Theory and Applications of Categories, Vol. 16, No. 8, 2006, pp. 144–173.

THIN FILLERS IN THE CUBICAL NERVES OF OMEGA-CATEGORIES

RICHARD STEINER

Abstract. It is shown that the cubical nerve of a strict omega-category is a sequence of sets with cubical face operations and distinguished subclasses of thin elements satisfying certain thin filler conditions. It is also shown that a sequence of this type is the cubical nerve of a strict omega-category unique up to isomorphism; the cubical nerve functor is therefore an equivalence of categories. The sequences of sets involved are the analogues of cubical T-complexes appropriate for strict omega-categories. Degeneracies are not required in the definition of these sequences, but can in fact be constructed as thin fillers. The proof of the thin filler conditions uses chain complexes and chain homotopies.

1. Introduction

This paper is concerned with the cubical nerves of strict ω-categories. It has been shown in [1] that these cubical nerves are sequences of sets together with face maps, degeneracies, connections and compositions, subject to various identities, and that the functor taking an ω-category to its cubical nerve is an equivalence of categories. In this paper we give a more conceptual characterisation of cubical nerves: a cubical nerve is a sequence of sets with cubical face operations and distinguished subclasses of thin elements such that certain shells and boxes have unique thin fillers and such that one simple extra condition is satisfied. Here a shell is a configuration like the boundary of a cube, and a box is a configuration like the boundary of a cube with one face removed.

There are similar characterisations of the cubical and simplicial nerves of ω-groupoids in terms of Dakin’s T-complexes [5] due to Ashley and Brown and Higgins ([2], [4], [3]), and there is a similar characterisation of the simplicial nerves of ω-categories due to Verity [11] (see also [10]). In the results for ω-groupoids every box or horn has a unique thin filler (a horn is the simplicial analogue of a box) and there are degeneracy operations, but there are no requirements on shells; the resulting structure is called a cubical or simplicial T -complex. In Verity’s result also, certain horns have unique thin fillers and there are degeneracies, but there are no requirements on shells. Our result is like Verity’s and is different from the results on ω-groupoids because we do not require all boxes to have unique thin fillers. Our result differs from all the previous results because we require thin

Received by the editors 2006-01-11 and, in revised form, 2006-03-08. Transmitted by Ronald Brown. Published on 2006-04-07. 2000 Mathematics Subject Classification: 18D05.

Key words and phrases: omega-category, cubical nerve, stratified precubical set, cubical T-complex, thin filler.

©Richard Steiner, 2006. Permission to copy for private use granted. 144 fillers for shells instead of requiring degeneracies. We need thin fillers for shells in order to construct connections (compare the work of Higgins in [6]), and it is more economical to construct degeneracies from shells as well. This method may also be better for extensions to weak ω-categories, where one expects thin fillers to exist but not necessarily to be unique. Degeneracies correspond to identities, and in weak ω-categories one does not necessarily want unique identities, so one may also not want unique degeneracies. Thin fillers for shells could be a suitable alternative.

The main result of this paper, Theorem 2.14, is stated in Section 2. The cubical nerve functor is described in Section 3, with some calculations postponed to Section 6, and the reverse functor is described in Section 4. In Section 5 the functors are shown to be inverse equivalences. The proof of the thin filler conditions in Sections 3 and 6 is along the same lines as the proof for the simplicial case given by Street in [9], but it is simplified by the use of chain complexes as in [7]. Section 7 gives an example showing how the nerve of an ω-category can differ from the nerve of an ω-groupoid.

2. Statement of the main result

Our result concerns sequences of sets with cubical face operations, which we call precubical sets. We define precubical sets in terms of the precubical category, which is an analogue of the simplicial category but without degeneracies.

2.1. Definition. The precubical category is the category with objects [0], [1], . . . indexed by the natural numbers and with a generating set of morphisms ˇ∂^−_1 , ˇ∂^+_1 , . . . , ˇ∂^−_n , ˇ∂^+_n : [n − 1] → [n]

subject to the relations ˇ∂^β_j ˇ∂^α_i = ˇ∂^α_{i+1} ˇ∂^β_j for i ≥ j.

A precubical set is a contravariant functor from the precubical category to sets; equivalently, a precubical set X is a sequence of sets X_0, X_1, . . . together with face operations

∂^−_1 , ∂^+_1 , . . . , ∂^−_n , ∂^+_n : X_n → X_{n−1}

such that ∂^α_i ∂^β_j = ∂^β_j ∂^α_{i+1} for i ≥ j.

If X is a precubical set then the members of X_n are called n-cubes. An operation from n-cubes to m-cubes induced by a morphism in the precubical category is called a precubical operation. A morphism of precubical sets from X to Y is a sequence of functions from X_n to Y_n commuting with the face operations.

The precubical operations from n-cubes to (n − 1)-cubes correspond to the 2n faces of dimension (n − 1) in a standard geometrical n-cube, and the relations between them correspond to pairwise intersections. More generally, it is well-known that the precubical operations from n-cubes to m-cubes correspond to the m-dimensional faces of a geometrical n-cube, as follows.

2.2. Proposition. The precubical operations from n-cubes to m-cubes have unique standard decompositions ∂^{α(1)}_{i(1)} . . . ∂^{α(n−m)}_{i(n−m)}

with 1 ≤ i(1) < i(2) < . . . < i(n − m) ≤ n.

In order to handle thin n-cubes we introduce the following terminology.

2.3. Definition. A stratification on a precubical set X is a sequence of sets t_1X, t_2X, . . . such that t_nX is a subset of X_n. A precubical set X with a stratification t_nX is called a stratified precubical set, and the members of t_nX are called thin n-cubes. A morphism of stratified precubical sets is a morphism of precubical sets taking thin n-cubes to thin n-cubes.

Note that 0-cubes are never thin.

The cubical analogue of a horn is a configuration of the kind got from the boundary of an n-cube by removing one face, and it is called an n-box. We also need the configuration corresponding to the complete boundary of an n-cube, which is called an n-shell. The precise definitions are as follows.

2.4. Definition. Let X be a precubical set. Then an n-shell s in X is a collection of (n − 1)-cubes s^α_i , indexed by the 2n face operations ∂^α_i on n-cubes, such that

∂^α_i s^β_j = ∂^β_j s^α_{i+1} for i ≥ j.

A filler for an n-shell s is an n-cube x such that ∂^α_i x = s^α_i for all ∂^α_i .

2.5. Definition. Let X be a precubical set and let ∂^γ_k be a face operation on n-cubes. Then an n-box b in X opposite ∂^γ_k is a collection of (n − 1)-cubes b^α_i , indexed by the (2n − 1) face operations ∂^α_i on n-cubes other than ∂^γ_k , such that

∂^α_i b^β_j = ∂^β_j b^α_{i+1} for i ≥ j.

A filler for an n-shell b is an n-cube x such that ∂^α_i x = b^α_i for ∂^α_i ≠ ∂^γ_k .

If s is an n-shell and θ = ∂^{α(1)}_{i(1)} . . . ∂^{α(p)}_{i(p)}

is a non-identity precubical operation on n-cubes, not necessarily in standard form, then there is a well-defined operation of θ on s given by

θs = ∂^{α(1)}_{i(1)} . . . ∂^{α(p−1)}_{i(p−1)} s^{α(p)}_{i(p)} ,

and if x is a filler for s then θx = θs. Similar remarks apply to an n-box b opposite ∂^γ_k , except that the operation ∂^γ_k is not defined on b.

In the cubical nerve of an ω-category we will require certain boxes and shells to have unique thin fillers. We will now describe what happens in dimension 2. We regard a

∂^+_1 ∂^−_1 x = ∂^−_1 ∂^+_2 x^∂ + 2 x � ∂^+_1 ∂^+_2 x = ∂^+_1 ∂^+_1 x

� � � � � � � � �

∂^−_1 ∂^−_1 x = ∂^−_1 ∂^−_2 x

∂^−_1 x

�

∂^−_2 x

� ∂^+_1 ∂^−_2 x = ∂^−_1 ∂^+_1 x

∂^+_1 x

�

Figure 1: A 2-cube

b^+_2 = �

b^−_2 ∘b^+_1 �

b^−_2 � b^+_1 �

Figure 2: A 2-box opposite ∂^−_1 with a unique thin filler

0-cube as an object of a category, and we regard a 1-cube e as a morphism from ∂^−_1 e to ∂^+_1 e. A 2-cube x can then be viewed as two composites

∂^−_1 x ∘ ∂^+_2 x, ∂^−_2 x ∘ ∂^+_1 x: ∂^−_1 ∂^−_2 x → ∂^+_1 ∂^+_2 x,

together with some kind of higher morphism or 2-morphism between the two composites; see Figure 1. A 1-cube is thin if it is an identity morphism, and a 2-cube is thin if its 2-morphism is an identity 2-morphism. A 2-shell is like a 2-cube with the 2-morphism omitted, and a 2-box is like a 2-shell with one of the edge morphisms omitted.

It is now clear that a 2-shell s has a unique thin filler if it is commutative, that is s^−_1 ∘ s^+_2 = s^−_2 ∘ s^+_1 , and that it has no thin filler otherwise. A 2-box therefore has a unique thin filler if it can be extended to a commutative 2-shell in a unique way. For example, a 2-box b opposite ∂^−_1 such that b^+_2 is an identity has a unique thin filler x, given by ∂^−_1 x = b^−_2 ∘ b^+_1 ; see Figure 2.

In general a box b opposite ∂^γ_k is to have a unique thin filler if certain of its faces are thin, and we will now explain which faces are involved. We start by considering a class of extreme precubical operations, where a precubical operation is called extreme if its standard decomposition ∂^{α(1)}_{i(1)} . . . ∂^{α(p)}_{i(p)} is such that the signs (−)^{i(r)−r} α(r) are constant. Thus the extreme precubical operations on 2-cubes are

id, ∂^−_1 , ∂^+_1 , ∂^−_2 , ∂^+_2 , ∂^−_1 ∂^−_2 , ∂^+_1 ∂^+_2 .

The non-extreme precubical operations on 2-cubes are ∂^−_1 ∂^+_2 and ∂^+_1 ∂^−_2 , which are in a sense between ∂^−_1 ∂^−_2 and ∂^+_1 ∂^+_2 (see Figure 1). We will say that an extreme precubical operation is opposite ∂^γ_k if its standard decomposition has a factor ∂^{−γ}_k . The extreme precubical operations opposite ∂^γ_k are indexed by the subsets of {1, . . . , n} containing k; for example the extreme precubical operations on 5-cubes opposite ∂^−_3 are the composites ϕ^′∂^+_3 ϕ^{′′} such that ϕ^′ ∈ {id, ∂^−_1 , ∂^+_1 ∂^+_2 , ∂^+_2 } and ϕ^{′′} ∈ {id, ∂^+_4 , ∂^+_4 ∂^+_5 , ∂^−_5 }. By omitting the factor ∂^{−γ}_k from the standard decomposition for an extreme precubical operation θ opposite ∂^γ_k we get a precubical operation which in a sense joins θ to ∂^γ_k . We say that an operation of this type is complementary to ∂^γ_k . The precubical operations complementary to ∂^γ_k are indexed by the subsets of {1, . . . , n} not containing k; for example the precubical operations on 2-cubes complementary to ∂^−_1 are ∂^+_2 and id. It turns out that an n-box b opposite ∂^γ_k has a unique thin filler if θb is thin for every non-identity precubical operation on n-cubes complementary to ∂^γ_k . Boxes satisfying this condition will be called admissible; they correspond to the admissible horns of [8]. For example, a 2-box b opposite ∂^−_1 is admissible if and only if b^+_2 is thin, in which case b has a unique thin filler as in Figure 2. We summarise these ideas concisely as follows.

2.6. Definition. Let ∂^γ_k be a face operation on n-cubes and let θ be a precubical operation on n-cubes. Then θ is complementary to ∂^γ_k if the standard decomposition of θ has no factor ∂^−_k or ∂^+_k and if the insertion of ∂^{−γ}_k produces a standard decomposition

ϕ = ∂^{α(1)}_{i(1)} . . . ∂^{α(p)}_{i(p)}

such that the sign (−)^{i(r)−r} α(r) is constant.

2.7. Definition. In a stratified precubical set a box opposite ∂^γ_k is admissible if θb is thin for every non-identity precubical operation θ complementary to ∂^γ_k .

2.8. Remark. A face operation ∂^δ_l is complementary to ∂^γ_k if and only if k ≠ l and (−)^kγ = (−)^lδ.

2.9. Example. Let b be an n-box opposite ∂^γ_k such that θb is thin whenever the standard decomposition of θ does not contain ∂^γ_{k−1} , ∂^−_k , ∂^+_k or ∂^γ_{k+1}. (In the case k = 1 we take it to be automatically true that the standard decomposition does not have a factor ∂^γ_{k−1} ; in the case k = n we take it to be automatically true that the standard decomposition does not have a factor ∂^γ_{k+1}.) Then the standard decomposition of an operation θ such that θb is not thin must have a factor ∂^γ_{k−1} , ∂^−_k , ∂^+_k or ∂^γ_{k+1}, so it cannot be complementary to ∂^γ_k . Therefore b is admissible.

Next we consider thin fillers for shells. We have already observed that a commutative 2-shell has a unique thin filler, and a similar result holds in general (see Proposition 3.13). In the characterisation, however, we require a shell to have a unique thin filler only when we can prove it to be commutative by using admissible boxes. Shells of this kind will also be called admissible. There are four types of admissible 2-shell s, as shown in Figure 3.

= �^x �^= �^x � x �

= � x � = �

x � = � x �

x � = � = �

= � x �

Figure 3: Admissible 2-shells

In each case there are two equal faces, denoted x in the figure, which correspond to noncomplementary face operations, and omitting either of these faces produces an admissible box. In general the definition is as follows.

2.10. Definition. In a stratified precubical set a shell s is admissible if there are distinct non-complementary face operations ∂^γ_k and ∂^δ_l such that s^γ_k = s^δ_l and such the boxes formed by removing s^γ_k or s^δ_l from s are both admissible.

2.11. Example. As in the first two cases of Figure 3, let s be a shell such that s^−_k = s^+_k for some k and such that θs is thin whenever the standard decomposition of θ does not contain ∂^−_k or ∂^+_k . It follows from Example 2.9 that s is admissible. Shells of this type will be used to construct degeneracies.

2.12. Example. As in the last two cases of Figure 3, let s be a shell such that s^γ_k = s^γ_{k+1} for some k and γ and such that θs is thin whenever the standard decomposition of θ does not contain ∂^γ_k , ∂^γ_{k+1} or ∂^{−γ}_k ∂^{−γ}_{k+1}. Again it follows from Example 2.9 that s is admissible. Shells of this type will be used to construct connections.

For the admissible 2-box b in Figure 2, note that the additional face b^−_2 ∘ b^+_1 in the thin filler is thin if all the 1-cubes b^α_i are thin. An analogous result holds in general, and it is the final condition characterising nerves of ω-categories. We end up with the following structure.

2.13. Definition. A complete stratified precubical set is a stratified precubical set satisfying the following conditions: every admissible box and every admissible shell has a unique thin filler; if x is the thin filler of an admissible box b opposite ∂^γ_k such that b^α_i is thin for all ∂^α_i ≠ ∂^γ_k , then the additional face ∂^γ_k x is thin as well.

The main result is now as follows.

2.14. Theorem. The cubical nerve functor is an equivalence between strict ω-categories and complete stratified precubical sets.

In the remainder of this paper we prove four results, Theorems 3.16, 4.12, 5.4 and 5.5, whose conjunction is equivalent to Theorem 2.14.

2.15. Remark. The only admissible boxes and shells used in the passage from stratified precubical sets to the nerves of ω-categories are those of the types described in Examples 2.9, 2.11 and 2.12. It would therefore be sufficient to use these boxes and shells in the definition of a complete stratified precubical set.

Simplicial nerves behave in the same way. Indeed Street [9] shows that the simplicial nerve of an ω-category has a large class of admissible horns with unique thin fillers, and Verity [11] shows that simplicial nerves are characterised by a smaller class of complicial horns. Admissible boxes in general correspond to admissible horns, and the admissible boxes of Example 2.9 correspond to complicial horns.

2.16. Remark. One of Dakin’s axioms for a cubical or simplicial T-complex ([2], [3], [5]) says that a thin n-cube or n-simplex with all but one of its (n − 1)-faces thin must have its remaining (n − 1)-face thin as well. In a complete stratified precubical set we require this condition only when the given thin faces form an admissible box. In the cubical nerve of an ω-category, it is in fact possible for a thin n-cube x to have exactly one non-thin face ∂^α_i x; it is even possible for this to happen when x is the thin filler of an admissible box, provided that this box is opposite an operation other than ∂^α_i . An example is given in Section 7. As before, one gets the same behaviour in simplicial nerves.

3. From ω-categories to complete stratified precubical sets

In this section we show that the cubical nerve of an ω-category is a complete stratified precubical set. Recall from [1] that the cubical nerve of an ω-category C is the sequence of sets hom(νI^0, C), hom(νI^1, C), . . . ,

where νI^n is an ω-category associated to the n-cube. We will establish the result by studying the ω-categories νI^n.

We begin by recalling the general theory of ω-categories [8]. An ω-category C is a set with a sequence of compatible partially defined binary composition operations subject to various axioms; in particular each composition operation makes C into the set of morphisms for a category. We will use #_0, #_1, . . . to denote the composition operations, and we will write d^−_p x and d^+_p x for the left and right identities of an element x under #_p. We will use the following properties.

3.1. Proposition. Let C be an ω-category. If x ∈ C and p < q then

d^α_p d^β_q x = d^β_q d^α_p x = d^α_p x;

if x #_q y is a composite and p ≠ q then

d^α_p (x #_q y) = d^α_p x #_q d^α_p y;

the identities for #_p form a sub-ω-category C(p) such that C(p) ⊂ C(p + 1).

We will use a construction of νI^n based on chain complexes ([7], Example 3.10). Recall that if K and L are augmented chain complexes, then their tensor product augmented chain complex K ⊗ L is given by

(K ⊗ L)_q = ⨁ i+j=q

(K_i ⊗ L_j),

∂(x ⊗ y) = ∂x ⊗ y + (−1)^ix ⊗ ∂y if x ∈ K_i, ϵ(x ⊗ y) = (ϵx)(ϵy).

It is convenient to identify cubes with their chain complexes, as follows.

3.2. Definition. The standard interval is the free augmented chain complex I concentrated in degrees 0 and 1 such that I_1 has basis u_1, such that I_0 has basis ∂^− u_1, ∂^+u_1, such that ∂u_1 = ∂^+u_1 − ∂^− u_1, and such that ϵ∂^− u_1 = ϵ∂^+u_1 = 1. The standard n-cube I^n is the n-fold tensor product I ⊗ . . . ⊗ I. The n-chain u_1 ⊗ . . . ⊗ u_1 in I^n is denoted u_n.

Thus the chain complex I^n is a free chain complex on a basis got by taking n-fold tensor products of the basis elements u_1, ∂^− u_1, ∂^+u_1 for I; in particular I^0 is free on a single zero-dimensional basis element u_0. The elements of the tensor product basis for I^n are called standard basis elements. They correspond to the faces of a geometrical n-cube, or, equivalently, they correspond to the precubical operations. In fact there is an obvious embedding of the precubical category in the category of chain complexes as follows.

3.3. Proposition. There is a functor from the precubical category to the category of chain complexes given on objects by [n] → I^n and on morphisms by

ˇ∂^α_i (x ⊗ y) = x ⊗ ∂^α u_1 ⊗ y for x ∈ I^{i−1} and y ∈ I^{n−i} .

The morphisms in the image of this functor are augmentation-preserving and take standard basis elements to standard basis elements.

We will also need subcomplexes corresponding to shells and boxes, as follows.

3.4. Definition. The standard n-shell S^n is the subcomplex of I^n generated by the standard basis elements other than u_n. If σ is an (n − 1)-dimensional basis element for I^n, then the standard n-box B(σ) opposite σ is the subcomplex of I^n generated by the standard basis elements other than u_n and σ.

We give partial orderings to the chain groups in the standard chain complexes by the rule that x ≥ y if and only if x − y is a sum of standard basis elements. We then associate ω-categories to these complexes as follows.

3.5. Definition. Let K be a standard cube, shell or box. The associated ω-category νK is the set of double sequences

x = (x^−_0 , x^+_0 | x^−_1 , x^+_1 | . . . ), where x^−_i and x^+_i are i-chains in K such that x^−_i ≥ 0, x^+_i ≥ 0, ϵx^−_0 = ϵx^+_0 = 1, x^+_i − x^−_i = ∂x^−_{i+1} = ∂x^+_{i+1}.

The left identity d^−_p x and right identity d^+_p x of the double sequence x = (x^−_0 , x^+_0 | x^−_1 , x^+_1 | . . . ) are given by d^α_p x = (x^−_0 , x^+_0 | . . . | x^−_{p−1} , x^+_{p−1} | x^α_p , x^α_p | 0, 0 | . . . ).

If d^+_p x = d^−_p y = w, say, then the composite x #_p y is given by x #_p y = x − w + y, where the addition and subtraction are performed termwise.

For example, in νI^2 there are elements a = ( ˇ∂^−_2 ˇ∂^−_1 u_0, ˇ∂^+_2 ˇ∂^−_1 u_0 | ˇ∂^−_1 u_1, ˇ∂^−_1 u_1 | 0, 0 | . . . ) and b = ( ˇ∂^+_2 ˇ∂^−_1 u_0, ˇ∂^+_2 ˇ∂^+_1 u_0 | ˇ∂^+_2 u_1, ˇ∂^+_2 u_1 | 0, 0 | . . . ) such that d^+_0 a = d^−_0 b = ( ˇ∂^+_2 ˇ∂^−_1 u_0, ˇ∂^+_2 ˇ∂^−_1 u_0 | 0, 0 | . . . ) and a #_0 b = ( ˇ∂^−_2 ˇ∂^−_1 u_0, ˇ∂^+_2 ˇ∂^+_1 u_0 | ˇ∂^−_1 u_1 + ˇ∂^+_2 u_1, ˇ∂^−_1 u_1 + ˇ∂^+_2 u_1 | 0, 0 | . . . ).

The elements a, b and a #_0 b correspond to the morphisms ∂^−_1 x, ∂^+_2 x and ∂^−_1 x ∘ ∂^+_2 x in Figure 1.

Given a chain x of positive degree we will write ∂^− x and ∂^+x for the negative and positive parts of ∂x; thus ∂^− x and ∂^+x are the linear combinations of disjoint families of basis elements with positive integer coefficients such that ∂x = ∂^+x − ∂^− x. This notation is of course consistent with the earlier use of ∂^− u_1 and ∂^+u_1. We can now construct some specific double sequences of chains in I^n, which turn out to be members of νI^n, as follows. 3.6. Definition. Let σ be a p-dimensional basis element for I^n. Then the associated atom ⟨σ⟩ is the double sequence given by ⟨σ⟩^α_q = (∂^α )^{p−q} σ for q ≤ p, ⟨σ⟩^α_q = 0 for q > p.

For example ⟨u_3⟩^−_0 = ˇ∂^−_3 ˇ∂^−_2 ˇ∂^−_1 u_0, ⟨u_3⟩^+_0 = ˇ∂^+_3 ˇ∂^+_2 ˇ∂^+_1 u_0, ⟨u_3⟩^−_1 = ˇ∂^−_2 ˇ∂^−_1 u_1 + ˇ∂^+_3 ˇ∂^−_1 u_1 + ˇ∂^+_3 ˇ∂^+_2 u_1, ⟨u_3⟩^+_1 = ˇ∂^−_3 ˇ∂^−_2 u_1 + ˇ∂^−_3 ˇ∂^+_1 u_1 + ˇ∂^+_2 ˇ∂^+_1 u_1, ⟨u_3⟩^−_2 = ˇ∂^−_1 u_2 + ˇ∂^+_2 u_2 + ˇ∂^−_3 u_2, ⟨u_3⟩^+_2 = ˇ∂^+_3 u_2 + ˇ∂^−_2 u_2 + ˇ∂^+_1 u_2, ⟨u_3⟩^−_3 = ⟨u_3⟩^+_3 = u_3;

thus the terms of the chains ⟨u_3⟩^α_i correspond to the precubical operations on 3-cubes with standard decompositions ∂^{α(1)}_{i(1)} . . . ∂^{α(p)}_{i(p)} such that the signs (−)^{i(r)−r} α(r) are constant. These are the precubical operations which were called extreme in Section 2, and one can draw a 3-cube with the chains of ⟨u_3⟩ on its extremities; see Figure 4.

Figure 4 also illustrates complementary operations. For example, the operations complementary to ∂^−_1 are id, ∂^+_2 , ∂^−_3 , ∂^+_2 ∂^+_3 . In Figure 4 the face corresponding to id (the 3-cube itself) joins ˇ∂^−_1 u_2 to ⟨u_3⟩^+_2 ; the faces corresponding to ∂^+_2 and ∂^−_3 join ˇ∂^−_1 u_2 to ⟨u_3⟩^+_1 ; the face corresponding to ∂^+_2 ∂^+_3 (the terminal edge in ⟨u_3⟩^−_1 ) joins ˇ∂^−_1 u_2 to ⟨u_3⟩^+_0 .

The formulae for the chains ⟨u_3⟩^α_i extend to all dimensions. For atoms in general, using the definition of the boundary in a tensor product of chain complexes, we get the following formulae.

3.7. Proposition. The atoms in νI are given by ⟨u_1⟩^α_0 = ∂^α u_1, ⟨u_1⟩^α_1 = u_1, ⟨u_1⟩^α_q = 0 for q > 1, ⟨∂^β u_1⟩^α_0 = ∂^β u_1, ⟨∂^β u_1⟩^α_q = 0 for q > 0.

The atoms in νI^n are given by

⟨σ_1 ⊗ . . . ⊗ σ_n⟩^α_q = ∑ i(1)+...+i(n)=q

⟨σ_1⟩^α_{i(1)} ⊗ ⟨σ_2⟩^{(−) i(1)α}_{i(2)} ⊗ . . . ⊗ ⟨σ_n⟩^{(−) i(1)+...+i(n−1) α}

i(n) .

From Proposition 3.7, if σ is a basis element in I^n then ϵ⟨σ⟩^α_0 = 1, and it follows that the atoms belong to νI^n. In fact they generate νI^n, and the standard ω-categories have presentations in terms of these generators as follows ([7], Theorem 6.1). 3.8. Theorem. Let K be a standard cube, shell or box. Then νK is freely generated by the atoms corresponding to the basis elements of K subject to the following relations: if ⟨σ⟩ is an atom corresponding to a p-dimensional basis element σ, then d^−_p ⟨σ⟩ = d^+_p ⟨σ⟩ = ⟨σ⟩;

154 RICHARD STEINER

⟨u_3⟩^−_1

� � � � � � � � �

⟨u_3⟩^−_0

� � � � � � � � � ˇ∂^−_1 u_2

ˇ∂^−_3 u_2 � � � � � � � � � ⟨u3⟩^−_2 ⇓^ˇ∂^+_2 u2 ⟨u3⟩^+_0

⟨u_3⟩^+_1

� � � � � � � � �

⟨u_3⟩^−_3 =⟨u_3⟩^+_3 � � ⟨u_3⟩^−_1

ˇ∂^+_3 u_2 � � � � � � � � �

⟨u_3⟩^−_0

� � � � � � � � �_{ˇ∂−2 u2}

� � � � � � � � � ⟨u3⟩^+_2 ⇓ ⟨u3⟩^+_0

ˇ∂^+_1 u_2

⟨u_3⟩^+_1

� � � � � � � � �

Figure 4: The chains ⟨u_3⟩^α_i if ⟨σ⟩ is an atom corresponding to a p-dimensional basis element σ with p > 0, then d^−_{p−1} ⟨σ⟩ = w^− and d^+_{p−1} ⟨σ⟩ = w^+, where w^− and w^+ are suitable composites of lowerdimensional atoms.

For example, the presentation of νI^2 is essentially as illustrated in Figure 1. There are generators ⟨ ˇ∂^β_2 ˇ∂^α_1 u_0⟩ subject to relations d^γ_0 ⟨ ˇ∂^β_2 ˇ∂^α_1 u_0⟩ = ⟨ ˇ∂^β_2 ˇ∂^α_1 u_0⟩; there are generators ⟨ ˇ∂^α_1 u_1⟩ and ⟨ ˇ∂^α_2 u_1⟩ subject to relations d^γ_1 ⟨ ˇ∂^α_i u_1⟩ = ⟨ ˇ∂^α_i u_1⟩, d^γ_0 ⟨ ˇ∂^α_1 u_1⟩ = ⟨ ˇ∂^γ_2 ˇ∂^α_1 u_0⟩, d^γ_0 ⟨ ˇ∂^α_2 u_1⟩ = ⟨ ˇ∂^α_2 ˇ∂^γ_1 u_0⟩;

there is a generator ⟨u_2⟩ subject to relations

d^γ_2 ⟨u_2⟩ = ⟨u_2⟩, d^−_1 ⟨u_2⟩ = ⟨ ˇ∂^−_1 u_1⟩ #_0⟨ ˇ∂^+_2 u_1⟩, d^+_1 ⟨u_2⟩ = ⟨ ˇ∂^−_2 u_1⟩ #_0⟨ ˇ∂^+_1 u_1⟩. A more detailed description of the way in which the atoms generate νI^n is as follows ([7], Proposition 5.4). 3.9. Theorem. Let x = (x^−_0 , x^+_0 | x^−_1 , x^+_1 | . . . ) be an element of νI^n. Then x is an identity for #_p if and only if x^−_q = x^+_q = 0 for q > p. If x is an identity for #_p, then x^−_p = x^+_p = σ_1 + . . . + σ_k for some p-dimensional basis elements σ_i, and x is a composite of the atoms ⟨σ_i⟩ together with atoms of lower dimension. 3.10. Example. In νI^3 the element d^−_2 ⟨u_3⟩ = (⟨u_3⟩^−_0 , ⟨u_3⟩^+_0 | ⟨u_3⟩^−_1 , ⟨u_3⟩^+_1 | ⟨u_3⟩^−_2 , ⟨u_3⟩^−_2 | 0, 0 | . . . ), is an identity for #_2 with 2-chain component ⟨u_3⟩^−_2 = ˇ∂^−_1 u_2 + ˇ∂^+_2 u_2 + ˇ∂^−_3 u_2 and with decomposition

(⟨ ˇ∂^−_1 u_2⟩ #_0⟨ ˇ∂^+_3 ˇ∂^+_2 u_1⟩) #_1(⟨ ˇ∂^−_3 ˇ∂^−_1 u_1⟩ #_0⟨ ˇ∂^+_2 u_2⟩) #_1(⟨ ˇ∂^−_3 u_2⟩ #_0⟨ ˇ∂^+_2 ˇ∂^+_1 u_1⟩). There is a corresponding decomposition of the top half of Figure 4, which is shown in Figure 5. Similarly, there is a decomposition of d^+_2 ⟨u_3⟩ given by

(⟨ ˇ∂^−_2 ˇ∂^−_1 u_1⟩ #_0⟨ ˇ∂^+_3 u_2⟩) #_1(⟨ ˇ∂^−_2 u_2⟩ #_0⟨ ˇ∂^+_3 ˇ∂^+_1 u_1⟩) #_1(⟨ ˇ∂^−_3 ˇ∂^−_2 u_1⟩ #_0⟨ ˇ∂^+_1 u_2⟩). Recall the functor from the precubical category to the category of chain complexes given in Proposition 3.3. Since the morphisms in the image are augmentation-preserving and take standard basis elements to standard basis elements, they induce morphisms between the ω-categories νI^n; thus there is a functor [n] → νI^n from the precubical category to the category of ω-categories. The functors hom(νI^n, −) therefore produce a functor from ω-categories to precubical sets. In fact we get a functor from ω-categories to stratified precubical sets, as follows.

156 RICHARD STEINER

⟨ ˇ∂^+_3 ˇ∂^+_2 u_1⟩

� � � � � � � � �

� � � � � � � � � � � � � � � � � � ⟨ ˇ∂^−_1 u_2⟩ � � � � � � � � � ⟨ ˇ∂^−_3 ˇ∂^−_1 u_1⟩

� � � � � � � � �_⟨ ˇ_∂+_{2 u2⟩}

� � � � � � � � �

⟨ ˇ∂^−_3 u_2⟩ � � � � � � � � �

� � � � � � � � � � � � � � � � � � ⟨ ˇ∂^+_2 ˇ∂^+_1 u_1⟩

� � � � � � � � � Figure 5: The decomposition of d^−_2 ⟨u_3⟩

3.11. Definition. The cubical nerve of an ω-category C is the stratified precubical set X

given by

X_n = hom(νI^n, C),

where an n-cube x: νI^n → C with n > 0 is thin if x⟨u_n⟩ is an identity for #_{n−1} .

From the structure of the ω-categories associated to the standard complexes (The-

orem 3.8), one sees that νS^n is generated by 2n copies of νI^{n−1} corresponding to the

(n − 1)-dimensional faces of an n-cube, subject to relations corresponding to their pair-

wise intersections, and similarly for boxes. This gives the following result.

3.12. Proposition. Let C be an ω-category. Then the n-shells in the cubical nerve of C

correspond to the morphisms νS^n → C, and the n-boxes opposite ∂^γ_k correspond to the

morphisms νB(ˇ∂^γ_k u_{n−1} ) → C. A filler for an n-shell s is an n-cube x such that x|νS^n = s,

and similarly for boxes.

It remains to show that the cubical nerve of an ω-category has thin fillers satisfying

the conditions for a complete stratification. For n > 0 it follows from Theorem 3.8 that

νI^n is got from νS^n by adjoining a single extra generator ⟨u_n⟩ subject to relations on the

d^α_n⟨u_n⟩ and the d^α_{n−1} ⟨u_n⟩. This gives us the following result on thin fillers for shells.

3.13. Proposition. Let s be an n-shell with n > 0 in the cubical nerve of an ω-category.

Then s has a thin filler if and only if s(d^−_{n−1} ⟨u_n⟩) = s(d^+_{n−1} ⟨u_n⟩). If s does have a thin

filler, then this thin filler is unique.

Proof. From Theorem 3.8, the fillers x of s correspond to elements x⟨u_n⟩ such that d^−_n x⟨u_n⟩ = d^+_n x⟨u_n⟩ = x⟨u_n⟩, d^−_{n−1} x⟨u_n⟩ = s(d^−_{n−1} ⟨u_n⟩), d^+_{n−1} x⟨u_n⟩ = s(d^+_{n−1} ⟨u_n⟩).

The filler x is thin if and only if x⟨u_n⟩ is an identity for #_{n−1} ; thus x is thin if and only if it satisfies the additional relations d^−_{n−1} x⟨u_n⟩ = d^+_{n−1} x⟨u_n⟩ = x⟨u_n⟩.

These additional relations actually imply that d^−_n x⟨u_n⟩ = d^+_n x⟨u_n⟩ = x⟨u_n⟩, because d^α_nd^α_{n−1} = d^α_{n−1} (see Proposition 3.1), so the defining relations for thin fillers reduce to x⟨u_n⟩ = s(d^−_{n−1} ⟨u_n⟩) = s(d^+_{n−1} ⟨u_n⟩).

It follows that s has a unique thin filler if s(d^−_{n−1} u_n) = s(d^+_{n−1} u_n), and that s has no thin filler otherwise. This completes the proof.

In Section 6 we will prove the following result.

3.14. Theorem. Let ∂^γ_k be a face operation on n-cubes. Then there is a factorisation

d^{(−) k−1 γ} n−1 ⟨u_n⟩ = A^−_{n−1} #_{n−2} (A^−_{n−2} #_{n−3} . . . (A^−_1 #_0⟨ ˇ∂^γ_k u_{n−1} ⟩ #_0 A^+_1 ) . . . #_{n−3} A^+_{n−2} ) #_{n−2} A^+_{n−1} in νI^n such that the A^α_q are in νB(ˇ∂^γ_k u_{n−1} ) and such that b(A^−_q ) and b(A^+_q ) are identities for #_{q−1} whenever b is an admissible n-box opposite ∂^γ_k .

For example, consider the operation ∂^+_2 on 3-cubes. From Example 3.10 we get d^−_2 ⟨u_3⟩ = A^−_2 #_1(A^−_1 #_0⟨ ˇ∂^+_2 u_2⟩ #_0 A^+_1 ) #_1 A^+_2 , where A^−_2 = ⟨ ˇ∂^−_1 u_2⟩ #_0⟨ ˇ∂^+_3 ˇ∂^+_2 u_1⟩, A^+_2 = ⟨ ˇ∂^−_3 u_2⟩ #_0⟨ ˇ∂^+_2 ˇ∂^+_1 u_1⟩, A^−_1 = ⟨ ˇ∂^−_3 ˇ∂^−_1 u_1⟩, and A^+_1 is an identity for #_0. We see that the atomic factors of A^α_q have dimension at most q; we also see that the q-dimensional factors of the A^α_q correspond to the precubical operations ∂^−_1 , ∂^−_3 and ∂^−_1 ∂^−_3 , which are the non-identity precubical operations complementary to ∂^+_2 . If b is an admissible 3-box opposite ∂^+_2 , then ∂^−_1 b, ∂^−_3 b and ∂^−_1 ∂^−_3 b are thin, so b⟨τ⟩ is an identity for #_{q−1} whenever ⟨τ⟩ is an atomic factor in A^α_q , and it follows from Proposition 3.1 that b(A^α_q ) is an identity for #_{q−1} as claimed.

Assuming Theorem 3.14 we get the following result on admissible boxes.

3.15. Theorem. Let b be an admissible n-box opposite ∂^γ_k . If s is an n-shell extending b then s⟨ ˇ∂^γ_k u_{n−1} ⟩ = s(d^{(−) k−1 γ}_{n−1} ⟨u_n⟩).

If n ≥ 2 then b(d^α_{n−2} ⟨ ˇ∂^γ_k u_{n−1} ⟩) = d^α_{n−2} b(d^{(−) kγ}_{n−1} ⟨u_n⟩).

(Note here that b(d^{(−) kγ}_{n−1} ⟨u_n⟩) exists because, by Proposition 3.7, ˇ∂^γ_k u_{n−1} is not a term in ⟨u_n⟩^{(−) kγ}_{n−1} .)

Proof. Let s be an n-shell extending b and apply s to the factorisation in Theorem 3.14. Since s(A^β_q ) = b(A^β_q ) is an identity for #_{q−1} , the factorisation collapses to the equality s⟨ ˇ∂^γ_k u_{n−1} ⟩ = s(d^{(−) k−1 γ}_{n−1} ⟨u_n⟩).

Now suppose that n ≥ 2. By Proposition 3.1 and a collapse like that in the previous paragraph, b(d^α_{n−2} ⟨ ˇ∂^γ_k u_{n−1} ⟩) = b(d^α_{n−2} d^{(−) k−1 γ}_{n−1} ⟨u_n⟩).

By a further application of Proposition 3.1,

b(d^α_{n−2} d^{(−) k−1 γ} n−1 ⟨u_n⟩) = b(d^α_{n−2} d^{(−) kγ}_{n−1} ⟨u_n⟩) = d^α_{n−2} b(d^{(−) kγ}_{n−1} ⟨u_n⟩);

therefore b(d^α_{n−2} ⟨ ˇ∂^γ_k u_{n−1} ⟩) = d^α_{n−2} b(d^{(−) kγ}_{n−1} ⟨u_n⟩) as required. This completes the proof.

We now get the main theorem of this section as follows.

3.16. Theorem. The cubical nerve of a strict ω-category is a complete stratified precubical set.

Proof. We will verify the conditions of Definition 2.13.

Let s be an admissible n-shell; we must show that s has a unique thin filler. By the definition of an admissible shell there are distinct non-complementary face operations ∂^γ_k and ∂^δ_l such that s^γ_k = s^δ_l and such that the boxes formed by removing s^γ_k or s^δ_l are admissible. Since ∂^γ_k and ∂^δ_l are not complementary we have (−)^kγ ≠ (−)^lδ (see Remark 2.8). Of the expressions s(d^−_{n−1} ⟨u_n⟩) and s(d^+_{n−1} ⟨u_n⟩) it follows from Theorem 3.15 that one is equal to s⟨ ˇ∂^γ_k u_{n−1} ⟩ and the other is equal to s⟨ ˇ∂^δ_l u_{n−1} ⟩; in other words, one of them is s^γ_k⟨u_{n−1} ⟩ and the other is s^δ_l ⟨u_{n−1} ⟩. But s^γ_k = s^δ_l , so s(d^−_{n−1} ⟨u_n⟩) = s(d^+_{n−1} ⟨u_n⟩). By Proposition 3.13, s has a unique thin filler.

Now let b be an admissible n-box opposite ∂^γ_k ; we must show that b has a unique thin filler. Because of Proposition 3.13, the thin fillers of b correspond to n-shells s extending b such that s(d^−_{n−1} ⟨u_n⟩) = s(d^+_{n−1} ⟨u_n⟩).

Equivalently, by Theorem 3.15, these are the n-shells s extending b such that

s⟨ ˇ∂^γ_k u_{n−1} ⟩ = b(d^{(−) kγ}_{n−1} ⟨u_n⟩).

Now it follows from Theorem 3.8 that νS^n is got from νB(ˇ∂^γ_k u_{n−1} ) by adjoining ⟨ ˇ∂^γ_k u_{n−1} ⟩ and imposing certain relations. An n-shell s extending b is therefore uniquely determined by the value of s⟨ ˇ∂^γ_k u_{n−1} ⟩, and the possible values for s⟨ ˇ∂^γ_k u_{n−1} ⟩ are given by the following conditions: in all cases, we require

d^−_{n−1} s⟨ ˇ∂^γ_k u_{n−1} ⟩ = d^+_{n−1} s⟨ ˇ∂^γ_k u_{n−1} ⟩ = s⟨ ˇ∂^γ_k u_{n−1} ⟩;

if n ≥ 2 then we also require

d^α_{n−2} s⟨ ˇ∂^γ_k u_{n−1} ⟩ = b(d^α_{n−2} ⟨ ˇ∂^γ_k u_{n−1} ⟩).

Using Theorem 3.15 in the case n ≥ 2, we see that these conditions are satisfied when s⟨ ˇ∂^γ_k u_{n−1} ⟩ = b(d^{(−) kγ}_{n−1} ⟨u_n⟩). Therefore b has a unique thin filler.

Finally let b be an admissible n-box opposite ∂^γ_k such that all the (n − 1)-cubes b^α_i are thin, and let x be the thin filler of b; we must show that ∂^γ_k x is thin. Since x is thin we have x(d^−_{n−1} ⟨u_n⟩) = d^−_{n−1} x⟨u_n⟩ = x⟨u_n⟩ = d^+_{n−1} x⟨u_n⟩ = x(d^+_{n−1} ⟨u_n⟩),

and it then follows from Theorem 3.15 that

(∂^γ_k x)⟨u_{n−1} ⟩ = x( ˇ∂^γ_k ⟨u_{n−1} ⟩) = x(d^{(−) k−1 γ}_{n−1} ⟨u_n⟩) = x(d^{(−) kγ}_{n−1} ⟨u_n⟩) = b(d^{(−) kγ}_{n−1} ⟨u_n⟩).

Since the b^α_i are thin, b⟨τ⟩ is an identity for #_{n−2} whenever ⟨τ⟩ is an atom in νB(ˇ∂^γ_k u_{n−1} ). By Theorem 3.8, these atoms generate νB(ˇ∂^γ_k u_{n−1} ), so b(d^{(−) kγ}_{n−1} ⟨u_n⟩) is an identity for #_{n−2} by Proposition 3.1. Therefore (∂^γ_k x)⟨u_{n−1} ⟩ is an identity for #_{n−2} , which means that ∂^γ_k x is thin.

This completes the proof.

4. From complete stratified precubical sets to ω-categories

Throughout this section, let X be a complete stratified precubical set. We will show that X is the cubical nerve of an ω-category by constructing degeneracies, connections and compositions with the properties of [1].

The degeneracies are to be operations

ϵ_1, . . . , ϵ_n : X_{n−1} → X_n,

and we will define ϵ_kx for x ∈ X_{n−1} as the unique thin filler of an admissible n-shell; in other words, ϵ_kx is a thin n-cube with prescribed values for the faces ∂^α_i ϵ_kx. The process is inductive: we define degeneracies on n-cubes in terms of degeneracies on lowerdimensional cubes.

ϵ_1∂^+_1 x = x ϵ_1x ϵ_2x x

ϵ_1∂^−_1 x = x ϵ_1∂^−_1 x =

x ϵ_1∂^+_1 x =

Figure 6: The degeneracies of a 1-cube

4.1. Definition. The degeneracies are the elements ϵ_kx, defined for k = 1, 2, . . . , n and x ∈ X_{n−1} , such that ϵ_kx is a thin member of X_n and

∂^α_i ϵ_kx = ϵ_{k−1} ∂^α_i x for i < k, ∂^α_k ϵ_kx = x, ∂^α_i ϵ_kx = ϵ_k∂^α_{i−1} x for i > k.

The two degeneracies of a 1-cube x are shown in Figure 6, with the thin edges labelled by equality signs. Compare the first two shells in Figure 3.

To justify Definition 4.1, we must show that the prescribed values s^α_i for ∂^α_i ϵ_kx form an admissible n-shell s. We will in fact show that s is of the type described in Example 2.11, using induction on n. Suppose that there are degeneracies with the required properties on m-cubes for m < n − 1. Then we get ∂^α_i s^β_j = ∂^β_j s^α_{i+1} for i ≥ j as follows: if j ≤ i < k − 1 then

∂^α_i s^β_j = ∂^α_i ϵ_{k−1} ∂^β_j x = ϵ_{k−2} ∂^α_i ∂^β_j x = ϵ_{k−2} ∂^β_j ∂^α_{i+1}x = ∂^β_j ϵ_{k−1} ∂^α_{i+1}x = ∂^β_j s^α_{i+1},

if j ≤ i = k − 1 then ∂^α_i s^β_j = ∂^α_i ϵ_{k−1} ∂^β_j x = ∂^β_j x = ∂^β_j s^α_{i+1}, etc. Therefore s is a shell. We also have s^−_k = s^+_k . If θ is a non-identity precubical operation on n-cubes whose standard decomposition does not contain ∂^−_k or ∂^+_k , say

θ = (∂^{α(1)}_{i(1)} . . . ∂^{α(p)}_{i(p)} )(∂^{β(1)}_{j(1)} . . . ∂^{β(q)}_{j(q)} )

with p + q > 0 and with

i(1) < . . . < i(p) < k < j(1) < . . . < j(q),

then θs = ϵ_{k−p} (∂^{α(1)}_{i(1)} . . . ∂^{α(p)}_{i(p)} )(∂^{β(1)}_{j(1)−1} . . . ∂^{β(q)}_{j(q)−1} )x, so θs is thin. It follows from Example 2.11 that s is an admissible shell, as required.

Connections are defined by a similar inductive process, with a similar inductive justification using Example 2.12.

ϵ_1∂^+_1 x = x

Γ^−_1 x Γ^+_1 x x

x ϵ_1∂^+_1 x

= ϵ_1∂^−_1 x =

ϵ_1∂^−_1 x = x

Figure 7: The connections of a 1-cube

4.2. Definition. The connections are the elements Γ^−_k x and Γ^+_k x, defined for k = 1, 2, . . . , n and x ∈ X_n, such that Γ^γ_kx is a thin member of X_{n+1} and

∂^α_i Γ^γ_kx = Γ^γ_{k−1} ∂^α_i x for i < k, ∂^γ_k Γ^γ_kx = ∂^γ_{k+1}Γ^γ_kx = x, ∂^{−γ}_k Γ^γ_kx = ∂^{−γ}_{k+1}Γ^γ_kx = ϵ_k∂^{−γ}_k x, ∂^α_i Γ^γ_kx = Γ^γ_k∂^α_{i−1} x for i > k + 1.

The two connections of a 1-cube x are shown in Figure 7; compare the last two shells in Figure 3.

We will get composites x ∘_k y as the additional faces ∂^−_k G_k(x, y) of thin fillers of admissible boxes opposite ∂^−_k . These thin fillers are called composers, and are again defined inductively. The definitions are as follows.

4.3. Definition. The composers are the elements G_k(x, y), defined for k = 1, 2, . . . , n and x, y ∈ X_n with ∂^+_k x = ∂^−_k y, such that G_k(x, y) is a thin member of X_{n+1} and

∂^α_i G_k(x, y) = G_{k−1} (∂^α_i x, ∂^α_i y) for i < k, ∂^+_k G_k(x, y) = y, ∂^−_{k+1}G_k(x, y) = x, ∂^+_{k+1}G_k(x, y) = ϵ_k∂^+_k y, ∂^α_i G_k(x, y) = G_k(∂^α_{i−1} x, ∂^α_{i−1} y) for i > k + 1.

The composites are the elements

x ∘_k y = ∂^−_k G_k(x, y) ∈ X_n,

defined for k = 1, 2, . . . , n and x, y ∈ X_n with ∂^+_k x = ∂^−_k y.

The case k = n = 1 is shown in Figure 8; compare Figure 2. Note that ∂^−_k G_k(x, y) is not specified in the definition of G_k(x, y), because we are dealing with a box b opposite ∂^−_k . The justification of this definition is as before; in particular θb is thin if θ is a non-identity

ϵ_1∂^+_1 y = G_1(x, y)

x∘_1y

x y

Figure 8: The composer of two 1-cubes

precubical operation whose standard decomposition has no factors ∂^−_k , ∂^+_k or ∂^−_{k+1}, so b is admissible by Example 2.9.

It remains to verify that X satisfies the axioms for a cubical nerve as given in [1]. We begin with the following observation.

4.4. Proposition. If x ∘_k y is a composite such that x and y are thin, then x ∘_k y is thin. Proof. If x and y are thin n-cubes then all the n-cubes in the admissible box defining G_k(x, y) are thin, so the additional face x ∘_k y = ∂^−_k G_k(x, y) is also thin. 4.5. Proposition. The degeneracies have the property that ϵ_kϵ_lx = ϵ_{l+1}ϵ_kx for k ≤ l.

Proof. The proof is by induction on n, where x is an n-cube. Using the inductive hypothesis, we find that ∂^α_i ϵ_kϵ_lx = ∂^α_i ϵ_{l+1}ϵ_kx for all ∂^α_i . This means that ϵ_kϵ_lx and ϵ_{l+1}ϵ_kx are fillers for the same shell s, and in fact they are thin fillers for s. But s is admissible (it is the admissible shell used to define ϵ_kϵ_lx), so it has a unique thin filler. Therefore ϵ_kϵ_lx = ϵ_{l+1}ϵ_kx.

4.6. Proposition. The connections have the following properties: Γ^γ_kϵ_lx = ϵ_{l+1}Γ^γ_kx for k < l, Γ^γ_kϵ_kx = ϵ_{k+1}ϵ_kx, Γ^γ_kϵ_lx = ϵ_lΓ^γ_{k−1} x for k > l, Γ^γ_kΓ^δ_l x = Γ^δ_{l+1}Γ^γ_kx for k < l, Γ^γ_kΓ^γ_kx = Γ^γ_{k+1}Γ^γ_kx.

Proof. Similar.

4.7. Proposition. If x ∘_k y is defined, then ∂^α_i (x ∘_k y) = ∂^α_i x ∘_{k−1} ∂^α_i y for i < k, ∂^−_k (x ∘_k y) = ∂^−_k x, ∂^+_k (x ∘_k y) = ∂^+_k y, ∂^α_i (x ∘_k y) = ∂^α_i x ∘_k ∂^α_i y for i > k.

Proof. This follows straightforwardly from the definition: if i < k then ∂^α_i (x ∘_k y) = ∂^α_i x ∘_{k−1} ∂^α_i y because ∂^α_i ∂^−_k G_k(x, y) = ∂^−_{k−1} ∂^α_i G_k(x, y) = ∂^−_{k−1} G_{k−1} (∂^α_i x, ∂^α_i y), etc.

4.8. Proposition. The composites have the properties ϵ_k∂^−_k x ∘_k x = x = x ∘_k ϵ_k∂^+_k x, Γ^+_k x ∘_k Γ^−_k x = ϵ_{k+1}x, Γ^+_k x ∘_{k+1} Γ^−_k x = ϵ_kx.

Proof. There are composers G_k(ϵ_k∂^−_k x, x) and G_k(x, ϵ_k∂^+_k x) because ∂^+_k ϵ_k∂^−_k x = ∂^−_k x, ∂^+_k x = ∂^−_k ϵ_k∂^+_k x.

An inductive argument shows that ∂^α_i G_k(ϵ_k∂^−_k x, x) = ∂^α_i ϵ_kx for ∂^α_i ≠ ∂^−_k , so that ϵ_kx is a thin filler for the admissible box whose unique thin filler is G_k(ϵ_k∂^−_k x, x). Therefore G_k(ϵ_k∂^−_k x, x) = ϵ_kx (compare Figures 6 and 8). By a similar argument, G_k(x, ϵ_k∂^+_k x) = Γ^−_k x (compare Figures 7 and 8). Applying ∂^−_k now gives ϵ_k∂^−_k x∘_k x = x and x∘_k ϵ_k∂^+_k x = x.

It is clear that Γ^+_k x ∘_k Γ^−_k x exists. From Proposition 4.4 it is thin, and an inductive argument shows that it is a filler for the shell whose unique thin filler is ϵ_{k+1}x. Therefore Γ^+_k x ∘_k Γ^−_k x = ϵ_{k+1}x. Similarly Γ^+_k x ∘_{k+1} Γ^−_k x = ϵ_kx. 4.9. Proposition. If x ∘_k y is defined then ϵ_j(x ∘_k y) = ϵ_jx ∘_{k+1} ϵ_jy for j ≤ k, ϵ_j(x ∘_k y) = ϵ_jx ∘_k ϵ_jy for j > k, Γ^β_j (x ∘_k y) = Γ^β_j x ∘_{k+1} Γ^β_j y for j < k, Γ^−_k (x ∘_k y) = (Γ^−_k x ∘_k ϵ_{k+1}y) ∘_{k+1} Γ^−_k y = (Γ^−_k x ∘_{k+1} ϵ_ky) ∘_k Γ^−_k y, Γ^+_k (x ∘_k y) = Γ^+_k x ∘_k (ϵ_kx ∘_{k+1} Γ^+_k y) = Γ^+_k x ∘_{k+1} (ϵ_{k+1}x ∘_k Γ^+_k y), Γ^β_j (x ∘_k y) = Γ^β_j x ∘_k Γ^β_j y for j > k.

Proof. In each equality the first expression is defined as the unique thin filler of some shell and the other expressions are well-defined and thin. It therefore suffices to show that the other expressions are also fillers for the appropriate shells, and this is done by inductive arguments.

4.10. Proposition. If k ≠ l, then (x ∘_k y) ∘_l (z ∘_k w) = (x ∘_l z) ∘_k (y ∘_l w) whenever both sides are defined.

ϵ_1∂^+_1 z

G_1(x ∘_1 y, z)

(x∘_1y)∘_1z

x∘_1y z

ϵ_1∂^+_1 z ϵ_1∂^+_1 z

G_1(x, y ∘_1 z) G_1(y, z)

x∘_1(y∘_1z)

x y∘_1z

y z

Figure 9: The equality G_1(x ∘_1 y, z) = G_1(x, y) ∘_1 G_1(x, y ∘_1 z) Proof. For definiteness, suppose that k > l. By an inductive argument one shows that G_k(x, y) ∘_l G_k(z, w) = G_k(x ∘_l z, y ∘_l w);

indeed the composite on the left exists and is a thin filler for the box opposite ∂^−_k whose unique thin filler is the expression on the right. The result then follows by applying ∂^−_k to both sides.

4.11. Proposition. If x, y, z ∈ X_n are such that ∂^+_k x = ∂^−_k y and ∂^+_k y = ∂^−_k z, then (x ∘_k y) ∘_k z = x ∘_k (y ∘_k z).

Proof. We first show that G_k(x ∘_k y, z) = G_k(x, y ∘_k z) ∘_k G_k(y, z) by the usual inductive argument: the expression on the right exists and is a thin filler for the admissible box opposite ∂^−_k whose unique thin filler is the expression on the left. The case k = n = 1 is shown in Figure 9. We then get ∂^−_k G_k(x ∘_k y, z) = ∂^−_k G_k(x, y ∘_k z), which means that (x ∘_k y) ∘_k z = x ∘_k (y ∘_k z) as required.

We have now verified all the axioms of [1], so we have proved the following result. 4.12. Theorem. If X is a complete stratified precubical set then the induced degeneracies, connections and compositions make X into the cubical nerve of an ω-category.

5. The equivalence

We have shown that an ω-category nerve structure on a precubical set induces a complete stratification (Theorem 3.16) and that a complete stratification induces an ω-category nerve structure (Theorem 4.12). In this section we complete the proof of Theorem 2.14 by showing that the two processes are mutually inverse.

We begin by recalling some properties of nerves from [1].

5.1. Proposition. Let X be the cubical nerve of an ω-category C, so that X has degeneracies, connections and compositions and an induced complete stratification. Then degeneracies and connections are thin, and composites of thin elements are thin.

Proof. Let C(n) be the sub-ω-category of C consisting of the elements which are identities for #_n (see Proposition 3.1), and let X(n) be the nerve of C(n); then X(n) is a sub-precubical set of X closed under degeneracies, connections and compositions. We have X_n = X(n)_n, and the thin elements of X_n are precisely the members of X(n − 1)_n. If an n-cube x is a degeneracy or connection of an (n−1)-cube y, then y ∈ X_{n−1} = X(n−1)_{n−1} , so x ∈ X(n − 1)_n and x is therefore thin. If an n-cube x is a composite of thin n-cubes, then x is thin because X(n − 1) is closed under composition. This completes the proof.

5.2. Proposition. Let X be the cubical nerve of an ω-category. Then there are operations

ψ_1, . . . , ψ_{n−1} : X_n → X_n

such that

ψ_kx = Γ^+_k ∂^−_{k+1}x ∘_{k+1} x ∘_{k+1} Γ^−_k ∂^+_{k+1}x, ∂^α_{k+1}ψ_kx = ϵ_k∂^α_k ∂^α_{k+1}x, ∂^α_i ψ_kx = ψ_k∂^α_i x for i > k + 1, ψ_kϵ_{k+1}x = ϵ_kx, x = (ϵ_k∂^−_k x ∘_{k+1} Γ^+_k ∂^+_{k+1}x) ∘_k ψ_kx ∘_k (Γ^−_k ∂^−_{k+1}x ∘_{k+1} ϵ_k∂^+_k x).

Proof. We know from [1] that X is a precubical set with operations satisfying the conditions of Definitions 4.1–4.3, Propositions 4.7–4.8 and Propositions 4.10–4.11. Using these conditions, it is easy to check that the composite on the right side of the first equality exists, and one can therefore use this equality to define ψ_kx. It is then straightforward to verify the next three equalities. As to the last equality, we have

x = x ∘_{k+1} ϵ_{k+1}∂^+_{k+1}x = (ϵ_k∂^−_k x ∘_k x) ∘_{k+1} (Γ^+_k ∂^+_{k+1}x ∘_k Γ^−_k ∂^+_{k+1}x) = (ϵ_k∂^−_k x ∘_{k+1} Γ^+_k ∂^+_{k+1}x) ∘_k (x ∘_{k+1} Γ^−_k ∂^+_{k+1}x) and x ∘_{k+1} Γ^−_k ∂^+_{k+1}x = ϵ_{k+1}∂^−_{k+1}x ∘_{k+1} (x ∘_{k+1} Γ^−_k ∂^+_{k+1}x) = (Γ^+_k ∂^−_{k+1}x ∘_k Γ^−_k ∂^−_{k+1}x) ∘_{k+1} [(x ∘_{k+1} Γ^−_k ∂^+_{k+1}x) ∘_k ϵ_k∂^+_k x] = [Γ^+_k ∂^−_{k+1}x ∘_{k+1} (x ∘_{k+1} Γ^−_k ∂^+_{k+1}x)] ∘_k (Γ^−_k ∂^−_{k+1}x ∘_{k+1} ϵ_k∂^+_k x) = ψ_kx ∘_k (Γ^−_k ∂^−_{k+1}x ∘_{k+1} ϵ_k∂^+_k x),

from which the result follows.

5.3. Proposition. Let x be an n-cube in the cubical nerve of an ω-category with n > 0. Then there is an n-cube Ψx such that Ψx can be obtained by composing x with connections, such that x can be obtained by composing Ψx with degeneracies and connections, and such that ∂^α_i Ψx = ϵ_1∂^α_{i−1} ∂^+_1 Ψx for i > 1.

Proof. Let Ψx = ψ_1ψ_2 . . . ψ_{n−1} x, where the ψ_k are as in Proposition 5.2. From the first equality in Proposition 5.2, Ψx is a composite of x with connections; from the last equality in Proposition 5.2, x is a composite of Ψx with degeneracies and connections. For i > 1, the middle equalities in Proposition 5.2 give

∂^α_i Ψx = ∂^α_i (ψ_1 . . . ψ_{i−2} )ψ_{i−1} (ψ_i . . . ψ_{n−1} )x

= (ψ_1 . . . ψ_{i−2} )∂^α_i ψ_{i−1} (ψ_i . . . ψ_{n−1} )x = (ψ_1 . . . ψ_{i−2} )ϵ_{i−1} ∂^α_{i−1} ∂^α_i (ψ_i . . . ψ_{n−1} )x = ϵ_1∂^α_{i−1} ∂^α_i (ψ_i . . . ψ_{n−1} )x = ϵ_1y,

say, we then get y = ∂^+_1 ϵ_1y = ∂^+_1 ∂^α_i Ψx = ∂^α_{i−1} ∂^+_1 Ψx, and we deduce that ∂^α_i Ψx = ϵ_1y = ϵ_1∂^α_{i−1} ∂^+_1 Ψx. This completes the proof.

We now give the two results showing that the functors are mutually inverse. 5.4. Theorem. Let X be a complete stratified precubical set. Then the stratification on X obtained from its structure as the cubical nerve of an ω-category is the same as the original stratification.

Proof. We use the method of Higgins [6]. Let x be an n-cube in X with n > 0, and let Ψx be as in Proposition 5.3. From Propositions 5.1 and 5.3 we see that in the ωcategory stratification x is thin if and only if Ψx is thin. But Proposition 5.1 is also true in the original stratification: degeneracies and connections are thin by construction, and composites of thin elements are thin by Proposition 4.4. Hence, in the original stratification, it also follows from Proposition 5.3 that x is thin if and only if Ψx is thin.

It therefore suffices to show that Ψx is thin in the ω-category stratification if and only if it is thin in the original stratification.

From Proposition 5.3 we see that ∂^α_i Ψx = ∂^α_i ϵ_1∂^+_1 Ψx for i > 1, and we also have ∂^+_1 Ψx = ∂^+_1 ϵ_1∂^+_1 Ψx, so Ψx and ϵ_1∂^+_1 Ψx are fillers for the same n-box b opposite ∂^−_1 . In each of the stratifications degeneracies are thin, so b is admissible as in Example 2.9 (see the justification of Definition 4.1), and b therefore has a unique thin filler. Since degeneracies are thin in each stratification, the unique thin filler of b in each stratification is given by ϵ_1∂^+_1 Ψx. In each stratification, it follows that Ψx is thin if and only if Ψx = ϵ_1∂^+_1 Ψx. Therefore Ψx is thin in the ω-category stratification if and only if it is thin in the original stratification. This completes the proof.

5.5. Theorem. Let X be the cubical nerve of an ω-category. Then the cubical nerve structure obtained from the induced stratification is the same as the original cubical nerve structure.

Proof. We must show that the degeneracies, connections and compositions constructed from the stratification are the same as the original degeneracies, connections and compositions. Now the original degeneracies are thin by Proposition 5.1, so they satisfy the conditions of Definition 4.1, and it follows that they are the same as the degeneracies constructed from the stratification. The same argument applies to connections. As to compositions, let x and y be n-cubes such that ∂^+_k x = ∂^−_k y for some k. In the original structure one can check that there is a composite Γ^−_k x ∘_{k+1} ϵ_ky, and this composite is thin by Proposition 5.1. By an inductive argument one finds that this composite satisfies the conditions for G_k(x, y) in Definition 4.3; see Figure 10 for the case n = k = 1. One therefore gets G_k(x, y) = Γ^−_k x ∘_{k+1} ϵ_ky,

where the left side is the composer constructed from the stratification and the right side is the composite in the original structure. Applying ∂^−_k to both sides now shows that the composite x ∘_k y constructed form the stratification is the same as the original composite ∂^−_k Γ^−_k x ∘_k ∂^−_k ϵ_ky = x ∘_k y. This completes the proof.

6. Proof of Theorem 3.14

Let ∂^γ_k be a face operation on n-cubes; we must construct a factorisation of d^{(−) k−1 γ}_{n−1} ⟨u_n⟩ in νI^n with certain properties. We will write

σ = ˇ∂^γ_k u_{n−1} = u_{k−1} ⊗ ∂^γ u_1 ⊗ u_{n−k} ,

so that an n-box opposite ∂^γ_k is a morphism on B(σ).

Consider the self-map of a geometric n-cube got by projection onto the face corresponding to σ. It is a cellular map cellularly homotopic to the identity, so it induces a chain endomorphism of I^n chain homotopic to the identity. To be explicit, we get the following two results.

ϵ_1∂^+_1 y ϵ_1∂^+_1 y

ϵ_1y

G_1(x, y)

y

ϵ_1∂^+_1 x=ϵ_1∂^−_1 y y

Γ^−_1 x

x∘_1y

x y

x

x ϵ_1∂^+_1 x=ϵ_1∂^−_1 y

Figure 10: The equality G_1(x, y) = Γ^−_1 x ∘_2 ϵ_1y

6.1. Proposition. There is a chain map f : I^n → I^n given for x a chain in I^{k−1} and for y a chain in I^{n−k} by f(x ⊗ u_1 ⊗ y) = 0, f(x ⊗ ∂^γ u_1 ⊗ y) = f(x ⊗ ∂^{−γ} u_1 ⊗ y) = x ⊗ ∂^γ u_1 ⊗ y, such that f⟨u_n⟩^α_i = ⟨σ⟩^α_i .

Proof. It is straightforward to check that there is a chain map f as given, and it follows from Proposition 3.7 that f⟨u_n⟩^α_i = ⟨σ⟩^α_i .

6.2. Proposition. There are abelian group homomorphisms D : I^n → I^n of degree 1, given for x an i-chain in I^{k−1} and for y a chain in I^{n−k} by D(x ⊗ u_1 ⊗ y) = 0, D(x ⊗ ∂^γ u_1 ⊗ y) = 0, D(x ⊗ ∂^{−γ} u_1 ⊗ y) = −(−)^iγ(x ⊗ u_1 ⊗ y), such that ∂D + D∂ = id −f.

Proof. This is a straightforward computation.

The chain homotopy D is related to the precubical operations complementary to ∂^γ_k as follows.

6.3. Proposition. The chains D⟨u_n⟩^+_{q−1} and −D⟨u_n⟩^−_{q−1} are sums of basis elements ˇ∂^{α(n−q)}

i(n−q) . . . ˇ∂ α(1) i(1) uq

corresponding to precubical operations ∂^{α(1)}_{i(1)} . . . ∂^{α(n−q)}_{i(n−q)} complementary to ∂^γ_k .

Proof. This follows from Proposition 3.7, according to which ⟨u_n⟩^α_{q−1} is the sum of the basis elements ˇ∂^{α(n−q+1)}

i(n−q+1) . . . ˇ∂ α(1) i(1) uq

such that i(1) < i(2) < . . . < i(n − q + 1) and such that (−)^{i(r)−r} α(r) = α for all r. Applying D picks out the terms involving ˇ∂^{−γ}_k , omits the factor ˇ∂^{−γ}_k , and multiplies by α. This makes D⟨u_n⟩^+_{q−1} and −D⟨u_n⟩^−_{q−1} into sums of basis elements corresponding to precubical operations complementary to ∂^γ_k , as required.

The factors A^β_q of d^{(−) k−1 γ}_{n−1} ⟨u_n⟩ are defined as follows.

6.4. Proposition. There are elements A^−_q and A^+_q of νI^n for 1 ≤ q ≤ n − 1 given as double sequences by the formulae

(A^β_q )^α_i = ⟨u_n⟩^α_i for i < q − 1,

(A^β_q )^β_{q−1} = ⟨u_n⟩^β_{q−1} ,

(A^β_q )^{−β}_{q−1} = (id −∂D)⟨u_n⟩^β_{q−1} ,

(A^β_q )^α_q = βD⟨u_n⟩^β_{q−1} , (A^β_q )^α_i = 0 for i > q.

Proof. We must verify the conditions of Definition 3.5. Note that (A^β_q )^{−β}_{q−1} can be written in the form (f + D∂)⟨u_n⟩^β_{q−1} = ⟨σ⟩^β_{q−1} + D⟨u_n⟩^+_{q−2} − D⟨u_n⟩^−_{q−2}

(interpret ⟨u_n⟩^α_{−1} as zero in the case q = 1). Using Proposition 6.3 where necessary, we see that (A^β_q )^α_i is a sum of i-dimensional basis elements in I^n. From the expressions in the statement of the proposition, it is easy to check that ϵ(A^β_q )^α_0 = 1 and (A^β_q )^+_i − (A^β_q )^−_i = ∂(A^β_q )^α_{i+1}. This completes the proof.

We must now show that the elements A^β_q have the properties stated in Theorem 3.14. We begin with the following observation.

6.5. Proposition. The elements A^β_q are members of νB(σ) such that b(A^β_q ) is an identity for #_{q−1} whenever b is an admissible n-box opposite ∂^γ_k .

Proof. The A^β_q are members of νB(σ) because the basis element σ is never a term in (A^β_q )^α_{n−1} and because u_n is never a term in (A^β_q )^α_n.

Now let b be an admissible n-box opposite ∂^γ_k . By Proposition 6.3 and the definition of admissible box, b⟨τ⟩ is an identity for #_{q−1} whenever τ is a term in βD⟨u_n⟩^β_{q−1} . But (A^β_q )^α_i = 0 for i > q and (A^β_q )^−_q = (A^β_q )^+_q = βD⟨u_n⟩^β_{q−1} ;

hence, by Theorem 3.9, A^β_q is a composite of atoms ⟨τ⟩ such that τ is a term in βD⟨u_n⟩^β_{q−1} or τ has dimension less than q. It follows that b(A^β_q ) is a composite of identities for #_{q−1} . By Proposition 3.1, b(A^β_q ) itself is an identity for #_{q−1} .

This completes the proof.

Next we show how to compose the elements A^β_q .

6.6. Proposition. There are elements A_q in νI^n for 0 ≤ q ≤ n − 1 given inductively by A_0 = ⟨σ⟩ and by A_q = A^−_q #_{q−1} A_{q−1} # A^+_q for 1 ≤ q ≤ n − 1 such that (A_q)^α_i = ⟨u_n⟩^α_i for i < q, (A_q)^α_q = (id −∂D)⟨u_n⟩^α_q , (A_q)^α_i = ⟨σ⟩^α_i for i > q.

Proof. The proof is by induction. To begin, let A_0 = ⟨σ⟩; then A_0 is certainly a member of νI^n such that the (A_0)^α_i are as described, since (id −∂D)⟨u_n⟩^α_0 = (f + D∂)⟨u_n⟩^α_0 = f⟨u_n⟩^α_0 = ⟨σ⟩^α_0 .

For the inductive step, suppose that there is a member A_{q−1} of νI^n as described. Then one finds that d^+_{q−1} A^−_q = d^−_{q−1} A_{q−1} and d^+_{q−1} A_{q−1} = d^−_{q−1} A^+_q , so one can define A_q in νI^n as the composite

A_q = A^−_q #_{q−1} A_{q−1} # A^+_q = A^−_q − d^−_{q−1} A_{q−1} + A_{q−1} − d^+_{q−1} A_{q−1} + A^+_q . It now follows from the inductive hypothesis that the (A_q)^α_i are as required; for the case i = q note that

−D⟨u_n⟩^−_{q−1} + ⟨σ⟩^α_q + D⟨u_n⟩^+_{q−1} = (f + D∂)⟨u_n⟩^α_q = (id −∂D)⟨u_n⟩^α_q . This completes the proof.

Finally, we complete the proof of Theorem 3.14 by proving the following result. 6.7. Proposition. There is an equality A_{n−1} = d^{(−) k−1 γ} n−1 ⟨u_n⟩.

Proof. We have (A_{n−1} )^α_i = ⟨u_n⟩^α_i for i < n − 1 and (A_{n−1} )^α_i = ⟨σ⟩^α_i = 0 for i > n − 1, from which it follows that (A_{n−1} )^+_{n−1} − (A_{n−1} )^−_{n−1} = ∂(A_{n−1} )^−_n = 0.

It therefore suffices to show that (A_{n−1} )^{(−) k−1 γ}_{n−1} = ⟨u_n⟩^{(−) k−1 γ}_{n−1} . But (A_{n−1} )^{(−) k−1 γ} n−1 = (id −∂D)⟨u_n⟩^{(−) k−1 γ}_{n−1} = ⟨u_n⟩^{(−) k−1 γ}_{n−1} because u_{k−1} ⊗ ∂^{−γ} u_1 ⊗ u_{n−k} is not a term in ⟨u_n⟩^{(−) k−1 γ}_{n−1} . This completes the proof.

7. A thin filler with a single non-thin face

In this section we exhibit a thin 3-cube x in the nerve of an ω-category such that x has exactly one non-thin 2-face; moreover, x is the thin filler of an admissible box. It complies with the final condition of Definition 2.13, because the non-thin face is ∂^−_1 x and the box is opposite a different operation ∂^−_2 , but it shows that this condition in Definition 2.13 cannot be weakened.

We need an ω-category containing elements with certain properties.

7.1. Proposition. There is an ω-category with elements A and b such that A is an identity for #_2 but not for #_1, such that b is an identity for #_1, and such that A #_0 b exists and is an identity for #_1.

Proof. We take the ω-category to be the 2-category of small categories; thus the identities for #_0 are the categories, the identities for #_1 are the functors, the identities for #_2 are the natural transformations, and every element is an identity for #_3. Let A be a non-identity natural transformation and b be a functor such that A #_0 b exists and is an identity natural transformation. Then A and b have the required properties.

7.2. Theorem. There is an ω-category with a 3-cube x in its cubical nerve such that x is the thin filler of an admissible box opposite ∂^−_2 , such that ∂^−_1 x is not thin, and such that ∂^α_i x is thin for ∂^α_i ≠ ∂^−_1 .

Proof. By Proposition 3.13, to construct the thin 3-cube x it suffices to construct a 3-shell s such that s(d^−_2 ⟨u_3⟩) = s(d^+_2 ⟨u_3⟩). By Proposition 3.8, to construct the shell s, it suffices to assign ω-category elements to the atoms of dimension less than 3 in I^3 such that the restriction to each 2-face is as shown in Figure 1. Take an ω-category with elements A and b as in Proposition 7.1, let a^− = d^−_1 A, and let a^+ = d^+_1 A. One can then check that there is a shell s as shown in Figure 11, where the equality signs denote identities for #_0 and where the 2-faces are positioned as in Figure 4; that is,

x⟨ ˇ∂^−_1 u_2⟩ = A, x⟨ ˇ∂^+_2 u_2⟩ = b, x⟨ ˇ∂^−_3 u_2⟩ = a^+, x⟨ ˇ∂^+_3 u_2⟩ = a^− #_0 b, x⟨ ˇ∂^−_2 u_2⟩ = A #_0 b, x⟨ ˇ∂^+_1 u_2⟩ = a^+ #_0 b.

From the formulae for d^−_2 ⟨u_3⟩ and d^+_2 ⟨u_3⟩ in Example 3.10, we see that s(d^−_2 ⟨u_3⟩) and s(d^+_2 ⟨u_3⟩) are both equal to A #_0 b, so s has a thin filler x. Since a^− , a^+, b and A #_0 b are identities for #_1 and since A is not an identity for #_1, it follows that ∂^−_1 x is the unique non-thin 2-face of x. In particular ∂^+_1 x and ∂^+_3 x are thin; so also is ∂^+_1 ∂^+_3 x, which is given by the common edge of ∂^+_1 x and ∂^+_3 x. This means that x restricts to an admissible box opposite ∂^−_2 , so x is the thin filler of an admissible box opposite ∂^−_2 . This completes the proof.

172 RICHARD STEINER

a^− �

b � � � � � � � � � = � � � � � � � � � A⇓ a^+ �

a^+⇓ = � � � � � � � � � =

� � � � � � � � �_{b⇓} = � � � � � � � � �

a^+ � b

� � � � � � � � �

a^− �

a^− #_0 b⇓

a^− #_0 b � � � � � � � � � b � � � � � � � � � = � � � � � � � � �_{A #0 b⇓}

= � � � � � � � � �^= �

a^+ #_0 b � � � � � � � � � a^+ #_0 b⇓

a^+ � b

� � � � � � � � �

Figure 11: The shell s in the proof of Theorem 7.2

References

[1] Fahd Ali Al-Agl, Ronald Brown, and Richard Steiner, Multiple categories: the equivalence of a globular and a cubical approach, Adv. Math. 170 (2002), no. 1, 71–118.

[2] N. Ashley, Simplicial T -complexes and crossed complexes: a nonabelian version of a theorem of Dold and Kan, Dissertationes Math. (Rozprawy Mat.) 265 (1988), 61.

[3] Ronald Brown and Philip J. Higgins, The equivalence of ω-groupoids and cubical T -complexes, Cahiers Topologie Géom. Différentielle 22 (1981), no. 4, 349–370.

[4] , On the algebra of cubes, J. Pure Appl. Algebra 21 (1981), no. 3, 233–260.

[5] M. K. Dakin, Kan complexes and multiple groupoid structures, Mathematical sketches, 32, Esquisses Math., vol. 32, Univ. Amiens, Amiens, 1983, pp. Paper No. 2, xi+92.

[6] Philip J. Higgins, Thin elements and commutative shells in cubical ω-categories, Theory Appl. Categ. 14 (2005), No. 4, 60–74 (electronic).

[7] Richard Steiner, Omega-categories and chain complexes, Homology Homotopy Appl.

6 (2004), no. 1, 175–200 (electronic).

[8] Ross Street, The algebra of oriented simplexes, J. Pure Appl. Algebra 49 (1987), no. 3, 283–335.

[9] , Fillers for nerves, Categorical algebra and its applications (Louvain-La- Neuve, 1987), Lecture Notes in Math., vol. 1348, Springer, Berlin, 1988, pp. 337–341.

[10] , Weak omega-categories, Diagrammatic morphisms and applications (San Francisco, CA, 2000), Contemp. Math., vol. 318, Amer. Math. Soc., Providence, RI, 2003, pp. 207–213.

[11] Dominic Verity, Complicial sets, arXiv:math.CT/0410412, 2004.

Department of Mathematics University of Glasgow University Gardens Glasgow Scotland G12 8QW Email: r.steiner@maths.gla.ac.uk

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/8/16-08.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e is

the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@mathstat.uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca