Theory and Applications of Categories, Vol. 16, No. 6, 2006, pp. 127–131.

POINTS OF AFFINE CATEGORIES AND ADDITIVITY

A. CARBONI & G. JANELIDZE

Abstract. A category C is additive if and only if, for every object B of C, the category Pt(C, B) of pointed objects in the comma category (C, B) is canonically equivalent to C. We reformulate the proof of this known result in order to obtain a stronger one that uses not all objects of B of C, but only a conveniently defined generating class S. If C is a variety of universal algebras, then one can take S to be the class consisting of any single free algebra on a non-empty set.

1. Additive Objects

For any category X with a terminal object 1, we denote with

Pt(X)

the category of (global) points x: 1 −→ X of X, with maps the obvious commutative triangles. Observe that the category Pt(X) is pointed, i.e. the terminal is also initial, and recall that for any category C and any object B of C, the the category of objects over B, i.e. the comma cateory (C, B) has a terminal object, namely the identity map of B. Hence the objects of the pointed category Pt(C, B) are triples (A, α, β), where α: A −→ B and β: B −→ A are maps in C such that αβ = 1 and the maps are the maps in C for wich the two resulting triangles commute. We will refer to α as the “structural map”.

We now revisit a result due to D. Bourn (see [Bourn 1991]), which inverts a remark contained in [Carboni 1989], according to which, for any additive category C with kernels, and any object B of C the functor

( ) ⊕ B: C −→ Pt(C, B)

is in fact an equivalence, the adjoint inverse being the kernel of the structural map to B. We give a proof of Bourn’s result, according to which if for a (necessarily) pointed category C with finite limits and finite sums, all the functors ( ) + B are equivalences, then C is additive. The reason is not just for the self-completeness of this note, but also because we will give a proof more appropriate for the discussion in the next section.

Received by the editors 2006-01-15.

Transmitted by F. W. Lawvere. Published on 2006-02-11. 2000 Mathematics Subject Classification: 18C05, 18C10, 18c20. Key words and phrases: Algebraic categories, affine spaces.

©A. Carboni & G. Janelidze, 2006. Permission to copy for private use granted. 127

Let C be a pointed category with finite limits and finite coproducts. For an object B in C, consider the adjunction (F, G, η, ϵ): C −→ Pt(C, B) in which:

1. the functor F : C −→ Pt(C, B) is defined by F (X) = (B + X, [1, 0], i_1) , where [1, 0] is the morphism B + X −→ B induced by the identity 1: B −→ B and the zero map 0: X −→ B, and i_1 is the injection i_1: B −→ B + X;

2. the functor G: Pt(C, B) −→ C is given by the kernel of the structural map A −→ B; 3. η_X : X −→ GF (X) = B♭X = Ker([1, 0]: B + X −→ B) is the unique morphism X −→ B♭X for which the composite X −→ B♭X −→ B + X is the second injection.

4. ϵ_{(A,α,β)} = [β, ker(α)]: F G(A, α, β) = (B + Ker(α), [1, 0], i_1) −→ (A, α, β). 1.1. Proposition. If the adjunction (F, G, η, ϵ) satisfies one of the following equivalent conditions

a) is an equivalence, b) G is full and faithful, c) ϵ is an isomorphism, then the canonical morphism B + X −→ B × X is an isomorphism for every object X in C.

Proof. Take (A, α, β) = (B × X, π_1, ⟨1, 0⟩), where π_1: B × X −→ B is the projection and ⟨1, 0⟩ is the pair given by the identity and the zero maps. Since the kernel of π_1: B×X −→ B can be identified with ⟨0, 1⟩: X −→ B +X, it is easy to see that ϵ_{(A,α,β)} can be identified with the morphism B + X −→ B × X, which therefore is an isomorphism as desired.

As for the equivalence with the other two conditions, just observe that from the previous proof it follows that, instead of requiring the adiunction be an equivalence, we could have required just ϵ be an isomorphism. Moreover, observe that we always have G(B × X, π_1, ⟨1, 0⟩) ≃ X, so that G is always essentially surjective on objects.

From now on, B will denote the full subcategory of C with objects all B in C, for which the morphism B + X −→ B × X is an isomorphism for every X in C.

1.2. Proposition. B is closed (in C) under finite products and finite coproducts, and has a unique enrichment in the category of commutative monoids.

Proof. We observe:

a) Obviously, 0 is in B.

b) Given A and B in B and X in C, we have canonical isomorphisms

(A + B) + X ≃ A + (B + X) ≃ A × (B × X) ≃ (A × B) × X ≃ (A + B) × X,

which prove that B is closed under finite sums.

c) ) If A and B in B, then their product in C is isomorphic to their coproduct.

Therefore b) implies that B is closed under finite products.

d) As follows from c) and the definition of B, for every two objects A and B in B, the canonical morphism A + B −→ A × B inside B (and in the sense of B) is an isomorphism. Therefore, B has a unique enrichment in the category of commutative monoids, as desired.

From now on, A will denote the full subcategory of C with objects all B in C, for which the adjunction (F, G, η, ϵ) is an equivalence. As follows from Proposition 1, A is contained in B. Note also, that since B is a full subcategory of C closed under finite products and enriched in the category of commutative monoids, every object of B has a unique (commutative) internal monoid structure in C; in particular the same is true for every object of A.

1.3. Proposition. Every object of A has a unique internal abelian group structure in C.

Proof. For an object B in A, take (A, α, β) = (B × B, π_1, ⟨1, 1⟩) in the notation above. Since ϵ is an isomorphism, so is the morphism

ϵ_{(A,α,β)} = [⟨1, 1⟩, ⟨0, 1⟩]: F G(A, α, β) = = (B + B, [1, 0], i_1) −→ (B × B, π_1, ⟨1, 1⟩).

However this is now happening inside of a category in which the finite coproducts are canonically isomorphic to finite products (namely inside B); therefore the above morphism is the same as ⟨1, 1⟩ + ⟨0, 1⟩: B × B −→ B × B ,

and, of course, this morphism is an isomorphism if and only if B is a group.

This result of course implies the quoted result of Bourn, but it is phrased in such a way to allow us to apply it to the next question.

2. Involving Generators

For a ring R, the category Aff(R) of affine spaces over R can be described as the category of all pairs (A, a), where A is an R-module and a an element of A. That is, one can define Aff(R) as the comma category (R, R-Mod). Furthermore, we can recover the category R-Mod from Aff(R) as the comma category (Aff(R), R) = ((R, R-Mod), R). Or, we could say that R-Mod can be recovered from the comma category (R-Mod, R) as the category (R, (R-Mod, R)) = Pt(R-Mod, R) of its points. Does this tell us something about the additivity of R-Mod? That is, given a variety V of universal algebras, is it true that if V is canonically equivalent to Pt(V), where R is the free algebra on one element, then V is additive? And if so, is this an instance of a general-categorical fact? In other words, we wish to find out the minimal condition on a class S of objects of a pointed C, such that when the canonical functors from C the the categories of points of the slices over the objects of S are equivalences, then C is additive. Clearly we need an appropriate notion of a class S of generators for such categories C, and we propose the following:

2.1. Definition. A class S of objects in C is said to be a class of generators if it satisfies the following condition: Let X be generated by S as a full subcategory in C closed under finite products and finite coproducts. Then the restriction of the Yoneda functor

C −→ Sets^{Xop}

sending any object C to the hom functor

hom_C(−, C): X^{op} −→ Sets

is full and faithful.

2.2. Theorem. If C admits a class of generators contained in A, then C is additive.

Proof. Take S and X as in the definition above, assuming that S is contained in A, and observe:

a) Since S is contained in B and B is closed under under finite products and finite coproducts in C, then X is contained in B.

b) Since every object in S has a group structure, a) tells that X is additive.

c) Since the restriction of the Yoneda functor is full and faithful, it is easy to see that b) implies the additivity of C (just consider the intermediate category of product preserving functors X^{op} −→ Sets).

Note that if C were a variety of universal algebras, and S is the free algebras on one generator, then the restriction of the Yoneda functor C −→ Sets^{Xop} is full and faithful, but C −→ Sets^{Sop} is not. Note also that although Definition 4 uses both (finite) products and coproducts, to obtain X from S, under the assumptions of Theorem 5 these products and coproducts coincide. The only reason of involving both products and coproducts is that in general neither of these two concepts is superior to the other.

References

[Carboni 1989] Aurelio Carboni, Categories of Affine Spaces, Jour. Pure and Appl.

Algebra 61 (1989), 243–250.

[Bourn 1991] Dominique Bourn, Normalization Equivalence, Kernel Equivalence and Affine Categories, in “Category Theory - Proceedings, Como 1990”, Springer Lecture Notes in Mathematics 1488 (1991), 43–62.

Università dell’Insubria, Dipartimento di Scienze della Cultura, Politiche e dell’Informazione, via Carloni 78, 22100 Como, Italy Department of Mathematics and Applied Mathematics, University of Cape Town, Rondebosch 7701, Cape Town, South Africa and Mathematical Institute of Georgian Academy of Sciences, 1 M. Alexidze Street, 0093 Tbilisi, Georgia

Email: aurelio.carboni@uninsubria.it

janelidg@maths.uct.ac.za

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/6/16-06.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods. Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication. The method of distribution of the journal is via the Internet tools

WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca