Theory and Applications of Categories, Vol. 16, No. 30, 2006, pp. 855–895.

A COHOMOLOGICAL DESCRIPTION OF CONNECTIONS AND CURVATURE OVER POSETS

JOHN E. ROBERTS AND GIUSEPPE RUZZI

Abstract. What remains of a geometrical notion like that of a principal bundle when the base space is not a manifold but a coarse graining of it, like the poset formed by a base for the topology ordered under inclusion? Motivated by the search for a geometrical framework for developing gauge theories in algebraic quantum field theory, we give, in the present paper, a first answer to this question. The notions of transition function, connection form and curvature form find a nice description in terms of cohomology, in general non-Abelian, of a poset with values in a group G. Interpreting a 1–cocycle as a principal bundle, a connection turns out to be a 1–cochain associated in a suitable way with this 1–cocycle; the curvature of a connection turns out to be its 2–coboundary. We show the existence of nonflat connections, and relate flat connections to homomorphisms of the fundamental group of the poset into G. We discuss holonomy and prove an analogue of the Ambrose-Singer theorem.

1. Introduction

One of the outstanding problems of quantum field theory is to characterize gauge theories in terms of their structural properties. Naturally, as gauge theories have been successful in describing elementary particle physics, there is a notion of a gauge theory in the framework of renormalized perturbation theory. Again, looking at theories on the lattice, there is a well defined notion of a lattice gauge theory.

This paper is a first step towards a formalism which adapts the basic notions of gauge theories to the exigencies of algebraic quantum field theory. If successful, this should allow one to uncover structural features of gauge theories. Some earlier ideas in this direction may be found in [17].

In mathematics, a gauge theory may be understood as a principal bundle over a manifold together with its associated vector bundles. For applications to physics, the manifold in question is spacetime but, in quantum field theory, spacetime does not enter directly as a differential manifold or even as a topological space. Instead, a suitable base for the topology of spacetime is considered as a partially ordered set (poset), ordered under inclusion. This feature has to be taken into account to have a variant of gauge theories within algebraic quantum field theory. To do this we adopt a cohomological approach. After all, a principal fibre bundle can be described in terms of its transition functions

We wish to thank Ezio Vasselli for discussions on the topic of this paper. We would like to thank the referee of TAC for the fruitful comments on the preliminary version of this paper.

Received by the editors 2006-04-28 and, in revised form, 2006-11-28. Transmitted by Ronald Brown. Published on 2006-11-30. 2000 Mathematics Subject Classification: 53C05, 18D05, 05E25.

© John E. Roberts and Giuseppe Ruzzi, 2006. Permission to copy for private use granted. 855 and these form a 1–cocycle in Čech cohomology with values in a group G. We develop here a 1–cohomology of a poset with values in G and regard this as describing principal bundles over spacetimes. A different 1–cohomology has already proved useful in algebraic quantum field theory: a cohomology of the poset with values in a net of observables describes the superselection sectors. The formalism developed here can be adapted to this case.

We begin by explaining the notions of simplex, path and homotopy in the context of posets showing that these notions behave in much the same way as their better known topological counterparts. We define the fundamental group of a path-connected poset which, in practice, coincides with the fundamental group of the underlying topological space. We then explain the 1–cohomology of a poset with values in G linking it to homotopy: the category of 1–cocycles is equivalent to the category of homomorphisms from the fundamental group to G.

Having defined principal bundles, we next introduce the appropriate notion of connection and curvature and investigate the set of connections on a principal bundle, these being thus associated with a particular 1–cohomology. We discuss holonomy and prove a version of the Ambrose-Singer Theorem.

We finally introduce the notion of gauge transformation and the action of the group of gauge transformations on the set of connections of a principal bundle. We also relate flat connections to homomorphisms from the fundamental group into G. We end by giving a brief outlook.

2. Homotopy of posets

In this section we analyze a simplicial set associated with a poset, having in mind two main aims: first, we want to introduce the first homotopy group of posets because we will discuss cohomology later; secondly, we want to introduce the notion of inflating simplices which is at the basis of the theory of connections. We will start by introducing symmetric simplicial sets and defining their first homotopy group. The first homotopy group of a poset K will be defined as that of a symmetric simplicial set Σ_∗(K) associated with K. The inflationary structure of Σ_∗(K) will be introduced and analyzed in the third subsection. Throughout this section, we shall consider a poset K and denote its order relation by ≤. References for this section are [14, 20, 22].

2.1. Symmetric simplicial sets. A simplicial set Σ_∗ is a graded set indexed by the non-negative integers equipped with maps ∂_i : Σ_n → Σ_{n−1} and σ_i : Σ_n → Σ_{n+1}, with 0 ≤ i ≤ n, satisfying the following relations

∂_i∂_j = ∂_j ∂_{i+1}, i ≥ j; σ_iσ_j = σ_{j+1}σ_i, i ≤ j;

∂_iσ_j = σ_{j−1}∂_i, i < j; ∂_j σ_j = ∂_{j+1}σ_j = 1; ∂_iσ_j = σ_j ∂_{i−1}, i > j + 1. (1) The elements of Σ_n are called n–simplices; the mappings ∂_i and σ_i faces and degeneracies respectively. We shall denote: the compositions ∂_i∂_j , σ_iσ_j by the symbols ∂_{ij} and σ_{ij} , respectively; 0–simplices by the letter a; 1–simplices by b; 2–simplices by c and generic n–simplices by x. A simplicial set Σ_∗ is said to be symmetric [8] if there are mappings τ_i : Σ_n(K) → Σ_n(K) for n ≥ 1 and i ∈ {0, . . . n − 1}, satisfying the relations

τ_i τ_i = 1, τ_i τ_{i−1}τ_i = τ_{i−1} τ_iτ_{i−1}, τ_j τ_i = τ_i τ_j i < j − 1;

∂_j τ_i = τ_{i−1} ∂_j i > j, ∂_{i+1} = ∂_iτ_i, ∂_j τ_i = τ_i ∂_j i < j − 1;

σ_j τ_i = τ_{i+1}σ_j i > j, σ_iτ_i = τ_{i+1}τ_iσ_{i+1}, τ_iσ_i = σ_i, σ_j τ_i = τ_i σ_j i < j − 1. (2)

Furthermore, these relations imply that ∂_{i+1}τ_i = ∂_i and τ_iτ_{i+1}σ_i = σ_{i+1}τ_i. The mappings τ_i define an action τ of the permutation group P(n + 1) on Σ_n(K): it is enough to observe that relations (2) say that τ_i implements the transposition between the elements i and i + 1, and that transpositions generate the permutation group. Two n–simplices x and y are said to have the same orientation if there exists an even permutation σ of P(n + 1) such that y = τ_σx; they have a reverse orientation if there is an odd permutation σ of P(n + 1) such that y = τ_σ x. We denote by [x] the equivalence class of n–simplices which have the same orientation as x, and by [x] the equivalence class of n–simplices whose orientation is the reverse of x. Notice that for any 0–simplex a we have [a] = {a}. For 1–simplices we have [b] = {b}, while [b] = {b}, where b ≡ τ_0b. Note that ∂_0b = ∂_1b, and ∂_1b = ∂_0b. In the following we shall refer to b as the reverse of the 1–simplex b.

One of the aims of this section is to introduce the notion of the first homotopy group for a symmetric simplicial set associated with a poset. A purely combinatorial definition of homotopy groups for arbitrary simplicial sets has been given by Kan [10] (see also [14]). This definition is very easy to handle in the case of simplicial sets satisfying the extension condition. Recall that a simplicial set Σ_∗ satisfies the extension condition if given 0 ≤ k ≤ n + 1 and x_0, . . . , x_{k−1}, x_{k+1}, . . . x_{n+1} ∈ Σ_n, with n ≥ 1, such that

∂_ix_j = ∂_{j−1}x_i, i < j and i, j ≠ k, (3)

then there is x ∈ Σ_{n+1} such that ∂_ix = x_i for any i ≠ k. Nevertheless, as we shall see in the next subsection, the simplicial set associated with a poset does not satisfy this condition in general. For an arbitrary symmetric simplicial set, however, there is an easy way to introduce the first homotopy group. The procedure introduced in [20, 22] is easier to handle than that of Kan which involves the group complex of a simplicial set. Moreover, in the case of the poset formed by a suitable base for the topology of a manifold, it leads to a first homotopy group isomorphic to that of the manifold (see next subsection).

Here we recall definitions and results from [20, 22]. Given a_0, a_1 ∈ Σ_0, a path p from a_0 to a_1, written p : a_0 → a_1, is a finite ordered sequence p = {b_n, . . . , b_1} of 1–simplices satisfying the relations

∂_1b_1 = a_0, ∂_0b_i = ∂_1b_{i+1} for i ∈ {1, . . . , n − 1}, ∂_0b_n = a_1. (4)

The starting point of p, written ∂_1p, is the 0–simplex a_0, while the endpoint of p, written ∂_0p, is the 0–simplex a_1. The boundary of p is the ordered pair ∂p ≡ {∂_0p, ∂_1p}. A path p is said to be a loop if ∂_0p = ∂_1p. Σ_∗ is said to be pathwise connected whenever for any pair a_0, a_1 of 0–simplices there is a path p : a_0 → a_1. The set of paths is equipped with the following operations. Given two paths p = {b_n, . . . , b_1} and q = {b^′_k, . . . b^′_1}, and ∂_0p = ∂_1q, their composition q ∗ p is defined by

q ∗ p ≡ {b^′_k, . . . , b^′_1, b_n, . . . , b_1}.

The reverse of p is the path p ≡ {b_1, . . . , b_n}.

Note that the reverse is involutive and the composition ∗ is associative. In particular note that any path p = {b_n, . . . , b_1} can be also seen as the composition of its 1–simplices, i.e., p = b_n ∗ · · · ∗ b_1. An elementary deformation of a path p consists in replacing a 1–simplex ∂_1c of the path by a pair ∂_0c, ∂_2c, where c ∈ Σ_2, or, conversely in replacing a consecutive pair ∂_0c, ∂_2c of 1–simplices of p by a single 1–simplex ∂_1c. Two paths with the same endpoints are homotopic if they can be obtained from one another by a finite set of elementary deformations. Homotopy defines an equivalence relation ∼ on the set of paths with the same endpoints, which is compatible with reverse and composition, namely

p ∼ q ⇐⇒ p ∼ q, p ∼ q, p_1 ∼ q_1 ⇒ p_1 ∗ p ∼ q_1 ∗ q, (5)

(the latter equation holds whenever the r.h.s. is defined). Furthermore, for any path p, the following relations hold:

p ∗ σ_0∂_1p ∼ p and p ∼ σ_0∂_0p ∗ p;

p ∗ p ∼ σ_0∂_1p and σ_0∂_0p ∼ p ∗ p. (6)

We prove the relation p ∗ p ∼ σ_0∂_1p the others follow in a similar fashion. It is clearly enough to prove this relation for 1–simplices. So, given a 1–simplex b consider the 2– simplex τ_0σ_1b. Using relations (1) and (2) we have ∂_0τ_0σ_1b = ∂_1σ_1b = b, ∂_1τ_0σ_1b = ∂_0σ_1b = σ_0∂_0b, and ∂_2τ_0σ_1b = τ_0∂_2σ_1b = τ_0b = b. Hence, b ∗ b ∼ σ_0∂_0b.

Now, fix a ∈ Σ_0, and define

π_1(Σ_∗, a) ≡ {p : a → a}/ ∼,

the quotient of the set of loops with endpoints a by the homotopy equivalence relation. Let [p] be the equivalence class associated with the loop p : a → a, and let

[p] · [q] = [p ∗ q], [p], [q] ∈ π_1(Σ_∗, a).

As a consequence of (5), (6), π_1(Σ_∗, a) with this composition rule is a group: the identity is the equivalence class [σ_0a] associated with the degenerate 1–simplex σ_0a; the inverse of [p] is the equivalence class [p] associated with the reverse p of p. π_1(Σ_∗, a) is the first homotopy group of Σ_∗ based on a. If Σ_∗ is pathwise connected, then π_1(Σ_∗, a) is isomorphic to π_1(Σ_∗, a_1) for any a_1 ∈ Σ_0; this isomorphism class is the fundamental group of Σ_∗, written π_1(Σ_∗). If π_1(Σ_∗) is trivial, then Σ_∗ is said to be simply connected.

2.2. Homotopy of a poset. Underlying cohomology is what is called the simplicial category Δ^+ that can be realized in various ways. The simplest way is to take the objects of Δ^+ to be the finite positive ordinals, Δ_n = {0, 1, . . . , n}, with n ≥ 0, and to take the arrows to be the monotone mappings. All these monotone mappings are compositions of two particular simple types of mapping; the injective monotone mappings from one ordinal to the succeeding ordinal denoted d_i : (n − 1) → n, with i ∈ {0, 1, . . . , n}, and defined as d_i(k) ≡ � k k < i , k + 1 otherwise ;

and the surjective monotone mappings from one ordinal to the preceding one denoted s_i : (n + 1) → n, with i ∈ {0, 1, . . . , n}, and defined as

s_i(k) ≡ � k k ≤ i , k − 1 otherwise .

The mappings d_i and s_i satisfy relations which are dual to the relations (1) satisfied by ∂_i and σ_i respectively.

We may also regard Δ_n as a partially ordered set, namely as the set of its non-void subsets ordered under inclusion. We denote this poset by ~Δ_n. Any map, in particular a monotone one, m : Δ_n → Δ_p induces, in an obvious way, an order-preserving map of the partially ordered sets ~Δ_n and ~Δ_p, denoted by ~m. We can then define a singular n–simplex of a poset K to be an order preserving map f : ~Δ_n → K. We denote the set of singular n−simplices by Σ_n(K), and call the simplicial set of K the set Σ_∗(K) of all singular simplices. Note that a map m : Δ_n → Δ_p induces a map m^∗ : Σ_p(K) → Σ_n(K), where m^∗(f) ≡ f ∘ ~m with f ∈ Σ_p(K). In particular, the faces and degeneracies mapping are defined by ∂_i : Σ_n(K) → Σ_{n−1}(K), where ∂_i ≡ d^∗_i , σ_i : Σ_n(K) → Σ_{n+1}(K), where σ_i ≡ s^∗_i .

One can easily check that ∂_i and σ_i satisfy the relations (1). A 0–simplex a is just an element of the poset. Inductively, for n ≥ 1, an n−simplex x is formed by n + 1 (n − 1)−simplices ∂_0x, . . . , ∂_nx, whose faces are constrained by the relations (1), and by a 0–simplex |x| called the support of x such that |∂_0x|, . . . , |∂_nx| ≤ |x|. The ordered set {∂_0x, . . . , ∂_nx}, denoted ∂x, is called the boundary of x. We say that an n–simplex is degenerate if it is of the form σ_iy for some (n−1)–simplex y and for some i ∈ {0, 1, . . . , n− 1}. In particular we have |σ_iy| = |y|.

The next step is to show that Σ_∗(K) is a symmetric simplicial set. Given a 1–simplex b, let τ_0b be the 1–simplex defined by |τ_0b| ≡ |b| and such that

∂_0τ_0b ≡ ∂_1b, ∂_1τ_0b ≡ ∂_0b. (7)

By induction for n ≥ 2: given an n–simplex x, for i ∈ {0, . . . n − 1}, let τ_ix be the n–simplex defined by |τ_ix| ≡ |x| and

∂_j τ_ix ≡ τ_{i−1}∂_j x i > j, ∂_iτ_ix ≡ ∂_{i+1}x, ∂_{i+1}τ_ix ≡ ∂_ix, ∂_j τ_ix ≡ τ_i∂_j x i < j − 1. (8)

One can easily see that the mappings τ_i : Σ_n(K) → Σ_n(K), for n ≥ 1 and i ∈ {0, . . . , n − 1}, satisfy the relations (2).

We now are concerned with the homotopy of a poset K, that is, the homotopy of the symmetric simplicial set Σ_∗(K) as defined in the previous subsection. To begin with we show that Σ_∗(K) does not fulfil the extension condition in general. To this end we recall that a poset K is said to be directed whenever for any pair O_1, O_2 ∈ K, there is O_3 ∈ K such that O_1, O_2 ≤ O_3.

We have the following

2.3. Lemma. Σ_∗(K) is pathwise connected and satisfies the extension condition if, and only if, K is directed.

Proof. (⇐) Clearly Σ_∗(K) is pathwise connected. Let x_0, . . . , x_{k−1}, x_{k+1}, . . . , x_{n+1} ∈ Σ_n(K) satisfy the compatibility relations. As K is directed, we can find O ∈ K such that O ≥ |x_0|, . . . , |x_{k−1}|, |x_{k+1}|, . . . , |x_{n+1}|. Let x_k be the n–simplex defined by |x_k| ≡ O and

∂_ix_k ≡ ∂_{k−1}x_i i < k, ∂_kx_k ≡ ∂_kx_{k+1}, ∂_ix_k ≡ ∂_kx_{i+1}, i > k.

Let w be the n + 1–simplex defined by |w| ≡ O and ∂_iw ≡ x_i. (⇒) Consider two 0– simplices a_0, a_1. Since Σ_∗(K) is pathwise connected there is a path p : a_0 → a_1 of the form p = b_n ∗ · · · ∗ b_2 ∗ b_1. Using the extension condition with respect to b_2, b_1, we can find a 2–simplex c such that ∂_2c = b_1 and ∂_0c = b_2. Hence, |c| ≥ a_0 = ∂_1b_1, ∂_0b_2. Apply again the extension condition with respect to b_3, ∂_1c. Then, there is a 2–simplex c_1 such that ∂_0c_1 = b_3 and ∂_2c = ∂_1c. Hence, |c_1| ≥ ∂_{11}c = a_0, ∂_0b_3. The proof follows by iterating this procedure until b_n.

The condition on a poset to be directed is too restrictive. In fact, if K is directed, then Σ_∗(K) has a contracting homotopy. Hence, K is simply connected [20, 22] (it could be easily seen that Σ_∗(K) is simply connected also according to Kan’s definition of homotopy).

We will say that a poset K is pathwise connected, simply connected whenever Σ_∗(K) is pathwise connected and simply connected, respectively. Furthermore, we define π_1(K, a) ≡ π_1(Σ_∗(K), a) and π_1(K) ≡ π_1(Σ_∗(K)) and call them, respectively, the first homotopy group of K, with base the 0–simplex a, and the fundamental group of K.

The link between the first homotopy group of a poset and the corresponding topological notion can be achieved as follows. Let M be an arcwise connected manifold and let K be a base for the topology of M whose elements are arcwise and simply connected, open subsets of M. Consider the poset formed by ordering K under inclusion. Then K is pathwise connected and π_1(M) = π_1(K), where π_1(M) is the fundamental group of M [22, Theorem 2.18].

2.4. Inflationary structure. We deal with the inflationary structure of the simplicial set associated with a poset. We will describe the basic properties of this structure and use them to give a definition of an inflationary structure for an abstract symmetric simplicial set. As we shall see later, theory of connections on a poset is based on this structure.

A 1−simplex b is said to be inflating whenever

∂_1b ≤ ∂_0b and |b| = ∂_0b (9)

By induction for n ≥ 1: an n−simplex x is said to be inflating whenever all its (n − 1)– faces ∂_0x, . . . , ∂_nx are inflating (n − 1)–simplices and |x| = ∂_{123···(n−1)}x. Any 0–simplex will be regarded as inflating. We will denote the set of inflating n–simplices by Σ^{inf}_n (K). Given a monotone mapping m : Δ_p → Δ_n then m^∗(x) = x ∘ ~m is inflating if x is. Thus Σ^{inf}_∗ (K) is a simplicial subset of Σ_∗(K).

Note that the 0–subsimplices of an inflating n–simplex form a totally ordered subset of K. For instance, c is an inflating 2–simplex if, and only if,

∂_{11}c = ∂_{12}c ≤ ∂_{02}c = ∂_{10}c ≤ ∂_{00}c = ∂_{01}c = |c|.

Other properties of inflating simplices are shown in the following lemma.

2.5. Lemma. The following assertions hold.

(i) Σ^{inf}_0 (K) = Σ_0(K);

(ii) Given b, b^′ ∈ Σ^{inf}_1 (K). If ∂_1b = ∂_0b^′ and ∂_0b = ∂_1b^′, then b = b^′ = σ_0a for some 0–simplex a.

(iii) Given b, b^′ ∈ Σ^{inf}_1 (K). If ∂_0b = ∂_1b^′, then there is c ∈ Σ^{inf}_2 with ∂_0c = b^′ and ∂_2c = b.

(iv) Given x, x^′ ∈ Σ^{inf}_n (K). If ∂_ix = ∂_ix^′ for i = 0, . . . , n, then x = x^′.

(v) For any x ∈ Σ_n(K), there are b_0, b_1, . . . , b_n ∈ Σ^{inf}_1 (K) such that ∂_1b_k = ∂_{01···bk···n}x for 0 ≤ k ≤ n, and ∂_0b_0 = ∂_0b_1 = · · · = ∂_0b_n.

Proof. (i) and (ii) are an easy consequence of the definition of inflating simplices. (iii) Define c by taking ∂_2c = b, ∂_0c = b^′ and ∂_1c ≡ (∂_0b^′, ∂_1b). (iv) is obvious. (v) Define |b_k| and ∂_0b_k to be |x| and ∂_1b_k ≡ ∂_{012···bk···n}x, for 0 ≤ k ≤ n.

The simplicial set Σ^{inf}_∗ (K) does not, in general, satisfy the extension condition (3). In fact, suppose there is a pair of 1–simplices b_0, b_1 ∈ Σ^{inf}_1 (K) such that ∂_0b_0 = ∂_0b_1 but neither ∂_1b_0 ≤ ∂_1b_1 nor ∂_1b_0 ≥ ∂_1b_1. Then, according to the definition of inflating simplex, an inflating 2–simplex c such that ∂_0c = b_0 and ∂_1c = b_1 does not exist. It is easy to see that this is the case when K is a pathwise connected but not totally ordered poset.

The properties listed in Lemma 2.5 does not involve the notion of support of a simplex. This makes it possible to introduce an inflationary structure for abstract symmetric simplicial sets, too.

2.6. Definition. A symmetric simplicial set Σ_∗ has an inflationary structure, if there is a simplicial subset Σ^′_∗ of Σ_∗ enjoying the properties (i) − (v) of the above lemma. The elements of Σ^′_∗ will be called inflating simplices.

Some observations on this definition are in order. Let Σ_∗ be a symmetric simplicial set with an inflationary structure Σ^′_∗. First, Property (ii) says that Σ^′_∗ is in general not symmetric. Secondly, Property (iv) is a uniqueness condition: an inflating n–simplex is completely defined by its boundary. So sometimes, in the following, we will use the symbol (a, a^′) to denote the inflating 1–simplex b such that ∂_0b = a and ∂_1b = a^′. Thirdly, consider two inflating 1–simplices of the form (a_2, a_1) and (a_1, a_0). Property (iii) implies that there is c ∈ Σ^′_∗ such that ∂_2c = (a_1, a_0) and ∂_0c = (a_2, a_1). Since ∂_1c ∈ Σ^′_∗, with ∂_{11}c = a_0, ∂_{01}c = a_2, then ∂_1c = (a_2, a_0). Fourthly, Property (v) says that the set of 0–subsimplices of an n–simplex admits an upper bound.

An important property of symmetric simplicial sets with an inflationary structure is shown in the following lemma.

2.7. Lemma. Let Σ_∗ be an symmetric simplicial set with an inflationary structure Σ^′_∗. Then writing a ≤ a^′ whenever there is b ∈ Σ^′_1 with ∂_1b = a and a^′ ≤ ∂_0b defines a partial order relation on Σ_0.

Proof. By (i) and (ii), the relation ≤ is reflexive and antisymmetric. Given a_0, a_1, a_2 ∈ Σ_0 such that a_0 ≤ a_1 and a_1 ≤ a_2. By (iii) there is an inflating 2–simplex c with ∂_2c = (a_1, a_0), ∂_0c = (a_2, a_1). Clearly, ∂_1c = (a_2, a_0), hence a_0 ≤ a_2.

We denote the poset associated with Σ_0 by Lemma 2.7 by the symbol K(Σ_0). An observation is in order. Assume that a poset K is given. Then it is clear that K(Σ_0(K)) = K. Conversely, assume that a symmetric simplicial set Σ_∗ with an inflationary structure Σ^′_∗ is given. Let Σ_∗(K(Σ_0)) be the simplicial set associated with the poset K(Σ_0). Then, whilst Σ^{inf}_∗ (K(Σ_0)) and Σ^′_∗ are simplicial equivalent, the same does not hold for Σ_∗(K(Σ_0)) and Σ_∗, because of the supports of the n–simplices of Σ_∗(K(Σ_0)).

Examples. Lemma 2.7 is the key to giving examples of an inflationary structure on a symmetric simplicial set. The basic strategy is to define a simplicial set Σ^{inf}_∗ using the simplicial category Δ^+ taking the partial ordering into account and another such Σ_∗ using the symmetric simplicial category and forgetting the partial ordering. Here are some examples to illustrate this procedure, the first being just a variant of our basic example. Let L be a poset and define Σ^{inf}_n (L) to be the set of order-preserving mappings from {0, 1, 2, . . . , n} to L and Σ_n(L) to be an arbitrary mapping from {0, 1, 2, . . . , n} to L. Σ^{inf}_∗ (L) is a simplicial subset of Σ_∗(L) and it is easily checked that it defines an inflationary structure on Σ_∗(L). Note that Σ^{inf}_∗ (L) is as defined previously but is now included in a larger symmetric simplicial set.

Now let G be a partially ordered group and use a formulation in terms of homogeneous simplices so that Σ^{inf}_∗ (G) and Σ_∗(G) can be defined as if G were a partially ordered set but we now have an action of G on the left compatible with the inclusion of Σ^{inf}_∗ (G) in Σ_∗(G).

Let A be a partially ordered affine space and let Σ_n(A) be the set of affine mappings from the standard simplex Δ_n to A. Given such an affine map x write x ∈ Σ^{inf}_n (A) if the vertices of x are totally ordered a_0 ≤ a_1 ≤ · · · ≤ a_n. It is easily verified that we get an inflationary structure if A is directed.

Let U := {U_a} be a covering of a set X ordered under inclusion and define, as usual, Σ_∗(U) taking a n–simplex x to be an ordered set of indices, {a_0, a_1, . . . , a_n} such that ∩^n_{i=0}U_{ai} is non-void. We say that x is inflating if a_0 ≥ a_1 ≥ · · · ≥ a_n and get in this way a simplicial subset Σ^{inf}_∗ (U). All the conditions for getting an inflationary structure on Σ_∗(U) are fulfilled except for (v). But this, too, is satisfied if we take U to be a base of open sets for the topology of a topological space X.

The last example could be generalized by taking a poset P and defining Σ_n(P ) to be the ordered sets {a_0, a_1, . . . , a_n} of elements of P such that there is an a ∈ P with a ≤ a_0, a_1, . . . , a_n.

3. Cohomology of posets

The present section deals with the, in general non-Abelian, cohomology of a pathwise connected poset K with values in a group G. The first part is devoted to explaining the motivation for studying the non-Abelian cohomology of a poset and to defining an n–category. The general theory is developed in the second part: we introduce the set of n–cochains, for n = 0, 1, 2, 3, the coboundary operator, and the cocycle identities up to the 2^{nd}-degree. In the last part we study the 1–cohomology, in some detail, relating it to the first homotopy group of a poset. It is worth stressing that definitions and results, presented in this section, on the cohomology of K rely only on the fact that Σ_∗(K) is a symmetric simplicial set. Hence they admit an obvious generalization to abstract symmetric simplicial sets.

3.1. Preliminaries. The cohomology of the poset K with values in an Abelian group A, written additively, is the cohomology of the simplicial set Σ_∗(K) with values in A. To be precise, one can define the set C^n(K, A) of n–cochains of K with values in A as the set of functions v : Σ_n(K) → A. The coboundary operator d defined by

dv(x) = n� k=0 (−1)^k v(∂_kx), x ∈ Σ_n(K),

is a mapping d : C^n(K, A) → C^{n+1}(K, A) satisfying the equation ddv = ι, where ι is the trivial cochain. This allows one to define the n–cohomology groups. For a non-Abelian group G no choice of ordering gives the identity ddv = ι.

One motivation for studying the cohomology of a poset K with values in a non-Abelian group comes from the algebraic approach to quantum field theory. The leading idea of this approach [9] is that all the physical content of a quantum system is encoded in the observable net, an inclusion preserving correspondence which associates to any open and bounded region of Minkowski space the algebra generated by the observables measurable within that region. The collection of these regions forms a poset when ordered under inclusion. A 1–cocycle equation arises in studying charged sectors of the observable net: the charge transporters of sharply localized charges are 1–cocycles of the poset taking values in the group of unitary operators of the observable net [15]. The attempt to include more general charges in the framework of algebraic quantum field theory, charges of electromagnetic type in particular, has led one to derive higher cocycles equations, up to the third degree [16, 17]. The difference, with respect to the Abelian case, is that a n– cocycle equation needs n composition laws. Thus in non-Abelian cohomology instead, for example, of trying to take coefficients in a non-Abelian group the n–cocycles take values in an n–category associated with the group. The cocycles equations can be understood as pasting together simplices, and, in fact, a n–cocycle can be seen as a representation in an n–category of the algebra of an oriented n–simplex [23].

Before trying to learn the notion of an n–category, it helps to recall that a category can be defined in two equivalent manners. One definition is based on the set of objects and the corresponding set of arrows. However, it is possible to define a category referring only to the set of arrows. Namely, a category is a set C, whose elements are called arrows, having a partial and associative composition law ⋄, and such that any element of C has left and right ⋄-units. This amounts to saying that (i) (f ⋄ g) ⋄ h is defined if, and only if, f ⋄ (g ⋄ h) is defined and they are equal; (ii) f ⋄ g ⋄ h is defined if, and only if, f ⋄ g and g ⋄ h are defined; (iii) any arrow g has a left and a right unit u and v, that is u ⋄ g = g and g ⋄ v = g. In this formulation the set of objects are the set of units.

An n–category is a set C with an ordered set of n partial composition laws. This means that C is a category with respect to any such composition law ⋄. Moreover, if × and ⋄ are two such composition laws with ⋄ greater than ×, written × ≺ ⋄, then:

1. every ×-unit is a ⋄-unit;

2. ×-composition of ⋄-units, when defined, leads to ⋄-units;

3. the following relation, called the interchange law, holds:

(f × h) ⋄ (f_1 × h_1) = (f ⋄ f_1) × (h ⋄ h_1),

whenever the right hand side is defined.

An arrow f is said to be a k–arrow, for k ≤ n, if it is a unit for the k + 1 composition law. To economize on brackets, from now on we adopt the convention that if × ≺ ⋄, then a ×–composition law is to be evaluated before a ⋄–composition. For example, the interchange law reads

f × h ⋄ f_1 × h_1 = (f ⋄ f_1) × (h ⋄ h_1).

It is surprising that with this convention all the brackets disappear from the coboundary equations (see below).

That an n–category is the right set of coefficients for a non-Abelian cohomology can be understood by borrowing from [3] the following observation. Assume that × is Abelian, that is, f × g equals g × f whenever the compositions are defined. Assume that ⋄–units are ×–units. Let 1, 1^′ be, respectively, a left and a right ⋄–unit for f and g. By using the interchange law we have

f ⋄ g = 1 × f ⋄ g × 1^′ = (1 ⋄ g) × (f ⋄ 1^′) = g × f.

Hence ⋄ equals × and both composition laws are Abelian. Furthermore, if ⋆ is a another composition law such that × ≺ ⋆ ≺ ⋄, then × = ⋆ = ⋄.

3.2. Non-Abelian cohomology. Our approach to the non-Abelian cohomology of a poset will be based on n–categories. But it is worth pointing out that crossed complexes could be used instead (see [5]). In this approach cocycles turn out to be morphisms from a crossed complex associated with Σ_∗(K) to a suitable target crossed complex. This approach might be convenient for studying higher homotopy groups of K, but these are outside the scope of the present paper.

Our first aim is to introduce an n–category associated with a group G to be used as set of coefficients for the cohomology of the poset K. To this end, we draw on a general procedure [19] associating to an n–category C, satisfying suitable conditions, an (n + 1)–category I(C). This construction allows one to define the (n + 1)–coboundary of a n–cochain in C as an (n + 1)–cochain in I(C), at least for n = 0, 1, 2. For the convenience of the reader we review this construction in Appendix A.

Before starting to describe non-Abelian cohomology, we introduce some notation. The elements of a group G will be indicated by Latin letters. The composition of two elements g, h of G will be denoted by gh, and by e the identity of G. Let Inn(G) be the group of inner automorphisms of G. We will use Greek letters to indicate the elements of Inn(G). By ατ we will denote the inner automorphism of G obtained by composing α with τ, that is ατ(h) ≡ α(τ(h)) for any h ∈ G. The identity of this group, the identity automorphism, will be indicated by ι. Finally given g ∈ G, the equation

g α = τ g

means gα(h) = τ(h)g for any h ∈ G.

The categories nG . In degree 0, this is simply the group G considered as a set. In degree 1 it is the category 1G having a single object, the group G, and as arrows the elements of the group. Composition of arrows is the composition in G. So we identify this category with G. Observe that the arrows of 1G are invertible. By applying the procedure provided in [19] (see Appendix A) we see that I(1G) is a 2–category, denoted by 2G, whose set of arrows is

2G ≡ {(g, τ) | g ∈ G, τ ∈ Inn(G)}, (10) and whose composition laws are defined by

(g, τ) × (h, γ) ≡ (gτ(h), τγ), (g, τ) ⋄ (h, γ) ≡ (gh, γ), if σ_hγ = τ, (11)

where σ_h is the inner automorphism associated with h. Some observations on 2G are in order. Note that the composition × is always defined. Furthermore, the set of 1–arrows is the set of those elements of 2G of the form (e, τ). Finally, all the 2–arrows are invertible. Now, in Appendix A we show that 2G satisfies all the properties required to define the 3–category I(2G). However, it is not convenient to use this category as coefficients for the cohomology, but a category, denoted by 3G, which turns out to be isomorphic to I(2G) (Lemma A.2). The 3–category 3G is the set

3G ≡ {(g, τ, γ) | g ∈ Z(G), τ, γ ∈ Inn(G)}, (12)

where Z(G) is the centre of G, with the following three composition laws

(g, τ, γ) × (g^′, τ^′, γ^′) ≡ (gg^′, ττ^′, γτγ^′τ^{−1}), (g, τ, γ) ⋄ (g^′, τ^′, γ^′) ≡ (gg^′, τ^′, γγ^′, ), if τ = γ^′τ^′ (g, τ, γ) · (g^′, τ^′, γ^′) ≡ (gg^′, τ, γ), if τ = τ^′, γ = γ^′.

(13)

Note that · is Abelian. The set of 1-arrows (3G)_1 is the subset of elements of 3G of the form (e, γ, ι), where ι denotes the identity automorphism; 2–arrows (3G)_2 are the elements of 3G of the form (e, τ, γ). Finally, if G is Abelian, then × = ⋄ = · and the categories 2G and 3G are nothing but the group G.

The set of n–cochains. The next goal is to define the set of n–cochains. Concerning 0– and 1–cochains nothing changes with respect to the Abelian case, i.e., 0– and 1–cochains are, respectively functions v : Σ_0(K) → G and u : Σ_1(K) → G. A 2–cochain w is a pair of mappings (w_1, w_2), where w_i : Σ_i(K) → (2G)_i, for i = 1, 2 enjoying the relation

w_2(c) ⋄ w_1(∂_1c) = w_1(∂_0c) × w_1(∂_2c) ⋄ w_2(c), c ∈ Σ_2(K). (14)

Thus associated with a 2–simplex c there is a 2–arrows w_2(c) whose left and right ⋄–units are computed from the boundary of c using w_1. This equation and the definition of the composition laws in 2G entail that a 2–cochain w is of the form

w_1(b) = (e, τ_b), b ∈ Σ_1(K), w_2(c) = (v(c), τ_{∂1c}), c ∈ Σ_2(K),

(15)

where v : Σ_2(K) → G, τ : Σ_1(K) → Inn(G) are mappings satisfying the equation^1

v(c) τ_{∂1c} = τ_{∂0c} τ_{∂2c} v(c), c ∈ Σ_2(K). (16)

1Equation (16) means that v(c) τ_{∂1 c}(h) = τ_{∂0 c}(τ_{∂2 c}(h)) v(c) for any h ∈ G.

This can be easily shown. In fact, according to the definition of 2G a 2–cochain w is of the form w_1(b) = (e, τ_b) for b ∈ Σ_1(K), and w_2(c) = (v(c), β_c) for c ∈ Σ_2(K). Now, the l.h.s. of equation (14) is defined if, and only if, τ_{∂1c} = β_c for any 2–simplex c. This fact and equation (14) entail (16) and (15), completing the proof.

A 3–cochain x is 3–tuple (x_1, x_2, x_3) where x_i : Σ_1(K) → (3G)_i, for i = 1, 2, 3, satisfying the following equations

x_2(c) ⋄ x_1(∂_1c) = x_1(∂_0c) × x_1(∂_2c) ⋄ x_2(c), (17)

for any 2–simplex c, and

x_3(d) · x_1(∂_{01}d) × x_2(∂_3d) ⋄ x_2(∂_1d) = x_2(∂_0d) × x_1(∂_{23}d) ⋄ x_2(∂_2d) · x_3(d), (18)

for any 3–simplex d. Proceeding as above, in Appendix A we show that these equations and the composition laws of 3G entail that a 3–cochain x is of the form

x_1(b) = (e, τ_b, ι), b ∈ Σ_1(K), x_2(c) = (e, τ_{∂1c}, γ_c), c ∈ Σ_2(K), x_3(d) = (v(d), τ_{∂12d}, γ_{∂0d} γ_{∂1d}), d ∈ Σ_3(K),

(19)

where τ : Σ_1(K) → Inn(G), v : Σ_3(K) → Z(G), while γ : Σ_2(K) → Inn(G) is the mapping defined as γ_c ≡ τ_{∂0 c} τ_{∂2c} τ^{−1}_{∂1c}, c ∈ Σ_2(K). (20) This concludes the definition of the set of cochains. We will denote the set of n–cochains of K, for n = 0, 1, 2, 3, by C^n(K, G).

Just a comment on the definition of 1–cochains: unlike the usual cohomological theories 1–cochains are neither required to be invariant under oriented equivalence of simplices nor to act trivially on degenerate simplices. However, as we shall see later, 1–cocycles and connections fulfil these properties.

The coboundary and the cocycle identities. The next goal is to define the coboundary operator d. Given a 0–cochain v, then

dv(b) ≡ v(∂_0b) v(∂_1b)^{−1}, b ∈ Σ_1(K). (21)

Given a 1-cochain u, then

(du)_1(b) ≡ (e, ad(u(b))), b ∈ Σ_1(K), (du)_2(c) ≡ (w_u(c), ad(u(∂_1c))), c ∈ Σ_2(K),

(22)

where w_u is the mapping from Σ_2(K) to G defined as

w_u(c) ≡ u(∂_0c) u(∂_2c) u(∂_1c)^{−1}, c ∈ Σ_2(K), (23) while ad(·) means the adjoint action, that is, for instance, ad(u(∂_1c)) is the inner automorphism associated with u(∂_1c). Finally, given a 2-cochain w of the form (15), then

(dw)_1(b) ≡ � e, τ_b, ι � , b ∈ Σ_1(K), (dw)_2(c) ≡ � e, τ_{∂1c}, γ_c � , c ∈ Σ_2(K), (dw)_3(d) ≡ � x_w(d), τ_{∂12 d}, γ_{∂0d} γ_{∂2d} � , d ∈ Σ_3(K),

(24)

where γ is the function from Σ_2(K) to Inn(G) defined by τ as in (20), and x_w is the mapping x_w : Σ_3(K) → Z(G) defined as

x_w(d) ≡ v(∂_0d) v(∂_2d) � τ_{∂01 d}(v(∂_3d)) v(∂_1d)

�_{−1} (25)

for any 3–simplex d. Now, we call the coboundary operator d the mapping d : C^n(K, G) → C^{n+1}(K, G) defined for n = 0, 1, 2 by the equations (21), (22) and (24) respectively. This definition is well posed as shown by the following

3.3. Lemma. For n = 0, 1, 2, the coboundary operator d is a mapping d : C^n(K, G) → C^{n+1}(K, G), such that

ddv ∈ ((k + 2)G)_{k+1}, v ∈ C^k(K, G)

for k = 0, 1.

Proof. The proof of the first part of the statement follows easily from the definition of d, except that the function x_w, as defined in (25), takes values in Z(G). Writing, for brevity, v_i for v(∂_id) and τ_{ij} for τ_{∂ij} , and using relations (1) and equation (16) we have

v_0 v_2 τ_{12} = v_0 τ_{02} τ_{22} v_2 = v_0 τ_{10} τ_{22} v_2 = τ_{00} τ_{20} τ_{23} v_0 v_2,

moreover

τ_{01}(v_3) v_1 τ_{12} = τ_{01}(v_3) v_1 τ_{11} = τ_{01}(v_3) τ_{01} τ_{21} v_1 = τ_{01}(v_3 τ_{13}) v_1 = τ_{01}(τ_{03} τ_{23} v_3) v_1 = τ_{01} τ_{03} τ_{23} τ_{01}(v_3) v_1,

Hence both v(∂_0d) v(∂_2d) and τ_{∂01 d}(v(∂_3d)) v(∂_1d) intertwine from τ_{∂12 d} to τ_{∂01d} τ_{∂03 d} τ_{∂23d}. This entails that they differ only by an element of Z(G), proving that x_w takes values in Z(G). Now, it is very easy to see that ddv ∈ (2G)_1, for any 0–cochain v. So, let us prove that ddu ∈ (3G)_2 for any 1–cochain u. Note that

(du)_1(b) = (e, ad(u(b))), b ∈ Σ_1(K) (du)_2(c) = (w_u(c), ad(u(∂_1c))), c ∈ Σ_2(K),

where w_u is defined by (23). Then the proof follows once we have shown that

w_u(∂_0d) w_u(∂_2d) = ad(u(∂_{01}d)) � w_u(∂_3d) � w_u(∂_1d), (∗) for any 3–simplex d. In fact, by (24) this identity entails that (ddu)_1(b) = (e, ad(u(b)), ι), b ∈ Σ_1(K) (ddu)_2(c) = (e, ad(u(∂_1c)), ad(w_u(c))) c ∈ Σ_2(K), (ddu)_3(d) = (e, ad(u(∂_{12}d)), ad � w_u(∂_0d)w_u(∂_2d) � ), d ∈ Σ_3(K).

So let us prove (∗). Given d ∈ Σ_3(K) and using relations (1), we have

ad(u(∂_{01}d)) � w_u(∂_3d) � w_u(∂_1d) = u(∂_{01}d) w_u(∂_3d) u(∂_{01}d)^{−1} w_u(∂_1d)

= u_{01} (u_{03} u_{23} u^{−1}_{13} ) u^{−1}_{01} (u_{01} u_{21} u^{−1}_{11} ) = u_{01} u_{03} u_{23} u^{−1}_{11} = u_{01} u_{03} u^{−1}_{02} u_{02} u_{23} u^{−1}_{11} = u_{00} u_{20} u^{−1}_{10} u_{02} u_{22} u^{−1}_{12} = w_u(∂_0d) w_u(∂_2d), where we have used the notation introduced above. This completes the proof.

In words this lemma says that if v is a 0–cochain, then ddv is a 2–unit of 2G; if u is a 1–cochain, then ddv is a 3–unit of 3G.

We now are in a position to define an n–cocycle and an n–coboundary. 3.4. Definition. For n = 0, 1, 2, an n–cochain v is said to be an n–cocycle whenever dv ∈ � (n + 1)G � n. It is said to be an n–coboundary whenever v ∈ d � (n − 1)G � (for n = 0 this means that v(a) = e for any 0–simplex a). We will denote the set of n–cocycles by Z^n(K, G), and the set of n–coboundaries by B^n(K, G).

Lemma 3.3 entails that B^n(K, G) ⊆ Z^n(K, G) for n = 0, 1, 2. Although it is outside the scope of this paper, we note that this relation also holds for n = 3. One can check this assertion by using the 3–cocycle given in [16].

It is very easy now to derive the cocycle equations. A 0–cochain v is a 0–cocycle if v(∂_0b) = v(∂_1b), b ∈ Σ_1(K). (26) A 1–cochain z is a 1–cocycle if z(∂_0c) z(∂_2c) = z(∂_1c), c ∈ Σ_2(K). (27) Let w = (w_1, w_2) be 2–cochain of the form w_1(b) = (e, τ_b) for b ∈ Σ_1(K), w_2(c) = (v(c), τ_{∂1c}) for c ∈ Σ_2(K), where v and τ are mappings satisfying (16). Then w is a 2–cocycle if v(∂_0d) v(∂_2d) = τ_{∂01 d} � v(∂_3d) � v(∂_1d), d ∈ Σ_3(K). (28) In the following we shall mainly deal with 1–cohomology. Our purpose will be to show that the notion of 1–cocycle admits an interpretation as a principal bundle over a poset and that this kind of bundle admits connections. The 2–coboundaries enter the game as the curvature of connections. Since K is pathwise connected, it turns out that any 0–cocycle v is a constant function. Thus the 0–cohomology of K yields no useful information.

3.5. 1–Cohomology. This section is concerned with 1–cohomology. In the first part we introduce the category of 1–cochains and the basic notions that will be used throughout this paper. The second part deals with 1–cocycles, where we shall derive some results confirming the interpretation of a 1–cocycle as a principal bundle over a poset. In the last part we discuss the connection between 1–cohomology and homotopy of posets.

The category of 1–cochains. Given a 1-cochain v ∈ C^1(K, G), we can and will extend v from 1-simplices to paths by defining for p = {b_n, . . . , b_1}

v(p) ≡ v(b_n) · · · v(b_2) v(b_1). (29)

3.6. Definition. Consider v, v_1 ∈ C^1(K, G). A morphism f from v_1 to v is a function f : Σ_0(K) → G satisfying the equation

f_{∂0p} v_1(p) = v(p) f_{∂1p},

for all paths p. We denote the set of morphisms from v_1 to v by (v_1, v).

There is an obvious composition law between morphisms given by pointwise multiplication and this makes C^1(K, G) into a category. The identity arrow 1_v ∈ (v, v) takes the constant value e, the identity of the group. Given a group homomorphism γ : G_1 → G and a morphism f ∈ (v_1, v) of 1–cochains with values in G_1 then γ ∘ v, defined as

(γ ∘ v)(b) ≡ γ(v(b)), b ∈ Σ_1(K), (30)

is a 1–cochain with values in G, and γ ∘ f defined as

(γ ∘ f)_a ≡ γ(f_a), a ∈ Σ_0(K), (31)

is a morphism of (γ ∘ v_1, γ ∘ v). One checks at once that γ∘ is a functor from C^1(K, G_1) to C^1(K, G), and that if γ is a group isomorphism, then γ∘ is an isomorphism of categories.

Note that f ∈ (v_1, v) implies f^{−1} ∈ (v, v_1), where f^{−1} here denotes the composition of f with the inverse of G. We say that v_1 and v are equivalent, written v_1 ∼= v, whenever (v_1, v) is nonempty. Observe that a 1–cochain v is equivalent to the trivial 1–cochain ı if, and only if, it is a 1–coboundary. We will say that v ∈ C^1(K, G) is reducible if there exists a proper subgroup G_1 ⊂ G and a 1–cochain v_1 ∈ C^1(K, G_1) with ȷ ∘ v_1 equivalent to v, where ȷ denotes the inclusion G_1 ⊂ G. If v is not reducible it will be said to be irreducible.

A 1–cochain v is said to be path-independent whenever given a pair of paths p, q, then

∂p = ∂q ⇒ v(p) = v(q) . (32)

Of course, if v is path-independent then so is any equivalent 1–cochain. It is worth observing that if γ is an injective homomorphism then v is path-independent if, and only if, γ ∘ v is path-independent.

3.7. Lemma. Any 1–cochain is path-independent if, and only if, it is a 1–coboundary.

Proof. Assume that v ∈ C^1(K, G) is path-independent. Fix a 0–simplex a_0. For any 0– simplex a, choose a path p_a from a_0 to a and define f_a ≡ v(p_a). As v is path-independent, for any 1–simplex b we have v(b) f_{∂1b} = v(b) v(p_{∂1b}) = v(b ∗ p_{∂1b}) = v(p_{∂0b}) = f_{∂0b}.

Hence v is a 1–coboundary, see (21) and Definition 3.4. The converse is obvious. 1–Cocycles as principal bundles. Recall that a 1–cocycle z ∈ Z^1(K, G) is a mapping z : Σ_1(K) → G satisfying the equation z(∂_0c) z(∂_2c) = z(∂_1c), c ∈ Σ_2(K) Some observations are in order. First, the trivial 1–cochain ı is a 1–cocycle (see Section 3.1). So, from now on, we will refer to ı as the trivial 1-cocycle. Secondly, if z is a 1– cocycle then so is any equivalent 1–cochain. In fact, let v ∈ C^1(K, G) and let f ∈ (v, z). Given a 2–simplex c we have v(∂_0c) v(∂_2c) = f^{−1}_{∂00c} z(∂_0c) f_{∂10c} f^{−1}_{∂02c} z(∂_2c) f_{∂12c} = f^{−1}_{∂00c} z(∂_0c) z(∂_2c) f_{∂12c} = f^{−1}_{∂00c} z(∂_1c) f_{∂12c} = f^{−1}_{∂01c} z(∂_1c) f_{∂11c} = v(∂_1c), where relations (1) have been used.

3.8. Lemma. Let γ : G_1 → G be a group homomorphism. Given v ∈ C^1(K, G_1) consider γ ∘ v ∈ C^1(K, G). Then: if v is a 1–cocycle, then γ ∘ v is a 1–cocycle; the converse holds if γ is injective.

Proof. If v is a 1–cocycle, it is easy to see that γ ∘ v is a 1–cocycle too. Conversely, assume that γ is injective and that γ ∘ v is a 1–cocycle, then γ � v(∂_0c) v(∂_2c) � = γ ∘ v(∂_0c) γ ∘ v(∂_2c) = γ ∘ v(∂_1c) = γ � v(∂_1c) � for any 2–simplex c. Since γ is injective, v is a 1–cocycle.

Given a 1–cocycle z ∈ Z^1(K, G), a cross section of z is a function s : Σ_0(U) → G, where U is an open subset of K with respect to the Alexandroff topology^2, such that z(b) s_{∂1 b} = s_{∂0 b}, b ∈ Σ_1(U) . (33) The cross section s is said to be global whenever U = K. A reason for the terminology cross section of a 1–cocycle is provided by the following 3.9. Lemma. A 1–cocycle is a 1–coboundary if, and only if, it admits a global cross section. Proof. The proof follows straightforwardly from the definition of a global cross section and from the definition of a 1–coboundary.

2The Alexandroff topology of a poset K is a T_0 topology in which a subset U of K is open whenever given O ∈ U and O_1 ∈ K, with O ≤ O_1, then O_1 ∈ U.

3.10. Remark. Given a group G, it is very easy to define 1–coboundaries of the poset K with values in G. It is enough to assign an element s_a ∈ G to any 0–simplex a and set

z(b) ≡ s_{∂0b} s^{−1}_{∂1b}, b ∈ Σ_1(K).

It is clear that z is a 1–cocycle. It is a 1–coboundary because the function s : Σ_0(K) → G is a global cross section of z. As we shall see in the next section, the existence of 1– cocycles, which are not 1–coboundaries, with values in a group G is equivalent to the existence of nontrivial group homomorphisms from the first homotopy group of K into G.

We call the category of 1–cocycles with values in G, the full subcategory of C^1(K, G) whose set of objects is Z^1(K, G). We denote this category by the same symbol Z^1(K, G) as used to denote the corresponding set of objects. It is worth observing that, given a group homomorphism γ : G_1 → G, by Lemma 3.8, the restriction of the functor γ∘ to Z^1(K, G_1) defines a functor from Z^1(K, G_1) into Z^1(K, G).

We interpret 1–cocycles of Z^1(K, G) as principal bundles over the poset K, having G as a structure group. It is very easy to see which notion corresponds to that of an associated bundle in this framework. Assume that there is an action A : G × X ∋ (g, x) → A(g, x) ∈ X of G on a set X. Consider the group homomorphism α : G ∋ g → α_g ∈ Aut(X) defined by α_g(x) ≡ A(g, x), x ∈ X,

for any g ∈ G. Given a 1–cocycle z ∈ Z^1(K, G), we call the 1–cocycle

α ∘ z ∈ Z^1(K, Aut(X)), (34)

associated with z, where α∘ is the functor, associated with the group homomorphism α, from the category Z^1(K, G) into Z^1(K, Aut(X)).

Homotopy and 1–cohomology. The relation between the homotopy and the 1– cohomology of K has been established in [22]. Here we reformulate this result in the language of categories. We begin by recalling some basic properties of 1–cocycles. First, any 1–cocycle z ∈ Z^1(K, G) is invariant under homotopy. To be precise given a pair of paths p and q with the same endpoints, we have

p ∼ q ⇒ z(p) = z(q). (35)

Secondly, the following properties hold:

(a) z(p) = z(p)^{−1} , for any path p;

(b) z(σ_0a) = e , for any 0–simplex a. (36)

Now in order to relate the homotopy of a poset to 1–cocycles, a preliminary definition is necessary.

Fix a group S. Given a group G we denote the set of group homomorphisms from S into G by H(S, G). For any pair σ, σ_1 ∈ H(S, G) a morphism from σ_1 to σ is an element h of G such that h σ_1(g) = σ(g) h, g ∈ S. (37)

The set of morphisms from σ_1 to σ is denoted by (σ_1, σ) and there is an obvious composition rule between morphisms yielding a category again denoted by H(S, G). Given a group homomorphism γ : G_1 → G, there is a functor γ∘ : H(S, G_1) → H(S, G) defined as

γ ∘ σ ≡ γσ σ ∈ H(S, G_1);

γ ∘ h ≡ γ(h) h ∈ (σ, σ_1), σ, σ_1 ∈ H(S, G_1). (38)

When γ is a group isomorphism, then γ∘ is an isomorphism of categories, too. Similarly, let S_1 be a group and let ρ : S_1 → S be a group homomorphism. Then there is a functor ∘ρ : H(S, G) → H(S_1, G) defined by

σ ∘ ρ ≡ σρ σ ∈ H(S, G);

h ∘ ρ ≡ h h ∈ (σ, σ_1), σ, σ_1 ∈ H(S, G). (39)

When ρ is a group isomorphism, then ∘ρ is an isomorphism of categories, too.

Now, fix a base 0–simplex a_0 and consider the category H(π_1(K, a_0), G) associated with the first homotopy group of the poset. Then

3.11. Proposition. Given a group G and any 0–simplex a_0 the categories Z^1(K, G) and H(π_1(K, a_0), G) are equivalent.

Proof. Let us start by defining a functor from Z^1(K, G) to H(π_1(K, a_0), G). Given z, z_1 ∈ Z^1(K, G) and f ∈ (z_1, z), define

F (z)([p]) ≡ z(p), [p] ∈ π_1(K, a_0);

F (f) ≡ f_{a0} .

F (z) is well defined since 1–cocycles are homotopy invariant. Moreover, it is easy to see by (36) that F (z) is a group homomorphism from π_1(K, a_0) into G. Note that

f_{a0} F (z_1)([p]) = f_{a0} z_1(p) = z(p) f_{a0} = F (z)([p]) f_{a0} ,

hence F (f) ∈ (F (z_1), F (z)). So F is well defined and easily shown to be a covariant functor. To define a functor C in the other direction, let us choose a path p_a from a_0 to a, for any a ∈ Σ_0(K). In particular we set p_{a0} = σ_0(a_0). Given σ ∈ H(π_1(K, a_0), G) and h ∈ (σ_1, σ), define

C(σ)(b) ≡ σ([p_{∂0b} ∗ b ∗ p_{∂1b}]) , b ∈ Σ_1(K);

C(h) ≡ c(h),

where c(h) : Σ_0(K) → G is the constant function taking the value h for any a ∈ Σ_0(K). It is easily seen that C is a covariant functor. Concerning the equivalence, note that

(F · C)(σ)([p]) = C(σ)(p) = σ([σ_0(a_0) ∗ p ∗ σ_0(a_0)]) = σ([p]), and that (F · C)(h) = F (c(h)) = h. Hence F · C = id_{H(π1(K,a0),G)}. Conversely, given a 1–simplex b we have

(C · F )(z)(b) = F (z)([p_{∂0b} ∗ b ∗ p_{∂1b}]) = z(p_{∂0b})^{−1} z(b) z(p_{∂1 b}),

and given a 0–simplex a we have (C · F )(f) = C(f_{a0} ) = c(f_{a0} ). Define u(z)_a ≡ z(p_a) for a ∈ Σ_0(K). It can be easily seen that the mapping Z^1(K, G) ∋ z → u(z) defines a natural isomorphism between C · F and id_Z1_{(K,G)}. See details in [22].

Observe that the group homomorphism corresponding to the trivial 1–cocycle ı is the trivial one, namely σ([p]) = e for any [p] ∈ π_1(K, a_0). Hence, a 1–cocycle of Z^1(K, G) is a 1–coboundary if, and only if, the corresponding group homomorphism F (z) is equivalent to the trivial one. In particular if K is simply connected, then Z^1(K, G) = B^1(K, G).

The existence of 1–cocycles, which are not 1–coboundaries, relies, in particular, on the following corollary

3.12. Corollary. Let M be a nonempty, Hausdorff and arcwise connected topological space which admits a base for the topology consisting of arcwise and simply connected subsets of M. Let K denote the poset formed by such a base ordered under inclusion ⊆. Then H(π_1(M, x_0), G) ∼= H(π_1(K, a_0), G) ∼= Z^1(K, G) ,

for any x_0 ∈ M and a_0 ∈ Σ_0(K) with x_0 ∈ a_0, where ∼= means equivalence of categories.

Proof. π_1(M, x_0) is isomorphic to π_1(K, a_0) [22, Theorem 2.18] (see also Section 2). As observed at the beginning of this section, this entails that the categories H(π_1(M, x_0), G) and H(π_1(K, a_0), G) are isomorphic. Therefore the proof follows by Proposition 3.11.

Let M be a nonsimply connected topological space and let K be a base for the topology of M as in the statement of Corollary 3.12. Then to any nontrivial group homomorphism in H(π_1(M, x_0), G) there corresponds a 1–cocycle of Z^1(K, G) which is not a 1–coboundary.

4. Connections 1–cochains

This section is entirely devoted to studying the connection 1–cochains of a poset K and related notions like curvature, holonomy group and central connection 1–cochains. The inflationary structure of Σ_∗(K) enters the theory at this point. We shall show how connection 1–cochains and 1–cocycles are related, thus allowing one to interpret a 1–cocycle as a principal bundle and a connection 1-cochain as a connection on this principal bundle. We shall prove the existence of nonflat connection 1–cochains, a “poset” version of the Ambrose-Singer Theorem, and that to any flat connection 1-cochain with values in G, there corresponds a homomorphism from the fundamental group of the poset into G. All the definitions admit an obvious generalization to symmetric simplicial sets having an inflationary structure. However, the main result, the relation between connection and cocycles, holds only in a particular case, as we shall see.

4.1. Connections and curvature. We now give the definition of a connection 1– cochain of a poset with values in a group. To this end, recall the definition of the set Σ^{inf}_n (K) of inflating n–simplices (see Section 2).

4.2. Definition. A 1–cochain u of C^1(K, G) is said to be a connection 1–cochain, or, simply, a connection, if it satisfies the following properties:

(i) u(b) = u(b)^{−1} for any b ∈ Σ_1(K);

(ii) u(∂_0c) u(∂_2c) = u(∂_1c), for any c ∈ Σ^{inf}_2 (K).

We denote the set of connection with values in G by U^1(K, G).

This definition of a connection is related to the notion of the link operator in a lattice gauge theory ([6]) and to the notion of a generalized connection in loop quantum gravity ([1, 13]). Both the link operator and the generalized connection can be seen as a mapping A which associates an element A(e) of a group G to any oriented edge e of a graph α, and enjoys the following properties

A(e) = A(e)^{−1}, A(e_2 ∗ e_1) = A(e_2) A(e_1), (40)

where, e is the reverse of the edge e; e_2 ∗ e_1 is the composition of the edges e_1, e_2 obtained by composing the end of e_1 with the beginning of e_2. Now, observe that to any poset K there corresponds an oriented graph α(K) whose set of vertices is Σ_0(K), and whose set of edges is Σ_1(K). Then, by property (i) of the above definition and property (29), any connection u ∈ U^1(K, G) defines a mapping from the edges of α(K) to G satisfying (40). The new feature of our definition of connection, is to require property (ii) in Definition 4.2, thus involving the poset structure. The motivation for this property will become clear in the next section: thanks to this property any connection u can be seen as a connection on the principal bundle described by a 1-cocycle (see Theorem 4.12).

Let us now observe that any 1–cocycle is a connection. Furthermore, if u is a connection then so is any equivalent 1–cochain (the proof is similar to the proof of the corresponding property for 1–cocycles, see Section 3.2).

4.3. Lemma. Let γ : G_1 → G be a group homomorphism. Given v ∈ C^1(K, G_1) consider γ ∘ v ∈ C^1(K, G). Then: if v is a connection then γ ∘ v is a connection; the converse holds if γ is injective.

Proof. Clearly, if v is a connection so is γ ∘ v. Conversely, assume that γ is injective and that γ ∘ v is a connection. If c ∈ Σ^{inf}_2 (K), then γ � v(∂_0c) v(∂_2c) � = γ ∘ v(∂_0c) γ ∘ v(∂_2c) = γ ∘ v(∂_1c) = γ � v(∂_1c) � , hence v(∂_0c) v(∂_2c) = v(∂_1c), since γ is injective. Furthermore, for any 1–simplex b we have γ(v(b)) = γ ∘ v(b) = (γ ∘ v(b))^{−1} = γ(v(b)^{−1}).

So, as γ is injective, we have v(b) = v(b)^{−1}, and this entails that v is a connection.

4.4. Lemma. Given u ∈ U^1(K, G), then u(σ_0a) = e for any a ∈ Σ_0(K).

Proof. Note that c ≡ σ_1σ_0a is an inflating 2–simplex with ∂_ic = σ_0a for i = 0, 1, 2. By Definition 4.2(ii) we have u(σ_0a) u(σ_0a) = u(σ_0a) which is equivalent to u(σ_0a) = e.

We call the full subcategory of C^1(K, G) whose set of objects is U^1(K, G) the category of connection 1–cochains with values in G. It will be denoted by the same symbol U^1(K, G) as used to denote the corresponding set of objects. Note that Z^1(K, G) is a full subcategory of U^1(K, G). Furthermore, if γ : G_1 → G is a group homomorphism, by Lemma 4.3, the restriction of the functor γ∘ to U^1(K, G_1) defines a functor from U^1(K, G_1) into U^1(K, G).

As observed, any 1–cocycle is a connection. The converse does not hold, in general, and the obstruction is a 2–coboundary.

4.5. Definition. The curvature of a connection u ∈ U^1(K, G) is the 2–coboundary W_u ≡ du ∈ B^2(K, G). Explicitly, by using relation (22) we have

(W_u)_1(b) = � e, ad(u(b)) � , b ∈ Σ_1(K), (W_u)_2(c) = � w_u(c), ad(u(∂_1c) � , c ∈ Σ_2(K),

where w_u : Σ_2(K) → G defined as

w_u(c) ≡ u(∂_0c) u(∂_2c) u(∂_1c)^{−1}, c ∈ Σ_2(K).

A connection u ∈ U^1(K, G) is said to be flat whenever its curvature is trivial i.e. W_u ∈ (2G)_1 or, equivalently, if w_u(c) = e for any 2–simplex c.

We now draw some consequences of our definition of the curvature of a connection and point out the relations of this notion to the corresponding one in the theory of principal bundles.

First, note that a connection u is flat if, and only if, u is a 1–cocycle. Then, as an immediate consequence of Proposition 3.11, we have a poset version of a classical result of the theory of principal bundles [11, 7].

4.6. Corollary. There is, up to equivalence, a 1-1 correspondence between flat connections of K with values in G and group homomorphisms from π_1(K) into G.

The existence of nonflat connections will be shown in Section 4.22 where examples will be given.

Secondly, in a principal bundle the curvature form is the covariant exterior derivative of a connection form, namely the 2–form with values in the Lie algebra of the group, obtained by taking the exterior derivative of the connection form and evaluating this on the horizontal components of pairs of vectors of the tangent space (see [11]). Although, no differential structure is present in our approach, W_u encodes this type of information. In fact, given a connection u, if we interpret u(p) as the horizontal lift of a path p, then the equation w_u(c) u(∂_1c) = u(∂_0c ∗ ∂_2c) w_u(c), c ∈ Σ_2(K), (41) may be understood as saying that w_u(c) intertwines the horizontal lift of the path ∂_1c and that of the path ∂_0c ∗ ∂_2c.

Thirdly, the structure equation of the curvature form (see [11]) says that the curvature equals the exterior derivative of the connection form plus the commutator of the connection form. Notice that the second component (W_u)_2 of the curvature can be rewritten as (W_u)_2(c) = � w_u(c), ad(w_u(c))^{−1} � × � e, ad(u(∂_0c)u(∂_2c)) � , c ∈ Σ_2(K), (42)

where × is the composition (11) of the 2–category 2G. This equation represents, in our formalism, the structure equation of the curvature with � w_u(c), ad(w_u(c)^{−1}) � in place of the exterior derivative, and � ι, ad(u(∂_0c)u(∂_2c)) � in place of the commutator of the connection form.

Fourthly, as a consequence of Lemma 3.3 we have that W_u is a 2–cocycle. The 2– cocycle identity, dW_u ∈ (3G)_2, or, equivalently,

w_u(∂_0d) w_u(∂_2d) = ad(u(∂_{01}d)) � w_u(∂_3d) � w_u(∂_1d), d ∈ Σ_3(K), (43)

corresponds to the Bianchi identity in our framework.

We conclude with the following result.

4.7. Lemma. For any connection u the following assertions hold: (a) w_u(τ_0c) = w_u(c)^{−1} for any 2–simplex c;

(b) w_u(c) = e if c is either a degenerate or an inflating 2-simplex.

Proof. (a) follows directly from the definition of τ_0c, see Section 2. (b) If c is an inflating 2–simplex, then w_u(c) = e because of Definition 4.2(ii). Given a 1–simplex b, then

w_u(σ_0(b)) = u(∂_0σ_0(b)) u(∂_2σ_0(b)) u(∂_1σ_0(b))^{−1} = u(b) u(σ_0(∂_1b)) u(b)^{−1} = e,

because u(σ_0(∂_1b)) = e (Lemma 4.4). Analogously we have that w_u(σ_1(b)) = e.

In words, statement (b) asserts that the curvature of a connection is trivial when restricted to inflating simplices.

4.8. Remark. It is worth pointing out some analogies between the theory of connections, as presented in this paper, and that developed in synthetic geometry by A. Kock [12], and in algebraic geometry by L. Breen and W. Messing [4]. The contact point with our approach resides in the fact that both of the other approaches make use of a combinatorial notion of differential forms taking values in a group G. So in both cases connections turn out to be combinatorial 1–forms. Concerning the curvature, the definition of W_u is formally the same as the definition of curving data given in [4], since this is the 2– coboundary of a connection, taking values in a 2–category associated with G. Whereas, in [12] the curvature is the 2–coboundary of a connection, taking values in G, and is formally the same as w_u. A significant difference from these other two approaches is that in our case w_u is not invariant under oriented equivalence of 2-simplices (examples of connections having this feature will be studied in Section 4.19).

4.9. The cocycle induced by a connection. We analyze the relation between connections and 1–cocycles more deeply. The main result is that to any connection there corresponds a unique 1–cocycle. This, on the one hand, confirms the interpretation of 1–cocycles as principal bundles. On the other hand this result will allow us to construct examples of nonflat connections in Section 4.22.

To begin with, we need a preliminary definition. We call the collection {V_a, a ∈ Σ_0(K)} of open subsets of K defined by V_a ≡ {O ∈ K | a ≤ O}, a ∈ Σ_0(K), (44) the minimal open covering of K. It is an open covering because any element of K belongs to some V_a, and because any V_a is an open subset of K for the Alexandroff topology (see Subsection 3.5). It is minimal because if U is an open covering of K, then any V_a is contained in some element of U.

We now turn to study the relation between connections and 1–cocycles. 4.10. Lemma. For any u ∈ U^1(K, G), there exists a unique family {z_{a0,a1} } of functions z_{a0,a1} : V_{a0} ∩ V_{a1} → G satisfying the following two properties:

(i) z_{∂0b,∂1b}(∂_0b) = u(b) if b ∈ Σ^{inf}_1 (K);

(ii) z_{a2 ,a1} (a) z_{a1 ,a0} (a) = z_{a2,a0} (a) if a ∈ V_{a0} ∩ V_{a1} ∩ V_{a2} . Moreover, (i) and (ii) imply that

(iii) z_{a0 ,a1} (a) = z_{a0,a1} (a^′), if a ≤ a^′ and a ∈ V_{a0} ∩ V_{a1} .

Proof. Recall that (a_0, a_1) denotes the inflating 1–simplex b such that ∂_0b = a_0 and ∂_1b = a_1 (see Subsection 2.4). Given u ∈ U^1(K, G), define z_{a0 ,a1} (a) ≡ u(a, a_0)^{−1} u(a, a_1), a ∈ V_{a0} ∩ V_{a1} , (45) (i) Let b ∈ Σ^{inf}_1 (K). By Lemma 4.4 we have z_{∂0b,∂1b}(∂_0b) = u(∂_0b, ∂_0b)^{−1} u(∂_0b, ∂_1b) = u(σ_0∂_0b)^{−1} u(b) = u(b).

(ii) Let a ∈ V_{a0} ∩ V_{a1} ∩ V_{a2} . Then z_{a2,a1} (a) z_{a1,a0} (a) = u(a, a_2)^{−1} u(a, a_1) u(a, a_1)^{−1} u(a, a_0) = u(a, a_2)^{−1} u(a, a_0) = z_{a2,a0} (a).

Before proving uniqueness, we observe that by (ii), z_{a0,a1} (a) = z_{a1,a0} (a)^{−1} for any a ∈ V_{a0} ∩ V_{a1} . Now, let {z^′_{a0,a1} } be another family of functions satisfying the above relations.

By (i), {z^′_{a0,a1} } and {z_{a0,a1} } must agree on inflating 1–simplices. Using this observation and (ii), we have

z^′_{a0,a1} (a) = z^′_{a0 ,a}(a) z^′_{a,a1} (a) = z^′_{a,a0} (a)^{−1} z^′_{a,a1} (a) = z_{a,a0} (a)^{−1} z_{a,a1} (a) = z_{a0,a1} (a)

for any a ∈ V_{a0} ∩ V_{a1} . Finally, we prove that (i) and (ii) imply (iii). Let a ≤ a^′ and a ∈ V_{a0} ∩ V_{a1} . By (i) and (ii) we have

z_{a0,a1} (a) = z_{a0 ,a}(a) z_{a,a1} (a) = u(a, a_0)^{−1} u(a, a_1).

As observed after Definition 2.6, there are c, c^′ ∈ Σ^{inf}_2 (K) such that ∂_2c = (a, a_1), ∂_0c = (a^′, a), ∂_1c = (a^′, a_1), and ∂_2c^′ = (a, a_0), ∂_0c^′ = (a^′, a), ∂_1c^′ = (a^′, a_0). Then

z_{a0 ,a1} (a) = � u(∂_0c^′)^{−1} u(∂_1c^′)

�_{−1} u(∂_0c)^{−1} u(∂_1c) = u(a^′, a_0) u(a^′, a_1) = z_{a0 ,a1} (a^′),

and this completes the proof.

4.11. Remark. Lemma 4.10 is the contact point with Čech cohomology. In fact, one can understand the family of functions {z_{a0 ,a1} }, defined by (45), as a 1–cocycle of a poset, in the sense of the Čech cohomology, with respect to the minimal covering of the poset. In a forthcoming paper [21], we shall see that such functions are nothing but the transition functions of a principal bundle over a poset. We shall also see that such bundles can be mapped in to locally constant bundles over M when the poset K is a base for the topology of a topological space M.

We now prove the main result of this section.

4.12. Theorem. For any u ∈ U^1(K, G), there exists a unique 1–cocycle z ∈ Z^1(K, G) such that u(b) = z(b), b ∈ Σ^{inf}_1 (K).

Proof. Consider the family of function {z_{a0,a1} } associated with u by Lemma 4.10. Note that for any 1–simplex b, since ∂_0b, ∂_1b ≤ |b|, we have that |b| ∈ V_{∂0b} ∩ V_{∂1b}. Hence we can define z(b) ≡ z_{∂0b,∂1b}(|b|), b ∈ Σ_1(K). (46)

Given a 2–simplex c and using properties (ii) and (iii) of {z_{a0,a1} }, we have

z(∂_0c) z(∂_2c) = z_{∂00c,∂10c}(|∂_0c|) z_{∂02c,∂12c}(|∂_2c|) = z_{∂00 c,∂10c}(|c|) z_{∂02c,∂12c}(|c|) = z_{∂01c,∂10c}(|c|) z_{∂10c,∂11c}(|c|) = z_{∂01 c,∂11c}(|c|) = z_{∂01 c,∂11c}(|∂_1c|) = z(∂_1c).

If b ∈ Σ^{inf}_1 (K), by property (i) of {z_{a0,a1} } we have z(b) = z_{∂0b,∂1b}(∂_0b) = u(b). Uniqueness is obvious.

On the basis of Theorem 4.12 we can introduce the following definition.

4.13. Definition. A connection u ∈ U^1(K, G) is said to induce the 1–cocycle z ∈ Z^1(K, G) whenever u(b) = z(b), b ∈ Σ^{inf}_1 (K) .

We denote the set of connections of U^1(K, G) inducing the 1–cocycle z by U^1(K, z).

The geometrical meaning of U^1(K, z) is the following: just as a 1–cocycle z stands for a principal bundle over K so the set of connections U^1(K, z) stands for the set of connections on that principal bundle. Theorem 4.12 says that the set of connections with values in G is partitioned as

U^1(K, G) = ˙∪ � U^1(K, z) | z ∈ Z^1(K, G) � (47)

where the symbol ˙∪ means disjoint union.

4.14. Lemma. Given z_1, z ∈ Z^1(K, G), let u_1 ∈ U^1(K, z_1) and u ∈ U^1(K, z). Then (u_1, u) ⊆ (z_1, z). In particular if u_1 ∼= u, then z_1 ∼= z.

Proof. Given a 1–simplex b, consider the inflating 1–simplices (|b|, ∂_1b) and (|b|, ∂_0b). By equations (45) and (46), we have

z(b) = u(|b|, ∂_0b)^{−1} u(|b|, ∂_1b).

The same holds for z_1 and u_1. Given f ∈ (u_1, u), we have

f_{∂0b} z_1(b) = f_{∂0b} u_1(|b|, ∂_0b) u_1(|b|, ∂_1b) = u_1(|b|, ∂_0b) f_{|b|} u_1(|b|, ∂_1b) = u(|b|, ∂_0b) u(|b|, ∂_1b) f_{∂1b} = z(b) f_{∂1 b},

where (|b|, ∂_0b) is the reverse of (|b|, ∂_0b). Hence f ∈ (z_1, z).

Now, given a 1-cocycle z ∈ Z^1(K, G), we call the category of connections inducing z, the full subcategory of U^1(K, G) whose objects belong to U^1(K, z). As it is customary in this paper, we denote this category by the same symbol U^1(K, z) as used to denote the corresponding set of objects.

4.15. Lemma. Let z ∈ Z^1(K, G_1) and let γ : G_1 → G be an injective group homomorphism. Then, the functor γ∘ : U^1(K, z) → U^1(K, γ ∘ z) is injective and faithful.

Proof. Given u ∈ U^1(K, z), it is easy to see that γ ∘ u ∈ U^1(K, γ ∘ z). Clearly, as γ is injective, the functor γ∘ is injective and faithful.

We note the following simple result.

4.16. Lemma. If z_1 ∼= z, then the categories U^1(K, z_1) and U^1(K, z) are equivalent.

Assume that K is simply connected. In this case any 1-cocycle is a 1–coboundary (see Section 3.5). Then the category U^1(K, z) is equivalent to U^1(K, ı) for any z ∈ Z^1(K, G).

The case of inflationary symmetric simplicial sets. The notions of a connection and curvature admit a straightforward generalization to a symmetric simplicial set Σ_∗ which is pathwise connected and has an inflationary structure Σ^′_∗. We now show that both Lemma 4.10 and Theorem 4.12 admit a generalization to this kind of simplicial sets. The latter, however, with an additional assumption.

Denote the set 1–cocycles of Σ_∗ with values in G by Z^1(Σ_∗, G), and the set of connections of Σ_∗ with values in G by U^1(Σ_∗, G). Moreover, let V_a = {^a ∈ Σ_0 | a ≤ ^a}, where ≤ is the order relation on Σ_0 induced by the inflationary structure of Σ_∗ (Lemma 2.7).

4.17. Lemma. For any u ∈ U^1(Σ_∗, G), there exists a unique family {z_{a0,a1} } of functions z_{a0,a1} : V_{a0} ∩ V_{a1} → G satisfying the properties (i)–(iii) of Lemma 4.10.

Proof. Given a ∈ V_{a0} ∩ V_{a1} , define

z_{a0 ,a1} (a) ≡ u(a, a_0)^{−1} u(a, a_1), a ∈ V_{a0} ∩ V_{a1} .

The proof of the properties (i) and (ii), uniqueness, and property (iii) follows like the proof of Lemma 4.10.

It is worth observing that in Theorem 4.12 we have used the support |b| of a 1–simplex b to define the cocycle induced by a connection. Actually, |b| is a preferred element of V_{∂0b} ∩ V_{∂1b}, because of the property that |b| ≤ |c| if b = ∂_ic for some c ∈ Σ_2(K) and for some i. Such an element is, in general, missing in an arbitrary inflationary simplicial set Σ_∗. Hence in order to define the 1–cocycle induced by a connection we shall need an additional assumption on Σ_∗.

4.18. Theorem. Let u ∈ U^1(Σ_∗, G). Assume that for any 1–simplices b the set V_{∂0b} ∩V_{∂1b} is pathwise connected. Then, there exists a unique 1–cocycle z ∈ Z^1(Σ_∗, G) such that z(b) = u(b) for any b ∈ Σ^′_1.

Proof. Given a 1–simplex b, observe that by property (v) of inflating simplices, the set V_{∂0b} ∩ V_{∂1b} is never empty. Define,

z(b) ≡ z_{∂0b,∂1b}(a), a ∈ V_{∂0b} ∩ V_{∂1b}.

We show that this definition does not depend on the choice of a. Let ^a ∈ V_{∂0b} ∩ V_{∂1b}. Assume that there is ^b ∈ Σ_1 such that ∂_1^b = ^a and ∂_0^b = a. By property (v) of inflating simplices, there is a 0–simplex a^′ such that a, ^a ≤ a^′. By property (iii) of {z_{a0,a1} } we have

z_{∂0 b,∂1b}(a) = z_{∂0b,∂1b}(a^′) = z_{∂0b,∂1b}(^a).

As V_{∂0b} ∩ V_{∂1b} is pathwise connected the proof follows. Given a 2–simplex c, property (v) of inflating n–simplices implies that there is a 0–simplex a greater than ∂_{01}c, ∂_{02}c, ∂_{12}c. Using properties (ii) and (iii) of {z_{a0,a1} } we have

z(∂_0c) z(∂_2c) = z_{∂00 c,∂10c}(a) z_{∂02c,∂12c}(a) = z_{∂00 c,∂02c}(a) z_{∂02c,∂12c}(a) = z_{∂00 c,∂12c}(a) = z_{∂01 c,∂11c}(a) = z(∂_1c).

Hence z is a 1–cocycle. The rest of the proof follows straightforwardly.

4.19. Central connections. We now briefly study the family of central connections, whose main feature, as we shall show below, is that any such connection can be uniquely decomposed as the product of the induced cocycle by a suitable connection taking values in the centre of the group.

4.20. Definition. A connection u ∈ U^1(K, G) is said to be a central connection whenever the component w_u of the curvature W_u takes values in the centre Z(G). We denote the set of central connections by U^1_Z (K, G).

Let us start to analyze the properties of central connections. Clearly 1–cocycles are central connections. However, the main property that can be directly deduced from the above definition is that the component w_u of the curvature W_u of a central connection u is invariant under oriented equivalence of 2–simplices. In fact by the definition of w_u, it is easily seen that

w_u(c) = w_u(c_1) = w_u(c_2)^{−1}, c_1 ∈ [c], c_2 ∈ [c], (48)

for any 2–simplex c, where [c] and [c] are, respectively, the classes of 2–simplices having the same and the reversed orientation of c.

4.21. Proposition. A connection u of U^1(K, G) is central if, and only if, it can be uniquely decomposed as

u(b) = z_u(b) χ_u(b), b ∈ Σ_1(K),

where z_u ∈ Z^1(K, G), and χ_u ∈ U^1(K, ı) with values in Z(G).

Proof. (⇐) Assume that a connection u admits a decomposition as in the statement. Since χ_u takes values in the centre, so does w_u. Furthermore, since χ_u ∈ U^1(K, ı) then χ_u(b) = e for any inflating 1–simplex b. This entails that z_u is nothing but the 1–cocycle induced by u. This is enough for uniqueness. (⇒) Assume that u is central. For any 1–simplex b let c_b denote the 2–simplex defined as

∂_1c_b ≡ b, ∂_0c_b ≡ (|b|, ∂_0b), ∂_2c_b ≡ (|b|, ∂_1b), |c_b| ≡ |b|.

Define z_u(b) ≡ u(b) w_u(c_b), and observe that, as w_u takes values in Z(G), we have

z_u(b) = u(b) w_u(c_b) = u(∂_1c_b) w_u(c_b) = u(∂_0c_b) u(∂_2c_b) = u(|b|, ∂_0b)^{−1} u(|b|, ∂_1b).

Hence z_u is the 1–cocycle induced by u. Now, define

χ_u(b) ≡ w_u(c_b), b ∈ Σ_1(K).

Since χ_u(b) = u(b) z_u(b)^{−1}, one can easily deduce that χ_u ∈ U^1(K, ı), and this completes the proof.

As a consequence of this result the set U^1_Z (K, z) of central connections inducing the 1–cocycle z, has a the structure of an Abelian group. In fact, given u, u_1 ∈ U^1_Z (K, z), define u ⋆_z u_1(b) ≡ u(b) z(b)^{−1} u_1(b), b ∈ Σ_1(K). (49) By Proposition 4.21, we have u ⋆_z u_1(b) = z(b) χ_u(b) χ_{u1} (b) for any 1–simplex b. This entails that u ⋆_z u_1 = u_1 ⋆_z u and u ⋆_z u_1 ∈ U^1_Z (K, z).

By this relations, it is easily seen that U^1_Z (K, z) with ⋆_z is an Abelian group whose identity is z, and such that the inverse of a connection u is the connection defined as z(b) χ_u(b)^{−1} for any 1–simplex b.

Finally, in Section 4.1 we pointed out the analogy between equation (42) and the structure equation of the curvature of a connection in a principal bundle. This analogy is stronger for a central connection u since we have

(W_u)_2(c) = � w_u(c), ι � × � e, ad(u(∂_0c)u(∂_2c)) � = � e, ad(u(∂_0c)u(∂_2c)) � × � w_u(c), ι � , (50)

for any 2–simplex c. Hence, as for principal bundles, equation (42) for a central connection is symmetric with respect to the interchange of the two factors.

4.22. Existence of nonflat connections. We investigate the existence of nonflat connections. As a first step, we show that there is a very particular class of posets not admitting nonflat connections.

Recall that a poset K is said to be totally ordered whenever for any pair O, O_1 ∈ K either O ≤ O_1 or O_1 ≤ O. Clearly, a totally ordered poset is directed and, consequently, pathwise connected (it is also simply connected, see Section 2).

4.23. Corollary. If K is totally ordered, any connection is flat.

Proof. If K is totally ordered and b is any 1–simplex either b or b is an inflating 1– simplex. Hence, by Theorem 4.12 any connection is equal to the induced 1–cocycle.

Another obvious situation where nonflat connections do not exist is when the group of coefficients G is trivial, i.e. G = e. Two observations on these results are in order. First, Corollary 4.23 cannot be directly deduced from the definition of a connection. Secondly, as explained earlier, these two situations never arise in the applications we have in mind.

Now, our purpose is to show that, except when the poset is totally ordered or the group of coefficients is trivial, nonflat connections always exist. Let us start with the following

4.24. Lemma. Let v ∈ C^1(K, G) be such that v(b) = e = v(b) for any inflating 1–simplex b. Then, for any 1–cocycle z ∈ Z^1(K, G) the 1–cochain v(z) defined as

v(z)(b) ≡ v(b)^{−1} z(b) v(b), b ∈ Σ_1(K), (51)

is a connection inducing z.

Proof. By the definition of v for any inflating 1–simplex b we have that

v(z)(b) = v(b)^{−1} z(b) v(b) = e z(b) e = z(b) .

This, in particular, entails that v(z) satisfies property (ii) of the definition of connections. For any 1–simplex b we have

v(z)(b) = v(b)^{−1} z(b) v(b) = v(b)^{−1} z(b)^{−1} v(b) = � v(b)^{−1} z(b) v(b)

�_{−1} = v(z)(b)^{−1}.

Hence v(z) ∈ U^1(K, z).

It is very easy to prove the existence of 1–cochains satisfying the properties of the statement. For instance, given a 1–simplex b, define

v(b) ≡ � e b or b ∈ Σ^{inf}_1 (K) g(b) otherwise ,

(52)

where g(b) is some element of the group G. So v is a 1–cochain satisfying the relation v(b) = e = v(b) for any inflating 1–simplex b.

Now, assume that K is a pathwise connected but not totally ordered poset. Let G be a nontrival group. Let v ∈ C^1(K, G) be defined by (52), and let z ∈ Z^1(K, G). Consider the connection v(z) ∈ U^1(K, z). We want to find conditions on v implying that v(z) is not flat.

As v(z) ∈ U^1(K, z), Theorem 4.12 says that if v(z) is flat then v(z) = z. Hence, v(z) is not flat if, and only if, it differs from z on a 1–simplex b such that both b and b are not inflating. Then

v(z)(b) ≠ z(b) ⇐⇒ v(b)^{−1} z(b) v(b) ≠ z(b) ⇐⇒ z(b) v(b) ≠ v(b) z(b) ⇐⇒ z(b) g(b) ≠ g(b) z(b)

So, for instance, if we take

g(b) = z(b)^{−1} and g(b) = g z(b)^{−1} with g ≠ e,

then v(z) is not flat. Note that the above choice is always possible because G is nontrivial by assumption. In conclusion we have shown the following

4.25. Theorem. Let K be a pathwise connected but not totally ordered poset. Let G be a nontrivial group. Then for any 1–cocycle z ∈ Z^1(K, G) there are connections in U^1(K, z) which are not flat.

Concerning central connections, in the case that K and G satisfy the hypotheses of the statement of Theorem 4.25, and the centre of the group G is nontrivial, then by using the above reasoning it is very easy to prove the existence of nonflat central connections.

4.26. Holonomy and reduction of connections. Keeping close to the theory of fibre bundles, we introduce the notion of holonomy group of a connection and link to it the property of reducibility of a connection.

Consider a connection u of U^1(K, G). Fix a base 0–simplex a and define

H_u(a) ≡ � u(p) ∈ G | p : a → a � , (53)

recalling that p : a → a denotes i a loop of K with endpoint a. By the defining properties of connections it is very easy to see that H_u(a) is a subgroup of G. Furthermore let

H^0_u(a) ≡ � u(p) ∈ G | p : a → a, p ∼ σ_0a � , (54)

where p ∼ σ_0a means that p is homotopic to the degenerate 1–simplex σ_0a. In this case, too, it is easy to see that H^0_u(a) is a subgroup of G. Moreover, since p ∗ q ∗ p ∼ σ_0a whenever q, p ∈ (a, a) and q ∼ σ_0a, H^0_u(a) is a normal subgroup of H_u(a). H_u(a) and H^0_u(a) are called respectively the holonomy and the restricted holonomy group of u based on a.

As K is pathwise connected, we have the following

4.27. Lemma. Given u ∈ U^1(K, G), let γ : G_1 → G be an injective homomorphism. The following assertions hold.

(a) H_u(a) and H_u(a_1) are conjugate subgroups of G for any a, a_1 ∈ Σ_0(K).

(b) Given u_1 ∈ U^1(K, G_1). If γ ∘ u_1 is equivalent to u, then the holonomy groups H_{u1} (a) and H_u(a) are isomorphic.

The same assertions hold for the restricted holonomy groups.

Proof. (a) Let p be a path from a to a_1. For any g ∈ H_u(a), there is a loop q : a → a such that g = u(q). Observe that p ∗ q ∗ p : a_1 → a_1, hence u(p) g u(p)^{−1} = u(p ∗ q ∗ p) ∈ H_u(a_1). By the symmetry of the reasoning, H_u(a) ∋ g → u(p) g u(p)^{−1} ∈ H_u(a_1) is a group isomorphism. (b) Let u_1 ∈ U^1(K, G_1) and let f ∈ (γ ∘ u_1, u). Since for any loop p : a → a, f_a γ ∘ u_1(p) = u(p) f_a, the map H_{u1} (a) ∋ g → f_a γ(g) f^{−1}_a ∈ H_u(a) is a group isomorphism.

Now, according to the definition given in Section 3.5, a connection u ∈ U^1(K, G) is reducible if there is a proper subgroup G_1 of G and a connection u_1 ∈ U^1(K, G_1) such that ȷ ∘ u_1 ∼= u, where ȷ : G_1 → G is the inclusion mapping. The next result, an analogue of the Ambrose-Singer theorem [11] for connections of a poset, shows that u is reducible whenever its holonomy group is a proper subgroup of G.

4.28. Theorem. Given z ∈ Z^1(K, G), let u ∈ U^1(K, z). Given a_0 ∈ Σ_0(K), let ȷ : H_u(a_0) → G be the inclusion mapping. Then,

(a) there exists z_1 ∈ Z^1(K, H_u(a_0)) such that ȷ ∘ z_1 ∼= z,

(b) there exists u_1 ∈ U^1(K, z_1) such that ȷ ∘ u_1 ∼= u.

Proof. For any 0–simplex a, let p_a be a path from a_0 to a. Then define

u_1(b) ≡ u(p_{∂0b} ∗ b ∗ p_{∂1b}), b ∈ Σ_1(K).

Note that u_1(b) ∈ H_u(a_0) for any 1–simplex b because p_{∂0b} ∗ b ∗ p_{∂1b} : a_0 → a_0. Secondly, for any 1–simplex b we have

u_1(b) = u(p_{∂1b} ∗ b ∗ p_{∂0b}) = u(p_{∂0b} ∗ b ∗ p_{∂1b}) = u_1(b)^{−1}.

Thirdly, let c ∈ Σ^{inf}_2 (K). Then

u_1(∂_0c) u_1(∂_2c) = u(p_{∂00c} ∗ ∂_0c ∗ p_{∂10c}) u(p_{∂02c} ∗ ∂_2c ∗ p_{∂12c}) = u(p_{∂00c}) u(∂_0c) u(p_{∂10c}) u(p_{∂02c}) u(∂_2c) u(p_{∂12c}) = u(p_{∂01c}) u(∂_0c) u(∂_2c) u(p_{∂11c}) = u(p_{∂01c}) u(∂_1c) u(p_{∂11c}) = u_1(∂_1c).

Therefore we have that u_1 ∈ U^1(K, H_u(a_0)). Now, for any 0–simplex a let f_a ≡ u(p_a). Then for any 1–simplex b we have

f_{∂0b} u_1(b) = u(p_{∂0b}) u(p_{∂0b} ∗ b ∗ p_{∂1b}) = u(p_{∂0b}) u(p_{∂0b}) u(b) u(p_{∂1b}) = u(b) f_{∂1b},

namely f ∈ (ȷ ∘ u_1, u). Thus ȷ ∘ u_1 ∼= u. Finally, let z_1 ∈ Z^1(K, H_u(a_0)) be the 1–cocycle induced by u_1. Then ȷ ∘ z_1 ∼= z because of Lemma 4.14. This completes the proof

5. Gauge transformations

In the previous sections we have given several results to support the interpretation of 1–cocycles of a poset as principal bundles over the poset. As the final issue of the present paper, we now introduce what we mean by the group of gauge transformations of a 1– cocycle.

Given a 1–cocycle z of Z^1(K, G), define

G(z) ≡ (z, z). (55)

An element of G(z) will be denoted by g. The composition law between morphisms of 1–cochains endows G(z) with a structure of a group. The identity e of this group is given by e_a = e for any 0–simplex a. The inverse g^{−1} of an element g ∈ G(z) is obtained by composing g with the inverse of G. We call G(z) the group of gauge transformations of z. 5.1. Lemma. If z ∈ B^1(K, G), then G(z) ∼= G.

Proof. Observe that, since K is connected, G(ı) is the set of constant functions from Σ_0(K) to G and hence is isomorphic to G. As z is a 1–coboundary, it is equivalent to the trivial 1–cocycle ı, i.e. there exists an f ∈ (z, ı). The mapping G(ı) ∋ g → f^{−1} g f ∈ G(z) is a group isomorphism.

As a consequence of this lemma and Proposition 3.11, if the poset is simply connected then G(z) ∼= G for any 1–cocycle z. This is also the case when G is Abelian.

5.2. Lemma. If G is Abelian, then G(z) ∼= G for any z ∈ Z^1(K, G).

Proof. For any g ∈ G(z) and for any 1–simplex b we have

g_{∂1b} z(b) = z(b) g_{∂0b} = g_{∂0b} z(b) .

Hence g_{∂1b} = g_{∂0b} for any 1–simplex b. Since K is pathwise connected, g_a = g for any 0–simplex a.

Thus, for Abelian groups, the action of the group of gauge transformations is always global, that is independent of the 0–simplex.

Given a 1–cocycle z ∈ Z^1(K, G) consider the group G(z) of gauge transformations of z. For any u ∈ U^1(K, z) and g ∈ G(z), define

α_g(u)(b) ≡ g_{∂0b} u(b) g^{−1}_{∂1b}, b ∈ Σ_1(K). (56)

We have the following

5.3. Proposition. Given z ∈ Z^1(K, G), the following assertions hold:

(a) given g ∈ G(z), then α_g(u) ∈ U^1(K, z) for any u ∈ U^1(K, z);

(b) The mapping

α : G(z) × U^1(K, z) ∋ (g, u) −→ α_g(u) ∈ U^1(K, z) (57)

defines a left action, not free, of G(z) on U^1(K, z).

Proof. (a) Clearly α_g(u)(b) = α_g(u)(b)^{−1} for any 1–simplex b. Moreover, if b ∈ Σ^{inf}_1 (K), then α_g(u)(b) = g_{∂0b} u(b) g^{−1}_{∂1b} = g_{∂0b} z(b) g^{−1}_{∂1b} = z(b). This entails that α_g(u) satisfies property (ii) of the definition of connections. Hence α_g(u) ∈ U^1(K, z). (b) Clearly, α is a left action that is not free, because z ∈ U^1(K, z), hence α_g(z) = z for any g ∈ G(z).

6. Conclusions and outlook

We have developed a theory of bundles over posets from a cohomological standpoint, the analogue of describing the usual principal bundles in terms of their transition functions. In a sequel, we will introduce principal bundles over posets and their mappings directly and further develop such concepts as connection, curvature, holonomy, transition function, gauge group and gauge transformation. Although all these concepts are familiar from the usual theory of principal bundles, at this point it is worth stressing some of the differences from that theory. As we shall see in the sequel, the definition of principal bundle involves bijections between different fibres satisfying a 1–cocycle identity. An important rôle is played by the simplicial set of inflationary simplices. All principal bundles can be trivialized on the minimal covering. Finally, it should be stressed that the goal of these investigations is to develop gauge theories in the framework of algebraic quantum field theory. Our principal fibre bundles and the associated vector bundles are envisaged as stepping stones to the algebra of observables.

A. Some results on n–categories

In this appendix we explain the definition of the category I(C), and how to derive the categories nG and the form of a 3–cochain. References for this appendix are [16, 23, 2, 19]. The category I(C). Consider an n–category C and let ⋄ be a composition law of C. Given an arrow t, the left and the right ⋄–units of t are the arrows l_⋄(t) r_⋄(t) of C satisfying the relations l_⋄(t) ⋄ t = t = t ⋄ r_⋄(t).

Given another composition law ×, with × ≺ ⋄, the mappings r_⋄ : C ∋ t → r_⋄(t) ∈ C and l_⋄ : C ∋ t → l_⋄(t) ∈ C satisfy the following properties:

1. r_⋄r_× = r_× = r_×r_⋄ = r_×l_⋄ and l_× = l_×r_⋄ = l_×l_⋄; 2. if r_×(s) = l_×(t), then r_⋄(s × t) = r_⋄(s) × r_⋄(t) and l_⋄(s × t) = l_⋄(s) × l_⋄(t);

3. r_⋄(s) = l_⋄(t), r_⋄(s_1) = l_⋄(t_1) and r_×(s ⋄ t) = l_×(s_1 ⋄ t_1) entail that (s ⋄ t) × (s_1 ⋄ t_1) = s × s_1 ⋄ t × t_1;

that is the interchange law, see for instance [23] where the mapping r_⋄ and l_⋄ are called, respectively, source and target of ⋄.

From now on we assume that C is an n–category satisfying the following property: the arrows of C are invertible with respect to the greatest composition law. Recall that an arrow t is said to be ⋄–invertible if there is an arrow t^{−1}_⋄ , called the ⋄–inverse of t, such that t^{−1}_⋄ ⋄ t = r_⋄(t), and t ⋄ t^{−1}_⋄ = l_⋄(t). Now, let ⋄ denote the greatest composition law of C. Given an arrow t, define R_⋄(t) ≡ {m ∈ C | r_⋄(m) = r_⋄(t) = l_⋄(m)}, (A.1) and call the mapping β_t : R_⋄(t) → C, defined by β_t(m) ≡ t ⋄ m ⋄ t^{−1}_⋄ , m ∈ R_⋄(t), (A.2) the inner ⋄–automorphism associated with t. Since all the arrows of C are ⋄–invertible, the set R_⋄(t) is a group with respect to the composition law ⋄. We call this group, the domain of β_t. Note that the inner ⋄–automorphism β_t determines t only up to elements of the centre Z(R_⋄(t)) of the group R_⋄(t).

Consider now a pair of arrows s and t such that s × t is defined. By applying the exchange law we have

s × t ⋄ s^{−1}_⋄ × t^{−1}_⋄ = (s ⋄ s^{−1}_⋄ ) × (t ⋄ t^{−1}_⋄ ) = l_⋄(s) × l_⋄(t) = l_⋄(s × t)

that is (s × t)^{−1}_⋄ = s^{−1}_⋄ × t^{−1}_⋄ . So that the inner ⋄–automorphism β_{s×t} associated with s × t can be written as β_{s×t}(n) = s × t ⋄ n ⋄ s^{−1}_⋄ × t^{−1}_⋄ for n ∈ R_⋄(s × t). Now, for any pair of arrow t,s such that s × t is defined, we define

(β_s × β_t)(n) ≡ β_{s×t}(n), n ∈ R_⋄(s × t). (A.3)

We have seen that an inner ⋄–automorphism is uniquely determined only up central elements. Then, the above definition is well posed if we show that β_s × β_t depends only on β_s and β_t and not on the choice of the elements t, s which define these two ⋄– automorphisms. To this end, we first observe that given z ∈ Z(R_⋄(s)) and z^′ ∈ Z(R_⋄(t)) then z × z^′ is defined. This is easily seen by applying the relations between the source and target map, given at the beginning of this appendix, to the following identities

r_×(s) = l_×(t), r_⋄(s) = r_⋄(z) = l_⋄(z), r_⋄(t) = r_⋄(z^′) = l_⋄(z^′).

We now have the following

A.1. Lemma. Let C be an n–category and let ⋄ be the greatest composition law of C. Assume that:

(i) the arrows of C are ⋄–invertible;

(ii) for any composition law ×, with × ≺ ⋄, we have

Z(R_⋄(s)) × Z(R_⋄(t)) ⊆ Z(R_⋄(s × t)).

for any pair of arrows t, s such that s × t is defined.

Then, for any pair of arrows s, t such that s × t is defined the composition β_s × β_t given by (A.3), is well defined.

Proof. Let z ∈ Z(R_⋄(s)), z^′ ∈ Z(R_⋄(t)), and let n ∈ R_⋄(s × t). By property (ii) in the statement and by applying the exchange law we have

(β_{s⋄z} × β_{t⋄z}′ )(n) = β_{(s⋄z)×(t⋄z}′_)(n)

= (s ⋄ z) × (t ⋄ z^′) ⋄ n ⋄ � (s ⋄ z) × (t ⋄ z^′)

�_{−1} ⋄ = s × t ⋄ z × z^′ ⋄ n ⋄ � s × t ⋄ z × z^′

�_{−1} ⋄ = s × t ⋄ z × z^′ ⋄ n ⋄ � s × t ⋄ z × z^′

�_{−1} ⋄ = s × t ⋄ z × z^′ ⋄ n ⋄ � z × z^′

�_{−1} ⋄ ⋄ � s × t)^{−1}_⋄

= s × t ⋄ n ⋄ � s × t

�_{−1} ⋄ = β_{s×t}(n) = (β_s × β_t)(n),

Completing the proof.

Now, let C be an n–category C satisfying the hypotheses of Lemma A.1, and let ⋄ denote the greatest composition law. Following [19], we define the category I(C) as the set I(C) ≡ {(t, μ) ∈ C × Inn_⋄(C) | t ⋄ t and β_t ⋄ μ are defined}, (A.4)

where Inn_⋄(C) is the set of inner ⋄–automorphisms of C, with the following composition laws:

(i) (t, μ) × (t^′, μ^′) ≡ (t × t^′, μ × μ^′) if μ × μ^′ is defined; (ii) (t, μ) ⋄ (t^′, μ^′) ≡ (t ⋄ μ(t^′), μ ⋄ μ^′) if μ ⋄ μ^′ is defined; (iii) (t, μ) · (t^′, μ^′) ≡ (t ⋄ t^′, μ^′) if β_t′ ⋄ μ^′ = μ,

(A.5)

where × is any other composition law of C with × ≺ ⋄. Lemma A.1 entails that the composition law × in I(C) is well defined. It turns out that I(C) is an (n + 1)–category with × ≺ ⋄ ≺ ·. The arrows of I(C) are invertible with respect the composition laws · and ⋄. However, in general, I(C) does not fulfill hypothesis (ii) of Lemma A.1.

The categories nG. Given a group G, consider the 1–category 1G whose arrows are the elements of the group G and whose composition law is the group composition. Clearly 1G satisfies the hypotheses of Lemma A.1, so we can define 2G ≡ I(1G). Since the arrows of 1G are all composable, then any element of 2G is of the form (g, τ) with g ∈ G and τ ∈ Inn(G), where Inn(G) is the group of inner automorphisms of G. Furthermore, by A.5(ii) and A.5(iii), one can deduce the following composition laws

(i) (g, τ) × (g^′, τ^′) = (gτ(g^′), ττ^′), (ii) (g, τ) ⋄ (g^′, τ^′) = (gg^′, τ^′), if σ_g′ τ^′ = τ. (A.6)

That is, the composition laws × and ⋄ are obtained from the composition law of 1G according to the definition (A.5)(ii) and (A.5)(iii) respectively. Notice that × is everywhere defined; × ≺ ⋄; the arrows of 2G are invertible with respect to any composition law. Moreover, given an arrow (g, τ) of 2G, we have

l_⋄(g, τ) = (e, τ), r_⋄(g, τ) = (e, σ_gτ), (g, τ)^{−1}_⋄ = (g^{−1}, σ_gτ).

while l_×(g, τ) = (e, ι) = r_×(g, τ), (g, τ)^{−1}_× = (τ^{−1}(g^{−1}), ι).

Hence one can see that 1–arrows are the elements of 2G of the form (e, τ), and that the only 0–arrow is (e, ι), where ι is the identity automorphism.

Before studying the 3–category I(2G) we need some observations on the structure of the inner ⋄–automorphisms of 2G. According to definition (A.1), the domain of an inner ⋄–automorphism β_{(h,τ )} of 2G, is the set of those arrows (m, γ) of 2G such that the compositions (m, γ) ⋄ (h, τ) and � h, τ) ⋄ (m, γ) are defined. By (A.6)(ii), these compositions are defined whenever τ = γ and m ∈ Z(G). Hence, the domain of β_{(h,τ )} is

R_⋄(h, τ) = {(m, τ), m ∈ Z(G)}. (A.7)

Moreover, we have that

β_{(h,τ )}(m, τ) = (m, σ_hτ), (m, τ) ∈ R_⋄(h, τ). (A.8)

Note that R_⋄(h, τ) is an Abelian group and that

R_⋄(h, τ) × R_⋄(h^′, τ^′) = R_⋄(hτ(h^′), ττ^′). (A.9)

This equation implies that 2G satisfies the hypotheses of Lemma A.1, and we can define the 3–category I(2G).

By (A.4), an arrow of I(2G) is a 3-tuple (g, α, β_{(h,τ )}), where (g, α) ∈ 2G, and β_{(h,τ )} is the inner ⋄–automorphism of 2G associated with (h, τ), such that the compositions

(g, α) ⋄ (g, α) and (g, α) ⋄ (h, τ).

are defined. By (A.6)(ii), these two compositions are defined if, and only if, σ_hτ = α and σ_gα = α. The latter, in particular, says that g is an element of the centre Z(G) of G. Hence I(2G) = {(g, σ_hτ, β_{(h,τ )}) | g ∈ Z(G), h ∈ G, τ ∈ Inn(G)}. (A.10) The purpose now is to provide an explicit form to the abstract composition laws (A.5) of I(2G). Let � g, σ_hτ, β_{(h,τ )} � , � g^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � ∈ I(2G). First, we consider the composition law × as defined by (A.5)(i). Recalling definition (A.3), by (A.6) we have � g, σ_hτ, β_{(h,τ )} � × � g^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � = � gg^′, σ_hτσ_h′ τ^′, β_{(hτ (h}′_{),τ τ} ′_) � . (A.11)

This composition is everywhere defined because the composition law × in 2G is. Consider now the composition law ⋄ as defined by (A.5)(ii). Note that, by (A.6)(ii), ⋄ is defined in I(2G) whenever β_{(h,τ )} ⋄ β_{(h}′_{,τ} ′_) is defined. This amounts to saying that (h, τ) ⋄ (h^′, τ^′) is defined, which is equivalent to the condition σ_h′ τ^′ = τ. Hence, one can check that � g, σ_hτ, β_{(h,τ )} � ⋄ � g^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � = � gg^′, σ_{hh}′ τ^′, β_{(hh}′_{,τ} ′_) � , if σ_h′ τ^′ = τ. (A.12)

Finally, consider the composition · as defined by (A.5)(iii). Again, by (A.6)(ii), · is defined in I(2G) whenever

β_{(h,τ )} = β_{(g}′_{,σh′ τ} ′_) ⋄ β_{(h}′_{,τ} ′_) = β_{(g}′_{,σh′ τ} ′_{)⋄(h}′_{,τ} ′_) = β_{(g}′_h′_{,τ} ′_).

By (A.7) and (A.8), this relation is equivalent to τ = τ^′, and σ_hτ = σ_g′_h′ τ^′. The latter, in particular, entails that σ_h = σ_h′ since g^′ is an element of the centre of G. In conclusion we have that � g, σ_hτ, β_{(h,τ )} � · � g^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � = � gg^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � , if σ_h = σ_h′ , τ = τ^′. (A.13)

Now, it is very easy to see that 2–arrows are those elements of I(2G) of the form (e, σ_hτ, β_{(h,τ )}); 1–arrows are of the form (e, τ, β_{(e,τ )}); the only 0–arrow is (e, ι, β_{(e,ι)}).

The 3–category 3G used in Section 3.2 as a set of coefficients for the cohomology of posets is different from I(2G). We now show that these two 3–categories are isomorphic.

A.2. Lemma. The mapping F : I(2G) → 3G defined by F � g, σ_hτ, β_{(h,τ )} � ≡ (g, τ, σ_h),

for any � g, σ_hτ, β_{(h,τ )} � ∈ I(2G), is an isomorphism of 3–categories.

Proof. It is clear that the mapping F is injective and surjective. We check that F

preserves the composition laws. To this end, fix a pair � g, σ_hτ, β_{(h,τ )} � , � g^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � of arrows of I(2G).

Concerning the composition law ·, by (13) we have F � g, σ_hτ, β_{(h,τ )} � · F � g^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � = (g, τ, σ_h) · (g^′, τ^′, σ_h′ ) = (gg^′, τ^′, σ_h′ ),

if σ_h = σ_h′ and τ = τ^′. On the other hand, by (A.13) we have F � (g, σ_hτ, β_{(h,τ )})·(g^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_)) � = F � gg^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � = (gg^′, τ^′, σ_h′ ),

with σ_h = σ_h′ and τ = τ^′. Hence F preserves the composition law · .

Concerning the composition law ⋄, by (13) we have F � g, σ_hτ, β_{(h,τ )} � ⋄ F � g^′, σ_h′ τ^′, β_{(h}′_{,τ} ′_) � = (g, τ, σ_h) ⋄ (g^′, τ^′, σ_h′ ) = (gg^′, τ^′, σ_{hh}′ )

with the condition that σ_h′ τ^′ = τ. On the other hand by (A.12) we have F � (g, τ, β_{(h,τ )}) ⋄ (g^′, τ^′, β_{(h}′_{,τ} ′_)) � = F � gg^′, σ_{hh}′ τ^′, β_{(hh}′_{,τ} ′_) � = (gg^′, τ^′, σ_{hh}′ ),

with the condition σ_h′ τ^′ = τ. This implies that F preserves the composition law ⋄.

Finally, concerning the composition law ×, by (13) we have F � g, τ, β_{(h,τ )} � × F � g^′, τ^′, β_{(h}′_{,τ} ′_) � = (g, τ, σ_h) × (g^′, τ^′, σ_h′ ) = (gg^′, ττ^′, σ_hτσ_h′ τ^{−1}),

while by (A.11) we have F � (g, τ,β_{(h,τ )}) × (g^′, τ^′, β_{(h}′_{,τ} ′_)) � = = F � gg^′, σ_hτσ_h′ τ^′, β_{(hτ (h}′_{),τ τ} ′_) � = F � gg^′, σ_{hτ (h}′_)ττ^′, β_{(hτ (h}′_{),τ τ} ′_) � = (gg^′, ττ^′, σ_{hτ (h}′_)) = (gg^′, ττ^′, σ_hτσ_h′ τ^{−1}).

Hence F preserves the composition law ×. Finally observe that F � e, ι, β_{(e,ι)} � = (e, ι, ι), F � e, τ, β_{(e,τ )} � = (e, τ, ι), τ ∈ Inn(G), F � e, τ, β_{(h,τ )} � = (e, σ_hτ, σ_h), h ∈ G, τ ∈ Inn(G).

This means that F sends 0–, 1–, 2–arrows of I(2G) in 0–, 1–, 2–arrows of 3G respectively,

completing the proof.

Note that the composition law · of 3G is Abelian. So the only inner ·–automorphism of 3G is the identity automorphism. Hence the first two composition laws of the 4–category I(3G) coincide and are Abelian.

The form of a 3–cochain. We derive the formula (24) which defines a 3–cochain. Let x denote a 3–tuple (x_1, x_2, x_3) of mappings, where x_i : Σ_1(K) → (3G)_i, for i = 1, 2, 3. This amounts to saying that

x_1(b) = (e, τ_b, ι), b ∈ Σ_1(K), x_2(c) = (e, α_c, γ_c), c ∈ Σ_2(K), x_3(d) = (v(d), σ_d, η_d), d ∈ Σ_3(K),

where τ : Σ_1(K) → Inn(G), α, γ : Σ_2(K) → Inn(G), σ, η : Σ_3(K) → G, and v : Σ_3(K) → Z(G). Such a map x is a 3–cochain whenever it satisfies equations (17) and (18). By imposing that x satisfies these two equations we will arrive at formula (24). In the proof we adopt the notation introduced in the proof of Lemma 3.3. Furthermore we will make use of the relations (1) and of the composition laws (13). Let us start by imposing that x satisfies equation (17), that is

x_2(c) ⋄ x_1(∂_1c) = x_1(∂_0c) × x_1(∂_2c) ⋄ x_2(c),

for any 2–simplex c. The l.h.s. of this equation reads

x_2(c) ⋄ x_1(∂_1c) = (e, α, γ) ⋄ (e, τ_1, ι) = (e, τ_1, γ)

if τ_1 = α. Using this condition on the r.h.s. of equation (17) we have

x_1(∂_0c) × x_1(∂_2c) ⋄ x_2(c) = (e, τ_0, ι) × (e, τ_2, ι) ⋄ (e, τ_1, γ) = (e, τ_0τ_2, ι) ⋄ (e, τ_1, γ) = (e, τ_1, γ),

if γτ_1 = τ_0τ_2, that is γ = τ_0τ_2τ^{−1}_1 . Hence x satisfies the equation (17) whenever

x_1(b) = (e, τ_b, ι), b ∈ Σ_1(K), x_2(c) = (e, τ_{∂1c}, τ_{∂0c}τ_{∂2c}τ^{−1}_{∂1 c}), c ∈ Σ_2(K)

In order to obtain the form of the component x_3, we now impose that x satisfies the equation (18), that is

x_3(d) · x_1(∂_{01}d) × x_2(∂_3d) ⋄ x_2(∂_1d) = x_2(∂_0d) × x_1(∂_{23}d) ⋄ x_2(∂_2d) · x_3(d), for any 3–simplex d. The l.h.s. of this equation reads

x_3(d) · x_1(∂_{01}d)×x_2(∂_3d) ⋄ x_2(∂_1d) = = (v, σ, η) · (e, τ_{01}, ι) × (e, τ_{13}, τ_{03}τ_{23}τ^{−1}_{13} ) ⋄ (e, τ_{11}, τ_{01}τ_{21}τ^{−1}_{11} ) = (v, σ, η) · (e, τ_{01}τ_{13}, τ_{01}τ_{03}τ_{23}τ^{−1}_{13} τ^{−1}_{01} ) ⋄ (e, τ_{11}, τ_{01}τ_{21}τ^{−1}_{11} ) = (v, σ, η) · (e, τ_{01}τ_{13}, τ_{01}τ_{03}τ_{23}τ^{−1}_{13} τ^{−1}_{01} ) ⋄ (e, τ_{11}, τ_{01}τ_{13}τ^{−1}_{11} ) = (v, σ, η) · (e, τ_{11}, τ_{01}τ_{03}τ_{23}τ^{−1}_{13} τ^{−1}_{01} τ_{01}τ_{13}τ^{−1}_{11} ) = (v, σ, η) · (e, τ_{12}, τ_{01}τ_{03}τ_{23}τ^{−1}_{11} ) = (v, σ, η) · (e, τ_{12}, τ_{00}τ_{20}τ^{−1}_{10} τ_{02}τ_{22}τ^{−1}_{12} ) = (v, σ, η) · (e, τ_{12}, γ_0γ_2) = (v, τ_{12}, γ_0γ_2),

if σ = τ_{12} and η = γ_0γ_2 = τ_{00}τ_{20}τ^{−1}_{10} τ_{02}τ_{22}τ^{−1}_{12} . Hence the l.h.s. of equation (18) determines the form of the third component of x, that is

x_3(d) = (v(d), τ_{∂12 d}, γ_{∂0d}γ_{∂2d}), d ∈ Σ_3(K).

Hence x is equal to (24). What remains to be shown is that r.h.s. of (18) equals the l.h.s., that is, it is equal to (v, τ_{12}, γ_0γ_2). Since γ_2τ_{12} = τ_{02}τ_{22} = τ_{10}τ_{23}, we have

x_2(∂_0d) × x_1(∂_{23}d) ⋄ x_2(∂_2d) · x_3(d) = (e, τ_{10}, γ_0) × (e, τ_{23}, ι) ⋄ (e, τ_{12}, γ_2) · (v, τ_{12}, γ_0γ_2) = (e, τ_{10}τ_{23}, γ_0) ⋄ (e, τ_{12}, γ_2) · (v, τ_{12}, γ_0γ_2) = (e, τ_{12}, γ_0γ_2) · (v, τ_{12}, γ_0γ_2) = (v, τ_{11}, γ_0γ_2),

completing the proof.

References

[1] J.C. Baez. Generalized measures in gauge theory. Lett. Math. Phys. 31, no.3, (1994), 213–223.

[2] J.C. Baez. An introduction to n–categories. Category theory and Computer Science (Santa Margherita Ligure, 1997), 1–33. Lecture Notes in Comput. Sci. 1290, Springer, Berlin 1997.

[3] J.C. Baez, U. Schreiber. Higher gauge theory. math.DG/0511710

[4] L. Breen, W. Messing. Differential geometry of gerbes. Adv. Math. 198, no.2, (2005), 732–846.

[5] R. Brown, P.J. Higgins. The classifying space of a crossed complex. Math. Proc. Cam. Phil. Soc.

110, no.1, (1991), 95–120.

[6] M. Creutz. Quarks, gluons and lattices. Cambridges UP, Cambridge, 1983

[7] S.K. Donaldson, P.B. Kronheimer. The geometry of four-manifolds. Clarendon Press, Oxford, 1990.

[8] M. Grandis. Finite sets and symmetric simplicial sets. TAC 8, No.8, (2001), 244–252.

[9] R. Haag, D. Kastler. An algebraic approach to quantum field theory. J. Math. Phys. 43, (1964), 848–861.

[10] D.M. Kan. A combinatorial definition of homotopy groups. Ann. of Math. (2) 67, (1958) 282–312.

[11] S. Kobayashi, K. Nomizu. Foundations of differential geometry. Vol.I Wiley, New York 1963.

[12] A. Kock. Combinatorics of curvature, and the Bianchi identity. Theory Appl. Categ., 2, no.7, (1996), 69–89.

[13] J. Lewandowski. Topological measure and graph-differential geometry on the quotient space of connections. Int. J. Modern Phys. D 3, no.1, (1994), 207–210.

[14] J.P. May. Simplicial objects in algebraic topology. D. Van Nostrand Co., Inc., Princeton, N.J (1967).

[15] J.E. Roberts. Local cohomology and superselection structure. Commun. Math. Phys., 51, no. 2, (1976), 107–119.

[16] J.E. Roberts. Mathematical aspects of local cohomology. In: Algèbres d’opérateurs et leurs applications en physique mathématique.(Proc. Colloq. Marseille, 1977) 321–332. Colloq. Internat. CNRS, 274, CNRS, Paris (1979).

[17] J.E. Roberts. A survey of local cohomology. In Mathematical problems in theoretical physics.

(Proc. Internat. Conf., Univ. Rome, Rome, 1977), 81–93, Lecture Notes in Phys., 80, Springer, Berlin-New York, 1978.

[18] J.E. Roberts. Net cohomology and its applications to quantum field theory. “Quantum Fields— Algebras, Processes” (L.Streit ed.) Springer, Wien, New York, 1980.

[19] J.E. Roberts. The cohomology and homology of quantum field theory In : Quantum fields and quantum space time Cargése 1996, 357–368, NATO Adv. Sci. Inst. Ser. B Phys., 364, Plenum, New York, 1997.

[20] J.E. Roberts. More lectures in algebraic quantum field theory. In : Noncommutative geometry C.I.M.E. Lectures, Martina Franca, Italy, 2000. Editors: S. Doplicher, R. Longo, Springer (2003).

[21] J.E. Roberts, G. Ruzzi, E. Vasselli. Principal bundles over posets. In preparation.

[22] G. Ruzzi. Homotopy of posets, net-cohomology, and theory of superselection sectors in globally hyperbolic spacetimes. Rev. Math. Phys. 17, no.9, (2005), 1021–1070.

[23] R. Street. The algebra of oriented simplexes. J. Pure Appl. Algebra 49, no.3, (1987), 283–335.

Dipartimento di Matematica, Università di Roma “Tor Vergata” Via della Ricerca Scientifica 1, 00133, Roma, Italy Email: roberts@mat.uniroma2.it

ruzzi@mat.uniroma2.it

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/30/16-30.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca