Theory and Applications of Categories, Vol. 2, No. 6, 1996, pp. 62–68.

ON QUANTIC CONUCLEI IN ORTHOMODULAR LATTICES

LEOPOLDO ROMÁN AND RITA E. ZUAZUA

Transmitted by Robert Paré

ABSTRACT. In this paper we study the lattice of conuclei for orthomodular lattices. We show that under certain conditions we can get a complete characterization of all quantic conuclei. The thing to note is that we use a non-commutative, non-associative disjunction operator which can be thought of as from non-commutative, non-associative linear logic.

Introduction

The purpose of this note is to begin the study of quantic conuclei in several lattices. Quantic conuclei were first introduced in [NR] and later were also introduced in the book [R] written by K. Rosenthal. The main motivation of our work is as follows. In [RR2] the first author and Beatriz Rumbos gave a complete description of the lattice of all quantic nuclei of an orthomodular lattice L. The first author knew the dual concept of a quantic nucleus but there was no obvious connection between quantic nucleus and quantic conucleus for orthomodular lattices.

Since the birth of linear logic we know that dual properties could be useful in order to understand some lattice structures. Orthomodular lattices have a nice dual operator. If we take the standard example, the lattice of all closed subspaces of a Hilbert space, the dual is nothing but the complement of a subspace. Hence, a natural question is: suppose L is an orthomodular lattice then what can we say about the lattice of quantic conuclei (denoted by CN(L)). We shall see that under certain assumptions we can actually get a complete dual characterization of CN(L). We say dual, since it will be the dual concept of quantic nucleus.

In Section 1 we introduce the main definition we need in order to state the main results of this paper.

Section 2 talks about the characterization of CN(L) and uses a new kind of “disjunction” operator which for our purposes is crucial. We must say that this is the first time we found a non trivial application of this “disjunction” operator for orthomodular lattices. We knew the existence of such operator but had never been used in a nontrivial application.

Finally, the first author wants to express his sincere thanks to the second author for listening carefully at the begining of this project. We plan to continue the study of quantic

Received by the editors 18 June 1996 and, in revised form, 3 September 1996. Published on 26 September 1996 1991 Mathematics Subject Classification : 06A15, 06C99, 03G12, 03G30, 81P10.

cfl Leopoldo Román and Rita E. Zuazua 1996. Permission to copy for private use granted. 62 conuclei in other lattices and also take a look at the lattice structure of quantic nucleus in the case of quantales.

1. The category of orthomodular lattices

Throughout this work L will denote an orthomodular lattice, that is, a lattice (L, ∧, ∨, 0, 1) with an unary operation ⊥: L → L satisfying: i) a ≤ b =⇒ b? ≤ a? ii) a? ∨ a = 1

iii) a? ∧ a = 0

for all a, b in L. Moreover, L satisfies the following weak modularity property: a ≤ b ⇐⇒ b = a ∨ (a? ∧ b) . These lattices have traditionally been associated with “quantum logic”, since the propositions for a quantum system correspond with closed subspaces of a Hilbert space and these constitute an orthomodular lattice.

As pointed out in [RR1] a natural choice for an implication conjunction pair is to take the Sasaki arrow defined by a −→ b = (a ∧ b) ∨ a? for all a, b ∈ L together with the conjunction “ & ” given as

a & b = ı a ∨ b? ȷ ∧ b for all a, b ∈ L . The relation a & b ≤ c iff a ≤ b → c holds for any elements a, b, c in L. In categorical terms, if L is seen as a category, then this is just saying that the functor − & b is a left adjoint to b → − for any b ∈ L. An immediate result from this is that the operator & distributes over arbitrary joins (on the left), i.e., it is “left distributive”. Moreover & can be thought of as a noncommutative nonassociative meet operator. In fact, if & is either associative or commutative then L will turn out to be a Boolean algebra (see [RR1] for more details).

We define another noncommutative operator in an orthomodular lattice,and denoted it by ∗. Here is the definition.

1.1. Definition. Let (L, ∧, ∨, 0, 1) be an arbitrary orthomodular lattice. If a, b are arbitrary elements of L define a ∗ b by the following rule: a ∗ b = ı a? & b? ȷ? Once again, the operator ∗ can be viewed as a non commutative, non associative union. This operator, was unfortunately never studied in detail but plays a crucial role in this paper. There are some obvious consequences of the definitions of & and ∗, that we list for later reference.

i) a ∧ b ≤ a & b, a ∗ b ≤ a ∨ b. ii) a & b ≤ b, a ∗ b ≥ b. iii) 1 & a = a = a & 1, 0 ∗ a = a = a ∗ 0. iv) a & a = a, a ∗ a = a. v) a & a? = 0, a ∗ a? = 1.

It is clear that for any a ∈ L the orthocomplement of a can be written as a → 0 and satisfies the following property: x & b = 0 iff x ≤ b?

As we noted in the introduction we are interested in the study of quantic conuclei. Since our methods also use the concept of a quantic nucleus we shall introduce both concepts. In order to do that we have to make a choice, i.e., introduce the definitions only for orthomodular lattices or in a more general context, namely, in any quantic lattice. We believe that the last idea is the best choice since we can in fact introduce the concept of quantale. So, let us begin with the definition of a quantic lattice.

1.2. Definition. Let Q be a complete lattice (Q, ≤), then Q is a quantic lattice iff there exists a binary operation & : Q × Q → Q satisfying:

i) − & q: Q → Q is a poset morphism for all q in Q. ii) − & q: Q → Q has a right adjoint q → (−) for all q in Q.

The reader can find some interesting examples of such lattices in [RR3]. Here we just mention some of them:

1) Any locale with a & b = a ∧ b, ∀ a, b ∈ L.

2) Any complete orthomodular lattice, where & is the operation already defined. 3) Any quantale (see [NR] for details).

Quantic nuclei and conuclei were first introduced by [NR]. Our definition does not differ from theirs.

1.3. Definition. Let Q be any quantic lattice. If j: Q → Q is an order preserving function then j is a quantic nucleus if and only if the following is satisfied: i) a ≤ ja. ii) j^2a = ja.

iii) j(a) & j(b) ≤ j(a & b).

for all a, b in Q.

We shall say j: Q → Q is a quantic conucleus if and only if j satisfies: i) ja ≤ a. ii) j^2a = ja.

iii) j(a) & j(b) ≤ j(a & b). for all a, b in Q.

We shall say j: Q → Q is a strict quantic nucleus (conucleus) if j(a & b) = ja & jb. Example. Quantic nuclei were characterized in [RR2] when Q is an orthomodular lattice. All quantic nuclei j: Q → Q are of the form u_z: Q → Q where u_z(a) = a ∨ z z = j(0) and z belongs to the center of Q.

By the center of Q we mean the following subset of Q.

Suppose Q is an orthomodular lattice then the center of Q, denoted by Z(Q) is given by the following condition: Z(Q) = {x ∈ Q | x & a = a & x, ∀ a ∈ Q} . Z(Q) is not only a suborthomodular lattice of Q, in fact is a Boolean algebra, as the reader can prove easily.

For quantic conuclei, suppose Q is a Boolean algebra and a is an arbitrary element of Q, then the function m_a: Q → Q defined by m_a(x) = x ∧ a is easily shown to be a quantic conucleus, in fact is a strict one, i.e.,

m_a(x) ∧ m_a(y) = m_a(x ∧ y)

Notice that in order for m_a to be a quantic conucleus we must use that the operator ∧ is commutative and idempotent.

Since the operator & already defined for an orthomodular lattice is not necessarily commutative (unless Q is a Boolean algebra) the problem seems to be different from the Boolean case. However, we shall see that this is not the case. Indeed, a similar result (as in Boolean algebras) will hold. We have the following.

1.4. Lemma. If L is a (complete) orthomodular lattice and z is an arbitrary element of Z(L), then the operator m_z: L → L is a strict quantic conucleus.

The only thing to be noted is that as soon as you have an element the center of L, then the distributive law holds, that is, given x, y arbitrary elements of L and z an element of Z(L), then (x ∧ y) ∨ z = (x ∨ z) ∧ (y ∨ z) . What about the converse of Lemma 1.4? In contrast with the case of quantic nucleus we have to made some assumptions; we shall do it in the next section.

2. Quantic conuclei for Boolean algebras and orthomodular lattices

As we pointed out in the introduction our main target is to give a characterization of quantic nuclei in terms of the meet operator. We must say that the condition we found is rather surprising. For the sake of simplicity we begin first with the case of a Boolean algebra and later we shall deal with the case of orthomodular lattices. First of all, we introduce some notation. Denote by CN(L) the set of all quantic conuclei. We can state now the following.

2.1. Lemma. If L is a (complete) Boolean algebra and j is an element of CN(L), the following two conditions are equivalent:

i) For all a, b in L, j(a ∨ b) = ja ∨ jb.

ii) j = m_a where a = j(1).

Proof. i) =⇒ ii) Take any element j of CN(L). We define φ: L → L as follows: φ(a) = j(a?)?. We check φ is in fact a quantic nucleus. Clearly, φ is inflationary and idempotent. The only thing we have to check is φ(a) ∧ φ(b) ≤ φ(a ∧ b).

The LHS of the last inequality is equal to ı j(a?) ∨ j(b?) ȷ? = ı j(a? ∨ b?) ȷ? by the hypothesis, and this of course is equal to the RHS of the last inequality. Therefore φ = u_z where z = φ(0) = j(1)?; i.e., if a is an arbitrary element of L we have φ(a) = a ∨ j(1)? but φ(a) = j(a?)? hence j(a?)? = a ∨ j(1)? and j(a) = a ∧ j(1) = m_{j(1)}.

The converse is of course trivial.

We want now to extend this result for the case of orthomodular lattices. As the reader can imagine the conditions will be similar. However, we will use our noncommutative, nonassociative join operator. Namely, the operator ∗, already defined in section 1. Notice that if j: L → L is an order preserving function and L has finite joins we always have the inequality j(a) ∨ j(b) ≤ j(a ∨ b), a and b arbitrary elements of L. If we take the operator ∗ we cannot claim for such inequality. However, we do not need any such a condition. Our next result will tell us what we need in order to obtain a similar result to Lemma 2.1.

2.2. Theorem. If L is a (complete) orthomodular lattice and j is an element of CN(L), the following two conditions are equivalent :

i) For all a, b in L, j(a ∗ b) ≤ j(a) ∗ j(b).

ii) j = m_a where a = j(1) and is an element of the center of L.

Proof. Take any element j of CN(L) and suppose j satisfies (i), define again φ: L → L as follows: φ(a) = j(a?)?. Clearly, φ is inflationary and idempotent. We check φ(a) & φ(b) ≤ φ(a & b). The LHS of the last inequality is equal to

j(a?)? & j(b?)? = ı j(a?) ∗ j(b?) ȷ? .

Now, the RHS of the last inequality is equal to j ı (a & b)? ȷ? = j ı a? ∗ b? ȷ? . By the assumption we know j(a? ∗ b?) ≤ j(a?) ∗ j(b?) and the result follows. Hence φ is a quantic nucleus and by Theorem 2.4 of [RR2], φ = u_z where z is an element of the center of L and z = φ(0). A simple calculation shows that a = j(1) is also an element of the center of L (since Z(L) is a Boolean algebra) and j = m_a.

For the converse, the only thing to be noted is that a = j(1) is an element of the center of L and therefore for any pair of arbitrary elements b, c of L, the triple {a, b, c} is always distributive.

Remark. Notice we used in a crucial way the result for quantic nuclei.

For some time we tried to find a straight proof of Theorem 2.2 without any success. Perhaps, it will be nice if we can actually get some proof in a different way but until now we do not know how to do it.

We close this paper with a comment. First of all, the lattice N(L) has a very nice structure when L is an orthomodular lattice without any further assumption.

On the other hand, the structure of CN(L) has a complicated structure even if L is a Boolean algebra as the reader just saw.

As is well known dualities have an important role in mathematics. We think this an example of when the dual concept of a mathematical structure gives a different thing.

In the case of an orthomodular lattice L if we want to obtain a duality between CN(L) and N(L), we must assume the condition of Theorem 2.2. However, we feel the condition is quite natural and simple.

References

[NR] S. B. Niefield and K. I. Rosenthal, Constructing locales from quantales. Math. Proc.

Cambridge Philos. Soc., 104 (1988), 215–234.

[R] K. I. Rosenthal, Quantales and their applications. Pitman Research Notes in Mathematics 234, Logman Scientific and Thecnical Essex, 1990.

[RR1] L. Román and B. Rumbos, Quantum Logic revisited Foundations of Physics 21, 727–734.

[RR2] L. Román and B. Rumbos, A characterization of nuclei in orthomodular and quantic lattices Journal of Pure and Applied Algebra 73 (1991), 155–163.

[RR3] L. Román and B. Rumbos, Quantic lattices, International Journal of Theorical Physics 30, No. 12 (1991).

[RZ] L. Román and R. Zuazua, On the lattice of quantic conuclei. In preparation.

Instituto de Matemáticas, UNAM. Area de la Investigación Científica. México, D.F.; C.P. 04510 México.

Email: lroman@servidor.unam.mx

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://www.tac.mta.ca/pub/tac/html/volumes/1996/n6/n6.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as they

are published. Full text of published articles is available in .dvi and Postscript format. Details will be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LaTEX is the preferred

flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp from

ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive details

by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@triples.math.mcgill.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, University of Genoa: carboni@vmimat.mat.unimi.it P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk G. Max Kelly, University of Sydney: kelly m@maths.su.oz.au Anders Kock, University of Aarhus: kock@mi.aau.dk F. William Lawvere, State University of New York at Buffalo: mthfwl@ubvms.cc.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl Susan Niefield, Union College: niefiels@gar.union.edu Robert Paré, Dalhousie University: pare@cs.dal.ca Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@charlie.math.unc.edu Ross Street, Macquarie University: street@macadam.mpce.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Sydney: walters b@maths.su.oz.au R. J. Wood, Dalhousie University: rjwood@cs.da.ca