Theory and Applications of Categories, Vol. 18, No. 4, 2007, pp. 118–150.

ON YETTER’S INVARIANT AND AN EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT TO CATEGORICAL GROUPS

JOÃO FARIA MARTINS AND TIMOTHY PORTER

Abstract. We give an interpretation of Yetter’s Invariant of manifolds M in terms of the homotopy type of the function space TOP(M, B(G)), where G is a crossed module and B(G) is its classifying space. From this formulation, there follows that Yetter’s invariant depends only on the homotopy type of M, and the weak homotopy type of the crossed module G. We use this interpretation to define a twisting of Yetter’s Invariant by cohomology classes of crossed modules, defined as cohomology classes of their classifying spaces, in the form of a state sum invariant. In particular, we obtain an extension of the Dijkgraaf-Witten Invariant of manifolds to categorical groups. The straightforward extension to crossed complexes is also considered.

1. Introduction

Let G be a finite group. In the context of Topological Gauge Field Theory, R. Dijkgraaf and E. Witten defined in [24] a 3-dimensional manifold invariant for each 3-dimensional cohomology class of G. When M is a triangulated manifold, the Dijkgraaf-Witten Invariant can be expressed in terms of a state sum model, reminiscent of Lattice Gauge Field Theory. State sum invariants of manifolds were popularised by V.G. Turaev and O.Ya. Viro, because of their construction of a non-trivial closed 3-manifold state sum invariant from quantum 6j-symbols (see [51]), regularising the divergences of the celebrated Ponzano-Regge Model (see [41]), which is powerful enough to distinguish between manifolds which are homotopic but not homeomorphic. For categorically inclined introductions to state sum invariants of manifolds we refer the reader to [50, 5, 35].

State sum models, also known as spin foam models, appear frequently in the context of 3- and 4-dimensional Quantum Gravity, as well as Chern-Simons Theory, making them particularly interesting. See for example [3, 1] for reviews.

Let us recall the construction of the Dijkgraaf-Witten Invariant. Let G be a finite group. A 3-dimensional group cocycle is a map ω : G^3 → U(1) verifying the cocycle

The authors would like to thank Ronnie Brown, Gustavo Granja, Roger Picken, Marco Mackaay and Jim Stasheff for useful comments. JFM was funded by Fundação para a Ciência e a Tecnologia (Portugal), post-doc grant SFRH/BPD/17552/2004, part of the research project POCI/MAT/60352/2004 (“Quantum Topology”), also financed by FCT, cofinanced by the European Community fund FEDER.

Received by the editors 2006-11-10 and, in revised form, 2007-03-01. Transmitted by James Stasheff. Published on 2007-03-05.

2000 Mathematics Subject Classification: 18F99; 55P99; 57M27; 57R56; 81T45. Key words and phrases: Categorical Groups; Crossed Modules; Cohomology of Crossed Modules;

State Sum Invariants of Manifolds; Dijkgraaf-Witten Invariant; Yetter’s Invariant.

© João Faria Martins and Timothy Porter, 2007. Permission to copy for private use granted. 118

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 119

� � � � � � a c

Y X b

XY Figure 1: Flatness condition imposed on G-colourings of a triangulated manifold M. Here X, Y ∈ G and a < b < c are vertices of M.

condition:

ω(X, Y, Z)ω(XY, Z, W )^{−1}ω(X, Y Z, W )ω(X, Y, ZW )^{−1}ω(Y, Z, W ) = 1,

for any X, Y, Z, W ∈ G. These group 3-cocycles can be seen as 3-cocycles of the classifying space B(G) of G, by considering the usual simplicial structure on B(G); see for example [52], Example 8.1.7.

Let M be an oriented closed connected piecewise linear manifold. Choose a triangulation of M, and consider a base point ∗ for M so that ∗ is a vertex of M. Suppose that we are provided with a total order on the set of vertices of M. A G-colouring of M is given by an assignment of an element of G to each edge of M, satisfying the flatness condition shown in figure 1. A G-colouring of M therefore defines a morphism π_1(M, ∗) → G. Let T = (abcd), where a < b < c < d, be a tetrahedron of M. The colouring of each edge of T is determined by the colouring of the edges (ab), (bc) and (dc), of T ; see figure 2. Let ω : G^3 → U(1) be a 3-dimensional group cocycle, representing some 3-dimensional cohomology class of G. The “topological action” S(T, ω) on a tetrahedron T is ω(X, Y, Z)^{±1}, where X, Y, Z ∈ G are as in figure 2. Here the exponent on ω(X, Y, Z) is 1 or −1 according to whether the orientation on T induced by the total order on the set of vertices of M coincides or not with the orientation of M. The expression of the Dijkgraaf-Witten Invariant is the state sum:

DW (M, ω) = 1 #G^{n0} ∑ G-colourings ∏ tetrahedra T

S(T, ω),

where n_0 is the number of vertices of the chosen triangulation of M. This state sum is triangulation independent.

A homotopy theoretic expression for the Dijkgraaf-Witten Invariant is:

DW (M, ω) = 1 #G ∑ f∈[(M,∗),(B(G),∗)]

⟨o_M , f^∗(ω)⟩ ,

where o_M ∈ H_3(M) denotes the orientation class of M. The notation [(M, ∗), (B(G), ∗)] = π_0 ( TOP((M, ∗), (B(G), ∗)) ) stands for the set of based homotopy classes of maps (M, ∗) → (B(G), ∗), where, as before, B(G) denotes the classifying space of G. The equivalence

120 JOÃO FARIA MARTINS AND TIMOTHY PORTER

� � � � � � � � � � �

X Y

Z a c b

d Figure 2: Edges of a tetrahedron of M whose colours determine the colouring of all other edges. Here a < b < c < d are vertices of M.

between the two formulations is a consequence of the fact that there exists a one-to-one correspondence between group morphisms π_1(M, ∗) → G and pointed homotopy classes of maps (M, ∗) → (B(G), ∗).

In [56], D.N. Yetter defined a 3-dimensional TQFT, which included the ω = 1 case of the Dijkgraaf-Witten Invariant, though he did not incorporate group cohomology classes into his TQFT. This construction appeared upgraded in [57], where D.N. Yetter extended his framework to handle categorical groups. Recall that categorical groups are equivalent to crossed modules. They are often easier to consider when handling the objects at a theoretical level, although for calculation the crossed modules have advantages. We will often pass from one description to the other, usually without comment. The important fact is that they both are algebraic models of homotopy 2-types and so generalise groups, which model homotopy 1-types.

Let M be a piecewise linear compact manifold equipped with a triangulation. The definition of Yetter’s Invariant (which we will formulate carefully in this article) is analogous to the definition of the Dijkgraaf-Witten Invariant for the case ω = 1. However, in Yetter’s construction, in addition to colourings of the edges of M, now by objects of a categorical group, we also have colourings on the faces the triangulation of M by morphisms of the chosen categorical group, and the flatness condition is transported to the tetrahedrons of M.

The meaning of Yetter’s construction was elucidated by the second author in [43, 44], where an extension of Yetter’s Invariant to handle general models of n-types appears. The construction of M. Mackaay in [36] is related, conjecturally, with the n = 3 case of the construction in [44], with a further twisting by cohomology classes of 3-types, in the Dijkgraaf-Witten way.

In [26, 27], D.N. Yetter’s ideas were applied to 2-dimensional knot theory, and yielded interesting invariants of knotted embedded surfaces in S^4, with nice calculational properties. In [27, 28] the general formulation of Yetter’s Invariant for CW-complexes and crossed complexes appeared.

One of the open problems posed by D.N. Yetter at the end of [57] was whether his construction could, similarly to the Dijkgraaf-Witten Invariant, be twisted by cohomology classes, and he asked for the right setting for doing this. In this article we formulate such

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 121

a twisting of Yetter’s Invariant, thereby extending the Dijkgraaf-Witten Invariant of 3- manifolds to categorical groups. Note that the (co)homology of a crossed module is defined as being the (co)homology of its classifying space; see for example [25, 42].

In the course of this work, we prove a new homotopy theoretical interpretation of Yetter’s Invariant (Theorem 2.25), therefore giving a new proof of its existence; see [43, 44] for alternative interpretations. Another important consequence of this formulation is the homotopy invariance of Yetter’s Invariant, as well as the fact that Yetter’s Invariant depends only on the weak homotopy type of the chosen crossed module.

Our interpretation of Yetter’s Invariant extends in the obvious way to the homologically twisted case (Theorem 3.7), and has close similarities with the interpretation of the Dijkgraaf-Witten Invariant shown above. The main difference is that it is set in the unbased case, and depends on the homotopy groups of each connected component of the function space TOP(M, B(G)). Here B(G) is the classifying space of the crossed module G. Our construction does not depend on the dimension of the manifolds, and can also be adapted to the general crossed complex context, which we expect to be closely related with the invariants appearing in [44, 36]. This extension of Yetter’s invariant to crossed complexes, as well as its homotopy invariance and geometric interpretation appears in this article; see 2.30.1.

As we mentioned before, the category of categorical groups is equivalent to the category of crossed modules, which are particular cases of crossed complexes. Crossed complexes A admit classifying spaces B(A), which generalise Eilenberg-Mac Lane spaces. The classifying spaces of crossed complexes A were extensively studied by R. Brown and P.J. Higgins. One of their main results is the total description in algebraic terms of the weak homotopy type of the function space TOP(M, B(A)), where M is a CW-complex. This result together with the General van Kampen Theorem (also due to R. Brown and P.J. Higgins) are the main tools that we will use in this article.

We will make our exposition as self contained as possible, giving brief description of the concepts of the theory of crossed complexes that we will need, constructions which are due mainly to R. Brown and P.J. Higgins.

This article should be compared to [45, 46], where similar ideas are used to define Formal Homotopy Quantum Field Theories with background a 2-type.

2. Crossed Modules and Yetter’s Invariant

2.1. Crossed Modules and Crossed Complexes.

2.1.1. Definition of Crossed Modules. Let G be a groupoid with object set P . We denote the source and target maps of G by s, t: G → P , respectively. If a groupoid E is totally disconnected, we denote both maps (which are by definition equal) by β : E → P .

2.2. Definition. Let G and E be groupoids, over the same set P , with E totally disconnected. A crossed module G = (G, E, ∂, ▷) is given by an object preserving groupoid

122 JOÃO FARIA MARTINS AND TIMOTHY PORTER morphism ∂ : E → G and a left groupoid action ▷ of G on E by automorphisms. The conditions on ▷ and ∂ are:

1. ∂(X ▷ e) = X∂(e)X^{−1}, if X ∈ G and e ∈ E are such that t(X) = β(e), 2. ∂(e) ▷ f = efe^{−1}, if e, f ∈ E verify β(e) = β(f).

See [21], section 1. Notice that for any e ∈ E we must have s(∂(e)) = t(∂(e)) = β(e). A crossed module is called reduced if P is a singleton. This implies that both G and E are groups. A morphism F = (ϕ, ψ) between the crossed modules G = (G, E, ∂, ▷) and G^′ = (G^′, E^′, ∂^′, ▷^′) is given by a pair of groupoid morphisms ϕ: G → G^′ and ψ : E → E^′, making the diagram: E^ψ−−−→ E^′ ∂ ∂^′ G −−−→_ϕ G^′ commutative. In addition we must have:

t(X) = β(e) =⇒ ϕ(X) ▷^′ ψ(e) = ψ(X ▷ e), ∀X ∈ G, ∀e ∈ E.

There exists an extensive literature on (reduced) crossed modules. We refer for example to [7, 6, 20, 27]. The non-reduced case, important for this article, is considered in [9, 12, 14, 15, 19, 21].

2.2.1. Reduced Crossed Modules and Categorical Groups. Let G = (G, E, ∂, ▷) be a reduced crossed module. Here ∂ : E → G is a group morphism, and ▷ is a left action of G on E by automorphisms. We can define a strict monoidal category C(G) from G. The set of objects of C(G) is given by all elements of G. Given an X ∈ G, the set of all morphisms with source X is in bijective correspondence with E, and the target of e ∈ E is ∂(e^{−1})X. In other words a morphism in C(G) “looks like” X^e−→ ∂(e^{−1})X. Given X ∈ G and e, f ∈ E the composition

X^e−→ ∂(e^{−1})X^f−→ ∂(f^{−1})∂(e^{−1})X is: X^{ef}−→ ∂(ef)^{−1}X.

The tensor product has the form: X e ∂(e^{−1})X ⊗ Y f ∂(f^{−1})Y = XY (^{X▷f)e} ∂(e^{−1})X∂(f^{−1})Y .

From the definition of a crossed module, it is easy to see that we have indeed defined a strict monoidal category. The tensor category C(G) is a categorical group (see [4] and

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 123

[19]). It is well known that the categories of crossed modules and of categorical groups are equivalent (see [19, 22, 4, 2]). This construction is an old one. We skip further details on this connection since the point we want to emphasise is that we can construct a strict monoidal category C(G) which is moreover a categorical group from any crossed module G. This also justifies the title of this article. Although we will define Yetter’s invariant using the crossed module form of the data, it is, we feel, more natural to think of the categorical group as being the coefficient object.

2.2.2. Crossed Complexes. A natural generalisation of the concept of a crossed module is a crossed complex.

2.3. Definition. A crossed complex A is given by a complex of groupoids over the same set A_0 (in other words A_0 is the object set of all groupoids), say:

...^{∂n+1}−−−→ A_n^{∂n}−→ A_{n−1}^{∂n−1}−−−→ A_{n−2}^{∂n−2}−−−→ ...^{∂3}−→ A_2^{∂2}−→ A_1,

where all boundary maps ∂_n, n ∈ N are object preserving, and the groupoids A_n, n ⩾ 2 are totally disconnected. The remaining conditions are:

1. For each n > 1, there exists a left groupoid action ▷ = ▷_n of the groupoid A_1 on A_n, by automorphisms, and all the boundary maps ∂_n, n = 2, 3, ... are A_1-module morphisms.

2. The groupoid map A_2^{∂2}−→ A_1 together with the action ▷ of A_1 in A_2 defines a crossed module.

3. The groupoid A_n is abelian if n > 2.

4. ∂_2(A_2) acts trivially on A_n for n > 2.

For a positive integer L, an L-truncated crossed complex is a crossed complex such that A_n = {0} if n > L. In particular crossed modules are equivalent to 2-truncated crossed complexes. A crossed complex is called reduced if A_0 is a singleton.

Morphism of crossed complexes are defined in a a similar way to morphisms of crossed modules.

A natural example of a crossed complex is the following one, introduced by A.L. Blakers in [8], in the reduced case, and extensively studied by J.H.C. Whitehead in [54, 55], and H.J. Baues, see [7, 6]. The non-reduced case, important for this work, is treated in [9, 12, 15, 16, 17, 18], which we refer to for further details.

2.4. Example. Let M be a locally path connected space, so that each connected component of M is path connected. A filtration of M is an increasing sequence {M_k, k = 0, 1, 2, ...} of locally path-connected subspaces of M, whose union is M. In addition, we suppose that M_0 has a non-empty intersection with each connected component of M_k, for each k ∈ N. Then the sequence of groupoids π_n(M_n, M_{n−1}, M_0), with the obvious

124 JOÃO FARIA MARTINS AND TIMOTHY PORTER

boundary maps, and natural left actions of the fundamental groupoid^1 π_1(M_1, M_0), with set of base points M_0, on them is a crossed complex, which we denote by Π(M), and call the “Fundamental Crossed Complex of the Filtered Space M”. Note that the assignment M → Π(M), is functorial.

2.5. Remark. Let M be a CW-complex. The notation Π(M) will always mean the fundamental crossed complex of the skeletal filtration {M^k, k ∈ N} of M, for which M^k is the k-skeleton of M. Note that it makes sense to consider the fundamental crossed complex of this type of filtrations.

It is easy to show that crossed complexes and their morphisms form a category. We will usually denote a crossed complex A by A = (A_n, ∂_n, ▷_n), or more simply by (A_n, ∂_n), or even (A_n). A morphism f : A → B of crossed complexes will normally be denoted by f = (f_n).

Let A = (A_n, ∂_n, ▷_n) be a crossed complex. For any a ∈ A_0 and any n ⩾ 1, denote A_n(a) as being {a_n ∈ A_n : s(a_n) = a}, which is therefore a group if n ⩾ 2. Denote also A_1(a, b) = {a_1 ∈ A_1 : s(a_1) = a, t(a_1) = b}, where a, b ∈ A_0.

2.5.1. The General van Kampen Theorem. The category of crossed complexes is a category with colimits; see [15], section 6. Under mild conditions, the functor Π from the category of filtered spaces to the category of crossed complexes preserves colimits. This fact is known as the “General van Kampen Theorem”, and is due to R. Brown and P.J. Higgins; see [9, 11, 12, 14, 15, 16, 17], and also [7, 6]. A useful form of the General van Kampen Theorem is the following:

2.6. Theorem. [R. Brown and P.J. Higgins] Let M be a CW-complex. Let also {M_λ, λ ∈ Λ} be a covering of M by subcomplexes of M. Then the following diagram: ⨆ (λ_1,λ_2)∈Λ^2

Π(M_{λ1} ∩ M_{λ2} )^{−→}_{−→} ⨆ λ∈Λ Π(M_λ) −→ Π(M),

with arrows induced by inclusions, is a coequaliser diagram in the category of crossed complexes.

This is corollary 5.2 of [15].

2.6.1. Homotopy of Maps from Crossed Complexes into Crossed Modules. The main references here are [21, 17]; see also [9, 12, 54]. Note that our conventions are slightly different. Let G and G^′ be groupoids. Let also E^′ be a totally disconnected groupoid on which G^′ has a left action. Let ϕ: G → G^′ be a groupoid morphism. A map d: G → E^′ is said to be a ϕ-derivation if:

1. β(d(X)) = t(ϕ(X)), ∀X ∈ G.

2. d(XY ) = ( ϕ(Y )^{−1} ▷ d(X) ) d(Y ) if X, Y ∈ G are such that t(X) = s(Y ).

1This should not be confused with the relative homotopy set π_1(M_1, M_0, ∗).

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 125

2.7. Definition. Let A = (A_n) be a crossed complex and G = (G, E, ∂, ▷) be a crossed module. Let also f : A → G be a morphism of crossed complexes. An f-homotopy H is given by two maps:

H_0 : A_0 → G, H_1 : A_1 → E, such that:

1. s(H_0(a)) = f_0(a), ∀a ∈ A_0, 2. H_1 : A_1 → E is an f_1-derivation, here f = (f_n), in which case we put f = s(H).

2.8. Proposition. Under the conditions of the previous definition, suppose that H is an f-homotopy. The map g = t(H): A → G such that:

1. g_0(a) = t(H_0(a)), ∀a ∈ A_0, 2. g_1(X) = H_0(s(X))^{−1}f_1(X)(∂ ∘ H_1)(X)H_0(t(X)), ∀X ∈ A_1, 3. g_2(e) = H_0(β(e))^{−1} ▷ (f_2(e)(H_1 ∘ ∂)(e)) , ∀e ∈ A_2, is a morphism of crossed complexes. Moreover, this construction defines a groupoid CRS_1(A, G), whose objects are given by all morphisms A → G, and given two morphisms f, g : A → G, a morphism H : f → g is an f-homotopy H with t(H) = g.

For each f ∈ CRS_0(A, G) (the set of crossed complex morphisms A → G), denote the set of all f-homotopies by CRS_1(A, G)(f). Analogously, if f, g ∈ CRS_0(A, G), we denote CRS_1(A, G)(f, g) as being the set of elements of the groupoid CRS_1(A, G) with source f and target g.

2.9. Definition. Let A = (A_n) be a crossed complex and G = (G, E, ∂, ▷) be a crossed module. Let also f : A → G be a morphism. A 2-fold f-homotopy is a map I : A_0 → E such that β(I(a)) = f_0(a), ∀a ∈ A_0. As usual f = (f_n).

Denote CRS_2(A, G)(f) as being the set of all 2-fold f-homotopies. It is a group with pointwise multiplication as product. Therefore the disjoint union: CRS_2(A, G) .= ⨆ f∈CRS_0(A,G)

CRS_2(A, G)(f)

is a totally disconnected groupoid.

2.10. Proposition. Under the conditions of the previous definition, let I be a 2-fold f-homotopy. Then ∂I = (H_1, H_2), where:

1. H_0(c) = ∂(I(c)), ∀c ∈ A_0, 2. H_1(X) = f_1(X)^{−1} ▷ [I(s(X))] I(t(X))^{−1}, ∀X ∈ A_1, is an f-homotopy.

126 JOÃO FARIA MARTINS AND TIMOTHY PORTER

� � � � � � �_c e a b

∂(e^{−1})XY

X Y

Figure 3: A G-colouring of an ordered 2-simplex. Here X, Y ∈ G, e ∈ E and a < b < c are vertices of M. To this G-colouring we associate the morphism XY^e−→ ∂(e)^{−1}XY , in the category C(G).

2.11. Proposition. (We continue to use the notation of the previous definition.) Let I be a 2-fold f-homotopy. Let H be a homotopy with source g and target f. Then:

(H ▷ I)(a) = H_1(a) ▷ I(a), ∀a ∈ A_0,

is a 2-fold g-homotopy. Moreover, this assignment defines a left groupoid action of the groupoid CRS_1(A, G) on CRS_2(A, G) by automorphisms, and together with the boundary map ∂ : CRS_2(A, G) → CRS_1(A, G), already described, defines a crossed module CRS(A, G).

This is shown in [17] in the general case when G is a crossed complex.

2.12. Yetter’s Invariant of Manifolds.

2.12.1. G-colouring and Yetter’s Invariant. Let G = (G, E, ∂, ▷) be a finite reduced crossed module. Let M be a triangulated piecewise linear manifold or, more generally, a simplicial complex. We suppose that we have a total order on the set of vertices of M. Each simplex K of M has a representation in the form K = {a, b, c, . . .}, where a < b < c < . . . are vertices of M. (Later, in section 1.3.1, we will convert the ordered simplicial complex to a simplicial set by using the total order. The original simplices are then exactly the non-degenerate simplices of the result.)

A G-colouring of M, also referred to as a “Formal G-Map” in [45, 46], is given by an assignment of an element of G to each edge of M and an element of E to each triangle of M, satisfying the compatibility condition shown in figure 3. A G-colouring of a triangle naturally determines a morphism in C(G), the monoidal category constructed from G; see figure 3. There is still an extra condition that G-colourings must satisfy: Given a coloured 3-simplex, one can construct two morphisms ϕ and ψ in C(G), see figure 4. Note that we need to use the monoidal structure of C(G) to define ϕ and ψ. These morphisms are required to be equal.

Let us be specific. Given a simplex K of M, denote the colouring of it by c(K). Then the conditions that a G-colouring c must satisfy are:

∂(c(abc))^{−1}c(ab)c(bc) = c(ac), (1)

whenever (abc) (where a < b < c) is a 2-simplex of M, and a cocycle condition:

c(abc)c(acd) = ( c(ab) ▷ c(bcd) ) c(abd), (2)

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 127

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

a b

c

c c

d

c b

d e f

g h

Y Z

Y Z X ∂(g)^{−1} Y Z

∂(e)^{−1}XY X

∂(g)^{−1}Y Z

ψ={XY Z^e−→∂(e)^{−1} XY Z^f−→∂(f)^{−1}∂(e)^{−1} XY Z}

ϕ={XY Z^{X▷g}−−→X∂(g)^{−1}Y Z^h−→∂(h)^{−1}X∂(g)^{−1} Y Z}

ϕ=ψ is equivalent to ef=(X▷g)h

∂(e)^{−1} XY ∂(f)^{−1} ∂(e)^{−1}XY Z

∂(h)^{−1}X∂(g)^{−1} Y Z a

a d

a b

b d

Figure 4: A G-colouring of an ordered tetrahedron. Here a < b < c < d. Note that the compatibility condition ef = (X ▷ g)h ensures that ∂(f)^{−1}∂(e)^{−1}XY Z = ∂(h)^{−1}X∂(g)^{−1}Y Z.

whenever (abcd) (where a < b < c < d) is a 3-simplex of M.

2.13. Theorem. [D.N. Yetter] Let M be a compact piecewise linear manifold. Consider a triangulation of M with n_0 vertices and n_1 edges. Choose a total order on the set of all vertices of M. Let G = (G, E, ∂, ▷) be a finite reduced crossed module. The quantity:

I_G (M) =

#E^{n0} #G^{n0} #E^{n1}

# {G-colourings of M} (3)

is a piecewise linear homeomorphism invariant of M, thus, in particular, it is triangulation independent, and does not depend on the total order chosen on the set of vertices of M.

This result is due to D.N. Yetter. Proofs are given in [57, 43, 44]. Similar constructions were considered in [26, 27, 28], and also [45, 46]. We will refer to the invariant I_G , where G is a finite crossed module, as “Yetter’s Invariant”.

D.N. Yetter’s proof of Theorem 2.25 relied on Alexander Moves on simplicial complexes, thereby staying in the piecewise linear category. In particular it does not make clear whether I_G is a homotopy invariant. On the other hand Yetter’s argument extends I_G to being a TQFT.

128 JOÃO FARIA MARTINS AND TIMOTHY PORTER

In this article we will give a geometric interpretation of Yetter’s Invariant I_G , from which will follow a new proof of its existence. The expected fact that I_G is a homotopy invariant is also implied by it; see [43, 44] for alternative points of view, with a broad intersection with this one. As a consequence, we also have that I_G (M) is well defined, as a homotopy invariant, for any simplicial complex M.

In the closed piecewise linear manifold case, we will also consider an additional twisting of I_G (M) by cohomology classes of G, similar to the Dijkgraaf-Witten Invariant of 3- dimensional manifolds, see [24], thereby giving a solution to one of the open problems posed by D.N. Yetter in [57]. Together with the homotopy invariance and geometric interpretation of Yetter’s Invariant, this will be one of the main aims of this article.

2.14. Classifying Spaces of Crossed Modules.

2.14.1. The Homotopy Addition Lemma. Let M be a piecewise linear manifold with a triangulation T , or, more generally, a simplicial complex. Suppose that we have a total order on the set of all vertices of T . Simplicial complexes like this will be called ordered.

Recall that we can define a simplicial set D_T out of any ordered simplicial complex T . The set of n-simplices of D_T is given by all non decreasing sequences (a_0, a_1, ..., a_n) of vertices of T , such that {a_0, a_1, ..., a_n} is a (non-degenerate) simplex of T . The face and degeneracy maps are defined as:

∂_i(a_0, ..., a_n) = (a_0, ..., a_{i−1}, a_{i+1}, ..., a_n), i = 0, ..., n, and s_i(a_0, ..., a_n) = (a_0, ..., a_i, a_i, ..., a_n), i = 0, ..., n, respectively. Notice that if T is a piecewise linear triangulation of a piecewise linear manifold M then the geometric realisation |D_T | of D_T is (piecewise linear) homeomorphic to M.

There exist several references on simplicial sets. We refer for example, [23, 29, 30, 38, 31, 52].

Working with simplicial sets, let Δ(n) be the n-simplex, then its geometric realisation |Δ(n)| is the usual standard geometric n-simplex. This simplicial set is obtained from the simplicial complex (012...n), the n-simplex, by applying the construction above. Each non-degenerate k-face s = (a_0a_1a_2...a_k) of Δ(n) (thus a_0 < a_1 < ... < a_k) determines, in the obvious way, an element h(s) ∈ π_k(|Δ(n)|^k, |Δ(n)|^{k−1}, a_0). Recall that if M is a CW-complex then M^k denotes the k-skeleton of it.

By the General van Kampen Theorem, stated in 2.5.1, the crossed complex Π(|Δ(n)|) is free on the set of non-degenerate faces of Δ(n); see [9, 12, 54, 18]. The definition of free crossed complexes appears for example in [12]. In particular, if A = (A_n) is a crossed complex, a morphism Π(|Δ(n)|) → A is specified, uniquely, by an assignment of an element of A_k to each non-degenerate k-face of Δ(n), with the obvious compatibility relations with the boundary maps. To determine these relations, we need to use the Homotopy Addition Lemma. This lemma explicitly describes the boundary maps of the crossed complex Π(|Δ(n)|); see [53], page 175. Let us be explicit in the low dimensional case. We follow the conventions of [18, 9].

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 129

2.15. Lemma. [Homotopy Addition Lemma for n = 2, 3] We have:

∂(h(0123)) = ( h(01) ▷ h(123) ) h(013)h(023)^{−1}h(012)^{−1}, (4)

∂(h(012)) = h(12)h(23)h(13)^{−1}. (5)

These equations are analogues of equations (1) and (2). By the General van Kampen Theorem there follows:

2.16. Proposition. Let M be a triangulated piecewise linear manifold with a total order on its set of vertices. Let also G be a reduced crossed module. There exists a one-to-one correspondence between G-colourings of M and maps Π(M) → G, where M has the natural CW-decomposition given by its triangulation.

This result appears in [43] (Proposition 2.1). Note that any map f : Π(M) → G yields a G-colouring c^f of M, where c^f (K) = f(h(K)). Here K is a non-degenerate simplex of M. To prove this we need to use the Homotopy Addition Lemma.

Proposition 2.16 still holds for general simplicial complexes, and has obvious analogues if we merely specify a CW-decomposition of M rather than a triangulation.

More discussion of G-colourings can be found in [43, 44, 45, 46].

2.16.1. The Definition of B(G) and Some Properties. We follow [18, 9, 12]. Another introduction to this subject appears in [45]. Let A be a crossed complex. The nerve N(A) of A is, by definition, the simplicial set whose set of n-simplices is given by all crossed complex morphisms Π(|Δ(n)|) → A, with the obvious face and degeneracy maps. It is a Kan simplicial set; see [18]. The classifying space B(A) of A is the geometric realisation |N(A)| of the nerve of A. This construction appeared first in [8].

Let us unpack this definition in the reduced crossed module case; see [9], 3.1. Let G = (G, E, ∂, ▷) be a reduced crossed module. The CW-complex B(G) has a unique 0-cell ∗, since N(G) only has one 0-simplex, because G is reduced. For any n ∈ N, the set of n-simplices of N(G) is, by Proposition 2.16, in bijective correspondence with the set of all G-colourings of |Δ(n)|, and has the obvious faces and degeneracies motivated by this identification.

Consequently, there exists a 1-simplex σ(X) of B(G) for any X ∈ G. The 2-simplices of M are given by triples σ(X, Y, e), where X, Y ∈ G and e ∈ E. Here X = c(01), Y = c(12), ∂(e)^{−1}XY = c(02) and e = c(012), corresponding to the G-colouring of |Δ(2)| shown in figure 3. Similarly, the 3-simplex of N(G) determined by the G-colouring of |Δ(3)| shown in figure 4 will be denoted by σ(X, Y, Z, e, f, g, h), where the relation ef = (X ▷g)h must hold. We will describe the set of G-colourings of the 4-simplex |Δ(4)| in the following section.

The following result is due to R. Brown and P.J. Higgins; see [18], Theorem 2.4, together with its proof.

Let C be a simplicial set. In particular the geometric realisation |C| of C is a CWcomplex.

130 JOÃO FARIA MARTINS AND TIMOTHY PORTER

2.17. Theorem. Let G be a crossed module. There exists a one-to-one correspondence F between crossed complex morphisms Π(|C|) → G and simplicial maps C → N(G).

2.18. Remark. In fact, let g : Π(|C|) → G be a morphism of crossed complexes. Consider the projection map: p: ⨆ n∈N C_n × |Δ(n)| → |C|,

according to the usual construction of the geometric realisation of simplicial sets, see for example [39, 38, 29, 30]. Note that p is a cellular map, therefore it induces a morphism p_∗ of crossed complexes. Let c ∈ C_n be an n-simplex of C, then F (g)(c): Π(|Δ(n)|) → G is the composition:

Π(|Δ(n)|)^{∼=}−→ Π(c × |Δ(n)|)^{p∗}−→ Π(|C|)^g−→ G.

These results are a consequence of the version of the General van Kampen Theorem stated in 2.5.1; see [18] for details. Remark 2.18 shows how to go from a crossed complex morphism to a simplicial morphism. The reverse direction needs a comparison of Π(B(G)) and G and is more complicated. However, we can prove directly that F is a bijection by using the General van Kampen Theorem.

2.19. Remark. In particular (from Proposition 2.16), it follows that if M is a piecewise linear manifold with an ordered triangulation T , and C_T is the simplicial set associated with T (see the beginning of 2.14.1), then there exists a one-to-one correspondence between G-colourings of M and simplicial maps C_T → N(G). This result is due to the second author; see [43, 44].

The statement of Theorem 2.17 can be substantially expanded. We follow [18]. The assignment G → N(G) if G is a crossed module is functorial. Similarly, the assignment C → Π(|C|), where C is a simplicial set is also functorial. The second functor is left adjoint to the first one: the Nerve Functor, see [18], Theorem 2.4. In fact, the adjunction F of Theorem 2.17 extends to a simplicial map (which we also call F ):

N(CRS(Π(|C|), G))^F−→ SIMP(C, N(G)),

which, moreover, is a homotopy equivalence; see [18], proof of Corollary 3.5 and of Theorem A. Here if C and D are simplicial sets, then SIMP(C, D) is the simplicial set whose set of n-simplices is given by all simplicial maps C × Δ(n) → D; see [38, 30], for example. Note that the set of vertices of N(CRS(Π(|C|), G)) is the set CRS_0(Π(|C|), G) of all crossed complex morphisms Π(|C|) → G. Similarly, there exists a bijective correspondence between vertices of SIMP(C, N(G)) and simplicial maps C → N(G).

The existence of the simplicial homotopy equivalence F is a non trivial fact, due to R. Brown and P.J. Higgins. The proof which appears in [18] makes great use of the monoidal closed structure of the category of crossed complexes constructed in [17]. A version of the Eilenberg-Zilber Theorem for crossed complexes, representing Π(|C × D|) as a strong

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 131

deformation retract of Π(|C|) ⊗ Π(|D|), if C and D are simplicial sets, is also required. An approach to this is sketched in [18]. A direct proof appears in [48, 49].

Let C and D be simplicial sets. It is well known that if D is Kan then there exists a weak homotopy equivalence:

j : |SIMP(C, D)| → TOP(|C|, |D|),

where the later is given the k-ification of the Compact-Open Topology on the set of all continuous maps |C| → |D|; see [10], for example. This weak homotopy equivalence is the composition:

|SIMP(C, D)|^{j1}−→ |SIMP(C, S|D|)|^{j2}−→ |S(TOP(|C|, |D|))|^{j3}−→ TOP(|C|, |D|).

Here if M is a topological space, then S(M) is the singular complex of M. Since D is a Kan simplicial set, it follows that D is a strong deformation retract of S(|D|), a fact usually known as Milnor’s Theorem, see [29], 4.5, and [39]. The map j_1 is the geometric realisation of the inclusion SIMP(C, D) → SIMP(C, S|D|), and is therefore a homotopy equivalence.

There exists a one-to-one correspondence between simplicial maps C ×Δ(n) → S(|D|) and continuous maps |C| × |Δ(n)| ∼= |C × Δ(n)| → |D|. This fact together with the natural homeomorphism TOP(|C| × |Δ(n)|, |D|) → TOP(|Δ(n)|, TOP(|C|, |D|)) provides an isomorphism SIMP(C, S(|D|)) → S(TOP(|C|, |D|)); see [30], page 132. The map j_2 is the geometric realisation of it, which consequently is a homeomorphism.

The map j_3 is the obvious map j_3 : |S(TOP(|C|, |D|))| → TOP(|C|, |D|). It is well known that the natural map |S(M)| → M is a weak homotopy equivalence, for any space M; see [38, 30, 29].

From this discussion, it is obvious that if f : C → D is a simplicial map then j(|f|) = |f|. Here |f|: |C| → |D| is the geometric realisation of f : C → D. Therefore:

2.20. Theorem. Let C be a simplicial set and G a reduced crossed module. There exists a weak homotopy equivalence:

η : B(CRS(Π(|C|), G)) → TOP(|C|, B(G)).

In fact, if we are given a map g : Π(C) → G, then η(g) is the geometric realisation of F (g): C → N(G); see Theorem 2.17.

This is contained in theorem A of [18]. Note that η = j ∘ |F |. The exact expression of η will be needed in the last chapter.

We therefore have that η is a homotopy equivalence when C is finite, because then it follows that TOP(|C|, B(G)) has the homotopy type of a CW-complex; see [40].

2.20.1. The Fundamental Groups of Classifying Spaces of Crossed Modules. Let G = (G, E, ∂, ▷) be a crossed module, not necessarily reduced. Let P be the object set of G and E. There exists a bijective correspondence between 0-cells of B(G) and elements of P .

132 JOÃO FARIA MARTINS AND TIMOTHY PORTER

2.21. Theorem. There exists a one-to-one correspondence between connected components of B(G) and connected components of the groupoid G. Given a ∈ P then:

π_1(B(G), a) = G_{a,a}/im{∂ : E_a → G_{a,a}} (6) and π_2(B(G), a) = ker{∂ : E_a → G_{a,a}}. (7)

Here G_{a,b} = {X ∈ G: s(X) = a, t(X) = b} and E_a = {e ∈ E : β(e) = a}, where a, b ∈ P . In fact the groupoid π_1(B(G), P ) is the quotient of G by the totally disconnected subgroupoid ∂(E), which is normal in G. All the other homotopy groups of B(G) are trivial.

This is shown in [18], in the general case of crossed complexes. In fact, if A = (A_n) is a reduced crossed complex then π_n(B(A)) = ker(∂_n)/im(∂_{n+1}), and analogously in the non-reduced case, keeping track of base points. These results are a consequence of the fact that the nerve N(A) of A is a Kan simplicial set if A is a crossed complex.

An immediate corollary of theorems 2.20 and 2.21 is that if C is a simplicial set then there exists a one-to-one correspondence between homotopy classes of crossed complex morphisms Π(|C|) → G and homotopy classes of maps |C| → B(G). More precisely, f, g : Π(|C|) → G are homotopic if and only if η(f), η(g): |C| → B(G) are homotopic. R. Brown and P.J. Higgins proved this for any CW-complex, a statement contained in Theorem A of [18].

2.21.1. n-Types, in General, and 2-Types, in Particular. Let A be a crossed complex. The assignment A → N(A), where N(A) is the nerve of A, is functorial. Composing with the geometric realisation functor from the category of simplicial sets to the category T op of topological spaces, proves that the geometric realisation map A → B(A) can be extended to a functor Xcomp → T op. Here Xcomp is the category of crossed complexes.

Recall that a continuous map f : X → Y is an n-equivalence if it induces a bijection π_0(f), on connected components and if, for all choices of base point x_0 ∈ X and 1 ⩽ i ⩽ n, π_i(f): π_i(X, x_0) → π_i(Y, f(x_0)) is an isomorphism. (Intuitively an n-equivalence is a truncated weak homotopy equivalence as it ignores all information in the π_k(X) for k > n.) Two spaces have the same n-type if there is a zig-zag of n-equivalences joining them, more exactly one can formally invert n-equivalences to get a category Ho_n(T op) and then X and Y have the same n-type if they are isomorphic in Ho_n(T op). Any CW-space X has a n-equivalence to a space Y_n (the n-type of X), which satisfies π_k(Y_n) is trivial for all k > n. This Y_n is formed by adding high dimensional cells to X to kill off the elements of the various π_k(X). Because of this, it is usual, loosely, to say that a CW-complex M is an n-type if π_i(M) = 0 for all i > n. We will adopt this usage. Note that the n-type of a CW-complex is well defined up to homotopy.

If A = (A_m) is a crossed complex such that A_m is trivial for m > n then it follows that the classifying space B(A) of A is an n-type. The reader is advised that the assignment A → B(A) where A is a crossed complex does not generate all n-types.

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 133

Working with reduced crossed modules, it is well known that any connected 2-type can be represented as the classifying space of a reduced crossed module, a result which is essentially due to S. Mac Lane and J.H.C Whitehead; see [34]. See for example [18] for an alternative proof. In fact it is possible to prove that the homotopy category of connected 2-types is equivalent to Ho(X − mod), where X − mod is the category of reduced crossed modules; see [7, 18, 32]. Here, a weak equivalence of reduced crossed modules is by definition a map f : G → H whose geometric realisation induces isomorphisms π_1(B(G), ∗) → π_1(B(H), ∗) and π_2(B(G), ∗) → π_2(B(H), ∗). By Theorem 2.21, this can be stated in algebraic terms. For the description of the associated model structure on the category of crossed modules, we refer the reader to [13].

In particular, it follows that the reduced crossed modules G and H are weak equivalent if and only if B(G) and B(H) have the same 2-type. Since these CW-complexes are 2-types themselves, there follows that:

2.22. Theorem. Let G and H be reduced crossed modules. Then G and H are weak homotopic if and only if B(G) and B(H) are homotopic.

Let G = (G, E, ∂, ▷) be a crossed module. There exists a natural action of coker(∂) on ker(∂). The crossed module G determines a cohomology class ω ∈ H^3(ker(∂), coker(∂)), called the k-invariant of G, which coincides with the k-invariant of B(G) (also called first Postnikov invariant); see [9]. By a theorem of Mac Lane and Whitehead (see [34]), two spaces have the same 2-type if and only if they have the same fundamental group, the same second homotopy group, seen as a π_1-module, and the same first Postnikov invariant; see [7, 6].

A triple (A, B, k^3 ∈ H^3(A, B)), where A is a group acting on the abelian group B on the left by automorphisms is usually called an algebraic 2-type. The discussion above implies:

2.23. Corollary. Let G and H be crossed modules. Then B(G) is homotopic to B(H) if and only if the algebraic 2-types determined by G and H are isomorphic.

2.24. Applications to Yetter’s Invariant of Manifolds.

2.24.1. An Interpretation of Yetter’s Invariant. Let G be a finite reduced crossed module. Recall that I_G stands for Yetter’s Invariant; see 2.12.1. We freely use the results and the notation of 2.6.1. We now prove the first main result of this article.

2.25. Theorem. Let M be a compact triangulated piecewise linear manifold or, more generally, a finite simplicial complex. As usual, we suppose that M is provided with a total order on its set of vertices. Let G = (G, E, ∂, ▷) be a reduced crossed module. We have:

I_G (M) = ∑ g∈[M,B(G)]

#π_2(TOP(M, B(G)), g) #π_1(TOP(M, B(G)), g)

. (8)

Here [M, B(G)] = π_0(TOP(M, B(G)) denotes the set of homotopy classes of maps M → B(G). In particular, I_G(M) does not depend on the ordered triangulation of M chosen.

134 JOÃO FARIA MARTINS AND TIMOTHY PORTER

Moreover, Yetter’s Invariant is therefore a homotopy invariant of polyhedra, i.e, triangulable topological spaces.

Note that equation (8) extends Theorem 12 of [57] to general crossed modules. Proof. Theorems 2.20 and 2.21 will be used. Recall that any simplicial complex naturally defines a simplicial set; see 2.14.1. We freely use the notation and the results of 2.6.1. We abbreviate CRS_2(Π(M), G)(f) as CRS_2(f), and analogously for CRS_1(Π(M), G)(f, g) and CRS_1(Π(M), G)(f).

For an f ∈ CRS_0(Π(M), G), denote [f] as being the set of elements of CRS_0(Π(M), G) which belong to the same connected component of f in the groupoid CRS_1(Π(M), G). Recall also that if f, g : Π(M) → G then η(f), η(g): M → B(G) are homotopic if, and only if, f and g belong to the same connected component in the groupoid CRS_1(Π(M), G).

We have: ∑ g∈[M,B_G ]

#π_2(TOP(M, B(G)), g) #π_1(TOP(M, B(G)), g) = ∑ f∈CRS_0(Π(M),G)

#π_2(TOP(M, B(G)), η(f)) #π_1(TOP(M, B(G)), η(f))#[f] = ∑ f∈CRS_0(Π(M),G)

#π_2(B(CRS(Π(M), G)), f) #π_1(B(CRS(Π(M), G)), f)#[f] = ∑ f∈CRS_0(Π(M),G)

#∂(CRS_2(f))# ker{∂ : CRS_2(f) → CRS_1(f, f)} #CRS_1(f, f)#[f] = ∑ f∈CRS_0(Π(M),G)

#CRS_2(f) #CRS_1(f, f)#[f] .

= ∑ f∈CRS_0(Π(M),G)

#CRS_2(f) #CRS_1(f) .

The last equality follows from the fact that CRS_1(Π(M), G) is a groupoid. Recall that CRS_1(f) denotes the set of homotopies with source f : Π(M) → G. The result follows from the following lemmas.

2.26. Lemma. Let ϕ: H → G be a groupoid morphism, with G a group. Let also E be a group on which G acts on the left. Suppose that H is a free groupoid. Any ϕ-derivation d: H → E can be specified, uniquely, by its value on the set of free generators of H. In other words, any map from the set of generators of H into E uniquely extends to a derivation d: H → E.

Proof. This is shown in [54] (Lemma 3) for the case in which H is a group, and is easy to prove. The general case can be proved directly in the same way. Alternatively, we can

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 135

reduce it to the group case by using the free group Ĥ on the set of free generators of H. In particular, any groupoid morphism ϕ: H → G factors uniquely as ϕ = ψ ∘ p, where p is the obvious map p: H → Ĥ, bijective on generators, and ψ : Ĥ → G is a group morphism. Note that if d: Ĥ → E is a ψ-derivation, then d ∘ p: H → E is a ϕ-derivation.

2.27. Lemma. There exist exactly #E^{n1} #G^{n0} f-homotopies if f : Π(M) → G is a crossed complex morphism. Here n_0 and n_1 are the number of vertices and edges of M.

Proof. Follows from the previous lemma and the fact that π_1(M^1, M^0) is the free groupoid on the set of edges of M, with one object for each vertex of M. The fact that the crossed module G = (G, E, ∂, ▷) is reduced is being used.

2.28. Lemma. There exist exactly #E^{n0} 2-fold f-homotopies if f : Π(M) → G is a crossed complex morphism.

Proof. This is a consequence of the fact that the crossed module G is, by assumption, reduced.

Using the last two lemmas it follows that: ∑ f∈[M,B(G)]

#π_2(TOP(M, B(G)), f) #π_1(TOP(M, B(G)), f) = ∑ f∈CRS_0(Π(M),G)

#CRS_2(f) #CRS_1(f) = ∑ f∈CRS_0(Π(M),G)

#E^{n0} #G^{n0} #E^{n1} = #E^{n0} #G^{n0} #E^{n1}

#{G-colourings of M}.

The last equation follows from Proposition 2.16. This finishes the proof of Theorem 2.25.

2.29. Corollary. The invariant I_G where G is a finite crossed module depends only on the homotopy type of B(G). Therefore Yetter’s invariant I_G is a function of the weak homotopy type of the crossed module G, only, or alternatively of the algebraic 2-type determined by G.

Proof. Follows from Theorem 2.22 and Corollary 2.23.

In a future work, we will investigate the behaviour of I_G under arbitrary crossed module maps G → H, in order to generalise this result.

Yetter’s Invariant was extended to CW-complexes in [27], where an alternative proof of its existence is given, using a totally different argument to the one just shown. Also in the cellular category, an extension of Yetter’s Invariant to crossed complexes appeared in [28]. In [26, 27], algorithms are given for the calculation of Yetter’s Invariant of complements of knotted embedded surfaces in S^4, producing non-trivial invariants of 2knots. Different interpretations of Yetter’s Invariant appear in [43, 44].

136 JOÃO FARIA MARTINS AND TIMOTHY PORTER

Yetter’s Invariant has a very simple expression in the case of spaces homotopic to 2-dimensional complexes. In fact:

2.30. Proposition. Let G = (G, E, ∂, ▷) be a finite reduced crossed module. Suppose that M is a finite simplicial complex which is homotopic to a finite 2-dimensional simplicial complex. Then:

I_G (M) = 1 #coker(∂) ( #ker(∂)

)_{χ(M)} #Hom ( π_1(M), coker(∂) ) , wbere χ(M) denotes the Euler characteristic of M.

Proof. It suffices to prove the result for 2-dimensional simplicial complexes, since Yetter’s Invariant is an invariant of homotopy types.

Let H be the crossed module with base group coker(∂), whose fibre group is the trivial group. There exist a natural map p from the set of G-colourings of M to the set of H-colourings of M, obtained by sending the colour of an edge of M to the image of it in coker(∂) and the colour of each face to 1. Since there are no relations motivated by tetrahedra, the map p is surjective, and the inverse image at each point has cardinality (#im(∂))^{n1} (# ker(∂))^{n2} . Here n_i is the number of non-degenerate i-simplices of M. Therefore:

I_G (M) =

#E^{n0} #G^{n0} #E^{n1}

(#im(∂))^{n1} (# ker(∂))^{n2} #{H-colourings of M} = #E^{n0} #G^{n0}

(# ker(∂))^{n2−n1} #{H-colourings of M} = (#im(∂))^{n0} #G^{n0}

(# ker(∂))^{n2−n1+n0} #{H-colourings of M} = 1 (#coker(∂))^{n0}

(# ker(∂))^{n2−n1+n0} #{H-colourings of M} = 1 #coker(∂)

(# ker(∂))^{χ(M)}#Hom ( π_1(M), coker(∂) ) .

2.30.1. An Extension of Yetter’s Invariant to Crossed Complexes. We can extend Yetter’s Invariant of manifolds to handle crossed complexes. Let us sketch how to do this extension. For details (in the pointed CW-complex category) we refer the reader to [28].

As part of the information used to construct this extension, we need to know the n > 3 cases of the Homotopy Addition Lemma, stated for n = 2 and n = 3 in 2.14.1. We continue to follow the conventions of [18].

2.31. Lemma. [Homotopy Addition Lemma for n > 3] We have:

∂h(012...n) = h(01) ▷ h ( ∂_0(012...n) ) + n∑ i=1 (−1)^ih ( ∂_i(012...n) ) .

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 137

Recall the notation introduced in 2.14.1. Note that this is an identity in the relative homotopy group π_n(|Δ(n)|^n, |Δ(n)|^{n−1}, 0 = ∗).

2.32. Definition. Let M be a triangulated piecewise linear manifold with a total order on its set of vertices. Let A = (A_i) be a reduced crossed complex. An A-colouring of M is given by an assignment of an element of A_i to each i-simplex of M, which should satisfy the obvious relations motivated by the Homotopy Addition Lemma.

As before, by the General van Kampen Theorem, it follows that there is a one-to-one correspondence between A-colourings of M and crossed complex maps Π(M) → A; compare with Proposition 2.16. Using the same techniques that we used in the crossed module case we can prove:

2.33. Theorem. Let M be a triangulated compact piecewise linear manifold (or more generally a finite simplicial complex) provided with a total order on its set of vertices, having n_i (non-degenerate) simplices of dimension i for each i ∈ N. Let also A = (A_n) be a reduced crossed complex such that A_n is the trivial group except for a finite number of n ∈ N for which A_n should be finite. The quantity:

I_A(M) = #{A-colourings of M} ∞∏ i=1 (_∞ ∏ j=0 (#A_{i+j} )^{nj}

)_{(−1)}i , does not depend on the ordered triangulation of M chosen and it is a homotopy invariant of M, as a topological space. In fact I_A(M) can be interpreted as:

I_A(M) = ∑ f∈π_0(TOP(M,B(A))) ∞∏ i=1 #π_i ( TOP(M, B(A)), f

)_{(−1)}i .

Here B(A) is the classifying space of the crossed complex A.

The proof of this theorem is analogous to the proof of Theorem 2.25. An important fact to note is that if A and M are as in Theorem 2.25, then the function space TOP(M, B(A)) has only a finite number of connected components, each with a finite number of non-trivial homotopy groups, all of which are finite. This follows from theorems 2.20 and 2.21, or more precisely from their extension to the general case of crossed complexes. A proof of Theorem 2.33 appears in [28], in the case when M is a CW-complex with a unique 0- cell. Using the framework we exposed here in the crossed module case, the proof is easily extended to the case when M may have any finite number of 0-cells; see the theorem below.

This construction should be compared with the construction in [44] of a manifold invariant from any finite n-type. It would be interesting to formulate a similar homotopy interpretation of it.

Theorems 2.25 and 2.33 can be stated in a more general form in the CW-category. In fact we have:

138 JOÃO FARIA MARTINS AND TIMOTHY PORTER

2.34. Theorem. Let M be a finite CW-complex, having n_i cells of index i for each i ∈ N. Let also A = (A_n) be a reduced crossed complex, such that A_n is the trivial group, except for a finite number of n ∈ N, for which A_n should be finite. The (necessarily finite) quantity:

I_A(M) = #{Hom(Π(M), A)} ∞∏ i=1 (_∞ ∏ j=0 (#A_{i+j} )^{nj}

)_{(−1)}i , is a homotopy invariant of M, as a topological space. Here Π(M) is the fundamental crossed complex of the skeletal filtration of M. Moreover I_A(M) can be interpreted as:

I_A(M) = ∑ f∈π_0(TOP(M,B(A))) ∞∏ i=1 #π_i ( TOP(M, B(A)), f

)_{(−1)}i ,

where B(A) is the classifying space of the crossed complex A.

This theorem is shown in [28]. The proof is set in the based case. However the argument extends easily to the unbased case by the method shown in the crossed module context.

A more combinatorial version of the previous theorem can always be set by using the General van Kampen Theorem, as long as we can apply an appropriate homotopy addition lemma, similar to the one stated in the simplicial context. This can be done for instance for complements of knotted embedded surfaces in S^4; see [27].

3. Homological Twisting of Yetter’s Invariant

3.1. Low Dimensional Cohomology of Crossed Modules. The (co)homology of crossed modules is studied, for example, in [25, 42], by considering the (co)homology of their classifying spaces. We do not wish to develop that further. Rather, we will only consider the (co)homology in low dimensions, focusing on a geometric and calculational approach. Our final aim is to define a twisting of Yetter’s Invariant by cohomology classes of finite reduced crossed modules, thereby extending the Dijkgraaf-Witten Invariant of manifolds to crossed modules (equivalent to categorical groups).

3.2. Definition. Let G be a reduced crossed module. The (co)homology of G is defined as being the (co)homology of the classifying space B(G) of G, and similarly in the non-reduced case and for crossed complexes.

3.2.1. Homology of Simplicial Sets. Let D be a simplicial set. It is well known that the homology groups of its geometric realisation |D| can be combinatorially defined from D itself. Let us clarify this statement.

Consider the complex C(D) = {C_n(D), ∂_n} of simplicial chains of D. Here C_n(D) is the free abelian group on the set D_n of n-simplices of D. Furthermore ∂(c) =

∑_n i=0(−1)^i∂_i(c), if c ∈ D_n; see [38, 1,2] or [52, 8.2]. Note that the assignment D → C(D), where D is

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 139

a simplicial set is functorial. The homology of a simplicial set D is defined as being the homology of the chain complex C(D).

The chain complex C(D) has a subcomplex C^d(D), for which C^d_n(D) is the free Zmodule on the set of degenerate n-simplices of D. A classical result asserts that this chain complex is acyclic, see for example [52, proof of Theorem 8.3.8]. Therefore, we may equivalently consider the homology of the normalised simplicial chain complex C^r(D) .= C(D)/C^d(D). This chain complex is isomorphic with the cellular chain complex of |D|, where |D| is provided with its natural cell decomposition coming from the simplicial structure of D. Recall that the geometric realisation |D| of a simplicial set D is a CWcomplex with one n-cell for each non-degenerate n-simplex of D. This can be used to prove that the simplicial homology of a simplicial set coincides with the cellular homology of its geometric realisation.

In fact a stronger result holds. Namely, there exists an inclusion map i: C^r(D) .= C(D)/C^d(D) → C(D) such that p ∘ i = id, with i ∘ p being homotopic to the identity. Here p: C(D) → C^r(D) is the projection map. This is the Normalisation Theorem; see [33, VIII.6.].

In this article, we will consider the unnormalised simplicial chain complex. Note that if M is an ordered simplicial complex, then the simplicial chain complex of D_M , the simplicial set made from M, coincides with its usual definition; see for example [37, 4.3]. That book discusses both the normalised and unnormalised cases.

3.2.2. Homology of Crossed Modules. Let G be a crossed module. The classifying space B(G) of G is the geometric realisation of the simplicial set N(G), the nerve of G. Therefore, it is natural to consider its simplicial homology.

The simplicial structure of B(G) was described in 2.16.1. Let us unpack the structure of the simplicial chain complex of B(G) for low dimensions. Suppose that G = (G, E, ∂, ▷) is a reduced crossed module. For any n ∈ N, the simplicial chain group C_n(G) .= C_n(N(G)) is the free abelian group on the set of all G-colourings of |Δ(n)|, with the obvious boundary maps. In particular:

1. C_0(G) = Z,

2. C_1(G) is the free Z-module on the symbols σ(X), X ∈ G,

3. C_2(G) the free Z-module on the symbols σ(X, Y, e), where X, Y ∈ G and e ∈ E,

4. C_3(G) is the free Z-module on the symbols σ(X, Y, Z, e, f, g, h), where X, Y, Z ∈ G and e, f, g, h ∈ E must verify ef = (X ▷ g)h.

Moreover we have:

∂(σ(X)) = 0, ∂(σ(X, Y, e)) = σ(X) + σ(Y ) − σ ( ∂(e)^{−1}XY ) ,

140 JOÃO FARIA MARTINS AND TIMOTHY PORTER

� � � � � � � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

0

1

2

3

0

1

2 0

2

3

1

2

3 0

1

3 e f

g h

Y Z

ef=(X▷g)h

Y Z X ∂(g)^{−1}Y Z

∂(e)^{−1}XY

∂(g)^{−1} Y Z

∂(e)^{−1}XY

X

∂(f)^{−1} ∂(e)^{−1}XY Z

∂(h)^{−1}X∂(g)^{−1} Y Z

Figure 5: The most general G-colouring of (01234): restriction to (0123).

where X, Y ∈ G and e ∈ E; and also:

∂(σ(X, Y, Z, e, f, g, h)) = σ(Y, Z, g) − σ(∂(e)^{−1}XY, Z, f) + σ(X, ∂(g)^{−1}Y Z, h) − σ(X, Y, e),

where X, Y, Z ∈ G and e, f, g, h ∈ E are such that ef = (X ▷ g)h.

The determination of C_4(G) is a bit more complicated. In figures 5 to 9, we display the most general G-colouring of the 4-simplex (01234). It depends on the variables X, Y, Z, W ∈ G and e, f, g, h, i, j, k, m, n, p ∈ E, which must satisfy the conditions shown in figures 5 to 9. Namely: ef = (X ▷ g)h, gi = (Y ▷ j)k, fm = e^{−1}(XY ▷ j)en, hm = (X ▷ i)p and en = (X ▷ k)p. Note that the last relation follows from all the others. From these relations, it is not difficult to conclude that the colourings of all 1-simplices of figures 5 to 9 are coherent. The associated simplicial 4-chains are denoted by σ(X, Y, Z, W, e, f, g, h, i, j, k, m, n, p). The determination of the boundary map ∂ : C_4(G) → C_3(G) is an easy task.

3.2.3. Explicit Description of the Low Dimensional Coboundary Maps. Let G = (G, E, ∂, ▷) be a reduced crossed module. We consider the U(1)-cohomology of G. This is a very particular case of the construction in [42]. There was considered the general case of cohomology with coefficients in any π_1(B(G))-module. From the discussion above,

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 141

� � � � � � � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

1

2

3

4

1

2

3 1

3

4

2

3

4 1

2

4 g i

j k

Z W

gi=(Y ▷j)k

Z W Y ∂(j)−1ZW

∂(g)^{−1} Y Z

∂(j)^{−1}ZW

∂(g)^{−1}Y Z

Y

∂(i)^{−1}∂(g)^{−1} Y ZW

∂(k)^{−1}Y ∂(j)^{−1}ZW

Figure 6: The most general G-colouring of (01234): restriction to (1234).

the group C^3(G) of 3-cochains of G is given by all maps ω : G^3 × E^4 → U(1) which verify:

ω(X, Y, Z, e, f, g, h) ≠ 1 =⇒ ef = (X ▷ g)h.

Analogously, the group C^4(G) of 4-cochains is given by all maps G^4 × E^{10} → U(1) which verify:

ω(X, Y, Z, W, e, f, g, h, i, j, k, m, n, p) ≠ 1 =⇒ ef = (X ▷ g)h,

gi = (Y ▷ j)k,

fm = e^{−1}(XY ▷ j)en,

hm = (X ▷ i)p,

en = (X ▷ k)p.

Recall that the last relation is a consequence of the others. The group C^2(G) of 2-cochains is simply given by all maps ω : G^2 × E → U(1). The following results follow trivially.

3.3. Proposition. Let ω ∈ C^1 (G) be a 1-cochain. Then:

dω (X, Y, e) = ω (X) ω (Y ) ω ( ∂ (e)^{−1} XY

)_{−1} , for all X, Y ∈ G and all e ∈ E.

142 JOÃO FARIA MARTINS AND TIMOTHY PORTER

� � � � � � � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

0

2

3

4

0

2

3 0

3

4

2

3

4 0

2

4 f m

j n

Z W

fm=e^{−1}(XY ▷j)en

Z W ∂(j)^{−1}ZW

∂(e)^{−1}XY

∂(m)^{−1} ∂(f)^{−1} ∂(e)^{−1}XY ZW

∂(n)^{−1} ∂(e)^{−1}XY ∂(j)^{−1}ZW

∂(f)^{−1} ∂(e)^{−1}XY Z

∂(f)^{−1} ∂(e)^{−1}XY Z

∂(j)^{−1}ZW

∂(e)^{−1}XY

Figure 7: The most general G-colouring of (01234): restriction to (0234).

3.4. Proposition. Let ω ∈ C^2 (G) be a 2-cochain. Then

dω (X, Y, Z, e, f, g, h)

= ω (Y, Z, g) ω ( ∂ (e)^{−1} XY, Z, f

)_{−1} ω ( X, ∂ (g)^{−1} Y Z, h ) ω (X, Y, e)^{−1} ,

whenever ef = (X ▷ g) h and equals 1 ∈ C otherwise.

3.5. Proposition. Let ω ∈ C^3 (G) be a 3-cochain. We have:

dω (X, Y, Z, W, e, f, g, h, i, j, k, m, n, p) =

ω (X, Y, Z, e, f, g, h) ω (Y, Z, W, g, i, j, k) ω ( X, ∂ (g)^{−1} Y Z, W, h, m, i, p ) ω ( ∂ (e)^{−1} XY, Z, W, f, m, j, n

)_{−1} ω ( X, Y, ∂ (j)^{−1} ZW, e, n, k, p

)_{−1} , whenever ef = (X ▷ g)h, gi = (Y ▷ j)k, fm = e^{−1}(XY ▷ j)en, hm = (X ▷ i)p and en = (X ▷ k)p, and equals 1 ∈ C otherwise.

3.6. A Homotopy Invariant of 3-Manifolds. We will restrict our discussion to the 3-dimensional case. However, it is clear that the results that we obtain will still hold, with the obvious adaptations, for any dimension n ∈ N, and can be extended to handle crossed complexes in the same way. The n-dimensional analogues of propositions 3.3 to

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 143

� � � � � � � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

0

1

3

4

0

1

3 0

3

4

1

3

4 0

1

4 h m

i p

hm=(X▷i)p

W ∂(i)^{−1} ∂(g)^{−1} Y ZW

∂(m)^{−1} ∂(f)^{−1} ∂(e)^{−1}XY ZW

∂(p)^{−1}X∂(i)^{−1} ∂(g)^{−1} Y ZW

W X ∂(g)^{−1} Y Z

∂(i)^{−1}∂(g)^{−1} Y ZW

X

∂(h)^{−1}X∂(g)^{−1}Y Z

∂(f)^{−1} ∂(e)^{−1}XY Z

∂(g)^{−1}Y Z

Figure 8: The most general G-colouring of (01234): restriction to (0134).

3.5, as well as their extension to crossed complexes, important for calculational purposes, require, however, more laborious calculations.

Let M be a 3-dimensional oriented triangulated closed piecewise linear manifold. The orientation class o_M ∈ H_3(M) of M chosen can be specified by an assignment of a total order to each non-degenerate tetrahedron of M. These total orders are defined up to even permutations. They define an orientation on each tetrahedron of M. Therefore it is required that if two non-degenerate tetrahedra share a non-degenerate face then the orientations induced on their common face should be opposite.

As usual, we suppose that we are provided with a total order on the set of all vertices of M. Consequently, each non-degenerate 3-simplex K of M can be uniquely represented as K = (abcd) where a < b < c < d. If K is a non-degenerate tetrahedron, we say that r(K) is −1 or 1 according to whether the total order induced on the vertices of K differs from the one determined by the orientation of M by an odd or an even permutation. In other words, r(K) is 1 or −1 depending on whether the orientation on K induced by the total order on the set of vertices of M coincides or not with the orientation of K determined by the orientation of M.

The orientation class o_M of M, living in the (normalised or unnormalised) simplicial

144 JOÃO FARIA MARTINS AND TIMOTHY PORTER

� � � � � � � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

0

1

2

4

0

1

2 0

2

4

1

2

4 0

1

4 e n

k p

Y ∂(j)^{−1}ZW

en=(X▷k)p

Y ∂(j)^{−1}ZW ∂(i)^{−1}∂(g)^{−1} Y ZW

∂(e)^{−1}XY ∂(n)^{−1} ∂(e)^{−1}XY ∂(j)^{−1}ZW

∂(p)^{−1}X∂(i)^{−1} ∂(g)^{−1}Y ZW

X ∂(e)^{−1}XY

X

∂(k)^{−1}Y ∂(j)^{−1}ZW

Figure 9: The most general G-colouring of (01234): restriction to (0124).

homology group H_3(M) of M is therefore:

o_M = ∑ 3-simplices (abcd)

r(abcd)(abcd),

where the sum is extended to the non-degenerate 3-simplices, only.

Let G = (G, E, ∂, ▷) be a finite reduced crossed module. Choose a 3-dimensional cocycle ω representing some cohomology class in H^3(G). For any G-colouring c of M define the U(1)-valued “action”:

S(c, ω) = ∏ 3-simplices (abcd) ω ( c(ab), c(bc), c(cd), c(abc), c(acd), c(bcd), c(abd)

)_{r(abcd)} , (9)

where the product is extended to the non-degenerate 3-simplices of M, only.

Recall that the set of 3-simplices of the classifying space B(G) of G is in one-to-one correspondence with the set of G-colourings of the standard geometric 3-simplex |Δ(3)|. The group of 3-dimensional simplicial cochains of B(G) is given by all assignments of an element of U(1) to each G-colouring c of |Δ(3)|. Given a non-degenerate 3-simplex (abcd) of M, the quantity ω ( c(ab), c(bc), c(cd), c(abc), c(acd), c(bcd), c(abd) ) is by definition, and under the identification above, exactly ω(c_{|(abcd)}), where c_{|(abcd)} is the restriction of the G-colouring c of M to the tetrahedron (abcd).

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 145

3.7. Theorem. Let M be a 3-dimensional closed oriented triangulated piecewise linear manifold, with a total order on its set of vertices. Let n_0 and n_1 be, respectively, the number of vertices and edges of M. Let also G = (G, E, ∂, ▷) be a finite reduced crossed module, and let ω ∈ H^3(G) be a 3-dimensional cohomology class of G. The quantity:

I_G (M, ω) =

#E^{n0} #G^{n0} #E^{n1} ∑ G-colourings c

S(c, ω)

is a homotopy invariant of M, and therefore, in particular, it is independent of the ordered triangulation of M chosen. In fact, let o_M ∈ H_3(M) be the orientation class of M. We have:

I_G (M, ω) = ∑ g∈[M,B(G)]

#π_2(TOP(M, B(G)), g) #π_1(TOP(M, B(G)), g)

⟨o_M , g^∗(ω)⟩ .

Here [M, B(G)] = π_0(TOP(M, B(G))) denotes the set of homotopy classes of maps M → B(G).

Note that since N(G) is Kan, the Simplicial Approximation Theorem guarantees that any map f : M → B(G) is homotopic to the geometric realisation of a simplicial map T_M → N(G), defined up to simplicial homotopy. Here T_M is the simplicial set defined from the triangulation of M. In particular f^∗(ω) is well defined in the simplicial category for any continuous map f : M → B(G). The Simplicial Approximation Theorem (for simplicial sets) is proved for example in [47]. Note also the Normalisation Theorem stated in 3.2.1.

The proof of Theorem 3.7 is analogous to the proof of Theorem 2.25. The main lemma which we will use for its proof is the following.

3.8. Lemma. Let f ∈ CRS_0(Π(M), G) be a morphism Π(M) → G. Therefore, by Proposition 2.16 we can associate a G-colouring c^f of M to it. We have:

⟨o_M , η(f)^∗(ω)⟩ = S ( c^f , ω ) . Note that η(f): M → B(G) is the realisation of a simplicial map. In fact it is the geometric realisation of F (f); see theorems 2.17 and 2.20.

In particular, from theorems 2.20 and 2.21 and subsequent comments, it follows that S ( c^f , ω ) depends only on the homotopy class of f : Π(M) → G. This also proves that the action S(c^f , ω) does not depend on the cocycle representing the cohomology class ω ∈ H^3(G).

Proof. (Lemma 3.8) Recall the notation introduced in 2.16.1. The G-colouring c^f of

146 JOÃO FARIA MARTINS AND TIMOTHY PORTER

M restricts to a G-colouring c^f_{|K} of K, for each non-degenerate simplex K of M. We have:

⟨o_M , η(f)^∗ω⟩ = ⟨o_M , F (f)^∗ω⟩ , by definition (cf. Theorem 2.20) = ⟨F (f)_∗o_M , ω) = ⟨ ∑ 3-simplices (abcd)

r(abcd)F (f)(abcd), ω ⟩

= ∏ 3-simplices (abcd)

⟨F (f)(abcd), ω⟩^{r(abcd)} = ∏ 3-simplices (abcd) ⟨ f_{|Π(abcd)}, ω

⟩_{r(abcd)}

, by Theorem 2.17 and Remark 2.18 = ∏ 3-simplices (abcd) ⟨ c^f_{|(abcd)}, ω

⟩_{r(abcd)}

, by Proposition 2.16 = ∏ 3-simplices (abcd) ω ( c^f (ab), c^f (bc), c^f (cd), c^f (abc), c^f (acd), c^f (bcd), c^f (abd)

)_{r(abcd)}

= S ( c^f , ω ) . The second to last step follows by definition. Note that the sum and the products are to be extended to the non-degenerate 3-simplices of M, only.

We now prove Theorem 3.7.

Proof. (Theorem 3.7) We maintain the notation that we used in the proof of Theorem 2.25. We have: ∑ g∈[M,B(G)]

#π_2(TOP(M, B(G)), g) #π_1(TOP(M, B(G)), g)

⟨o_M , g^∗(ω)⟩

= ∑ f∈CRS_0(Π(M),G)

#π_2(TOP(M, B(G)), η(f)) #π_1(TOP(M, B(G)), η(f))#[f]

⟨o_M , η(f)^∗ω⟩

= ∑ f∈CRS_0(Π(M),G)

#π_2(TOP(M, B(G)), η(f)) #π_1(TOP(M, B(G)), η(f))#[f] S ( c^f , ω ) .

The same calculation as in the proof of Theorem 2.25 finishes the proof. Note that we are implicitly using the fact that if f and f^′ belong to the same connected component in the groupoid CRS_1(Π(M), G) then it follows that η(f) is homotopic to η(f^′) and thus S ( c^f , ω ) = S ( c^{f ′} , ω ) . As we referred to before, this theorem can be extended in the obvious way to closed nmanifolds, with n arbitrary, and cohomology classes of crossed complexes. Compare with Theorem 2.33. It would be interesting to relate our construction with M. Mackaay’s work

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 147

appearing in [36]. Conjecturally, this last should be related to the 4-manifold invariant obtained from 4-dimensional cohomology classes of crossed complexes of length 3. Finding the precise link forces the determination of all the relations verified by 4-dimensional crossed complex cocycles, which itself requires elaborate calculations. We will consider these issues in a subsequent publication.

References

[1] Baez J.C.: Spin Foam Models, Classical Quantum Gravity 15 (1998), no. 7, 1827–1858.

[2] Baez J.C., Lauda A.D.: Higher-Dimensional Algebra. V. 2-groups. Theory Appl. Categ. 12 (2004), 423–491 (electronic).

[3] Barrett J.W.: State Sum Models and Quantum Gravity, XIIIth International Congress on Mathematical Physics (London, 2000), 259–265, Int. Press, Boston, MA, 2001.

[4] Barrett J.W., Mackaay M.: Categorical Representations of Categorical Groups, Theory Appl.

Categ. 16 (2006), No. 20, 529–557 (electronic).

[5] Barrett J.W., Westbury B.W.: Invariants of Piecewise-Linear 3-Manifolds, Trans. Amer. Math.

Soc. 348 (1996), no. 10, 3997–4022.

[6] Baues H.J.: Algebraic Homotopy, Cambridge Studies in Advanced Mathematics, 15. Cambridge University Press, Cambridge, 1989.

[7] Baues H.J.: Combinatorial Homotopy and 4-Dimensional Complexes. With a preface by Ronald Brown, de Gruyter Expositions in Mathematics, 2. Walter de Gruyter & Co., Berlin, 1991.

[8] Blakers A.L.: Some Relations Between Homology and Homotopy Groups, Ann. of Math. (2) 49, (1948). 428–461.

[9] Brown R.: Groupoids and Crossed Objects in Algebraic Topology, Homology Homotopy Appl. 1 (1999), 1–78 (electronic).

[10] Brown R.: Topology and Groupoids, Booksurge LLC, S. Carolina, 2006.

[11] Brown R.: On the Second Relative Homotopy Group of an Adjunction Space: an Exposition of a Theorem of J. H. C. Whitehead, J. London Math. Soc. (2) 22 (1980), no. 1, 146–152.

[12] Brown R.: Crossed Complexes and Homotopy Groupoids as non Commutative Tools for Higher Dimensional Local-to-Global Problems, Galois theory, Hopf algebras, and semiabelian categories, 101–130, Fields Inst. Commun., 43, Amer. Math. Soc., Providence, RI, 2004.

[13] Brown R., Golasiński M.: A Model Structure for the Homotopy Theory of Crossed Complexes, Cahiers Topologie Gom. Diffrentielle Catg. 30 (1989), no. 1, 61–82.

[14] Brown R., Higgins P.J.: On the Connection Between the Second Relative Homotopy Groups of some Related Spaces, Proc. London Math. Soc. (3) 36 (1978), no. 2, 193–212.

[15] Brown R., Higgins P.J.: Colimit Theorems for Relative Homotopy Groups, J. Pure Appl. Algebra 22 (1981), no. 1, 11–41.

[16] Brown R., Higgins P.J.: On the Algebra of Cubes, J. Pure Appl. Algebra 21 (1981), no. 3, 233–260.

[17] Brown R., Higgins P.J.: Tensor Products and Homotopies for ω-Groupoids and Crossed Complexes, J. Pure Appl. Algebra 47 (1987), no. 1, 1–33.

148 JOÃO FARIA MARTINS AND TIMOTHY PORTER

[18] Brown R., Higgins P.J.: The Classifying Space of a Crossed Complex, Math. Proc. Cambridge Philos. Soc. 110 (1991), no. 1, 95–120.

[19] Brown R., Higgins P.J., Sivera R.: Nonabelian Algebraic Topology, part I (preliminary version). [20] Brown R., Huebschmann J.: Identities Among Relations, Low-dimensional topology (Bangor, 1979), pp. 153–202, London Math. Soc. Lecture Note Ser., 48, Cambridge Univ. Press, Cambridge-New York, 1982.

[21] Brown R., İçen İ.: Homotopies and Automorphisms of Crossed Modules of Groupoids, Appl.

Categ. Structures 11 (2003), no. 2, 185–206.

[22] Brown R., Spencer C.B.: G-groupoids, Crossed Modules and the Fundamental Groupoid of a Topological Group. Nederl. Akad. Wetensch. Proc. Ser. A 79 Indag. Math. 38 (1976), no. 4, 296–302.

[23] Curtis E.B.: Simplicial Homotopy Theory. Advances in Math. 6 1971 107–209 (1971). [24] Dijkgraaf R., Witten E.: Topological Gauge Theories and Group Cohomology, Comm. Math.

Phys. 129 (1990), no. 2, 393–429.

[25] Ellis G.: Homology of 2-Types, J. London Math. Soc. (2) 46 (1992), no. 1, 1–27. [26] Faria Martins J.: Categorical Groups, Knots and Knotted Surfaces, to appear in J. Knot Theory Ramifications. Preliminary version: math.GT/0502562.

[27] Faria Martins J.: On 2-Dimensional Homotopy Invariants of Complements of Knotted Surfaces, math.GT/0507239.

[28] Faria Martins J.: On the Homotopy Type and the Fundamental Crossed Complex of the Skeletal Filtration of a CW-Complex, to appear in Homology Homotopy and Applications. Preliminary version: math.GT/0605364.

[29] Fritsch R., Piccinini R.A.: Cellular Structures in Topology, Cambridge Studies in Advanced Mathematics, 19. Cambridge University Press, Cambridge, 1990.

[30] Gabriel P., Zisman M.: Calculus of Fractions and Homotopy Theory. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 35 Springer-Verlag New York, Inc., New York 1967.

[31] Kamps K.H., Porter T.: Abstract Homotopy and Simple Homotopy Theory. World Scientific Publishing Co., Inc., River Edge, NJ, 1997.

[32] Loday J.L.: Spaces with Finitely Many Non-Trivial Homotopy Groups, J. Pure Appl. Algebra 24 (1982), 179–202.

[33] Mac Lane S.: Homology. Reprint of the 1975 edition. Classics in Mathematics. Springer-Verlag, Berlin, 1995.

[34] Mac Lane S., Whitehead J.H.C.: On the 3-Type of a Complex, Proc. Nat. Acad. Sci. U. S. A.

36, (1950). 41–48.

[35] Mackaay M.: Spherical 2-Categories and 4-Manifold Invariants, Adv. Math. 143 (1999), no. 2, 288–348.

[36] Mackaay M.: Finite Groups, Spherical 2-Categories, and 4-Manifold Invariants, Adv. Math. 153 (2000), no. 2, 353–390.

[37] Maunder C.R.F.: Algebraic Topology, Cambridge University Press, Cambridge-New York, 1980. [38] May J.P.: Simplicial Objects in Algebraic Topology, Van Nostrand Mathematical Studies, No. 11 D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London 1967.

YETTER’S INVARIANT AND EXTENSION OF THE DIJKGRAAF-WITTEN INVARIANT 149 [39] Milnor J.: The Geometric Realization of a Semi-Simplicial Complex, Ann. of Math. (2) 65 (1957), 357–362.

[40] Milnor J.: On Spaces Having the Homotopy Type of CW-Complex. Trans. Amer. Math. Soc. 90 1959 272–280.

[41] Ponzano G., Regge T.: Semiclassical Limit of Racah Coefficients, Spectroscopic and Group Theoretical Methods in Physics ed F Bloch et al (Amsterdam: North-Holland) 1968.

[42] Paoli S.: (Co)homology of Crossed Modules with Coefficients in a π_1-Module, Homology Homotopy Appl. 5 (2003), no. 1, 261–296 (electronic).

[43] Porter T.: Interpretations of Yetter’s Notion of G-Coloring: Simplicial Fibre Bundles and Non- Abelian Cohomology, J. Knot Theory Ramifications 5 (1996), no. 5, 687–720.

[44] Porter T.: Topological Quantum Field Theories from Homotopy n-Types, J. London Math. Soc.

(2) 58 (1998), no. 3, 723–732.

[45] Porter T.: Formal Homotopy Quantum Field Theories, II: Simplicial Formal Maps, math.QA/0512034.

[46] Porter T., Turaev V.G.: Formal Homotopy Quantum Field Theories, I: Formal Maps and Crossed C-algebras, math.QA/0512032.

[47] Sanderson B.J.: The Simplicial Extension Theorem, Math. Proc. Cambridge Philos. Soc. 77 (1975), 497–498.

[48] Tonks A.P.: On the Eilenberg-Zilber Theorem for Crossed Complexes, J. Pure Appl. Algebra 179 (2003), no. 1-2, 199–220.

[49] Tonks A.P.: Theory and Applications of Crossed Complexes, U.W. Bangor Ph.D. thesis (1994), available at: http://www.informatics.bangor.ac.uk/public/mathematics/research/ftp/ theses/tonks.ps.gz [50] Turaev V.G.: Quantum Invariants of Knots and 3-Manifolds. de Gruyter Studies in Mathematics, 18. Walter de Gruyter & Co., Berlin, 1994.

[51] Turaev V.G., Viro O.Ya.: State Sum Invariants of 3-Manifolds and Quantum 6j-Symbols.

Topology 31 (1992), no. 4, 865–902.

[52] Weibel C.A.: An Introduction to Homological Algebra, Cambridge Studies in Advanced Mathematics, 38. Cambridge University Press, Cambridge, 1994.

[53] Whitehead G.W.: Elements of Homotopy Theory, Graduate Texts in Mathematics, 61.

Springer-Verlag, New York-Berlin, 1978.

[54] Whitehead J.H.C.: Combinatorial Homotopy II, Bull. Amer. Math. Soc. 55, (1949).

453–496.

[55] Whitehead J.H.C.: Simple Homotopy Types, Amer. J. Math. 72, (1950). 1–57. [56] Yetter D.N.: Topological Quantum Field Theories Associated to Finite Groups and Crossed G-Sets, J. Knot Theory Ramifications 1 (1992), no. 1, 1–20.

[57] Yetter D.N.: TQFT’s from Homotopy 2-Types, J. Knot Theory Ramifications 2 (1993), no. 1, 113–123.

150 JOÃO FARIA MARTINS AND TIMOTHY PORTER

Departamento de Matemática, Instituto Superior Técnico (Universidade Técnica de Lisboa), Av. Rovisco Pais, 1049-001 Lisboa, Portugal. Also at Departamento de Matemática, Universidade Lusófona de Humanidades e Tecnologia, Av. do Campo Grande, 376, 1749- 024, Lisboa, Portugal.

Department of Mathematics, University of Wales, Bangor, Dean St., Bangor, Gwynedd LL57 1UT, UK.

Email: jmartins@math.ist.utl.pt

t.porter@bangor.ac.uk

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/18/4/18-04.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: mbarr@barrs.org Transmitting editors.

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca