Theory and Applications of Categories, Vol. 16, No. 5, 2006, pp. 123–126.

EVERY GROTHENDIECK TOPOS HAS A ONE-WAY SITE

COLIN MCLARTY

Abstract. Lawvere has urged a project of characterizing petit toposes which have the character of generalized spaces and gros toposes which have the character of categories of spaces. Étendues and locally decidable toposes are seemingly petit and have a natural common generalization in sites with all idempotents identities. This note shows every Grothendieck topos has such a site. More, it defines slanted products which take any site to an equivalent one way site, a site where all endomorphisms are identities. On the other hand subcanonical one-way sites are very special. A site criterion for petit toposes will probably require subcanonical sites.

Lawvere has urged a project of distinguishing which toposes have the character of (generalized) spaces and which the character of categories of spaces (Lawvere 1986). Special cases of such a distinction had been called petit and gros by Giraud and Grothendieck in topology and inétale schemes. Lawvere calls for a general distinction, emphasizing among other things that the gros topos of a point itself amounts to the definition of a branch of geometry. The two should be defined both intrinsically and in terms of their sites. Localic toposes are paradigmatically petit and two results in this direction concern site descriptions for generalizations which are still seemingly petit. Johnstone showed a Grothendieck topos is locally decidable iff it has some small site with all arrows epic (Johnstone 2002, C5.4.4). Kock and Moerdijk proved a topos is an étendue if and only it it has some small site with all arrows monic (Kock & Moerdijk 1991) or (Johnstone 2002, C5.2.5). Lawvere asked about a further generalization: sites without idempotents in the sense that all idempotents are identities (equivalently all are epic, or all are monic).

This note shows every Grothendieck topos has such a site, and in fact has a one way site, a site where all endomorphisms are identities. On the other hand we notice that subcanonical one-way sites are very special. This suggests that a site criterion for petit toposes will probably require subcanonical sites.

The definitions and proofs are formulated for small categories and Grothendieck toposes over Set. But every step through the proof of Theorem 2.1 applies when Set is replaced by any elementary topos with a natural number object, reasoning internally to that topos. The proof of Theorem 2.2 uses excluded middle.

Received by the editors 2006-01-21.

Transmitted by F. W. Lawvere. Published on 2006-02-10. 2000 Mathematics Subject Classification: 18B25.

Key words and phrases: Grothendieck topos, petit topos, locale, one way site. ©Colin McLarty, 2006. Permission to copy for private use granted. 123

1. Slanted products

The statement above says every presheaf topos ^C = Set^{Cop} has a topos inclusion to presheaves ^D on some one way category D, so the same holds for every subtopos of ^C. The theorem is much stronger as it shows every small category C has a flat cover by a one way small category constructed from C in a simple functorial way. In Lawvere’s terms a functor f:D→C is a cover of C if the induced f^∗: ^C→ ^D is full and faithful. It is flat if the left adjoint f_! is left exact (Lawvere & Rosebrugh 2003, p. 246). To say f is a flat cover is equivalent to either (1) or (2) and implies (3):

1. f_! ⊣f^∗: ^C→ ^D is a topos inclusion.

2. f_! ⊣ f^∗ is a geometric morphism right inverse to f^∗ ⊣f_∗: ^D→ ^C

in the direct image sense: f_∗f^∗ ∼= 1_{^C}.

3. f^∗ ⊣f_∗: ^D→ ^C is an essential connected topos surjection.

Let P be any one way category. For any small category C define the slanted product [C×P] as the largest subcategory of C×P such that the projection reflects identity arrows.

[C×P] � � C×P � P

It has the same objects as C×P and its arrows are ⟨f, α⟩:⟨A, i⟩ → ⟨B, j⟩ where f:A → B in C, and α:i→j in P, and if i = j then f = 1_A.

Every [C × P] is one way. For P=1 the terminal category, [C × 1] is the discrete category |C|. For P=2 the arrow category, [C×2] is C pulled apart just enough to have no compositions: every non-identity arrow goes from some ⟨A, 0⟩ to some ⟨B, 1⟩ so that non-identity arrows never compose. The slanted product is close to a device Johnstone uses to replace filtered categories by directed posets ((Johnstone 2002, B2.6.13) refining Deligne’s proof (Artin, Grothendieck & Verdier 1972, p. 65)).

For any poset P and small category C the projection p:[C×P] → C induces p^∗: ^C → [C×P]^. If P is connected and not discrete then p is a cover:

1.1. Lemma. If P is connected then p^∗ is full. If P has any non-identity arrow i → j then p^∗ is faithful:

Proof. For any natural transformation τ^′:p^∗F →p^∗G, object A of C, and arrow α:i→j in P the naturality square

⟨A, j⟩ p^∗F ⟨A, j⟩^τ ′ ⟨A,j⟩ �

� p^∗G⟨A, j⟩ � ⟨A, i⟩

⟨1_A,α⟩ � p^∗F ⟨A, i⟩_{τ′⟨A,i⟩} � p^∗G⟨A, i⟩

has identity arrows on the sides. If P is connected then for all objects i, j of P the

EVERY GROTHENDIECK TOPOS HAS A ONE-WAY SITE 125

components τ^′_{⟨A,i⟩} = τ^′_{⟨A,j⟩} are equal, and τ^′ = p^∗τ for the obvious τ:F → G. If P has any non-identity arrow then the projection p is onto.

1.2. Lemma. If P is cofiltered (Johnstone 2002, B2.6) and downward unbounded (each element has an element below it) then p is flat.

Proof. p_! is given by colimits of contravariant diagrams over comma categories. For each presheaf F on [C×P] and object A of C:

(p_!F )(A) = lim_{−→}

(A↓p)

F (B, j)

But if P is cofiltered and downward unbounded then for each A the functor P→(A ↓ p) defined by i → ⟨A, i⟩ is initial. So p_! is given by filtered colimits

(p_!F )(A) = lim_{−→} i∈P F (A, i)

2. The theorems

2.1. Theorem. Every small category C has a small flat one way cover.

Proof. Take [C×P] for any downward unbounded cofiltered poset P. E.g. the dual to the usual order on the natural numbers.

Every category C has a cover by a category with no compositions, namely [C×2]. But C has no flat cover by such a category unless C is equivalent to such a category:

2.2. Theorem. If q:D→C is a flat cover where D has no compositions, then the skeleton of C has no compositions.

Proof. Given any topology on a category D with no compositions we can remove all objects with empty covers to get an equivalent site where only maximal sieves cover. So without loss of generality we may assume q^∗: ^C → ^D is an equivalence. Then, since D is its own Karoubi completion, q:D→C is the skeleton of C (Johnstone 2002, A1.1.10).

3. Subcanonical sites

Subcanonical sites are much more special. For a germane proof consider toposes satisfying the Nullstellensatz: Every non-empty object A has at least one point x:1 → A. Many toposes in geometry have this including the usual models of synthetic differential geometry and the gros étale topos over any algebraically closed field. These paradigms of gros toposes have no subcanonical one way sites nor even subcanonical sites without idempotents:

Observation. Set is the only nontrivial Grothendieck topos E with Nullstellensatz and a subcanonical site without idempotents.

Proof. Every subcanonical site for E is a full subcategory of E. By Nullstellensatz every non-empty object A of E has at least one idempotent

A � 1^x � A

A full subcategory where all idempotents are identities has all objects either empty or terminal. Up to equivalence it is either empty, a singleton category, or the arrow category 0 → 1. Only the second case has a subcanonical topology with a nontrivial topos with Nullstellensatz, and that topos is Set.

Without attempting a precise definition we can plausibly associate gros toposes with Nullstellensatz and petit toposes with subcanonical sites without indempotents. The category Set naturally is both as the gros topos of discrete spaces and the petit topos of sheaves on a one point space. But this association with petit toposes would fail if not limited to subcanonical sites.

References

Artin, Michael, Alexander Grothendieck & Jean-Louis Verdier (1972), Théorie des Topos et Cohomologie Etale des Schémas I, Séminaire de géométrie algébrique du Bois- Marie, 4, Springer-Verlag. Generally cited as SGA4.

Johnstone, Peter (2002), Sketches of an Elephant: a Topos Theory Compendium, Oxford University Press. To be finished as three volumes.

Kock, Anders & Ieke Moerdijk (1991), ‘Presentations of étendues’, Cahiers de Topologie et Géométrie Différentielle Catégoriques 32, 145–164.

Lawvere, F. William (1986), ‘Categories of spaces may not be generalized spaces as exemplified by directed graphs’, Revista Colombiana de Matematicas XX, 179–86. Republished in: Reprints in Theory and Applications of Categories, No. 9 (2005) pp 1-7, available on-line at http://www.tac.mta.ca/tac/reprints/articles/9/tr9abs.html.

Lawvere, F. William & Robert Rosebrugh (2003), Sets for Mathematics, Cambridge University Press.

Department of Philosophy, Case Western Reserve Unversity, Cleveland OH 44106, USA Email: colin.mclarty@case.edu

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/5/16-05.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods. Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication. The method of distribution of the journal is via the Internet tools

WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca