Theory and Applications of Categories, Vol. 2, No. 9, 1996, pp. 100–112.

GLUEING ANALYSIS FOR COMPLEMENTED SUBTOPOSES

ANDERS KOCK AND TILL PLEWE

Transmitted by S. Niefield

ABSTRACT. We prove how any (elementary) topos may be reconstructed from the data of two complemented subtoposes together with a pair of left exact “glueing functors”. This generalizes the classical glueing theorem for toposes, which deals with the special case of an open subtopos and its closed complement.

Our glueing analysis applies in a particularly simple form to a locally closed subtopos and its complement, and one of the important properties (prolongation by zero for abelian groups) can be succinctly described in terms of it.

1. Double Glueing

Recall that a subtopos H of a topos M is given by a geometric morphism h : H → M such that the direct image functor h_∗ : H → M is full and faithful; or it may be given by a Lawvere-Tierney topology (nucleus) on Ω_M . (See e.g. [1] 4.IV.9 or [3] 4.1.) Subtoposes of M form a complete lattice, in fact a coframe. It therefore makes sense to ask whether H → M has a complement, meaning a subtopos k : K → M such that H ∩ K = 0, H ∪ K = 1(= M ) in this lattice; as in any distributive lattice, such a complement is uniquely determined (up to equivalence of subtoposes) and one says then that H is a complemented subtopos.

If h : H → M is an open subtopos, i.e. of the form Π_i : M/U → M where i : U → 1_M is a subobject of the terminal object of M, then it has a complement k : K → M, and such subtoposes are called closed; this is classical, see [1] IV.9.2-9.3. Furthermore, in this case M can be reconstructed from H, K, and the “glueing” or “fringe” functor k^∗ ∘ h_∗ : H → K, see [1] IV.9.5 (for the case of Grothendieck toposes) and [3] Theorem 4.25 for the case of elementary toposes (“Artin-Wraith glueing”). The latter case may be derived from the theory of left exact comonads on toposes (cf. e.g. [3] Theorem 2.32); this will also be our main tool.

We shall consider two arbitrary complementary subtoposes H and K of an elementary topos M , with inclusions h and k, respectively (h given by its direct image functor h_∗ and its left adjoint h^∗, and similarly for K, k).

Unlike the classical (Artin-Wraith) case where H and K are an open and a closed

The first author would like to thank Gonzalo Reyes for calling his attention to locally closed nuclei (3) in connection with our work on [5], which catalyzed the process leading to the present paper.

Received by the editors 30 July 1996. Published on 18 November 1996 1991 Mathematics Subject Classification : 18B25.

Key words and phrases: Artin glueing, complemented subtoposes, complemented sublocale, locally closed subtoposes, locally closed sublocale, prolongation by 0, extension by 0.

cfl Anders Kock and Till Plewe 1996. Permission to copy for private use granted. 100 subtopos, respectively, and where only one fringe functor is used, we shall use two fringe functors to reconstruct M from H and K; pictorially, we need to “put glue on both the items”.

1.1. Theorem. Let f : H → K and g : K → H be left exact functors between (elementary) toposes, together with natural transformations η : id_H → g ∘ f and κ : id_K → f ∘ g, satisfying the compatibility conditions that for all H ∈ H and K ∈ K

η_{gK} = g(κ_K) and κ_{fH} = f(η_H ), (1)

such that η_H an isomorphism implies H = 1 (2) and κ_K an isomorphism implies K = 1.

Then there exists a topos M in which H and K appear as complementary subtoposes, via geometric inclusion morphisms h : H → M and k : K → M, and such that f = k^∗h_∗, g = h^∗k_∗, and such that η and κ arise out of the front adjunction for the adjoint pairs k^∗ ⊣ k_∗ and h^∗ ⊣ h_∗ respectively, in the evident way.

Furthermore, every topos M with a pair of complementary subtoposes arises this way.

Proof. Out of the data, we shall construct a left exact comonad (G, ϵ, ψ) on the product category H × K. The functor G takes (H, K) ∈ H × K to (H × gK, K × fH) (and is similarly defined on maps). The transformation ϵ associates to the object (H, K) the pair of projections H × gK → H, K × fH → K, and ψ : G → G ∘ G associates similarly to (H, K) the map (H × gK, K × fH) → (H × gK × g(K × fH), K × fH × f(H × gK)) described as follows. It is a pair of maps; we only describe the first of them, the second can be deduced by symmetry. So we want to describe a map H × gK → H × gK × gK × gfH (utilizing for the codomain that g preserves binary products), and this map, we describe in “elementwise” terms, as if we were dealing with sets, as follows: (h, k) → (h, k, k, η_H(h)) for h ∈ H, k ∈ gK. Keeping track of the identifications (in the style of η_{H×gK} = η_H × η_{gK} arising from the fact that the functors g and f preserve products), one sees with some straightforward labour, using (1), that the counit- and coassociative law holds; and the left exactness of G follows from that of f and g. From the general theory of left exact monads on elementary toposes, cf. e.g. [3] Theorem 2.32, we get a topos of coalgebras (H × K)^G which we call M . Seen from the viewpoint of the category of geometric morphisms, H ×K is the coproduct H + K, and the geometric surjection from this coproduct to the topos M of coalgebras already proves that H and K together cover M, via the composites H → H + K → M, K → H + K → M . We describe these functors explicitly below. We first have a more transparent way of seeing a coalgebra as “two items with two sorts of glue”:

A G-costructure ξ : (H, K) → (H × gK, K × fH) on (H, K) is a pair of maps ξ_1 : H → H × gK and ξ_2 : K → K × fH, with certain properties: By the counit law for ξ, one immediately sees that ξ_1 must be of form < id_H, x >, where x : H → gK, and similarly ξ_2 =< id_K, y >, where y : K → fH. We think of x and y as the two kinds of glue. The coassociative law for the costructure ξ will hold exactly when x and y are compatible in the sense that

f(x) ∘ y = η_H and g(y) ∘ x = κ_K.

If g = 1, the data x is vacuous, so the only glueing data is the y : K → fH which is the usual data for glueing an object K of the closed subtopos to an object H of the open subtopos, to get an object of the glued topos, by Artin-Wraith Glueing, cf. [3] p 112.

We can now make explicit the “inclusion” functor H → M (M = the topos of coalgebras), and similarly for K. An object H of H is sent to (H, fH) ∈ H × K, equipped with the costructure defined by the “glue” x : H → gfH equals η_H , and y : fH → fH equals the identity map of fH; the left adjoint to the inclusion functor takes (H, K), ξ to H (from which also the fact that the described H → M is in fact an inclusion follows). Similarly for the other inclusion.

The last assumption in the Theorem is only used to ensure that the two subtoposes H and K of M are really disjoint; expressed in terms of categories, this is to say that the intersection of the two subcategories consists of the terminal object only (it is known that meet of two subtoposes corresponds to category theoretic intersection, cf. e.g. [3], Exercise 3.9). So assume (H, fH), with glueing data (η_H , id_{fH}), is isomorphic to an object of the form (gK, K), with glueing data (id_{gK}, κ_K). This means that there are isomorphisms a : H → gK in H and b : fH → K in K, making two squares commute, one of which is H η_H - gfH

gK a

?

id_{gK}

-_{gK.}?

g(b)

Since the vertical maps are isomorphisms, it follows that η_H is. From (2) then follows that H ∼= 1.

Finally let us prove that any two complementary subtoposes of a topos arise this way. First note that for any pair of geometric morphisms with common codomain h : H → M and k : K → M, we get, using the universal property of H × K as a topos theoretic coproduct, a geometric morphism p : H×K → M (with inverse image M → (h^∗M, k^∗M)). The adjoint pair p^∗ ⊣ p_∗ gives rise to a left exact comonad G on H × K, and a comparison functor M → (H × K)^G (which itself is the inverse image of a geometric morphism; in fact, it is the inclusion part of the surjection/inclusion factorization of p, cf. [3] Remark 4.16.). The functor part of the comonad G is given by (H, K) → (h^∗(h_∗H × k_∗K), k^∗(h_∗H × k_∗K)), and this object is isomorphic to (H×h^∗k_∗K, K×k^∗h_∗H) if h and k are inclusions. So in this case, we have a comonad of the form considered in the Theorem, with g = h^∗k_∗, f = k^∗h_∗; η and κ are now derived as components of the comultiplication ψ for the comonad, and the compatibility laws (1) are derived from the coassociativity for ψ. (Explicitly, η_H is the composite H ∼=-_h∗_{h∗H}^{h∗(front)}-_h∗_{k∗k}∗_{h∗H} where front denotes the unit (front adjunction) for k^∗ ⊣ k_∗. And κ is derived similarly from the front adjunction for the pair h^∗ ⊣ h_∗.) Because inverse image functors of surjective geometric morphisms are precisely the (left exact) comonadic functors, it follows that the comparison M → (H × K)^G is an equivalence if and only if the join of H → M and K → M is all of M.

Finally, if H and K are disjoint subtoposes, and η_H : H → h^∗k_∗k^∗h_∗H = gfH is an isomorphism, we want to deduce that H is the terminal object. It suffices to prove h_∗H ∼= k_∗fH, since the only object in the intersection of the two subcategories is the terminal object. Since h and k are jointly surjective, h^∗ and k^∗ are jointly conservative, so it suffices to see that h^∗h_∗H ∼= h^∗k_∗fH and k^∗h_∗H ∼= k^∗k_∗fH. Since h is an inclusion, the first half of the statement is equivalent to H ∼= h^∗k_∗fH = gfH, which follows from the assumption on η_H. Since k is an inclusion, the second half is equivalent to k^∗h_∗H ∼= fH which is true by the definition of f. This proves the Theorem.

We finish this section with a lemma, to be used in the next section, but which is of general topos theoretic character.

Let H and K be complementary subtoposes of an elementary topos M, with inclusions h : H → M and k : K → M, respectively. We further assume that H is dense in M, meaning that if Z ∈ M has h^∗(Z) = ∅ in H, then Z = ∅.

1.2. Lemma. With the above assumptions, if there exists a Y ∈ M with h^∗Y = 1 + 1 and k^∗Y = 1, then H is an open subtopos.

Proof. It is standard that there exist subobjects U^′ and U^{′′} of Y which by h^∗ go to 1^′ and 1^{′′} (these denoting the two copies of 1 in 1 + 1). Since the meet of these two copies is ∅ and h^∗ commutes with meets, it follows that h^∗(U^′ ∩ U^{′′}) = ∅, and therefore, by density of h, that U^′ ∩ U^{′′} = ∅. Recall that the support supp(X) of an object X in a topos is the image of X under the unique map X → 1. We consider the subobject U of 1 = 1_M given by U = supp(U^′)∩supp(U^{′′}). We have h^∗(supp(U^′)) = supp(h^∗(U^′)) = supp(1^′) = 1_H and similarly h^∗(supp(U^{′′})) = 1_H , hence h^∗(supp(U^′) ∩ supp(U^{′′})) = 1_H so that the subtopos H is contained in M/U. We prove the converse inclusion H ⊇ M /U by showing that K ∩ (M /U) = ∅, i.e. k^∗U = ∅. Now k^∗U = k^∗supp(U^′) ∩ k^∗supp(U^{′′}). Of course in general a construction like k^∗ ∘ supp does not preserve finite meets of subobjects, but it is easy to see that it does so for subobjects of any object Y with k^∗Y = 1_K . In fact, k^∗ ∘ supp = supp ∘ k^∗, where the map supp on the right hand side is the support map for subobjects of k^∗Y , and this support map is an isomorphism if k^∗Y = 1_K.

We conclude that k^∗U = ∅, so H ⊇ M/U, hence K is equivalent to the open subtopos M/U, proving the lemma.

2. Locally closed subtoposes

Among subtoposes which always have complements are the locally closed ones. This notion was defined in SGA4, [1] IV.9.4.9: a subtopos of M is locally closed if it is the meet of an open and a closed one. There are several equivalent formulations of the notion, and they are patterned over the similar formulations for the case of topological spaces, or for the case of locales. In fact, the localic case is a special case of the topos theoretic one, by taking M to be the topos of sheaves on a locale. (If one does internal locale theory in a topos, then the topos theoretic case is identical to the localic one; for, a subtopos of a topos M is given by a sublocale of the terminal internal locale 1_M in M .)

Common to all three cases is the fact that any subtopos (-locale, -space) contains a maximal open one, and is contained in a minimal closed one. The ensuing operations of taking interior and closure are relative to the ambient topos/locale/space M, but are preserved by intersection with any subtopos (sublocale,...) M^′; any open subtopos (sublocale ...) of M^′ comes about in this way from an open one in M , and similarly for closed subtoposes. We write cl(H) for the closure of the subtopos (sublocale, ..) H inside M; this will always mean: closure with respect to the maximal topos (locale, ..) under consideration - which is usually denoted M or M. Note that if M is a locale and M = sh(M) the topos of sheaves on it, any subtopos of M comes from a sublocale of M, and the notions of open, closed, closure, etc. are preserved by this bijective correspondence between subtoposes and sublocales.

For the topos theoretic case, which is our main concern, all these notions appear in [1] IV 9.4.8; we shall elaborate on their description of “locally closed”. Further properties of locally closed sublocales and subtoposes were studied by Niefield [6]. In particular, she characterized locally closed inclusions as being the exponentiable inclusions in the appropriate slice category.

Although the following is well known, it is included for the sake of completeness.

2.1. Proposition. Let H ⊆ M be a subtopos. Then t.f.a.e.

1) H = U ∩ F , where U ⊆ M is an open subtopos, and F ⊆ M is a closed one; 2) H is open in its closure cl(H);

3) The inclusion H → M may be factored into an open followed by a closed inclusion;

4) The inclusion H → M may be factored into a closed followed by an open inclusion.

Note. We note that if 1) holds, then we may always replace F by a closed subtopos F^′ with the property that ¬F^′ ⊆ U in the lattice of subtoposes of M (in which any open, or closed, subtopos is indeed complemented). For, we may simply take F^′ = F ∪ ¬U.

Proof. Assume 1). Since U is open, it is open in cl(U), hence U ∩F is open in cl(U)∩F . But since cl(U) and F are closed, then so is cl(U) ∩ F , and hence cl(U) ∩ F = cl(U ∩ F ). Therefore U ∩ F is open in cl(U ∩ F ), so 2) holds. Assume 2). Then the factorization H ⊆ cl(H) ⊆ M is a factorization into an open followed by a closed inclusion, so 3) holds. Assume 3), so we have a factorization H ⊆ F ⊆ M with F closed in M, and H ⊆ F open. The latter means that there is an open U in M with U ∩ F = H. So 1) follows. Finally, if 1) holds, H = U ∩ F ⊆ U ⊆ M is a factorization by a closed followed by an open inclusion. And conversely, if H ⊆ U ⊆ M is such a factorization, then H, being closed in U, is of form U ∩ F for some closed F ⊆ M .

It is clear that a finite meet of locally closed subtoposes is again locally closed. Since closed, as well as open, subtoposes are complemented in the lattice Sub(M) of subtoposes of M, it follows that each locally closed subtopos is complemented.

The complement of a locally closed subtopos need not be locally closed. Also, the join of an open and a closed subtopos need not be locally closed. In fact, since open, or closed, sublocales of spatial locales are spatial, then so are locally closed sublocales; and for spaces, it is easy to construct examples in R^2, say (the strictly positive x-axis is locally closed in R^2, but its complement is dense, but not open in R^2).

Using the characterizations 3) and 4) of the Proposition, we also immediately conclude that the composite of two locally closed inclusions is locally closed.

For sublocales of a locale, it is possible to get some more explicit algebraic formulations, namely by passing to the frame viewpoint. We use the notation that O(M) is the frame corresponding to the locale M. Recall that a nucleus j on a frame O(M) is open if it is of the form o(z) = z → − for some z ∈ O(M), and that it is closed if it is of the form c(x) = x ∨ − for some x ∈ O(M). The open sublocale given by z, i.e. by the nucleus z → −, we shall denote by Z, or even by z; the closed one given by z, we denote ¬z or ¬Z, since z and ¬z are complements in the lattice Sub(M) of sublocales of M.

If x ≤ z, an elementary calculation with Heyting algebras (cf. [6] or [5]) shows that the composite o(z) ∘ c(x), i.e. the operator y → z → (x ∨ y) (3) is idempotent, hence a nucleus, and hence the join of the nuclei o(z) and c(x) in the lattice of nuclei on O(M). Equivalently, they represent the meet of the open sublocale Z ⊆ M corresponding to z and the closed sublocale ¬x given by the nucleus x ∨ − (and which is the complement of the open sublocale given by x).

Since by the note after Proposition 1, every locally closed sublocale is of the form z ∩ ¬x with x, z open and x ⊆ z (i.e. x ≤ z), it follows that the nuclei corresponding to locally closed sublocales are those which are given by a nucleus of the form (3) (with x ≤ z). - We may also denote z ∩ ¬x by z − x.

The fact that any locally closed sublocale is given by a nucleus of the form (3) (with x ≤ z) leads to the following “interval” characterization of frame quotient maps that come about from locally closed j; recall that if x ≤ z in a frame O(M), then the interval [x, z] ⊆ O(M), given as {y | x ≤ y ≤ z}, is also a frame.

2.2. Proposition. Assume j is a locally closed nucleus on O(M), witnessed by x, z with x ≤ z. Then the frame quotient O(M) → O(M)_j is isomorphic to the map h^∗ : O(M) → [x, z] given by y → z ∧ (x ∨ y)(= x ∨ (z ∧ y)). Conversely, a map O(M) → [x, z] of form y → z ∧ (x ∨ y) (where x ≤ z) is quotient map for a locally closed nucleus.

Proof. The exhibited map has a right adjoint h_∗ given by u → (z → u), as an elementary calculation shows, and the composite endomap on O(M) is y → z → (z ∧ (x ∨ y)) = (z → z) ∧ (z → (x ∨ y)) = z → (x ∨ y), thus equals the given locally closed nucleus. The other composite endomap: [x, z] → [x, z] is seen to be the identity. The last statement is now clear: the locally closed nucleus is z → (x ∨ −). We note that the inclusion [x, z] ⊆ O(M) is not in general equal to h_∗ (unless z = 1, i.e. in the case of a closed nucleus j), nor is it left adjoint to h^∗ in general (unless x = 0, i.e. in the case of an open nucleus). However, the inclusion [x, z] ⊆ O(M) does preserve all inhabited suprema, and all inhabited infima. It is also easy to see by elementary calculation that it satisfies certain Frobenius conditions for h_♯, (4), (5), and (6) below, as stated in the following result (essentially announced in [7]).

2.3. Proposition. In order that a nucleus j = h_∗ ∘ h^∗ corresponds to a locally closed sublocale H ⊆ M, it is necessary and sufficient that there exists a map h_♯ : O(H) → O(M) satisfying h^∗h_♯0 = 0, h^∗h_♯1 = 1, (4)

as well as one of the following two conditions

h_♯(u ∧ h^∗v) = h_♯u ∧ v for v ≥ h_♯0 (5)

h_♯(u ∨ h^∗v) = h_♯u ∨ v for v ≤ h_♯1. (6) If such h_♯ exists, one may always find an h_♯ which furthermore preserves all inhabited (in particular filtered) suprema and infima, and also satisfies both of the conditions (5) and (6).

Proof. Assume such h_♯ exists. Take x = h_♯0, z = h_♯1, then x ≤ z since h_♯ is order preserving. Consider the sublocale corresponding to the nucleus y → z → (x ∨ y), as in (3), i.e. defining the locally closed sublocale z − x = z ∩ ¬x. To see that H ⊆ z − x, it suffices to see that h^∗z = 1 and h^∗x = 0 which is what the conditions (4) say. Also, since h_♯ is order preserving, it follows that h_♯ : O(H) → O(M) factors through [x, z] ⊆ O(M). Assume now that (5) holds. Then for v ∈ [x, z], we have the second equality sign in

h_♯h^∗v = h_♯(0_H ∨ h^∗v) = h_♯0_H ∨ v = x ∨ v = v.

It follows that h^∗ restricted to [x, z] is injective; but it is also surjective, since h : H → M factors through the sublocale z − x. This proves that h : H → M as a sublocale is isomorphic to z − x. If h_♯ now does not already satisfy (6) and preservation of inhabited sup and inf, we just replace it by the inclusion [x, z] ⊆ O(M). - If it is (6) rather than (5) that is assumed to hold, the proof is similar, by taking u to be 1.

We shall include also some calculations concerning the complement of a locally closed sublocale. If the locally closed sublocale of M is given by x ≤ z ∈ O(M) as above, the nucleus corresponding to it is the join of the nuclei o(z) and c(x). Hence the complement is the meet of the nuclei c(z) and o(x). But meets of nuclei are computed pointwise, so that this nucleus is given as the operator y → (z ∨ y) ∧ (x → y). (7) (The fixpoints of this nucleus may, by easy calculation, be seen to be those y which satisfy x → y = z → y.) We now return to considerations of subtoposes of topos H or M, but keep some of the frame/locale theoretic notation. Thus, if w → 1_H is a subobject of the terminal object of H, we denote the open subtopos it defines, by w rather than H/w; its closed complement is denoted ¬w → H. If h : H → M is a geometric morphism, h_∗(w) → 1_M , and thus h_∗w denotes a certain open suptopos of M . Now consider the composite ¬w → H^h→ M; ¬w is closed in H, but not necessarily in M; however, its closure may be described explicitly as ¬(h_∗w). This may be summarized in the following principle: if w → 1_{HH} and F are complements inside H, then h_∗w and cl(F ) are complements inside M.

Let H and K be complementary subtoposes of a topos M, with inclusions h : H → M and k : K → M, respectively.

Then we have left exact “fringe” functors H h_∗ - M k^∗ - K and K k_∗ - M h^∗ - H.

By their left exactness, these functors extend to left exact functors on the categories of abelian-group objects, Ab(H) → Ab(K) and Ab(K) → Ab(H).

Local closedness of H can be expressed in terms of these left exact functors:

2.4. Proposition. Let H be a subtopos of a topos M. Then the following two conditions are equivalent 1) H is locally closed in M .

2) H has a complement K, and the “double fringe functor”

H h_∗ - M k^∗ - K k_∗ - M h^∗ - H is constant 1.

Proof. Of course, condition 2) is equivalent to saying that h^∗k_∗k^∗h_∗(0_H ) = 1_H . Let us analyze the significance of h^∗k_∗k^∗h_∗(0_H ) for general complementary subtoposes H and K. This is achieved by applying the above principle a couple of times. We have

• 0_H and 1_H = H are complements inside H, hence

• h_∗0_H and cl(H) are complements inside M , hence

• K ∩ h_∗0_H = k^∗h_∗0_H and K ∩ cl(H) are complements inside K, hence

• k_∗k^∗h_∗0_H and cl(K ∩ cl(H)) are complements inside M, hence

• H ∩ k_∗k^∗h_∗0_H = h^∗k_∗k^∗h_∗0_H and H ∩ cl(K ∩ cl(H)) are complements inside H.

So to say h^∗k_∗k^∗h_∗0_H = H is equivalent to saying H ∩ cl(K ∩ cl(H)) = 0, or, since H and K are complements, to saying that cl(K ∩ cl(H)) ⊆ K. Writing K ∩ cl(H) as cl(H) − H (by H and K being complements), the condition in turn is equivalent to cl(cl(H) − H) ⊆ K, and hence to cl(cl(H) − H) ⊆ K ∩ cl(H), since cl(clH) − H) ⊆ cl(H) is automatic by idempotency of cl. But finally, the displayed inclusion relation may be written cl(cl(H) − H) ⊆ cl(H) − H (by H and K being complements); and this is equivalent to saying that cl(H) − H is closed in M , or equivalently closed in cl(H), which is to say that H is open in cl(H), which is one way of expressing that H is locally closed. This proves the Proposition.

From the above analysis (applied to locales rather than to toposes), we also see that h^∗k_∗k^∗h_∗0_H is the open complement of what Isbell in [2] p.355 denotes by H^′, and which is described in loc. cit. (in a slightly different notation) as “the meet of H with the closure of the join of all sublocales of cl(H) disjoint from H (telegraphically H^′ = H ∩ (cl(cl(H) \ H)))”, here K \ H denotes the sublocale W{A ≤ K | A ∧ H = 0} for arbitrary sublocales K and H of M; the operation (−)^′ is in loc. cit. iterated transfinitely to form a decreasing sequence of closed sublocales (which eventually reaches ∅) of the complemented sublocale H; locally closed sublocales are precisely those sublocales for which this sequence already terminates after the first step.

A general structure theory for complemented sublocales is given in [2] and [8]. We haven’t investigated to what extent this theory is constructively valid, respectively, to what extent it carries over to elementary toposes. The first question which would have to be answered is whether for any inclusion E → F , each complemented subtopos H of E is the restriction of a complemented subtopos of F to E. For localic toposes over Set the answer is positive [2, 1.10]. This result can also be extended to Grothendieck toposes over Set, but we don’t know how to prove the general case. For the present paper, this does not matter, since we only consider the case where the subtopos H is complemented by virtue of being locally closed.

3. Prolongation by 0

Let H and K be complementary subtoposes of a topos M , with inclusions h : H → M and k : K → M , respectively. Then to say that an abelian group object A in H admits prolongation by zero means that there exists an abelian group Y in M with h^∗Y ∼= A and k^∗Y ∼= 0; and we say that H admits prolongation by zero if every abelian group object in H does; cf. [9] for the classical theory (for topological spaces).

It is clear that if H ⊆ H^′ ⊆ M and if an abelian group A ∈ H admits prolongation by zero when H is viewed as a (complemented) subtopos of M , then it also admits prolongation by zero when H is viewed as a subtopos of H^′ (of which it is automatically a complemented subtopos). This in particular applies when we take H^′ to be the closure of H in M; note that H is dense in H^′.

In case the (constant) group Z_2 = 1 + 1 in H ⊆ M admits prolongation by zero, it therefore follows immediately from the Lemma in the end of the previous section that H is locally closed in M .

So we restrict from the outset of this section our considerations to a locally closed subtopos H of M with complement K. In terms of the functors h_∗, h^∗, k_∗.k^∗ this means that h^∗k_∗k^∗h_∗ is constant zero. We denote k^∗h_∗ by f : H → K and h^∗k_∗ by g : K → H, and the local closedness therefore becomes expressed by the equation g ∘ f = 1.

By the glueing analysis of Section 1, we represent objects in M by objects (H, K) in the product category H × K equipped with coalgebra structure ξ, where the information of ξ in turn is given by a pair x : H → gK, y : K → fH of “glueing data”.

In the following Proposition, the notation h_!A for a prolongation by zero of A anticipates that this is a functorial construction, but the functoriality is not assumed, but will be deduced.

3.1. Proposition. Let h_!A in M be a prolongation of the abelian group A in H. Let the homomorphism i : h_!A → h_∗A correspond to the assumed isomorphism h^∗h_!A ∼= A under the adjointness h^∗ ⊣ h_∗; then i is a monomorphism, and it has the universal property that if b : B → h_∗A is a homomorphism in Ab(M), and k^∗(b) = 0, then b factors (uniquely) through i : h_!A → h_∗A.

Proof. Let p : H × K → M be the geometric morphism with inverse image M → (h^∗M, k^∗M), and let G be the comonad on it with the property that its coalgebra topos is M , as in the previous section. Let b : B → h_∗A be given with k^∗b = 0. Applying p^∗ to b gives the top map in the commutative triangle (h^∗B, k^∗B) (h^∗b, 0) - (h^∗h_∗A, k^∗h_∗A)

@@
  @@
   @

(b̂, 0) R

(h^∗h_!A = A, k^∗h_!A = 0)

6

(i, 0)

(where b̂ : h^∗B → A = h^∗h_!A corresponds to b : B → h_∗A under the adjointness h^∗ ⊣ h_∗). The top map is p^∗b, thus a G-coalgebra homomorphism, and the right hand map is p^∗i, thus likewise a G-coalgebra homomorphism, and it is clearly monic in H × K, hence in (H × K)^G ≃ M. But by the Lemma below, (b̂, 0) is a coalgebra homomorphism, thus of form p^∗(β) for some unique β : B → h_!A, which gives the desired factorization b = i ∘ β. 3.2. Lemma. If the functor part G of a comonad (G, ϵ, ψ) preserves monics, and the top and right hand map in a commutative triangle, with s monic, X r -_Z

@@
  @@
   @^t R_Y

     6

s

are coalgebra homomorphisms (with respect to given costructures on X, Y , and Z), then so is the third map t.

Proof. This amounts to proving the left hand square in GX Gt -_{GY}^{Gs} -_{GZ}

X

6

t -_Y

6

s -_Z

6

commutative (where the vertical maps are the given costructures). But since Gs is monic, this commutativity follows from the commutativity of the total square and the right hand square, and we do have these commutativities, since r and s are G-homomorphisms.

Assume now that every abelian group in H admits a prolongation h_!A by zero. The universal property of i : h_!A → h_∗A then in the usual way implies that h_! carries the structure of a functor, in fact a subfunctor of h_∗ : Ab(H) → Ab(M).

3.3. Theorem. A complemented subtopos H → M admits prolongation by zero if and only if it is locally closed. And then the prolongation functor h_! : Ab(H) → Ab(M) admits a right adjoint.

Proof. We have already seen that if H → M admits prolongation by zero, then it is locally closed. To prove the converse is to perform a construction for any A ∈ Ab(H). One could do it by consider separately closed inclusions and open inclusions, but we think that the uniform construction in terms of (double) glueing that we shall give, is more transparent, and it does not involve any choices. So given A ∈ Ab(H), we construct h_!A ∈ M by constructing an abelian group in Ab((H × K)^G). This is simply the abelian group (A, 0) ∈ Ab(H × K) with coalgebra structure given in terms of “double glueing data” by the pair of homomorphisms x : A → g0, y : 0 → fA (where f and g, as in the previous section denote k^∗h_∗ and h^∗k_∗, respectively, k : K → M being the complementary subtopos to H). The compatibility condition f(x) ∘ y = κ_0 is trivial, since it compares two homomorphisms out of the zero group (and into the zero group, in fact). The other compatibility condition compares two maps g(y) ∘ x and η_A from A to gfA, but by the assumption of local closedness, gfA is terminal, so this one holds as well. Finally it is clear that the constructed coalgebra has the right restrictions, A and 0, respectively, along h^∗ and k^∗.

Finally, the right adjoint h^! is described in coalgebra terms as follows. Consider an abelian group object C in M ≃ (H × K)^G. In terms of the latter category, C is given by a pair of abelian groups H and K in H and K, respectively, and a pair of group homomorphisms x : H → gK, y : K → fH. We define h^!(C) to be the kernel of the homomorphism x. The front adjunction for the adjointness is then simply the identity; the back adjunction h_!h^!C → C is the pair Ker(x) → H (inclusion) and 0 → K, which is a morphism of coalgebras, i.e. is compatible with the glueing data, by commutativity of the square Ker(x) - 0

H

?

x

-_{gK}?

in H, and and a square in K having the 0 group in its upper left hand corner, and therefore automatically commutative. The triangle equations for front- and back- adjunction for the claimed adjointness in this case (where the front adjunction is an identity) just amounts to the requirement that h^! inverts the back adjunction. But Ker(x) is clearly isomorphic to Ker(x), where x is part of the coalgebra structure for h_!H, namely the map Ker(x) → 0. This proves the Theorem.

References

[1] M.Artin, A. Grothendieck, J.L Verdier, Theorie des Topos et Cohomologie Etale des Schemas (SGA4), Vol. 1, Springer Lecture Notes in Math. Vol 269 (1972)

[2] J. Isbell, First steps in descriptive theory of locales, Trans. A.M.S. 327 (1991), 353-371.

[3] P.T. Johnstone, Topos Theory, Academic Press 1977

[4] P.T. Johnstone, Stone Spaces, Cambridge University Press 1982

[5] A. Kock and G.E. Reyes, Frame distributions, and support, available by anonymous ftp from ftp://ftp.mi.aau.dk/pub/kock/distr.ps.Z

[6] S. Niefield, Cartesian Inclusions: Locales and Toposes, Communications in Algebra 9 (1981), 1639-1671

[7] T. Plewe, Localic triquotient maps are effective descent maps, Utrecht Preprint 1995 nr. 917, to appear in Math. Proc. Cambridge Phil. Soc.

[8] T. Plewe, Countable products of absolute C_δ spaces, Utrecht Preprint 1995 nr. 898, to appear in Top. Appl.

[9] B. Tennison, Sheaf Theory, Cambridge University Press 1975

Anders Kock Till Plewe Department of Mathematics Department of Computing University of Aarhus Imperial College Ny Munkegade 180 Queen’s Gate DK 8000 Aarhus C London SW7 2AZ Denmark UK

Email: kock@mi.aau.dk and tp5@doc.ic.ac.uk

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/1996/n9/n9.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as they

are published. Full text of published articles is available in .dvi and Postscript format. Details will be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LaTEX is the preferred

flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp from

ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive details

by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@triples.math.mcgill.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, University of Genoa: carboni@vmimat.mat.unimi.it P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk G. Max Kelly, University of Sydney: kelly m@maths.su.oz.au Anders Kock, University of Aarhus: kock@mi.aau.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl Susan Niefield, Union College: niefiels@gar.union.edu Robert Paré, Dalhousie University: pare@cs.dal.ca Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@charlie.math.unc.edu Ross Street, Macquarie University: street@macadam.mpce.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Sydney: walters b@maths.su.oz.au R. J. Wood, Dalhousie University: rjwood@cs.da.ca