Theory and Applications of Categories, Vol. 2, No. 3, 1996, pp. 36–39.

A COUNTEREXAMPLE TO A CONJECTURE OF BARR

SARAH WHITEHOUSE

Transmitted by Michael Barr

ABSTRACT. We discuss two versions of a conjecture attributed to M. Barr. The Harrison cohomology of a commutative algebra is known to coincide with the André/ Quillen cohomology over a field of characteristic zero but not in prime characteristics. The conjecture is that a modified version of Harrison cohomology, taking into account torsion, always agrees with André/Quillen cohomology. We give a counterexample.

1. Definitions and Notation

Let A be a commutative algebra over a commutative ring k and let M be an A-bimodule. We denote ⊗_k simply by ⊗. Consider the Hochschild cochain complex (Hom_k(A^{⊗n}, M), δ), where δ is the Hochschild coboundary,

δf(a_1 ⊗ · · · ⊗ a_n) = a_1f(a_2 ⊗ · · · ⊗ a_n) + n−1X_{i=1 (−1)if(a1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an) + (−1)nf(a1 ⊗ · · · ⊗ an−1)an.} The symmetric group Σ_n acts on the left on A^{⊗n} by

σ(a_1 ⊗ . . . ⊗ a_n) = (a_σ�1_1 ⊗ . . . ⊗ a_σ�1_n),

and we extend this linearly to an action of the group algebra kΣ_n.

Let T^c(A) denote the cotensor algebra over A. That is, (T^c(A))_n= A^{⊗n}, with graded commutative multiplication the signed shuffle, μ : A^{⊗p} ⊗ A^{⊗q} → A^{⊗p+q},

μ((a_1 ⊗ · · · ⊗ a_p) ⊗ (a_{p+1} ⊗ · · · ⊗ a_{p+q})) = X(sgn σ)σ(a_1 ⊗ · · · ⊗ a_{p+q}),

where the sum is over (p, q)-shuffles σ in Σ_{p+q}.

Harrison cohomology, Harr^∗(A; M), is the homology of the subcomplex of the Hochschild cochain complex consisting of those cochains which vanish on decomposable elements for the shuffle product. This commutative algebra cohomology theory is known to coincide with the André/Quillen theory when A is projective over k and k contains Q [4]. An example of André, described in [1], shows that the theories do not coincide in prime characteristics.

I would like to thank M. Barr for helpful comments.

Received by the editors 8 June 1996 and, in revised form, 24 June 1996. Published on 3 July 1996 1991 Mathematics Subject Classification : 13D03, 18C15.

Key words and phrases: Hochschild homology, Harrison homology, André/Quillen homology.

cfl Sarah Whitehouse 1996. Permission to copy for private use granted. 36

2. The Counterexample

Note that the indecomposables of the cotensor algebra T^c(A) may have torsion. For example, μ((a ⊗ b) ⊗ (a ⊗ b)) = 2(a ⊗ b ⊗ a ⊗ b), so that when k has characteristic zero a Harrison 4-cochain must vanish on (a ⊗ b ⊗ a ⊗ b), but not when k has characteristic 2. Let us denote by HB^∗(A; M) the homology of the subcomplex of all Hochschild cochains vanishing not only on shuffles but also on those elements some multiple of which is a shuffle. According to ([2] p232), Barr conjectures that this gives André/Quillen cohomology. We give a counterexample, by constructing a non-zero element in HB^5 of a polynomial algebra. (Of course, the higher André/Quillen cohomology groups of a polynomial algebra are zero.)

2.1. Proposition. HB^5(F_2[x]; F_2) ≠ 0, where F_2 is a F_2[x]-module via the trivial xaction.

Proof. The idea is to give a Harrison 5-cocycle f as the coboundary of an explicitly defined Harrison 4-cochain g. So of course as a Hochschild or Harrison cycle f is cohomologous to zero. We then show that f satisfies Barr’s condition, but is not the coboundary of any Barr 4-cochain.

Define an integral Hochschild 4-cochain G as follows,

G(1 ⊗ x ⊗ 1 ⊗ x) = G(x ⊗ 1 ⊗ x ⊗ 1) = G(x ⊗ 1 ⊗ 1 ⊗ x) = G(1 ⊗ x ⊗ x ⊗ 1) = 1,

G is zero on any other chain of the form (x^{i1} ⊗ x^{i2} ⊗ x^{i3} ⊗ x^{i4} ), and we extend linearly. Now let g be the reduction modulo 2 of G.

Let f = δg. Now f ≠ 0, since for example f(1 ⊗ 1 ⊗ x ⊗ 1 ⊗ x) = 1. Next we check that g vanishes on shuffles (or, equivalently, G takes even values on shuffles). It is clearly sufficient to check for those shuffles which involve (1 ⊗ x ⊗ 1 ⊗ x), (x ⊗ 1 ⊗ x ⊗ 1), (x ⊗ 1 ⊗ 1 ⊗ x) or (1 ⊗ x ⊗ x ⊗ 1). For example,

G(μ((1) ⊗ (x ⊗ 1 ⊗ x))) = G(1 ⊗ x ⊗ 1 ⊗ x) − G(x ⊗ 1 ⊗ 1 ⊗ x) +G(x ⊗ 1 ⊗ 1 ⊗ x) − G(x ⊗ 1 ⊗ x ⊗ 1) = 0. Similar calculations show that although G does not vanish on all these shuffles it does take even values on them. Hence g is a Harrison cochain and so f = δg is a Harrison 5-cocycle.

Notice that as above (1 ⊗ x ⊗ 1 ⊗ x) has a multiple which is a shuffle and yet g(1 ⊗ x ⊗ 1 ⊗ x) ≠ 0, so g does not satisfy Barr’s condition. In fact, if f = δh then 1 = f(1 ⊗ 1 ⊗ x ⊗ 1 ⊗ x) = δh(1 ⊗ 1 ⊗ x ⊗ 1 ⊗ x) = h(1 ⊗ x ⊗ 1 ⊗ x). So f is not the coboundary of any cochain satisfying Barr’s condition.

It remains to check that f itself does satisfy Barr’s condition. Note that f is the reduction modulo 2 of the integral cochain F = δG. Now one easily checks that the only chains of the form (x^{i1} ⊗ x^{i2} ⊗ x^{i3} ⊗ x^{i4} ⊗ x^{i5} ) on which F is non-zero are:

a_1 = (1 ⊗ 1 ⊗ x ⊗ 1 ⊗ x), a_4 = (x ⊗ 1 ⊗ x ⊗ 1 ⊗ 1), a_2 = (1 ⊗ x ⊗ 1 ⊗ 1 ⊗ x), a_5 = (x ⊗ 1 ⊗ 1 ⊗ x ⊗ 1), a_3 = (1 ⊗ 1 ⊗ x ⊗ x ⊗ 1), a_6 = (1 ⊗ x ⊗ x ⊗ 1 ⊗ 1).

We have F (a_i) = 1 for i = 1, 2, 3, F (a_i) = −1 for i = 4, 5, 6. We need only check for shuffle-submultiples involving these. We introduce notation:

b_1 = (1 ⊗ 1 ⊗ 1 ⊗ x ⊗ x), b_3 = (x ⊗ x ⊗ 1 ⊗ 1 ⊗ 1), b_2 = (x ⊗ 1 ⊗ 1 ⊗ 1 ⊗ x), b_4 = (1 ⊗ x ⊗ 1 ⊗ x ⊗ 1).

We show that f vanishes on any shuffle-submultiple of the form P k_ia_i + P l_j b_j , for k_i, l_j ∈ F_2. The idea is that although F does not vanish on every shuffle-submultiple, it takes even values on such, so that f does vanish.

Consider all possible shuffles involving three 1’s and two x’s. There are a total of forty such shuffles, ten each of the (1, 4), (2, 3), (3, 2) and (4, 1) shuffles. Since the shuffle product is graded commutative it suffices to calculate only the twenty (1, 4) and (2, 3) shuffles. Calculating these directly one finds for the (1, 4) shuffles:

μ ((1) ⊗ (1 ⊗ 1 ⊗ x ⊗ x)) = b_1 − a_1 + a_3, μ ((1) ⊗ (1 ⊗ x ⊗ 1 ⊗ x)) = b_4, μ ((1) ⊗ (x ⊗ 1 ⊗ 1 ⊗ x)) = a_2 − b_2 + a_5, μ ((1) ⊗ (1 ⊗ x ⊗ x ⊗ 1)) = b_4, μ ((1) ⊗ (x ⊗ 1 ⊗ x ⊗ 1)) = b_4, μ ((1) ⊗ (x ⊗ x ⊗ 1 ⊗ 1)) = a_6 − a_4 + b_3, μ ((x) ⊗ (1 ⊗ 1 ⊗ 1 ⊗ x)) = b_2 − a_2 + a_1, μ ((x) ⊗ (1 ⊗ 1 ⊗ x ⊗ 1)) = a_5 − b_4 + a_1, μ ((x) ⊗ (1 ⊗ x ⊗ 1 ⊗ 1)) = a_4 − b_4 + a_2, μ ((x) ⊗ (x ⊗ 1 ⊗ 1 ⊗ 1)) = a_4 − a_5 + b_2.

For the (2, 3) shuffles we have:

μ ((x ⊗ x) ⊗ (1 ⊗ 1 ⊗ 1)) = b_3 − a_4 + a_5 − b_2 + a_6 − b_4 + a_2 + a_3 − a_1 + b_1, μ ((1 ⊗ x) ⊗ (1 ⊗ 1 ⊗ x)) = a_2 + a_1, μ ((1 ⊗ x) ⊗ (1 ⊗ x ⊗ 1)) = 2b_4, μ ((1 ⊗ x) ⊗ (x ⊗ 1 ⊗ 1)) = b_4 − a_2 + a_4 + b_2, μ ((x ⊗ 1) ⊗ (1 ⊗ 1 ⊗ x)) = b_2 − a_5 + b_4 + a_1, μ ((x ⊗ 1) ⊗ (1 ⊗ x ⊗ 1)) = 2b_4, μ ((x ⊗ 1) ⊗ (x ⊗ 1 ⊗ 1)) = a_4 + a_5, μ ((1 ⊗ 1) ⊗ (x ⊗ x ⊗ 1)) = a_3 − b_4 + a_5 + b_3, μ ((1 ⊗ 1) ⊗ (x ⊗ 1 ⊗ x)) = a_1 − b_4 + b_2 + a_4, μ ((1 ⊗ 1) ⊗ (1 ⊗ x ⊗ x)) = b_1 + a_2 − b_4 + a_6.

Now it is easily checked that any Z-linear combination of these can be expressed in the following form.

s = z_1(a_1 + a_2) + z_2(a_1 + a_5) + z_3(a_2 + a_4) + z_4(b_1 + a_2 + a_3) + z_5(b_1 + a_2 + a_6) + z_6(b_2 + a_1 + a_4) + z_7(b_3 + a_3 + a_5) + z_8(b_3 + a_2 + a_6) + z_9b_4,

where z_i ∈ Z. Note that F (s) = 2(z_1 + z_4).

Suppose that s has the coefficient of each a_i and b_j divisible by q. Then we need to show that f vanishes on the shuffle-submultiple s/q, that is F (s/q) is even, or equivalently, F (s) is divisible by 2q. Now adding the coefficients of a_2 and b_2 and subtracting the coefficients of a_4 and a_6 gives z_1 + z_4. So z_1 + z_4 is divisible by q. Thus F (s) = 2(z_1 + z_4) is divisible by 2q as required.

Hence, f does vanish on any element some multiple of which is a shuffle. So 0 ≠ [f] ∈ HB^5(F_2[x]; F_2).

Another version of the conjecture is given by considering the Hochschild chain complex with the shuffle product as a divided power algebra, and factoring out the divided powers. (See ([2] p232) and ([3] p271).) The above is also a counterexample to the conjecture that the cohomology of this complex then gives André/Quillen cohomology. Firstly, since 1 ⊗ x ⊗ 1 ⊗ x is a divided power we see that f is not the coboundary of any cochain vanishing on divided powers. Secondly, the arguments above show that f itself does vanish on all divided powers.

References

[1] M. Barr. Harrison homology, Hochschild homology and triples. Journal of Algebra, 8, pp314–323, 1968.

[2] M. Gerstenhaber and S.D. Schack. A Hodge-type decomposition for commutative algebra cohomology. Journal of Pure and Applied Algebra, 48, pp229–247, 1987.

[3] M. Gerstenhaber and S.D. Schack. The shuffle bialgebra and the cohomology of commutative algebras. Journal of Pure and Applied Algebra, 70, pp263–272, 1991.

[4] D. Quillen. On the (co)-homology of commutative rings. Proc. Symp. Pure Math., 17, pp65–87, 1970.

Mathematics Institute, University of Warwick, Coventry, England CV4 7AL Email: sarah@maths.warwick.ac.uk

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://www.tac.mta.ca/pub/tac/html/volumes/1996/n3/n3.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as they

are published. Full text of published articles is available in .dvi and Postscript format. Details will be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LaTEX is the preferred

flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp from

ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive details

by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@triples.math.mcgill.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, University of Genoa: carboni@vmimat.mat.unimi.it P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk G. Max Kelly, University of Sydney: kelly m@maths.su.oz.au Anders Kock, University of Aarhus: kock@mi.aau.dk F. William Lawvere, State University of New York at Buffalo: mthfwl@ubvms.cc.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl Susan Niefield, Union College: niefiels@gar.union.edu Robert Paré, Dalhousie University: pare@cs.dal.ca Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@charlie.math.unc.edu Ross Street, Macquarie University: street@macadam.mpce.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Sydney: walters b@maths.su.oz.au R. J. Wood, Dalhousie University: rjwood@cs.da.ca