. Indeed, the ordering of P represents the direction of time and the flow associated with a poset must be loopless.

62 PHILIPPE GAUCHER

There exists a full subcategory Flow^{f,T}_{cof} of the category of cofibrant flows Flow_{cof} , the one of homotopy continuous flows, a class of morphisms of flows S_T and a congruence ∼_T on the morphisms of Flow such that the inclusion functors Flow^{f,T}_{cof} ⊂ Flow_{cof} ⊂ Flow induce the equivalences of categories

Flow^{f,T}_{cof} /∼_T ≃ Flow_{cof} [(S ∪ cof(J^{gl} ∪ T ))^{−1} ] ≃ Flow[S^{−1}_T ].

Moreover, one has:

1. The class of morphisms S_T contains the weak S-homotopy equivalences and the morphisms of cof(J^{gl} ∪ T ) with cofibrant domains.

2. Every morphism of S_T preserves the underlying homotopy type, the branching homology and the merging homology.

We now outline the contents of the paper. The purpose of Section 3 is to give the proof of the theorem above in a more abstract setting. The starting point is a model category M together with a weak factorization system (L, R) satisfying some technical conditions which are fulfilled by the weak S-homotopy model structure of Flow and by the set of generating T-homotopy equivalences. Several proofs of Section 3 are adaptations of standard proofs [28] [20]. But since the existence of a convenient model structure for (L, R) is not supposed^2, there are some subtle differences and also new phenomena. The idea of considering the path object construction comes from the reading of Kurz and Rosický’s paper [22]. In this paper, Kurz and Rosický have the idea of considering a cylinder object construction with any weak factorization system (L, R). This allows them to investigate the categorical localization of the underlying category with respect to the class of morphisms R viewed, morally speaking, as a class of trivial fibrations. The dual situation is explored in this section, with an underlying category which is not only a category but also a model category. The situation described in Section 3 makes one think of the notion of fibration category in the sense of Baues [3]. However, we do not know how to construct a fibration category from the results of Section 3. The path object functor constructed in Section 3 cannot satisfy the whole set of axioms of a P-category in the sense of Baues [3] since the associated homotopy relation is not transitive. In particular, it does not even seem to satisfy the pullback axiom. Next, Section 4 proves the theorem above as an application of Section 3.

Link with the series of papers “T-homotopy and refinement of observation”. This paper is independent from the series of papers “T-homotopy and refinement of observation” except for the proof of Theorem 4.7 at the very end of this work in which [15] Theorem 5.2 is used. This paper was written while the author was trying to understand whether the (categorical) localization Flow[cof(T )^{−1} ] of the category of flows with respect to the T-homotopy equivalences introduced in [15] is locally small. Indeed, the local smallness is not established in the series of papers “T-homotopy and refinement

2that is: a model structure such that L is the class of trivial cofibrations.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 63

of observation”. The result we obtain is more subtle. In the “correct” localization, all morphisms of cof(J^{gl} ∪ T ) with cofibrant domains are inverted. This is enough for future application in computer science since the real concrete examples are all of them modelled by cofibrant flows. But it is not known whether the other morphisms of cof(J^{gl} ∪ T ) are inverted. If this fact should be true, then it would probably be a consequence of the left properness of the weak S-homotopy model structure of Flow (which is proved in [16] Theorem 6.4).

2. Prerequisites and notations

The initial object (resp. the terminal object) of a category C, if it exists, is denoted by ∅ (resp. 1).

Let i : A −→ B and p : X −→ Y be maps in a category C. Then i has the left lifting property (LLP) with respect to p (or p has the right lifting property (RLP) with respect to i) if for every commutative square A i �

α � X p � B

g � � � � � � � � β � Y,

there exists a morphism g called a lift making both triangles commutative.

Let C be a cocomplete category. If K is a set of morphisms of C, then the class of morphisms of C that satisfy the RLP (right lifting property) with respect to every morphism of K is denoted by inj(K) and the class of morphisms of C that are transfinite compositions of pushouts of elements of K is denoted by cell(K). Denote by cof(K) the class of morphisms of C that satisfy the LLP (left lifting property) with respect to every morphism of inj(K). The cocompleteness of C implies cell(K) ⊂ cof(K). Moreover, every morphism of cof(K) is a retract of a morphism of cell(K) as soon as the domains of K are small relative to cell(K) ([20] Corollary 2.1.15). An element of cell(K) is called a relative K-cell complex. If X is an object of C, and if the canonical morphism ∅ −→ X is a relative K-cell complex, one says that X is a K-cell complex.

A congruence ∼ on a category C consists of an equivalence relation on the set C(X, Y ) of morphisms from X to Y for every object X and Y of C such that if f, g ∈ C(X, Y ), then f ∼ g implies u ∘ f ∼ u ∘ f and f ∘ v ∼ g ∘ v for any morphism u and v as soon as u ∘ f and f ∘ v exist.

Let C be a cocomplete category with a distinguished set of morphisms I. Then let cell(C, I) be the full subcategory of C consisting of the object X of C such that the canonical morphism ∅ −→ X is an object of cell(I). In other terms, cell(C, I) = (∅ ↓ C) ∩ cell(I).

64 PHILIPPE GAUCHER

It is obviously impossible to read this paper without some familiarity with model categories. Possible references for model categories are [20], [19] and [9]. The original reference is [28] but Quillen’s axiomatization is not used in this paper. The Hovey’s book axiomatization is preferred. If M is a cofibrantly generated model category with set of generating cofibrations I, let cell(M) := cell(M, I). Any cofibrantly generated model structure M comes with a cofibrant replacement functor Q : M −→ cell(M). For every morphism f of M, the morphism Q(f) is a cofibration, and even an inclusion of subcomplexes. A set K of morphisms of a model category permits the small object argument if the domains of the morphisms of K are small relative to cell(K). For such a set K, one can use the small object argument. The small object argument is recalled in the proof of Proposition 3.18.

In this paper, the notation ≃ means weak equivalence or equivalence of categories, and the notation ∼= means isomorphism.

A partially ordered set (P, ≤) (or poset) is a set equipped with a reflexive antisymmetric and transitive binary relation ≤. A poset (P, ≤) is bounded if there exist ^0 ∈ P and ^1 ∈ P such that P ⊂ [ ^0, ^1] and such that ^0 ≠ ^1. Let ^0 = min P (the bottom element) and ^1 = max P (the top element).

Every poset P , and in particular every ordinal, can be viewed as a small category denoted in the same way: the objects are the elements of P and there exists a morphism from x to y if and only if x ≤ y. If λ is an ordinal, a λ-sequence (or a transfinite sequence) in a cocomplete category C is a colimit-preserving functor X from λ to C. We denote by X_λ the colimit lim−→ X and the morphism X_0 −→ X_λ is called the transfinite composition of the X_μ −→ X_{μ+1} .

If C is a locally small category, and if Σ is a class of morphisms of C, then we denote by C[Σ^{−1} ] the (categorical) localization of C with respect to Σ [10] [24] [6]. The category C[Σ^{−1} ] is not necessarily locally small. If M is a model category with class of weak equivalences W, then the localization M[W^{−1} ] is locally small and it is called the Quillen homotopy category of M. It is denoted by Ho(M).

3. Localizing a model category w.r.t. a weak factorization system

3.1. Definition. [1] Let C be a category. A weak factorization system is a pair (L, R) of classes of morphisms of C such that the class L is the class of morphisms having the LLP with respect to R, such that the class R is the class of morphisms having the RLP with respect to L and such that every morphism of C factors as a composite r ∘ ℓ with ℓ ∈ L and r ∈ R. The weak factorization system is functorial if the factorization r ∘ ℓ can be made functorial.

In a weak factorization system (L, R), the class L (resp. R) is completely determined by R (resp. L).

3.2. Definition. Let C be a cocomplete category. A weak factorization system (L, R) is cofibrantly generated if there exists a set K of morphisms of C permitting the small object

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 65

argument such that L = cof(K) and R = inj(K).

A cofibrantly generated weak factorization system is necessarily functorial. Definition 3.2 appears in [4] in the context of locally presentable category as the notion of small weak factorization system.

The data for this section are:

1. a complete and cocomplete category M equipped with a model structure denoted by (Cof, Fib, W) for respectively the class of cofibrations, of fibrations and of weak equivalences such that the weak factorization system (Cof ∩ W, Fib) is cofibrantly generated : the set of generating trivial cofibrations is denoted by J.

2. a cofibrantly generated weak factorization system (L, R) on M satisfying the following property: Cof ∩ W ⊂ L ⊂ Cof. So there exists a set of morphisms K such that L = cof(J ∪ K) and R = inj(J ∪ K) and such that J ∪ K permits the small object argument. Therefore every morphism f factors as a composite f = β(f) ∘ α(f) where α(f) ∈ cell(J ∪ K) ⊂ L and where β(f) ∈ R. The functorial factorization is supposed to be obtained using the small object argument. It is fixed for the whole section.

3.3. Definition. Let X be an object of M. The path object of X with respect to L is the functorial factorization

X^{α(Id X ,IdX )} � PathL(X)^{β(Id X ,IdX )} � X × X

of the diagonal morphism (Id_X , Id_X ) : X −→ X ×X by the morphism α(Id_X , Id_X ) : X −→ Path_L(X) of L composed with the morphism β(Id_X , Id_X ) : Path_L(X) −→ X × X of R.

3.4. Notation. Let M_{cof} be the full subcategory of cofibrant objects of M.

The path object of X with respect to L is cofibrant as soon as X is cofibrant since the morphism α(Id_X , Id_X ) : X −→ Path_L(X) is a cofibration. So the path object construction yields an endofunctor of M_{cof} .

The reader must notice that we do not assume here that α(Id_X , Id_X ) is a weak equivalence of any kind, contrary to the usual definition of a path object. As in [22] for the construction of the cylinder functor, we do use the functorial factorization and we do suppose that α(Id_X , Id_X ) belongs to L. A morphism of L being an isomorphism of M_{cof} [(W ∪ L)^{−1} ], our condition is stronger than the usual one for the construction of a path object in a model category.

3.5. Definition. An object X of M is fibrant with respect to L if the unique morphism f_X : X −→ 1, where 1 is the terminal object of M, is an element of R.

An object which is fibrant with respect to Cof ∩ W is a fibrant object in the usual sense.

66 PHILIPPE GAUCHER

3.6. Notation. Let M^{f,L} be the full subcategory of M of fibrant objects with respect to L. Let M^{f,L}_{cof} be the full subcategory of M_{cof} of fibrant objects with respect to L.

If X is fibrant with respect to L, the morphism X × X −→ X × 1 ∼= X belongs to R. Therefore the composite

Path_L(X) −→ X × X −→ X −→ 1

belongs to R as well. So the path object Path_L(X) is also fibrant with respect to L. Thus, the path object construction yields endofunctors of M^{f,L} and of M^{f,L}_{cof} .

If f : X −→ Y is a morphism of M^{f,L}_{cof} , then the functorial factorization (α, β) yields a composite a priori in M_{cof} (since L ⊂ Cof)

X^{α(f)} � Z^{β(f)} � Y

equal to f. The unique morphism Z −→ 1 is equal to the composite Z −→ Y −→ 1 of two morphisms of R. Therefore Z is fibrant with respect to L and the functorial weak factorization system (L, R) restricts to a functorial weak factorization system of M^{f,L}_{cof} denoted in the same way.

3.7. Definition. Let f, g : X ⇒ Y be two morphisms of M. A right homotopy with respect to L from f to g is a morphism H : X −→ Path_L(Y ) such that

β(Id_Y , Id_Y ) ∘ H = (f, g).

This situation is denoted by f ∼^r_L g.

Note the binary relation ∼^r_L does not depend on the choice of the functorial factorization (α, β). Indeed, with another functorial factorization (α^′, β^′), and the corresponding path object functor Path^′_L, one can consider for every object Y of M the commutative diagram Y � Y � Path_L(Y ) � k � Path^′_L(Y ) � Y × Y^{IdY × Id Y} � Y × Y.

The lift k exists since the arrow Y −→ Path_L(Y ) is in L and since the arrow Path^′_L(Y ) −→ Y × Y is in R.

The morphism α(Id_Y , Id_Y ) ∘ f : X −→ Path_L Y yields a right homotopy from f to f with respect to L. If H : X −→ Path_L(Y ) is a right homotopy from f to g with respect to L, then the usual way for obtaining a right homotopy from g to f with respect to L

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 67

consists of considering the commutative diagram: Y � Y � Path_L(Y ) � k � Path_L(Y ) � Y × Y^τ � Y × Y

with τ(y, y^′) = (y^′, y). The existence of the lift k comes from the definition of the path object and of the fact that (L, R) is a weak factorization system. So the binary relation ∼^r_L is reflexive and symmetric.

This relation is not transitive in general. The pair (R^{op}, L^{op}) is a weak factorization system of the opposite category M^{op} (the model structure of M is forgotten for this paragraph only). The path object becomes a cylinder object and the binary relation ∼^r_L becomes the homotopy relation of [22]. [22] Example 3.6 gives an example where the homotopy is not transitive. Thus, the opposite category with the opposite weak factorization system gives an example where ∼^r_L is not transitive.

3.8. Notation. Let us denote by ∼_L the transitive closure of the binary relation ∼^r_L.

3.9. Proposition. Let X be an object of M_{cof} . Let Y be an object of M. Let f, g : X ⇒ Y be two morphisms between them. Then f ∼_{Cof∩W} g if and only if f and g are right homotopic in the usual sense of model categories.

Notice that it is crucial in the proof for X to be cofibrant.

Proof. Indeed, two morphisms f, g : X ⇒ Y with X cofibrant are right homotopic in the usual sense if the pair (f, g) is in the transitive closure of the following situation denoted by f ∼^r g (cf. [20] p7):

1. Decompose the diagonal morphism (Id_Y , Id_Y ) : Y −→ Y ×Y into a weak equivalence Y −→ P Y of M followed by a fibration (p_1, p_2) : P Y −→ Y × Y of M.

2. There exists H : X −→ P Y such that (p_1, p_2) ∘ H = (f, g).

Let us factor the weak equivalence Y −→ P Y as a composite Y −→ P^′Y −→ P Y where Y −→ P^′Y is a trivial cofibration and where P^′Y −→ P Y is a trivial fibration. Then one can lift the right homotopy H : X −→ P Y to a morphism H : X −→ P^′Y since X is cofibrant. But H is not yet a right homotopy from f to g with respect to Cof ∩ W since P^′Y is not necessarily the functorial path object Path_{Cof∩W} (Y ) ! Let us consider

68 PHILIPPE GAUCHER

the commutative diagram Y � Y � P^′Y � k � Path_{Cof∩W} (Y ) � Y × Y^{IdY × Id Y} � Y × Y

Since the arrow Y −→ P^′Y is a trivial cofibration and since the arrow Path_{Cof∩W} (Y ) −→ Y × Y is a fibration, there exists a lift k. Then k ∘ H is a right homotopy with respect to Cof ∩ W from f to g.

Conversely, the path object with respect to Cof ∩ W is a path object in the above sense of model categories. So a right homotopy from f to g with respect to Cof ∩ W is a right homotopy in the usual sense of model categories.

The following proposition gives a sufficient condition for the binary relation ∼^r_L to be transitive.

3.10. Proposition. Let us suppose that there exists a model structure (Cof_L, Fib_L, W_L) on M such that L = Cof_L ∩ W_L and such that every cofibrant object of M is a cofibrant object of (Cof_L, Fib_L, W_L). Let X and Y be two objects of M^{f,L}_{cof} . Then the binary relation ∼^r_L is an equivalence relation on M^{f,L}_{cof} (X, Y ).

Notice that we do not need suppose in the proof of Proposition 3.9 that the weak factorization system (Cof ∩ W, Fib) is cofibrantly generated. So we do not need this hypothesis in the proof of Proposition 3.10.

Proof. By Proposition 3.9 applied to the model structure (Cof_L, Fib_L, W_L), the binary relation ∼^r_L coincides with right homotopy for the model structure (Cof_L, Fib_L, W_L). Since Y is fibrant for the latter model structure, one deduces that ∼^r_L is transitive by [20] Proposition 1.2.5.

3.11. Corollary. If L is the class of trivial cofibrations of a left Bousfield localization of the model structure of M, then the binary relation ∼^r_L on the set of morphisms M(X, Y ) with X ∈ M_{cof} and with Y fibrant with respect to L is an equivalence relation.

3.12. Proposition. (dual to [22] Lemma 3.2) Let f, g : X ⇒ Y be two morphisms of M. Let u : Y −→ U and v : V −→ X be two other morphisms of M. If f ∼^r_L g, then u ∘ f ∼^r_L u ∘ g and f ∘ v ∼^r_L g ∘ v.

In other terms, the equivalence relation ∼_L defines a congruence in the sense of [24].

Proof. By considering the opposite of the category M, the proof is complete using [22] Lemma 3.2.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 69

The proof of Proposition 3.12 does use the factorization (α, β) and its functoriality. We could avoid using the functoriality since the morphism α(Id_Y , Id_Y ) : Y −→ Path_L(Y ) belongs to L and since the morphism β(Id_U × Id_U ) : Path_L(U) −→ U × U belongs to R. But anyway, the proof of Proposition 3.12 cannot be adapted to the usual notion of right homotopy. This is once again a difference between our notion of right homotopy and the usual one on model category.

Proposition 3.12 allows to consider the quotients M/∼_L (resp. M_{cof} /∼_L, M^{f,L}/∼_L, M^{f,L}_{cof} /∼_L) of the category M (resp. M_{cof} , M^{f,L} M^{f,L}_{cof} ) by the congruence ∼_L. By definition, the objects of M/∼_L (resp. M_{cof} /∼_L, M^{f,L}/∼_L, M^{f,L}_{cof} /∼_L) are the objects of M (resp. M_{cof} , M^{f,L}, M^{f,L}_{cof} ), and for any object X and Y of M (resp. M_{cof} , M^{f,L}, M^{f,L}_{cof} ), one has M/ ∼_L (X, Y ) = M(X, Y )/ ∼_L (resp. M_{cof} / ∼_L (X, Y ) = M_{cof} (X, Y )/ ∼_L, M^{f,L}/∼_L (X, Y ) = M^{f,L}(X, Y )/∼_L, M^{f,L}_{cof} /∼_L (X, Y ) = M^{f,L}_{cof} (X, Y )/∼_L). Let

[−]_L : M −→ M/∼_L

[−]_L : M_{cof} −→ M_{cof} /∼_L

[−]_L : M^{f,L} −→ M^{f,L}/∼_L

[−]_L : M^{f,L}_{cof} −→ M^{f,L}_{cof} /∼_L

be the canonical functors.

3.13. Proposition. (dual to [22] Lemma 3.7) Let f : X −→ Y be a morphism of M belonging to L. Let us suppose that X is fibrant with respect to L. Then there exists g : Y −→ X such that f ∘ g ∼_L Id_Y and g ∘ f = Id_X .

Proof. Let us consider the commutative diagram of M

X f �

X

� Y �

g � � � � � � � � 1.

70 PHILIPPE GAUCHER

Since the left vertical arrow is in L and since the right vertical arrow is in R by hypothesis, there exists a lift g : Y −→ X. In other terms, g ∘ f = Id_X . The diagram of M Y α(Id_Y ,Id_Y ) � X f � � � � � � α(Id_Y ,Id_Y )∘f �

f �

Path_L(Y )

β(Id_Y ,Id_Y ) � Y

H � � � � � � � (f∘g,Id_Y )

� Y × Y

is commutative since

β(Id_Y , Id_Y ) ∘ α(Id_Y , Id_Y ) ∘ f = (Id_Y , Id_Y ) ∘ f = (f, f) = (f ∘ g, Id_Y ) ∘ f.

Since f ∈ L by hypothesis and since β(Id_Y , Id_Y ) ∈ R, there exists H : Y −→ Path_L(Y ) preserving the diagram above commutative. The morphism H is by construction a right homotopy from f ∘ g to Id_Y with respect to L.

3.14. Proposition. (almost dual to [22] Theorem 3.9) One has the isomorphism of categories M^{f,L}_{cof} / ∼_L∼= M^{f,L}_{cof} [L^{−1} ]. In particular, this means that the category M^{f,L}_{cof} [L^{−1} ] is locally small.

The proof of Proposition 3.14 also shows the isomorphism of categories

M^{f,L}/∼_L∼= M^{f,L}[L^{−1} ].

Proof. We know that the pair (L, R) restricts to a weak factorization system of M^{f,L}_{cof} . By considering the opposite category, the proposition is then a consequence of [22] Theorem 3.9.

3.15. Proposition. (Detecting weak equivalences) A morphism f : A −→ B of M^{f,L}_{cof} is an isomorphism of M^{f,L}_{cof} [L^{−1} ] if and only if for every object X of M^{f,L}_{cof} , the map

M(B, X)/∼_L−→ M(A, X)/∼_L

is bijective.

Note the “opposite” characterization M(X, A)/∼_L−→ M(X, B)/∼_L also holds. The statement of the theorem is chosen for having a characterization as close as possible to the characterization of weak equivalences in a left Bousfield localization.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 71

Proof. The condition means that the map

(M^{f,L}_{cof} /∼_L)(B, X) −→ (M^{f,L}_{cof} /∼_L)(A, X)

is a bijection. By Yoneda’s lemma applied within the locally small category M^{f,L}_{cof} / ∼_L, the condition is equivalent to saying that f : A −→ B is an isomorphism of M^{f,L}_{cof} /∼_L. By Proposition 3.14, the condition is equivalent to saying that f : A −→ B is an isomorphism of M^{f,L}_{cof} [L^{−1} ].

3.16. Definition. Let X be an object of M_{cof} . The fibrant replacement of X with respect to L is the functorial factorization

X^{α(f X )} � RL(X)^{β(f X )} � 1

of the unique morphism f_X : X −→ 1.

The mapping X → R_L(X) is functorial and yields a functor from M_{cof} to M^{f,L}_{cof} since the morphism α(f_X ) : X −→ R_L(X) is a cofibration.

3.17. Lemma. Let λ be a limit ordinal. Let X : λ −→ M and Y : λ −→ M be two transfinite sequences. Let f : X −→ Y be a morphism of transfinite sequences such that for any μ < λ, f_μ : X_μ −→ Y_μ belongs to L. Then f_λ : X_λ −→ Y_λ belongs to L. Moreover, if for any μ < λ, f_μ : X_μ −→ Y_μ belongs to cell(J ∪ K), then f_λ : X_λ −→ Y_λ belongs to cell(J ∪ K) as well.

Lemma 3.17 and Proposition 3.18 are very close to [19] Proposition 12.4.7. The difference is that we do not suppose here that the underlying model category is cellular.

Proof. Let T_0 = X_λ . Let us consider the unique transfinite sequence T : λ −→ M such that one has the pushout diagram

X_μ^{fμ} �

�

Y_μ

� T_μ � T_{μ+1}

where the left vertical arrow is the composite X_μ −→ X_λ −→ T_μ for any μ < λ. Let Z be an object of M and let ϕ : Y_λ −→ Z be a morphism of M. The composite X_λ −→ Y_λ −→ Z together with the composite Y_0 −→ Y_λ −→ Z yields with the pushout diagram above for μ = 0 a morphism T_1 −→ Z since f is a morphism of transfinite sequences. And by an immediate transfinite induction, one obtains a morphism lim−→_μ T_μ −→ Z. So one has the isomorphism lim−→_μ T_μ ∼= Y_λ since the two objects of M satisfy the same universal property. Hence the result since the class of morphisms L and cell(J ∪ K) are both closed under transfinite composition.

72 PHILIPPE GAUCHER

3.18. Proposition. One has R_L(L) ⊂ L, and even R_L(cell(J ∪ K)) ⊂ cell(J ∪ K).

Proof. A morphism f ∈ cof(J ∪ K) is a retract of a morphism g ∈ cell(J ∪ K) since J ∪ K permits the small object argument. And the morphism R_{cof(J∪K)}(f) is then a retract of the morphism R_{cof(J∪K)}(g). Therefore it suffices to prove that f ∈ cell(J ∪ K) implies R_{cof(J∪K)}(f) ∈ cell(J ∪ K). The functor R_{cof(J∪K)} is obtained by a transfinite construction involving the small object argument. Let X_0 = X and Y_0 = Y and f = f_0. For any ordinal λ, let Y_λ be the object of M defined by the following commutative diagram:

X_0^f �

�

Y_0

�

Y_0

� X_λ � Y_λ � Y_λ Let us suppose f_λ : X_λ −→ Y_λ constructed for some λ ≥ 0 and let us suppose that the morphism Y_λ −→ Y_λ is an element of cell(J ∪ K). The small object argument consists of considering the sets of commutative squares {k −→ f_{Xλ} , k ∈ J ∪ K} and {k −→ f_{Yλ} , k ∈ J ∪ K} where f_{Xλ} : X_λ −→ 1 and f_{Yλ} : Y_λ −→ 1 are the canonical morphisms from respectively X_λ and Y_λ to the terminal object of M. The morphism f_λ allows the identification of {k −→ f_{Xλ} , k ∈ J ∪K} with a subset of {k −→ f_{Yλ} , k ∈ J ∪K}. And the morphism f_{λ+1} : X_{λ+1} −→ Y_{λ+1} is obtained by the diagram (where the notations dom(k) and codom(k) mean respectively domain and codomain of k): � {k−→f_{Xλ} ,k∈J∪K} dom(k) � � X_λ � � Y_λ � � {k−→f_{Xλ} ,k∈J∪K} codom(k) � Xλ+1 � Yλ

� � {k−→f_{Yλ} ,k∈J∪K}\{k−→f_{Xλ} ,k∈J∪K} dom(k)

� � � � �

� Y_{λ+1} � {k−→f_{Yλ} ,k∈J∪K}\{k−→f_{Xλ} ,k∈J∪K} codom(k)

� � � � �

Therefore f_{λ+1} : X_{λ+1} −→ Y_{λ+1} is an element of cell(J ∪ K). The proof is complete with Lemma 3.17.

Note the same kind of argument as the one of Proposition 3.18 leads to the following proposition (worth being noticed, but useless for the sequel):

3.19. Proposition. One has Path_L(L) ⊂ L, and even Path_L(cell(J ∪K)) ⊂ cell(J ∪K).

Proposition 3.18 will be used in particular in the proof of Proposition 3.22 with the functorial weak factorization system (Cof ∩ W, Fib) and in the proof of Proposition 3.20.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 73

3.20. Proposition. The inclusion functor M^{f,L}_{cof} ⊂ M_{cof} induces an equivalence of categories M^{f,L}_{cof} [L^{−1} ] ≃ M_{cof} [L^{−1} ]. In particular, this implies that the category M_{cof} [L^{−1} ] is locally small.

Proof. Since R_L(L) ⊂ L by Proposition 3.18, there exists a unique functor L(R_L) making the following diagram commutative:

M_{cof}^{RL} � � M^{f,L}_{cof} � M_{cof} [L^{−1} ]^{L(RL)} � M^{f,L}_{cof} [L^{−1} ].

If i : M^{f,L}_{cof} −→ M_{cof} is the inclusion functor, then there exists a unique functor L(i) making the following diagram commutative:

M^{f,L}_{cof}^i � � M_{cof} � M^{f,L}_{cof} [L^{−1} ]^{L(i)} � M_{cof} [L^{−1} ].

There are two natural transformations μ : Id_{Mcof} ⇒ i ∘ R_L and ν : Id_Mf,L_{cof} ⇒ R_L ∘ i such that for any X ∈ M_{cof} and any Y ∈ M^{f,L}_{cof} , the morphisms μ(X) and ν(Y ) belong to L. So at the level of localizations, one obtains the isomorphisms of functors Id_{Mcof [L}−1_] ∼= L(i) ∘ L(R_L) and Id_Mf,L_{cof [L−1 ]} ∼= L(R_L) ∘ L(i). Hence the result.

3.21. Proposition. Let (L^′, R^′) be another cofibrantly generated weak factorization of M such that Cof ∩ W ⊂ L^′ ⊂ Cof. Let us suppose that L^′ ⊂ L. Then the localization functor M_{cof} −→ M_{cof} [L^{−1} ] factors uniquely as a composite M_{cof} −→ M_{cof} [L^{′−1} ] −→ M_{cof} [L^{−1} ].

Proof. One has L^′ ⊂ L.

3.22. Proposition. The localization functor L : M_{cof} −→ M_{cof} [L^{−1} ] sends the weak equivalences of M between cofibrant objects to isomorphisms of M_{cof} [L^{−1} ]. Proof. The localization functor L : M_{cof} −→ M_{cof} [L^{−1} ] factors uniquely as a composite M_{cof} −→ M_{cof} [(Cof ∩ W)^{−1} ] −→ M_{cof} [L^{−1} ] by Proposition 3.21 and since Cof ∩ W ⊂ L. By Proposition 3.20 and Proposition 3.18 applied to L = Cof ∩ W, one has the equivalence of categories M_{cof} [(Cof ∩ W)^{−1} ] ≃ M^{f,Cof∩W}_{cof} [(Cof ∩ W)^{−1} ].

74 PHILIPPE GAUCHER By Proposition 3.14 applied to L = Cof ∩ W, one has the isomorphism of categories M^{f,Cof∩W} cof [(Cof ∩ W)^{−1} ] ∼= M^{f,Cof∩W}_{cof} /∼_{Cof∩W} .

Therefore one obtains the equivalence of categories M_{cof} [(Cof ∩ W)^{−1} ] ≃ M^{f,Cof∩W}_{cof} /∼_{Cof∩W} .

The category M^{f,Cof∩W}_{cof} is the full subcategory of cofibrant-fibrant objects of M. Since right homotopy with respect to Cof ∩W corresponds to the usual notion of right homotopy by Proposition 3.9, one has the equivalence of categories M^{f,Cof∩W} cof /∼_{Cof∩W} ≃ Ho(M) where Ho(M) = M[W^{−1} ]. Hence the result.

3.23. Proposition. The categories M_{cof} [L^{−1} ] and M_{cof} [(W ∪ L)^{−1} ] are isomorphic. In particular, this implies that the category M_{cof} [(W ∪ L)^{−1} ] is locally small. Proof. By Proposition 3.22, there exists a unique functor M_{cof} [(W ∪ L)^{−1} ] −→ M_{cof} [L^{−1} ] such that the following diagram is commutative: M_{cof} � M_{cof} � M_{cof} [(W ∪ L)^{−1} ] � M_{cof} [L^{−1} ].

Since L ⊂ W ∪ L, there exists a unique functor M_{cof} [L^{−1} ] −→ M_{cof} [(W ∪ L)^{−1} ] such that the following diagram is commutative: M_{cof} � M_{cof} � M_{cof} [L^{−1} ] � M_{cof} [(W ∪ L)^{−1} ].

Hence the result.

In the same way, one can prove the 3.24. Proposition. The categories M^{f,L}_{cof} [L^{−1} ] and M^{f,L}_{cof} [(W ∪ L)^{−1} ] are isomorphic. In particular, this implies that the category M^{f,L}_{cof} [(W ∪ L)^{−1} ] is locally small. 3.25. Notation. Let

W_L = � f : X −→ Y, ∀Z ∈ M^{f,L}_{cof} , M(R_L(Q(Y )), Z)/∼_L∼= M(R_L(Q(X)), Z)/∼_L � .

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 75

3.26. Proposition. The inclusion functor M_{cof} ⊂ M induces an equivalence of categories M_{cof} [(W ∪L)^{−1} ] ≃ M[W^{−1}_L ]. In particular, this implies that the category M[W^{−1}_L ] is locally small.

Proof. Let us consider the composite

M^Q � Mcof^L � Mcof [(W ∪ L)^{−1} ]

where Q is the cofibrant replacement functor of M. By definition of W_L and by Proposition 3.15, by Proposition 3.20 and by Proposition 3.23, the functor L ∘ Q sends the morphisms of W_L to isomorphisms. Thus, there exists a unique functor L(Q) making the following diagram commutative:

M^Q � � M_{cof} � M[W^{−1}_L ]^{L(Q)} � Mcof [(W ∪ L)^{−1} ].

Let i : M_{cof} −→ M be the inclusion functor. Let f : X −→ Y ∈ W ∪ L be a morphism of M_{cof} . Then Q(f) : Q(X) −→ Q(Y ) is still invertible in M_{cof} [(W ∪ L)^{−1} ] since the morphism Q(X) −→ X and Q(Y ) −→ Y are both weak equivalences of M between cofibrant objects. So by Proposition 3.20, the morphism R_L(Q(f)) : R_L(Q(X)) −→ R_L(Q(Y )) is invertible in M^{f,L}_{cof} [(W ∪ L)^{−1} ] ≃ M^{f,L}_{cof} [L^{−1} ]. So by Proposition 3.15, one deduces that f ∈ W_L. Thus, there exists a unique functor L(i) making the following diagram commutative:

M_{cof}^i � � M � M_{cof} [(W ∪ L)^{−1} ]^{L(i)} � M[W^{−1}_L ].

There exist two natural transformations μ : Q∘i ⇒ Id_{Mcof} and ν : i∘Q ⇒ Id_M. If X is an object of M_{cof} , then μ(X) is a trivial fibration between cofibrant objects, i.e. μ(X) ∈ W. So one deduces that L(μ(X)) is an isomorphism of M_{cof} [(W∪L)^{−1} ]. Therefore one obtains the isomorphism of functors L(Q) ∘ L(i) ∼= Id_{Mcof [(W∪L)}−1_]. If Y is an object of M, then ν(Y ) : Q(Y ) −→ Y is a trivial fibration of M. Thus, Q(ν(Y )) : Q(Q(Y )) −→ Q(Y ) is a trivial cofibration of M between cofibrant objects. So Q(ν(Y )) ∈ Cof ∩ W ⊂ L. Since R_L(L) ⊂ L, one deduces that R_L(Q(ν(Y ))) is an isomorphism of M^{f,L}_{cof} [L^{−1} ]. Again by Proposition 3.15, one deduces that ν(Y ) ∈ W_L and one obtains the isomorphism of functors L(i) ∘ L(Q) ∼= Id_{M[W}−1_{L ]}. The proof is complete.

76 PHILIPPE GAUCHER

3.27. Theorem. (Whitehead’s theorem for the localization of a model category with respect to a weak factorization system) The inclusion functors M^{f,L}_{cof} ⊂ M_{cof} ⊂ M induce the equivalences of categories

M^{f,L}_{cof} /∼_L≃ M_{cof} [(W ∪ L)^{−1} ] ≃ M[W^{−1}_L ].

The functor M[W^{−1}_L ] −→ M^{f,L}_{cof} / ∼_L is given by the cofibrant-fibrant w.r.t. L functor R_L ∘ Q : M −→ M^{f,L}_{cof} . Moreover, the localization functor M −→ M[W^{−1}_L ] factors uniquely as a composite M −→ M[W^{−1} ] −→ M[W^{−1}_L ].

The equivalence of categories M_{cof} [(W ∪ L)^{−1} ] ≃ M[W^{−1}_L ] shows that up to weak equivalence and up to the 2-out-of-3 axiom, a morphism of W_L is a morphism of W ∪ L between cofibrant objects of M. This means that the class of morphisms W_L is not too big.

Proof. The equivalence of categories M[W^{−1}_L ] ≃ M_{cof} [(W ∪ L)^{−1} ] is given by Proposition 3.26. By Proposition 3.26, the functor M[W^{−1}_L ] −→ M_{cof} [(W ∪ L)^{−1} ] is induced by the cofibrant replacement functor Q : M −→ M_{cof} . Therefore every morphism of W is in W_L. At last, one has

M_{cof} [(W ∪ L)^{−1} ] ∼= M_{cof} [L^{−1} ] by Proposition 3.23

≃ M^{f,L}_{cof} [L^{−1} ] by Proposition 3.20

≃ M^{f,L}_{cof} /∼_L by Proposition 3.14.

Theorem 3.27 says that the category M[W^{−1}_L ] inverts all weak equivalences of M and all morphisms of L with cofibrant domains. We do not know if all morphisms of L (and not only the ones with cofibrant domain) are inverted in the category M[W^{−1}_L ]. But there is a kind of reciprocal statement:

3.28. Proposition. Let us suppose that M is left proper. Let f be a cofibration of M such that Q(f) ∈ L. Then f ∈ L.

Proof. Let p ∈ R. Since Cof ∩ W ⊂ L, the morphism p is a fibration of M. By hypothesis, p satisfies the RLP with respect to Q(f). Since f is a cofibration and by [19] Proposition 13.2.1, one deduces that p satisfies the RLP with respect to f. So f ∈ L.

Before treating the case of T-homotopy equivalences in Section 4, let us give some examples of the situation explored in this section.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 77

Example 1. Let M be a cofibrantly generated model category with set of generating cofibrations I and with set of generating trivial cofibrations J and with class of weak equivalences W. Let (L, R) = (cof(J), inj(J)). The main theorem gives the equivalences of categories M^{fib}_{cof} /∼_{cof(J)}≃ M_{cof} [cof(J)^{−1} ] ≃ M[W^{−1}_{cof(J)}]

where M^{fib}_{cof} is the full subcategory of cofibrant-fibrant objects. One can directly check that W^{−1}_{cof(J)} = W. This is not surprising since the category M^{fib}_{cof} /∼_{cof(J)} is the category of cofibrant-fibrant objects of M up to homotopy.

Example 2. Let M be a cofibrantly generated model category with set of generating cofibrations I and with set of generating trivial cofibrations J and with class of weak equivalences W. Then one can consider the model structure (All, All, Iso) where all morphisms are a cofibration and a fibration and where the weak equivalences are the isomorphisms. Indeed, one has (Iso, All) = (cof(Id_∅), inj(Id_∅)). The main theorem applied with the latter model structure and with the weak factorization system (L, R) = (cof(J), inj(J)) gives the equivalences of categories

M^{fib}/∼_{cof(J)}≃ M[cof(J)^{−1} ] ≃ M[Iso^{−1}_{cof(J)}]

where M^{fib} is the full subcategory of fibrant objects, where ∼_{cof (J)} is a congruence on the morphisms of the full subcategory of fibrant objects of M. The functor R_{cof(J)} is a fibrant replacement functor of M and the functor Q is a cofibrant replacement functor of the model structure (All, All, Iso). That is one can suppose that Q = Id_M.

Example 3. Let M be a combinatorial model category (in the sense of Jeff Smith), that is a cofibrantly generated model category such that the underlying category is locally presentable [2]. Let J be the set of generating trivial cofibrations. Then for any set K of morphisms of M, the pair (cof(J ∪ K), inj(J ∪ K)) is a cofibrantly generated weak factorization system by [4] Proposition 1.3. Then the main theorem of this section applies. One obtains the equivalences of categories

M^{f,cof (J∪K)} cof /∼_{cof(J∪K)}≃ M_{cof} [(W ∪ cof(J ∪ K))^{−1} ] ≃ M[W^{−1}_{cof (J∪K)}].

Assume Vopěnka’s principle ([2] chapter 6). If M is left proper, then the left Bousfield localization L_K M of the model category M with respect to the set of morphisms K exists by a theorem of Jeff Smith proved in [4] Theorem 1.7 and in [29] Theorem 2.2. The category M[W^{−1}_{cof (J∪K)}] is not necessarily equivalent to the Quillen homotopy category Ho(L_K M) of this Bousfield localization. But all morphisms inverted by M[W^{−1}_{cof(J∪K)}] are inverted by the Bousfield localization. In other terms, the functor M −→ Ho(L_K M) factors uniquely as a composite M −→ M[W^{−1}_{cof(J∪K)}] −→ Ho(L_K M).

Example 4. Let M be a model category with model structure denoted by (Cof, Fib, W) for respectively the class of cofibrations, of fibrations and of weak equivalences such that

78 PHILIPPE GAUCHER

the weak factorization system (Cof ∩ W, Fib) is cofibrantly generated : the set of generating trivial cofibrations is denoted by J. Let (L, R) be a cofibrantly generated weak factorization system such that Cof ∩ W ⊂ L ⊂ Cof. Let us suppose that the left Bousfield localization L_LM of M with respect to L exists and let us suppose that L is the class of trivial cofibrations of this Bousfield localization. One obtains the equivalences of categories M^{f,L}_{cof} /∼_L≃ M_{cof} [(W ∪ L)^{−1} ] ≃ M[W^{−1}_L ].

The category M^{f,L}_{cof} is the full subcategory of M containing the cofibrant-fibrant object of L_LM. The congruence ∼_L is the usual notion of homotopy in M ([19] Proposition 3.5.3). Then the category M^{f,L}_{cof} /∼_L is equivalent to the Quillen homotopy category Ho(L_LM).

4. Application : homotopy continuous flow and Whitehead’s theorem

The category Top of compactly generated topological spaces (i.e. of weak Hausdorff kspaces) is complete, cocomplete and cartesian closed (more details for this kind of topological spaces in [7, 25], the appendix of [23] and also the preliminaries of [11]). For the sequel, all topological spaces will be supposed to be compactly generated. A compact space is always Hausdorff. The category Top is equipped with the unique model structure having the weak homotopy equivalences as weak equivalences and having the Serre fibrations^3 as fibrations [20].

As already described in the introduction, the time flow of a higher dimensional automaton is encoded in an object called a flow. The category Flow is equipped with the unique model structure such that [11]:

• The weak equivalences are the weak S-homotopy equivalences, i.e. the morphisms of flows f : X −→ Y such that f^0 : X^0 −→ Y^0 is a bijection and such that Pf : PX −→ PY is a weak homotopy equivalence.

• The fibrations are the morphisms of flows f : X −→ Y such that Pf : PX −→ PY is a Serre fibration.

This model structure is cofibrantly generated. The set of generating cofibrations is the set I^{gl}_+ = I^{gl} ∪ {R, C} with

I^{gl} = {Glob(S^{n−1} ) ⊂ Glob(D^n), n ≥ 0}

where D^n is the n-dimensional disk, where S^{n−1} is the (n−1)-dimensional sphere, where R and C are the set maps R : {0, 1} −→ {0} and C : ∅ −→ {0} and where for any topological space Z, the flow Glob(Z) is the flow defined by Glob(Z)^0 = {^0, ^1}, PGlob(Z) = Z, s = ^0 and t = ^1, and a trivial composition law. The set of generating trivial cofibrations is J^{gl} = {Glob(D^n × {0}) ⊂ Glob(D^n × [0, 1]), n ≥ 0}.

3that is a continuous map having the RLP with respect to the inclusion D^n × 0 ⊂ D^n × [0, 1] for all n ≥ 0 where D^n is the n-dimensional disk.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 79

The weak S-homotopy model structure of Flow has some similarity with the model structure on the category of small simplicial categories (with identities !) constructed in [5]. The weak equivalences (resp. the fibrations) of the latter look like the weak equivalences (resp. the fibrations) of the model structure of Flow with an additional condition. The weak S-homotopy model structure of Flow has also some similarity with the model structure on the category of small simplicial categories (with identities again !) on a fixed set of objects O constructed in [8]. For the latter, the set maps R : {0, 1} −→ {0} and C : ∅ −→ {0} are not used since the set of objects is fixed.

4.1. Definition. A flow X is loopless if for any α ∈ X^0, the space P_{α,α} X is empty.

Recall that a flow is a small category without identities morphisms enriched over a category of topological spaces. So the preceding definition is meaningful.

A poset (P, ≤) can be identified with a loopless flow having P as set of states and such that there exists a non-constant execution path from x to y if and only if x < y. The corresponding flow is still denoted by P . This defines a functor from the full subcategory of posets whose morphisms are the strictly increasing maps to the full subcategory of loopless flows. The category of finite bounded posets is essentially small. Let us choose a small subcategory of representatives.

4.2. Definition. [15] Let T be the set of cofibrations Q(f) : Q(P_1) −→ Q(P_2) such that f : P_1 −→ P_2 is a morphism of posets satisfying the following conditions:

1. The posets P_1 and P_2 are finite and bounded.

2. The morphism of posets f : P_1 −→ P_2 is one-to-one; in particular, if x and y are two elements of P_1 with x < y, then f(x) < f(y).

3. One has f(min P_1) = min P_2 = ^0 and f(max P_1) = max P_2 = ^1.

4. The posets P_1 and P_2 are objects of the chosen small subcategory of representatives of the category of finite bounded posets.

The set T is called the set of generating T-homotopy equivalences.

The set T is introduced in [15] for modelling T-homotopy as a refinement of observation. By now, this is the best known definition of T-homotopy.

4.3. Definition. A flow X is homotopy continuous if the unique morphism of flows f_X : X −→ 1 belongs to inj(J^{gl} ∪ T ).

Notice that inj(J^{gl} ∪T ) = inj(T ) because all flows are fibrant for the weak S-homotopy model structure of Flow.

80 PHILIPPE GAUCHER

Let X be a homotopy continuous flow. Then, for instance, consider the unique morphism Q(f) : Q({^0 < ^1}) −→ Q({ ^0 < A < ^1)} of T . For any commutative square

Q({^0 < ^1})^ϕ �

�

X

Q({^0 < A < ^1})

k � � � � � �

there exists k : Q({^0 < A < ^1}) −→ X making the triangle commutative. Therefore, the existence of k ensures that any directed segment of X can always be divided up to S-homotopy. Roughly speaking, a flow X is homotopy continuous if it is indefinitely divisible up to S-homotopy.

4.4. Proposition. The pair (cof(J^{gl} ∪ T ), inj(J^{gl} ∪ T )) is a cofibrantly generated weak factorization system. Moreover, it satisfies the conditions of Section 1, that is:

cof(J^{gl}) ⊂ cof(J^{gl} ∪ T ) ⊂ cof(I^{gl}_+ ).

Proof. For every g ∈ J^{gl} ∪ T , the continuous map Pg is a closed inclusion of topological spaces. Therefore by [11] Proposition 11.5 and by [20] Theorem 2.1.14, the small object argument applies.

4.5. Notation.

S_T = S_{cof(J} gl_{∪T )}, R_T = R_{cof(J} gl_{∪T )}, ∼_T =∼_{cof(J} gl_{∪T )}, Flow^{f,T}_{cof} = Flow^{f,cof (J gl∪T )} cof .

We can now apply Theorem 3.27 to obtain the theorem:

4.6. Theorem. The inclusion functors Flow^{f,T}_{cof} ⊂ Flow_{cof} ⊂ Flow induce the equivalences of categories

Flow^{f,T}_{cof} /∼_T ≃ Flow_{cof} [(S ∪ cof(J^{gl} ∪ T ))^{−1} ] ≃ Flow[S^{−1}_T ].

It remains to check the invariance of the underlying homotopy type and of the branching and merging homology theories:

4.7. Theorem. A morphism of S_T preserves the underlying homotopy type and the branching and merging homology theories.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 81

Proof. It has been already noticed above that up to weak S-homotopy and up to the 2-out-of-3 axiom, a morphism of S_T is a morphism of S ∪ cof(J^{gl} ∪ T ) between cofibrant flows. Formally, let f : A −→ B be an element of S_T . Then consider the commutative diagram: Q(A)

Q(f) �

≃ � A f � Q(B)^≃ � B

The morphism Q(f) is an isomorphism of Flow_{cof} [(S ∪ cof(J^{gl} ∪ T ))^{−1} ]. Therefore it preserves the underlying homotopy type and the branching and merging homology theories because any morphism of S preserves these invariants by [12] Proposition VII.2.5 and by [14] Corollary 6.5 and Corollary A.11, and because any morphism of cof(J^{gl} ∪T ) preserves these invariants by [15] Theorem 5.2. The morphisms Q(A) −→ A and Q(B) −→ B are weak S-homotopy equivalences. So both preserve the underlying homotopy type [12] Proposition VII.2.5 and the branching and merging homology theories [14] Corollary 6.5 and Corollary A.11. Hence the result.

References

[1] J. Adámek, H. Herrlich, J. Rosický, and W. Tholen. On a generalized small-object argument for the injective subcategory problem. Cah. Topol. Géom. Différ. Catég., 43(2):83–106, 2002.

[2] J. Adámek and J. Rosický. Locally presentable and accessible categories. Cambridge University Press, Cambridge, 1994.

[3] H-J. Baues. Algebraic homotopy, volume 15 of Cambridge studies in advanced mathematics. Cambridge university press, 1989.

[4] T. Beke. Sheafifiable homotopy model categories. Math. Proc. Cambridge Philos.

Soc., 129(3):447–475, 2000.

[5] J. E. Bergner. A model category structure on the category of simplicial categories.

arXiv:math.AT/0406507, 2004.

[6] F. Borceux. Handbook of categorical algebra. 1. Cambridge University Press, Cambridge, 1994. Basic category theory.

[7] R. Brown. Topology. Ellis Horwood Ltd., Chichester, second edition, 1988. A geometric account of general topology, homotopy types and the fundamental groupoid.

82 PHILIPPE GAUCHER

[8] W. G. Dwyer and D. M. Kan. Simplicial localizations of categories. J. Pure Appl.

Algebra, 17(3):267–284, 1980.

[9] W. G. Dwyer and J. Spaliński. Homotopy theories and model categories. In Handbook of algebraic topology, pages 73–126. North-Holland, Amsterdam, 1995.

[10] P. Gabriel and M. Zisman. Calculus of fractions and homotopy theory. Springer- Verlag, Berlin, 1967.

[11] P. Gaucher. A model category for the homotopy theory of concurrency. Homology, Homotopy and Applications, 5(1):p.549–599, 2003.

[12] P. Gaucher. Comparing globular complex and flow. New York Journal of Mathematics, 11:p.97–150, 2005.

[13] P. Gaucher. Flow does not model flows up to weak dihomotopy. Applied Categorical Structures, 13:p.371–388, 2005.

[14] P. Gaucher. Homological properties of non-deterministic branchings and mergings in higher dimensional automata. Homology, Homotopy and Applications, 7(1):p.51–76, 2005.

[15] P. Gaucher. T-homotopy and refinement of observation (I) : Introduction.

arXiv:math.AT/0505152, to appear in ENTCS, 2005.

[16] P. Gaucher. T-homotopy and refinement of observation (II) : Adding new Thomotopy equivalences. preprint ArXiv math.AT, 2005.

[17] P. Gaucher and E. Goubault. Topological deformation of higher dimensional automata. Homology, Homotopy and Applications, 5(2):p.39–82, 2003.

[18] R.J. Glabbeek. On the Expressiveness of Higher Dimensional Automata. In EX- PRESS 2004 proceedings, 2004.

[19] P. S. Hirschhorn. Model categories and their localizations, volume 99 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2003.

[20] M. Hovey. Model categories. American Mathematical Society, Providence, RI, 1999.

[21] G. M. Kelly. Basic concepts of enriched category theory, volume 64 of London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 1982. Also in Reprints in Theory and Applications of Categories 10 (2005).

[22] A. Kurz and J. Rosický. Weak factorizations, fractions and homotopies. Applied Categorical Structures, 13(2):pp.141–160, 2005.

[23] L. G. Lewis. The stable category and generalized Thom spectra. PhD thesis, University of Chicago, 1978.

INVERTING WEAK DIHOMOTOPY EQUIVALENCE 83

[24] S. Mac Lane. Categories for the working mathematician. Springer-Verlag, New York, second edition, 1998.

[25] J. P. May. A concise course in algebraic topology. University of Chicago Press, Chicago, IL, 1999.

[26] M.-A. Moens, U. Berni-Canani, and F. Borceux. On regular presheaves and regular semi-categories. Cah. Topol. Géom. Différ. Catég., 43(3):163–190, 2002.

[27] V. Pratt. Modeling concurrency with geometry. In ACM Press, editor, Proc. of the 18th ACM Symposium on Principles of Programming Languages, 1991.

[28] D. G. Quillen. Homotopical algebra. Springer-Verlag, Berlin, 1967.

[29] J. Rosický and W. Tholen. Left-determined model categories and universal homotopy theories. Trans. Amer. Math. Soc., 355(9):3611–3623 (electronic), 2003.

[30] L. Schröder. Isomorphisms and splitting of idempotents in semicategories. Cahiers Topologie Géom. Différentielle Catég., 41(2):143–153, 2000.

[31] C. Simpson. Flexible sheaves. arXiv:q-alg/9608025, 1996.

[32] I. Stubbe. Categorical structures enriched in a quantaloid: regular presheaves, regular semicategories. Cah. Topol. Géom. Différ. Catég., 46(2):99–121, 2005.

[33] K. Worytkiewicz. Synchronization from a categorical perspective.

arXiv:cs.PL/0411001, 2004.

Preuves Programmes et Systèmes Université Paris 7–Denis Diderot Case 7014 2 Place Jussieu 75251 PARIS Cedex 05 France Email: gaucher@pps.jussieu.fr

http://www.pps.jussieu.fr/~gaucher/

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/3/16-03.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods. Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication. The method of distribution of the journal is via the Internet tools

WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca