Theory and Applications of Categories, Vol. 3, No. 9, 1997, pp. 213–250.

ON PROPERTY-LIKE STRUCTURES

G. M. KELLY AND STEPHEN LACK

Transmitted by R. J. Wood

ABSTRACT. A category may bear many monoidal structures, but (to within a unique isomorphism) only one structure of “category with finite products”. To capture such distinctions, we consider on a 2-category those 2-monads for which algebra structure is essentially unique if it exists, giving a precise mathematical definition of “essentially unique” and investigating its consequences. We call such 2-monads property-like. We further consider the more restricted class of fully property-like 2-monads, consisting of those property-like 2-monads for which all 2-cells between (even lax) algebra morphisms are algebra 2-cells. The consideration of lax morphisms leads us to a new characterization of those monads, studied by Kock and Zöberlein, for which “structure is adjoint to unit”, and which we now call lax-idempotent 2-monads: both these and their colax-idempotent duals are fully property-like. We end by showing that (at least for finitary 2-monads) the classes of property-likes, fully property-likes, and lax-idempotents are each coreflective among all 2-monads.

1. Introduction

A monoidal category is an example of a “category with extra structure of an algebraic kind”, in that it is an algebra for a certain 2-monad T on the 2-category Cat, and is thus given by its (underlying) category A together with an action a : T A → A of T on A in the usual strict sense; this action encodes the extra — that is, the monoidal — structure given by the tensor product ⊗, the unit object I, and the various structure-isomorphisms, subject to Mac Lane’s coherence conditions. Of course, a given category A may admit many such monoidal structures.

Another example of a category with “algebraic extra structure” is given by a category with finite coproducts. Here the action a : T A → A (for a different 2-monad T ) encodes the coproduct structure, including the coprojections and so on. This time, however, in contrast to the first example, the structure is uniquely determined (when it exists) to within appropriate isomorphisms — indeed, to within unique such isomorphisms; so that to give an A with such a structure is just to give an A with a certain property — in this case, the property of admitting finite coproducts.

In fact the notion of “algebraic” extra structure on a category is somewhat wider than that of “algebra for a 2-monad on Cat”; monoidal closed categories, for instance, are the algebras for a 2-monad on the 2-category Cat_g of categories, functors, and natural isomorphisms, but not for any 2-monad on Cat — see [5, Section 6]. Again, the underlying

Both authors gratefully acknowledge the support of the Australian Research Council Received by the editors 1997 June 24 and, in revised form, 1997 September 25. Published on 1997 October 28 1991 Mathematics Subject Classification : 18C10,18C15,18D05. Key words and phrases: 2-category, monad, structure, property.

cfl G. M. Kelly and Stephen Lack 1997. Permission to copy for private use granted. 213 object may be not a single category but a family of categories, or even a diagram in Cat — so that here T is to be a 2-monad on some power Cat^X or some functor 2-category [A, Cat], or perhaps [A, Cat_g]. To capture such cases, we place ourselves in the general context of a 2-monad T = (T, m, i) on a 2-category K (which at times we suppose to have various completeness or cocompleteness properties). We mean (T, m, i) here to be a 2-monad in the strict sense, given by a 2-functor T : K → K together with 2-natural transformations m : T^2 → T and i : 1 → T satisfying m.mT = m.T m, m.iT = 1_T , and m.T i = 1_T . This generality suffices because, on the one hand, it follows from the analysis of [10], carried out more formally in [20], that the usual “algebraic” structures are indeed algebras for such a strict T ; and, on the other, various coherence results allow us to reduce the study of a “pseudo” monad to that of a strict one. As we said, our actions a : T A → A are also strict, in the sense that they satisfy a.mA = a.T a and a.iA = 1_A; and a T -algebra (A, a) is an A ∈ K along with such an action a.

As for more general structures that are not monadic at all, but may be models, say, of a two-dimensional finite-limit-theory — such as the extensive categories of [7] — these must wait for later investigations: needing to begin somewhere, we have chosen to start with the simple monadic (or “purely algebraic”) case.

In an example so simple as that of finite coproducts, we know precisely in what sense the structure is “unique to within a unique isomorphism”; but it is not so obvious what such uniqueness should mean in the case of a general 2-monad T on a 2-category K, even in the case where K is just Cat. Our first goal is to provide a useful definition in this general setting (comparing it with possible alternative or stronger forms) and to deduce mathematical consequences of a 2-monad’s having this “uniqueness of structure” property, or variants thereof.

In doing so, we are led to consider not only the algebras, but also their morphisms. Recall, for the cases both of monoidal categories and of categories with finite coproducts, that the morphisms of chief practical interest are not those which preserve the structure “on the nose”, but rather those which preserve it to within (suitably coherent) isomorphisms; it is these that we shall call T -morphisms, the detailed definition being given below. We shall use the name strict T -morphism for those preserving the structure on the nose; they retain a certain theoretical importance, as being the morphisms of the “Eilenberg-Moore object”. Various authors [11,2,26] have also pointed out the importance of lax morphisms, and these too will play a prominent role in our analysis; we define a lax T -morphism from a T -algebra (A, a) to a T -algebra (B, b) to be a pair (f, f̄), where f : A → B is a morphism in K, and f̄ is a 2-cell, not necessarily invertible, as in

T A fflffl T f // a ˙˙ +3^¯f A fflffl f T B //_b B , which satisfies the following “coherence” conditions:

T^2A //^{mA} fflffl T 2f T A //^a fflffl T f ˙˙ +3^¯f A fflffl f T^2A //^{T a} fflffl T 2f ˙˙ +3 T f̄ T A //^a fflffl T f ˙˙ +3^¯f A fflffl f = T^2B //_{mB} T B //_b B T^2B //_{T b} T B //_b B and A //^{iA} fflffl f T A //^a fflffl T f ˙˙ +3^¯f A fflffl f A //^{1A} fflffl f A fflffl f = B //_{iB} T B //_b B B //_{1B} B.

(Note that regions in which no 2-cell is written are always commutative, and are deemed to contain the identity 2-cell.) Now we can define the T -morphisms precisely, as being those lax ones (f, f̄) for which f̄ is invertible; while the strict T -morphisms are those (f, f̄) for which f̄ is an identity — or equivalently, just those arrows f : A → B for which b.T f = f.a. Of course there is also the dual notion of colax T -morphism, in which the sense of the 2-cell f̄ is reversed. When it is clear which T is meant, we may write algebra morphism for T -morphism.

Using this notion of T -morphism, we can now express more precisely what it might mean to say that an action of T on A is “unique to within a unique isomorphism”: we shall mean that, given two actions a, a^′ : T A → A, there is a unique isomorphism θ : a^′ → a for which (1_A, θ) : (A, a) → (A, a^′) is a T -morphism (and hence, by a simple argument, an isomorphism of T -algebras). For such a T , we may say for short that T -algebra structure is essentially unique.

The matter of T -morphisms reveals another difference between our first two examples. In the case of a functor f : A → B between categories with finite coproducts, there are the canonical comparisons fx + fy → f(x + y) and 0_B → f(0_A); and it turns out that there is some algebra morphism (f, f̄) : A → B if and only if these canonical morphisms are invertible — that is, if and only if f “preserves coproducts” in the usual sense; moreover in this case the f̄ is unique. On the other hand, in the case of monoidal categories A and B, to give f̄ amounts to giving isomorphisms f̃_2 : fx ⊗ fy ∼= f(x ⊗ y) and f̃_0 : I_B ∼= f(I_A) satisfying naturality and coherence conditions; so that here an algebra morphism (f, f̄) involves an underlying functor f and extra structure in the form of f̄, this extra structure being by no means uniquely determined. We may say that T -morphism structure is unique if, given T -algebras (A, a) and (B, b) and given f : A → B in K, there is at most one f̄ for which (f, f̄) is a T -morphism.

We could consider a stronger version of the essential uniqueness of T -algebra structure, imposing it not only for actions a : T A → A of T on an object A of K, but also for actions x : T X → X of T on a 2-functor X : C → K of codomain K. Whether this stronger version is in fact strictly stronger is unknown to us, but it is satisfied for any C if it is satisfied for C = 2, the “arrow” category, seen as a 2-category with only identity 2- cells. Moreover, we shall see that this stronger version implies uniqueness of T -morphism structure, and is equivalent to the weaker version augmented by this latter. Accordingly we call T property-like when T -algebra structure is essentially unique in this stronger sense; which is equally to say that T has both essential uniqueness of algebra structure (in the original sense) and uniqueness of morphism structure.

Thus the 2-monad for categories with finite coproducts is property-like; and so dually is that for categories with finite products. In fact the first of these has a still stronger property, which the second lacks (although possessing its dual): namely, given algebras (A, a) and (B, b) and any morphism f : A → B in K, there is a unique f̄ for which (f, f̄) is a lax morphism of algebras (A, a) → (B, b). (In the case of finite coproducts, f̄ is induced by the canonical comparisons fx + fy → f(x + y) and 0_B → f(0_A); and it is this (f, f̄) which is a T -morphism when f preserves coproducts in the usual sense.) We shall call a 2-monad T = (T, m, i) with this property lax-idempotent; and we shall see in Section 6 below that such 2-monads are precisely those, associated with the names of Kock and Zöberlein (see [22] and [28]), for which “structure is adjoint to unit”, in the sense that there is, in the functor 2-category [K, K], an adjunction m ⊣ iT whose counit is the identity 2-cell m.iT = 1_T . The prime examples of structures given by lax-idempotent 2-monads are categories with colimits of some class (such as the categories with finite coproducts we have been considering). There is also the dual case where m is right adjoint to iT , the prime examples of such structures being categories with limits of some class; these 2-monads are called colax-idempotent, and they can equally be characterized by the existence and uniqueness of colax T -morphism structure. We shall see that both lax-idempotent 2-monads and colax-idempotent 2-monads are always property-like, while so too are such 2-monads as that for distributive categories, which involves both colimit structure and limit structure, but is itself neither lax-idempotent nor colax-idempotent. Indeed this 2-monad may be formed as a quotient

T + S //^q D

in the 2-category 2-Mnd(Cat) of 2-monads on Cat, described in Section 2 below; here T is the 2-monad for categories with finite coproducts, S is the 2-monad for categories with finite products, T + S is the coproduct in 2-Mnd(Cat), and q is a certain coinverter and hence is epimorphic and co-fully-faithful, this last meaning that it is representably fully faithful when seen as an arrow of 2-Mnd(Cat)^{op}. (In future, when q : X → D is epimorphic in some 2-category, we shall call D a quotient of X; and a co-fully-faithful quotient if moreover q is co-fully-faithful.) Since we shall see in Remark 4.3 below that the property-likes are closed in 2-Mnd(Cat) under colimits and under co-fully-faithful quotients such as q, it follows that D is property-like.

Of course lax T -morphisms compose to form a category (with subcategories provided by the T -morphisms and the strict T -morphisms). In fact (see [5]) the category of T - algebras and lax T -morphisms becomes a 2-category T -Alg_l when we introduce as 2- cells the T -transformations, where a T -transformation from (f, f̄) : (A, a) → (B, b) to

(g, ḡ) : (A, a) → (B, b) is a 2-cell ρ : f → g in K satisfying the single “coherence” condition T A //^a T g � T f ˚˚ ˙˙ +3T ρ ˙˙ +3^¯g A g � T A ¯¯ T f // a ˙˙ +3^¯f A g � f ˚˚ ˙˙ +3ρ = T B //_b B T B //_b B

expressing compatibility of ρ with f̄ and ḡ. We further write T -Alg for the locally-full sub-2-category of T -Alg_l determined by the T -morphisms, and T -Alg_s for the locallyfull sub-2-category determined by the strict T -morphisms. Similarly there is a notion of T -transformation between colax T -morphisms, and this gives a 2-category T -Alg_c of T -algebras, colax T -morphisms, and T -transformations. There are evident forgetful 2-functors U_l : T -Alg_l → K, U : T -Alg → K, and U_c : T -Alg_c → K (apart from the Eilenberg-Moore 2-functor U_s : T -Alg_s → K).

This notion of T -transformation underlies yet another difference between the structure of a monoidal category and that of a category with finite coproducts. In the case where T is the 2-monad on Cat whose algebras are monoidal categories, the above definition of T -transformation gives precisely the usual notion [11] of monoidal natural transformation; on the other hand one does not speak of a “finite-coproduct-compatible-natural-transformation” because, when the structure involved is finite coproducts, the coherence condition for a T -transformation becomes vacuous: given a parallel pair of lax T -morphisms (f, f̄) and (g, ḡ), every 2-cell ρ : f → g is a T -transformation. It is shown in Proposition 5.2 below that this vacuousness does not hold for a general property-like T ; we shall call a property-like T for which it does hold fully property-like. Among the fully property-like 2-monads are the lax-idempotent ones, and hence by duality the colaxidempotent ones — as well as co-fully-faithful quotients of colimits of these, since the fully property-likes are again closed under (at least conical) colimits and co-fully-faithful quotients in 2-Mnd(Cat).

An ordinary category K may be seen as a locally-discrete 2-category — that is, one whose only 2-cells are identities; and then any monad T on K may be seen as a 2- monad. For such a T , of course, every lax T -morphism is a strict one. To say that this 2-monad T is lax-idempotent is of course to say that, for algebras (A, a) and (B, b), every f : A → B in K is a (strict) T -morphism; this is in turn to say that T is an idempotent monad, corresponding to the reflection of K onto some full subcategory. It is interesting to note that the ordinary monad T , seen as a 2-monad, may well be property-like without being idempotent. For one easily verifies that the ordinary monad T is property-like as a 2-monad precisely when the forgetful functor U^T : T -Alg → K is injective on objects; yet the monadic forgetful functor U : Mon → Sgrp from the category of monoids to that of semigroups is injective on objects, but not fully faithful; so that the corresponding monad on Sgrp is property-like without being idempotent.

The plan of the paper is as follows. In Section 2 we recall the Kan extension techniques which, when K admits the appropriate limits, allow us to replace T -actions a : T A → A by monad morphisms α : T → ⟨A, A⟩ and to replace T -morphisms (f, f̄) : (A, a) → (B, b) by monad morphisms γ : T → {f, f}. In Section 3 we introduce a general framework for discussing those properties of 2-monads concerned with existence or uniqueness of T - morphism structure; among such properties are several of those introduced above. Using these preliminaries, we examine property-like 2-monads in Section 4, fully property-like ones in Section 5, and lax-idempotent ones in Section 6. After some comments in Section 7 on the particular case of a mere category K, we show in Section 8 that our various special classes of 2-monads are closed in 2-Mnd(K) under colimits (and certain quotients); whence we are led to investigate how far these classes are coreflective in 2-Mnd(K).

2. Morphisms of monads and actions of monads

It is convenient to make some very general observations on actions; many of them are well known, and may be considered as folklore. First, given a monoidal category M = (M, ⊗, I), by a monoid in M we mean an object T along with morphisms m : T ⊗ T → T and i : I → T satisfying the associativity and two-sided unit laws; these form a category Mon(M) when we take a monoid morphism to be a morphism α : T → S in M for which n(α ⊗ α) = αm and j = αi. A general context in which one speaks of actions is the following. We begin with a category A, a monoidal category M = (M, ⊗, I), and an action of M on A: this last is a functor ⋄ : M × A → A, along with natural isomorphisms (T ⊗ S) ⋄ A ∼= T ⋄ (S ⋄ A) and I ⋄ A ∼= A satisfying pentagonal and triangular coherence conditions resembling those of Mac Lane for monoidal categories. Now, for a monoid T = (T, m, i) in M and an object A of A, we have the notion of an action of T on A: namely, a morphism a : T ⋄ A → A satisfying the usual associativity and unit laws. In our applications, M is always a strict monoidal category and ⋄ a strict action of M on A; that is, one for which the isomorphisms above are equalities of functors, given on objects by (T ⊗S)⋄A = T ⋄(S ⋄A) and I ⋄A = A; and in these circumstances we are led to replace T ⊗ S by the simpler T S, and T ⋄ A by T A, with 1 for the unit I. Of course an A ∈ A with such an action a : T A → A is called a T -algebra, and we have the usual notion of (strict) morphism of T -algebras.

It may be that, for each A ∈ A, the functor − ⋄ A : M → A sending T to T A has a right adjoint ⟨A, −⟩ : A → M; then ⟨A, B⟩ is of course the value on objects of a functor ⟨−, −⟩ : A^{op} × A → M, and we have a natural isomorphism π_{T,A,B} : A(T A, B) ∼= M(T, ⟨A, B⟩). Thus π gives a bijection between morphisms a : T A → B and morphisms α : T → ⟨A, B⟩ in M; and a here is given explicitly in terms of α as the composite T A //^{αA} ⟨A, B⟩A //^{ϵA,B} B , where ϵ_{A,B} denotes the counit of the adjunction π.

If we now take B = A, the morphism ⟨A, A⟩⟨A, A⟩A // ⟨A,A⟩ϵA,A ⟨A, A⟩A // ϵ_{A,A} A gives, on applying π, a “multiplication” n : ⟨A, A⟩⟨A, A⟩ → ⟨A, A⟩, while the identity morphism 1A → A gives, on applying π, a “unit” j : 1 → ⟨A, A⟩. One easily verifies, first, that (⟨A, A⟩, n, j) is a monoid in M; and next, that if T too is a monoid (T, m, i) in M, then the morphism a : T A → A is an action of T on A precisely when α : T → ⟨A, A⟩ is a monoid morphism.

In our applications below, A is in fact a 2-category, M is a monoidal 2-category, and the action M × A → A is a 2-functor. Here Mon(M) is a 2-category, since besides the notion of a monoid morphism α : (T, m, i) → (S, n, j) we have that of a monoid transformation χ : α → β : (T, m, i) → (S, n, j): namely a 2-cell χ : α → β in M for which (still denoting ⊗ by concatenation) we have T T αα )) ββ 55 ØØ ØØ ff´χχ SS // n S = T T //^m T α && β 88 ØØ ØØ ff´ χ S and 1 j %% j 99 ØØ ØØ ff´^1 S = 1 // i T α (( β 66 ØØ ØØ ff´ χ S . Note that our monoid morphisms α are still required to satisfy n.αα = α.m and j = αi on the nose; this is appropriate because we are still interested in strict actions a : T A → A and the corresponding T -algebras (A, a); between such algebras, however we are now in a position to consider lax T -morphisms and so on.

It is further the case in our applications below that ⟨A, −⟩ is right adjoint to − ⋄ A as a 2-functor, so that ⟨−, −⟩ is now not just a functor but a 2-functor, while π_{T,A,B} : A(T A, B) ∼= M(T, ⟨A, B⟩) is a 2-natural isomorphism of categories, taking a 2-cell θ : a_1 → a_2 : T A → B in A to a 2-cell χ : α_1 → α_2 : T → ⟨A, B⟩ in M. Now, in the case B = A, if a_1, a_2 : T A → A are actions of T on A, so that the corresponding α_1, α_2 : T → ⟨A, A⟩ are monoid morphisms, one easily verifies that the 2-cell χ : α_1 → α_2 is a monoid transformation if and only if the corresponding 2-cell θ : a_1 → a_2 makes (1, θ) : (A, a_2) → (A, a_1) into a lax T -morphism.

For our first application we take for A the 2-category K of our earlier considerations, and take for M the 2-category [K, K] of endo-2-functors, 2-natural transformations, and modifications, which becomes a monoidal 2-category when we take the tensor-product 2-functor [K, K] × [K, K] → [K, K] to be composition, given on objects by (T, S) → T S, the identity object for which is the identity functor 1_K. The monoids in [K, K] are of course the 2-monads on K; the monoid morphisms α : T → S, which are the 2-natural transformations satisfying n.αα = α.m and j = αi, are here called the monad morphisms; and the monoid transformations, which are the modifications χ satisfying n.χχ = χ.m and j = χi, are called the monad modifications — note that χχ : αα → ββ : T T → SS here denotes the common value in T T T α )) T β 55 ØØ ØØ ff´T χ T S αS )) βS 55 ØØ ØØ ff´χS SS = T T αT )) βT 55 ØØ ØØ ff´χT ST Sα ** Sβ 44 ØØ ØØ ff´Sχ SS ,

where for instance T χ has components (T χ)_A = T χ_A and χS has components (χS)_A = χ_{SA}. The 2-category Mon[K, K] so constituted is also called the 2-category 2-Mnd(K) of 2-monads on K; we have referred to it several times in the Introduction. The action of M on A is here the evaluation 2-functor e : [K, K] × K → K given on objects by e(T, A) = T A; so that an action a : T A → A of a 2-monad T on A ∈ K has its usual classical meaning as above.

Suppose now that the 2-category K admits the cotensor products B^H where B ∈ K and H is a small category; since [18, Proposition 4.4] shows how to construct cotensor products from products, inserters, and equifiers, K surely admits the cotensor products above when it admits all (weighted) limits of these kinds, and in particular when it admits all flexible limits in the sense of [4], and certainly therefore when it is complete (as a 2- category). Then, for objects A, B ∈ K, seen as 2-functors A, B : 1 → K, we have the (pointwise) right Kan extension ⟨A, B⟩ : K → K of B along A; for by [16, Section 4.1], this is given on objects by ⟨A, B⟩C = B^{K(A,C)}, its counit ϵ_{A,B} : ⟨A, B⟩A → B being the evident morphism B^{K(A,A)} → B^1 = B. These ⟨A, B⟩ ∈ K constitute the values on objects of a 2-functor ⟨−, −⟩ : K^{op} × K → [K, K] which, by a basic property of Kan extensions, participates in a 2-natural isomorphism of categories π_{T,A,B} : K(T A, B) ∼= [K, K](T, ⟨A, B⟩), exhibiting the 2-functor ⟨A, −⟩ : K → [K, K] as a right adjoint of e(−, A) : [K, K] → K. Accordingly we can apply the general theory above to conclude that: 2.1. Lemma. When K admits cotensor products, for each A ∈ K the right Kan extension ⟨A, A⟩ of A along itself is a 2-monad on K; moreover, for every 2-monad T on K, there is an isomorphism of categories whose object part is a bijection between the monad morphisms α : T → ⟨A, A⟩ and the actions a : T A → A, and whose morphism part is a bijection between the monad modifications χ : α_1 → α_2 : T → ⟨A, A⟩ and those 2-cells θ : a_1 → a_2 for which (1, θ) : (A, a_2) → (A, a_1) is a lax T -morphism. It follows that χ is invertible, or is an identity, precisely when θ is so.

The content of the lemma goes back at least to Dubuc’s thesis [9], wherein ⟨A, A⟩ is called the codensity monad; other authors have called it the model-induced monad; we may observe that it generalizes what in Lawvere’s thesis [23] was called the structure of a functor A with codomain Set. The further applications of the ideas above, to which we now turn, go back to [14, Section 3]; we recall them because we need the details.

For the first of these we again take for M the monoidal category [K, K], but now we take for A the 2-category Colax[2, K] of 2-functors 2 → K, colax transformations between these, and modifications of the latter. Explicitly, an object of A is a morphism f : A → B in K, a morphism f → f^′ in A is a triple (a, ϕ, b) giving a diagram

A //^a fflffl f ˙˙ +3ϕ A^′ fflffl f0 B //_b B^′ in K, and a 2-cell (a_1, ϕ_1, b_1) → (a_2, ϕ_2, b_2) : f → f^′ in A is a pair (ξ : a_1 → a_2, η : b_1 → b_2) of 2-cells in K for which A

fflffl f a2 (( a1 66Ø Ø

Ø ØKSξ A_′

fflffl f0 A a2 ))

fflffl f A^′ fflffl f0 Ø ØØ ØKSϕ_1 =

Ø ØØ ØKSϕ_2

B 55_b 1 B^′ B b2 ** b1 44 Ø ØØ ØKSη B′ .

Here the action M × A → A, or [K, K] × Colax[2, K] → Colax[2, K], sends the object (T, f) to T f : T A → T B, and is thereafter most easily described by giving its partial 2-functors T (−) : Colax[2, K] → Colax[2, K] and (−)f : [K, K] → Colax[2, K]. The first of these sends (a, ϕ, b) : f → f^′ to (T a, T ϕ, T b) : T f → T f^′, and sends (ξ, η) : (a_1, ϕ_1, b_1) → (a_2, ϕ_2, b_2) to (T ξ, T η) : (T a_1, T ϕ_1, T b_1) → (T a_2, T ϕ_2, T b_2); the second sends α : T → S to (αA, 1_{αB.T f}, αB) : T f → T f^′, and sends χ : α → β to (χA, χB). Now one easily verifies that (a, f̄, b) : T f → f is an action of the 2-monad T on f : A → B precisely when a : T A → A is an action of T on A and b : T B → B is an action of T on B, while f̄ is a 2-cell b.T f → f.a such that (f, f̄) is a lax T -morphism (A, a) → (B, b). Moreover, if (a_1, f̄_1, b_1) and (a_2, f̄_2, b_2) are two actions of T on f, to give a 2-cell θ = (ξ, η) : (a_1, f̄_1, b_1) → (a_2, f̄_2, b_2) for which (1_f , θ) is a lax T -morphism is clearly to give 2-cells ξ : a_1 → a_2 and η : b_1 → b_2, satisfying

T A

fflffl T f a2 ’’ a1 77 Ø ØØ ØKSξ A

fflffl f T A a2 ))

fflffl T f A fflffl f Ø ØØ ØKS̄f_1 =

Ø ØØ ØKS̄f_2 T B 66_b 1 B T B b2 )) b1 55 Ø ØØ ØKSη B ,

for which (1, ξ) : (A, a_2) → (A, a_1) and (1, η) : (B, b_2) → (B, b_1) are lax T -morphisms.

Suppose now that the 2-category K admits products, inserters, and equifiers. Then as above we have the 2-functor ⟨−, −⟩ participating in the 2-adjunction π : K(T A, B) ∼= [K, K](T, ⟨A, B⟩). Given morphisms f : A → B and f^′ : A^′ → B^′ in K, the existence in K and hence in [K, K] of products and inserters allows us to form the comma object {f, f^′}_l in ⟨A, A^′⟩ ’’ ⟨A,f0⟩ NNNN NN {f, f^′}_l 88 ∂0 qqqq qq && ∂1 MMMM MM Ø ØØ ØKSλ ⟨A, B′⟩ , ⟨B, B^′⟩ 77 ⟨f,B0⟩ pppp pp the subscript l (for lax) recalling that λ is not required to be invertible. Now to give a morphism γ : T → {f, f^′}_l in [K, K] is equally to give morphisms α : T → ⟨A, A^′⟩ and β : T → ⟨B, B^′⟩, along with a 2-cell ψ : ⟨f, B^′⟩β → ⟨A, f^′⟩α; whereupon we have α = ∂_0γ, β = ∂_1γ, and ψ = λγ. Moreover, for γ_1, γ_2 : T → {f, f^′}_l, to give a 2-cell χ : γ_1 → γ_2 is equally to give 2-cells ρ : α_1 → α_2 and σ : β_1 → β_2 for which ⟨A, f^′⟩ρ.ψ_1 = ψ_2.⟨f, B^′⟩σ; whereupon ρ = ∂_0χ and σ = ∂_1χ. To give α and β, however, is, as we saw, equally to give a : T A → A^′ and b : T B → B^′; whereupon to give ψ : ⟨f, B^′⟩β → ⟨A, f^′⟩α is equally to give a 2-cell ϕ : b.T f → f^′.a. Again, to give ρ and σ is equally to give ξ : a_1 → a_2 and η : b_1 → b_2, while ⟨A, f^′⟩ρ.ψ_1 = ψ_2.⟨f, B^′⟩σ is equivalent to (f^′ξ)ϕ_1 = ϕ_2(η.T f), which is the condition for (ξ, η) to be a 2-cell (a_1, ϕ_1, b_1) → (a_2, ϕ_2, b_2) in Colax[2, K]. Thus, for the given f and f^′ and for any T , we have an isomorphism of categories Colax[2, K](T f, f^′) ∼= [K, K](T, {f, f^′}_l). This isomorphism being 2-natural in T by the corresponding 2-naturality of the earlier isomorphism K(T A, B) ∼= [K, K](T, ⟨A, B⟩), there is a unique extension of the objectvalues {f, f^′}_l to a 2-functor {−, −}_l : (Colax[2, K])^{op} × Colax[2, K] → [K, K] rendering the present isomorphism 2-natural in each of the variables T , f, and f^′.

So we are now in a position to apply the general considerations above to the case of the comma object ⟨A, A⟩ && ⟨A,f ⟩ LLL LL {f, f}_l 88 ∂0 rrr rr

&& ∂1 LLL LL Ø ØØ ØKSλ ⟨A, B⟩ ⟨B, B⟩ 88 ⟨f,B⟩ rrr rr where f = f^′, concluding that {f, f}_l is a 2-monad on K and that monad morphisms γ : T → {f, f}_l correspond to actions (a, f̄, b) : T f → f, with the corresponding result for monad modifications. However there is one new point that arises now, in that such a monad morphism γ corresponds not only to the action (a, f̄, b) but also to a third term: namely (α, ψ, β), where α : T → ⟨A, A⟩ and β : T → ⟨B, B⟩ are the monad morphisms corresponding to the actions a : T A → A and b : T B → B, while ψ : ⟨f, B⟩β → ⟨A, f⟩α corresponds to f̄. However these are also given by α = ∂_0γ, β = ∂_1γ, and ψ = λγ. It follows that ∂_0γ and ∂_1γ are monad morphisms whenever γ is a monad morphism; so that, taking γ = 1, we conclude that ∂_0 and ∂_1 are themselves monad morphisms. Putting this observation together with the general theory gives:

2.2. Lemma. When K admits products, inserters, and equifiers, the comma object {f, f}_l above is a 2-monad on K, while ∂_0 : {f, f}_l → ⟨A, A⟩ and ∂_1 : {f, f}_l → ⟨B, B⟩ are monad morphisms. Moreover, for every 2-monad T on K, there is an isomorphism of categories whose object part is a bijection between the monad morphisms γ : T → {f, f}_l and the triples (a, f̄, b) where a : T A → A and b : T B → B are actions of T for which (f, f̄) : (A, a) → (B, b) is a lax T -morphism; here the monad morphism α : T → ⟨A, A⟩ corresponding in the sense of Lemma 2.1 to a : T A → A is ∂_0γ, and similarly the β : T → ⟨B, B⟩ corresponding to b : T B → B is ∂_1γ. The morphism part of the isomorphism of categories is a bijection between monad modifications χ : γ_1 → γ_2 : T → {f, f}_l and pairs

(ξ : a_1 → a_2, η : b_1 → b_2) for which (1, ξ) : (A, a_2) → (A, a_1) and (1, η) : (B, b_2) → (B, b_1) are lax T -morphisms satisfying (f, f̄_1)(1, ξ) = (1, η)(f, f̄_2). Moreover χ is invertible or an identity precisely when this is true of both ξ and η.

Recall from [18] that a 2-category K admitting inserters and equifiers also admits inverters. Given f : A → B and f^′ : A^′ → B^′ therefore, and forming as above the comma object {f, f^′}_l, we may consider the composite ⟨A, A^′⟩ && ⟨A,f0⟩ MMM MM {f, f^′} //^τ {f, f^′}_l 88 ∂0 qqqq qq && ∂1 MMMM MM Ø ØØ ØKSλ ⟨A, B^′⟩ ⟨B, B^′⟩ 88 ⟨f,B0⟩ qqq qq

wherein τ is the inverter of λ, and write this composite as ⟨A, A^′⟩ ’’ ⟨A,f0⟩ NNNN NN {f, f^′} 88 ∂0 q qqq q && ∂0_1 MM MMM Ø ØØ ØKSμ ⟨A, B′⟩ ; ⟨B, B^′⟩ 77 ⟨f,B0⟩ pppp pp

this diagram, of course, exhibits {f, f^′} as the iso-comma-object, and is universal among such diagrams in which the 2-cell, like μ, is invertible. Clearly we can imitate the proof of Lemma 2.2 with μ replacing λ, so that:

2.3. Lemma. When K admits products, inserters, and equifiers, the results of Lemma 2.2 continue to hold when we replace {f, f}_l by {f, f}, replace ∂_0 and ∂_1 by ∂^′_0 and ∂^′_1, and — in the second sentence of that lemma but not the third — replace lax T -morphism by T -morphism.

When f^′ = f, we have by this last lemma the 2-monad {f, f}, along with monad morphisms ∂^′_0 and ∂^′_1 corresponding to {f, f}-actions on A and on B, and μ corresponding to an enrichment of f to an {f, f}-morphism; whence it follows from Lemma 2.2 that τ : {f, f} → {f, f}_l is a monad morphism. It is immediate that:

2.4. Lemma. For a K admitting products, inserters, and equifiers, the monad morphism γ : T → {f, f}_l corresponding by Lemma 2.2 to the lax T -morphism (f, f̄) : (A, a) → (B, b) factorizes through τ if and only if f̄ is invertible.

2.5. Remark. As an inverter, τ is monomorphic and fully faithful in the 2-category [K, K]. When f^′ = f, so that τ is a monad morphism, it is monomorphic in 2-Mnd(K) = Mon[K, K] since it is so in [K, K]. In fact it is also fully faithful in 2-Mnd(K); but because we make no explicit use of this below, we omit the proof, which uses the characterization in Lemmas 2.2 and 2.3 of monad transformations.

Our final example of an action again has the monoidal 2-category [K, K] for M, but now has for A the 2-category Colax[D , K], where D denotes the 2-category

0 u %% v 99 ØØ ØØ

ff´ 1

containing a single free 2-cell. So an object of A is a 2-cell ρ : f → g : A → B in K, a morphism ρ → ρ^′ is a quartet (a, ϕ, ψ, b) with

A //^a g � f ˚˚ ˙˙ +3ρ ˙˙ +3ψ A^′ g0 �

A

¯¯ f // a ˙˙ +3ϕ A^′ g0 � f0 ¯¯ ˙˙ +3ρ0 = B //_b B^′ B //_b B^′ ,

and a 2-cell (a, ϕ, ψ, b) → (ā, ϕ̄, ψ̄, b̄) consists of 2-cells ξ : a → ā and η : b → b̄ satisfying the obvious condition. The monoidal 2-category [K, K] acts in an evident way on Colax[D , K], the 2-functor [K, K] × Colax[D , K] → Colax[D , K] sending the object (T, ρ) to T ρ : T f → T g : T A → T B. To give an action (a, f̄, ḡ, b) : T ρ → ρ of T on ρ is clearly to give actions a : T A → A and b : T B → B, along with lax T -morphisms (f, f̄) and (g, ḡ) from (A, a) to (B, b), for which ρ is a T -transformation.

If K is to admit products, inserters, and equifiers as before, and also to admit pullbacks, it must be complete: for it admits all conical limits and also cotensor products. When this is so, we can form for each ρ : f → g : A → B in K the pullback

[ρ, ρ^′]_l //^{ϵ0} fflffl ϵ1 {f, f^′}_l fflffl^{ f,ρ0_{}l} {g, g^′}_l //_{{ρ,g}0_{}l}{f, g^′}_l , which participates in a 2-natural isomorphism Colax[D , K](T ρ, ρ^′) ∼= [K, K](T, [ρ, ρ^′]_l). Applying the general theory when ρ^′ = ρ again gives an isomorphism of categories, connecting actions T ρ → ρ with monad morphisms T → [ρ, ρ]_l; in fact we only use the object-part of this isomorphism.

In our applications, we wish to consider given T -algebras (A, a) and (B, b), and given lax T -morphisms (f, f̄), (g, ḡ) : (A, a) → (B, b); and then to consider what further conditions T must satisfy if ρ is to be a T -transformation. Note that, since we have now supposed the 2-category K to be complete, the functor 2-category [K, K] admits all small limits, computed pointwise; whereupon, by a classical argument, the 2-category 2-Mnd(K) of monoids in [K, K] admits all small limits, formed as in [K, K]. Given f, g : A → B, therefore, we can form in 2-Mnd(K) the diagram {f, f}_l //^{∂0}

!! ∂1 CC CC CC CC CC CC C ⟨A, A⟩ (f|g)_l 77 κ0 oooo oo ’’ κ1 OOO OOO {g, g}_l //^{∂1}

==

∂0 —— —— —— —— —— —— — ⟨B, B⟩ , where � (f|g)_l, κ_0, κ_1 � is universal with the property that ∂_0κ_0 = ∂_0κ_1 and ∂_1κ_0 = ∂_1κ_1; in other words it is the equalizer of the evident pair of morphisms {f, f}_l×{g, g}_l → ⟨A, A⟩× ⟨B, B⟩. Note that, when we take ρ^′ = ρ in the pullback diagram above, we certainly have ∂_0ϵ_0 = ∂_0ϵ_1 and ∂_1ϵ_0 = ∂_1ϵ_1; thus we have a unique monad morphism ν : [ρ, ρ]_l → (f|g)_l for which ϵ_0 = κ_0ν and ϵ_1 = κ_1ν; and moreover ν is a strong monomorphim in 2-Mnd(K), since ϵ_0 and ϵ_1 constitute a jointly regular-monomorphic pair.

To give T -actions a on A and b on B, along with 2-cells f̄ and ḡ for which (f, f̄) and (g, ḡ) are lax T -morphisms from (A, a) to (B, b), is by Lemma 2.2 to give monad morphisms γ_0 : T → {f, f}_l and γ_1 : T → {g, g}_l with ∂_0γ_0 = ∂_0γ_1 and ∂_1γ_0 = ∂_1γ_1; or equivalently to give a monad morphism δ : T → (f|g)_l. It is now clear from the considerations above that:

2.6. Lemma. When K is complete, the object [ρ, ρ]_l is a 2-monad, and we have a stronglymonomorphic monad morphism ν : [ρ, ρ]_l → (f|g)_l. For any 2-monad T , if lax T - morphisms (f, f̄) and (g, ḡ) from (A, a) to (B, b) correspond as in Lemma 2.2 to monad morphisms γ_0 : T → {f, f}_l and γ_1 : T → {g, g}_l, and hence to a single monad morphism δ : T → (f|g)_l, then ρ : f → g is a T -transformation if and only if the monad morphism δ factorizes (necessarily uniquely) through ν.

2.7. Remark. We can similarly define [ρ, ρ^′] as the pullback of {f, ρ^′} : {f, f^′} → {f, g^′} and {ρ, g^′} : {g, g^′} → {f, g^′}, and define (f|g) by replacing {f, f}_l by {f, f} and {g, g}_l by {g, g} in the limit-diagram defining (f|g)_l; clearly we have in 2-Mnd(K) a pullback [ρ, ρ] //^ν 0

fflffl (f|g) fflffl [ρ, ρ]_l //_ν (f|g)_l ,

and we have an analogue of Lemma 2.6 with ν^′ in place of ν.

There are various further such actions relevant to this paper, but we have chosen not to treat them in this general framework; we shall merely mention two here as further examples. In the first we once more take for M the monoidal 2-category [K, K], but now we take for A the functor 2-category [C, K], where C is an arbitrary 2-category; thus encompassing the “generalized algebras” borne by 2-functors C → K. For the second we take for M the monoidal 2-category Fin[K, K] of finitary endo-2-functors, 2-natural transformations, and modifications, with composition once more as its tensor product — see [5] — which acts on K by evaluation. A monoid in this M is just a finitary 2-monad on K, and an action of such a monoid on an object of K is just an algebra structure for the 2-monad.

3. A general framework for the property-like and related conditions

For a 2-monad T = (T, m, i) on a 2-category K, we have met in the Introduction several conditions which fit into the following pattern. We suppose given T -algebras (A, a) and (B, b), and a morphism f : A → B in K; and we impose upon T either the existence-and-uniqueness (E), or just the uniqueness (U), of a 2-cell f̄ for which (f, f̄) : (A, a) → (B, b) is either a lax T -morphism (L), a T -morphism (M), or a colax T -morphism (C); this condition being imposed for all T -algebras (A, a) and (B, b), and either (A) for all f : A → B, or else (I) for all invertible f : A → B. All told, we have here twelve conditions (XYZ), where X is A or I, where Y is E or U, and where Z is L, M, or C.

We can of course express the four conditions (XYL) in terms of the forgetful 2-functor U_l : T -Alg_l → K of the Introduction: write (T -Alg_l)_0 and K_0 for the ordinary categories underlying these 2-categories, and write (U_l)_0 : (T -Alg_l)_0 → K_0 for the ordinary functor underlying the 2-functor U_l; then (AUL) is the assertion that (U_l)_0 is faithful, and (AEL) the assertion that it is fully faithful; while (IUL) may be expressed by saying that (U_l)_0 is faithful on isomorphisms, and (IEL) by saying that (U_l)_0 is fully faithful on isomorphisms. Similarly the conditions (XYM) and (XYC) can be expressed in terms of the forgetful functors U_0 : T -Alg_0 → K_0 and (U_c)_0 : (T -Alg_c)_0 → K_0.

3.1. Lemma. For each of the six conditions of the form (IYZ), it suffices to impose the condition not for all invertible f : A → B but only for the the special case where B = A and f is the identity 1_A.

Proof. The point is that, for an invertible f and T -actions a : T A → A and b : T B → B, there is another T -action a^′ : T A → A given by a^′ = f^{−1}.b.T f; and now f is an invertible strict T -morphism (A, a^′) → (B, b). Accordingly there is a bijection between, say, lax T -morphisms (1_A, θ) : (A, a) → (A, a^′) and lax T -morphisms (f, f̄) : (A, a) → (B, b), given by composition with f; whence the result is immediate.

This lemma shows in particular that (IEM) is equivalent to what in the Introduction was called “essential uniqueness of T -algebra structure” (on an object of K). The condition (AUM) is what was called “uniqueness of T -morphism structure”; and we took the conjunction (IEM) ∧ (AUM) as our definition of “property-like”, promising to prove it equivalent in Theorem 4.2 to “essential uniqueness of T -algebra structure on 2-functors of codomain K”. Further, the lax-idempotent 2-monads are by definition those satisfying (AEL), while the colax-idempotent 2-monads are those satisfying (AEC). Accordingly, with the goal of better understanding these conditions and related ones, we spend some time systematically analyzing the twelve conditions (XYZ) and their interconnections.

First we examine in this section a number of straightforward implications between them, which in later sections will be augmented by deeper connections needing some completeness properties of K.

There are evident implications

(XEZ) =⇒ (XUZ)

for all X and Z, and

(AYZ) =⇒ (IYZ)

for all Y and Z, as well as

(XUL) =⇒ (XUM) ⇐= (XUC)

for all X.

Clearly the conjunction (IEM)∧(IUL) implies (IEL): for the “existence part” of (IEM) implies the “existence part” of (IEL), and (IUL) is precisely the “uniqueness part” of (IEL). In fact the converse is also true:

3.2. Proposition. Condition (IEL) is equivalent to the conjunction (IEM)∧(IUL); and dually with L replaced by C.

Proof. We have only to show that (IEL) implies (IEM) ∧ (IUL); but trivially (IEL) implies (IUL), so that we need only prove that (IEL) implies (IEM). For the “uniqueness part” of (IEM) there is no problem, so it will suffice to show that every lax T -morphism (f, f̄) : (A, a) → (B, b) with f invertible has f̄ invertible. With g = f^{−1}, (IEL) gives us a lax T -morphism (g, ḡ) : (B, b) → (A, a). The composite lax T -morphism (h, h̄) = (g, ḡ)(f, f̄) : (A, a) → (A, a) has h = gf = 1_A, so that h̄ is an identity by (IEL), and (g, ḡ)(f, f̄) is an identity in T -Alg_l; similarly (f, f̄)(g, ḡ) is an identity, and so (f, f̄) is invertible in T -Alg_l. But clearly a lax T -morphism (f, f̄) is invertible if and only if both f and f̄ are invertible, so that (f, f̄) is indeed a T -morphism.

Now for any 2-monad T on K, a lax T -morphism (f, f̄) : (A, a) → (B, b) with f invertible determines a canonical colax T -morphism (f^{−1}, f̃) : (B, b) → (A, a) where f̃ is the 2-cell f^{−1}.f̄.T f^{−1} : f^{−1}.b = f^{−1}.b.T f.T f^{−1} → f^{−1}.f.a.T f^{−1} = a.T f^{−1}. Likewise a colax T -morphism structure on f determines a canonical lax T -morphism structure on f^{−1}, and these processes are mutually inverse, giving the equivalences:

(IUL) ⇐⇒ (IUC)

(IEL) ⇐⇒ (IEC).

To sum up, then, we have a diagram of implications

(AEL) (J JJJ JJJ JJ JJJ JJJ JJJ

ff´

(AEM) !)K KKK KKK KK KKK KKK KKK

ff´

(AEC) !)J JJJ JJJ JJ JJJ JJJ JJJ

ff´ (AUL) +3

ff´

(AUM)

ff´

(AUC) ks

ff´ (IEL) +3 (J JJJ JJJ JJ JJJ JJJ JJJ (IEM) !)K KKK KKK KK KKK KKK KKK (IEC) ks

!)J JJJ JJJ JJ JJJ JJJ JJJ (IUL) +3 (IUM) (IUC) ks wherein moreover the bottom squares are “pullbacks” by Proposition 3.2, and the conditions (IYL) and (IYC) are equivalent.

In our definition of the conditions (XYZ), the T -algebras (A, a) and (B, b) were given by actions a : T A → A and b : T B → B on objects A, B ∈ K. As we have already remarked, however, one can equally consider “generalized T -algebras” (A, a), where A is a 2-functor A : C → K and a : T A → A is a 2-natural transformation. Then a lax T - morphism (f, f̄) : (A, a) → (B, b) is given by a 2-natural transformation f : A → B and a modification f̄ satisfying the usual axioms as in the Introduction, while a T -transformation α : (f, f̄) → (g, ḡ) is given by a modification α : f → g satisfying the usual axiom. Let us use (XYZ)^′ for the condition like (XYZ), but imposed now for all generalized T -algebras as above. Of course (XYZ)^′ =⇒ (XYZ),

since (XYZ) is just the case C = 1 of (XYZ)^′. Let us consider how far the converse of this is true. Given (A, a), (B, b) and f : A → B as above, A and B being 2-functors C → K, we have for each C ∈ C the T -algebras (AC, aC) and (BC, bC); and to give f̄ as above satisfying the axioms of the Introduction is to give for each C a lax T -morphism (fC, f̄C) : (AC, aC) → (BC, bC), where these f̄C satisfy the modification condition, which requires for each k : C → D in C an equality T AC //^{aC} fflffl T fC � @H_¯fC AC fflffl fC T AC //^{aC} fflffl T Ak AC fflffl Ak T BC //_{bC} fflffl T Bk BC fflffl Bk = T AD //^{aD} fflffl T fD � AI_¯fD AD fflffl fD T BD //_{bD} BD T BD //_{bD} BD . 3.3. Lemma. (XYZ)^′ coincides with (XYZ) when Y=U, and when X=A.

Proof. When Y=U, we are concerned only with uniqueness, and the uniqueness of f̄ follows from that of the f̄C. When Y=E we need existence as well; but we have the existence of the f̄C, and so need only the equality displayed in the diagram above. This, however, when X=A, follows from the uniqueness of ḡ in (g, ḡ) : (AC, aC) → (BD, bD), where g = Bk.fC = fD.Ak. (When X=I this argument fails, since this g is not invertible in general.)

So the only “primed” cases we need consider are three: (IEL)^′, (IEM)^′, and (IEC)^′. Since the only obstruction to the truth of (IEZ)^′, given (IEZ), is the equality in the diagram above, which deals with a single arrow k : C → D, it is clear that (IEZ)^′ holds for a general C if it does so for the two special cases C = 1 (giving (IEZ)) and C = 2, where this 2 is the arrow category (0 → 1), seen as a 2-category whose only 2-cells are identities. However we easily see , on taking A and B to be constant functors, that (IEZ)^′ for the case C = 2 contains (IEZ), so that:

3.4. Lemma. T satisfies (IEZ)^′ for a general 2-category C if it does so in the special case C = 2.

It is clear that Lemma 3.1 applies equally to the case (IYZ)^′ of generalized T -algebras. Combining that with the last lemma gives:

3.5. Lemma. (IEL)^′ is equivalent to the following condition, which we might call “ (IEL) with naturality”: (IEL) holds; and if a_1 and a_2 are T -actions on A and b_1 and b_2 are T - actions on B, and if f : A → B is both a strict T -morphism (A, a_1) → (B, b_1) and a strict T -morphism (A, a_2) → (B, b_2), then we have f.θ = ϕ.T f in K, where θ : a_2 → a_1 and ϕ : b_2 → b_1 are the unique 2-cells, guaranteed by (IEL), for which (1, θ) : (A, a_1) → (B, b_1) and (1, ϕ) : (A, a_2) → (B, b_2) are lax T -morphisms; in other words, we have the equality (f, 1_{fa2} )(1_A, θ) = (1_B, ϕ)(f, 1_{fa1}) of lax T -morphisms. Similarly for (IEM)^′ and (IEC)^′.

3.6. Remark. Of course, when T satisfies (IEL)^′, we have the property (f, 1)(1, θ) = (1, ϕ)(f, 1) of Lemma 3.5 even when the a_i and b_i are actions (in the more general sense) on 2-functors A, B : C → K; for this is just (IEL)^′ with C replaced by 2 × C. Similarly for (IEM)^′ and (IEC)^′.

4. Property-like 2-monads

We asserted in the Introduction that (IEM)^′ is equivalent to the conjunction (IEM) ∧ (AUM), and agreed to call a 2-monad T on K property-like if it satisfied the latter: that is, if T -algebra structure on an object of K is essentially unique, and T -morphism structure on a morphism of K is unique. In this section we establish the equivalence above, in fact giving many further conditions equivalent to being property-like.

In Section 2 we described various connections between actions and monad morphisms, mediated by Kan extensions and other limits in K. We now also need the following connection, of a more general nature, first sketched in [21, Sections 3.5–3.6]; it suffices to state it precisely (in somewhat more detail than we in fact use), leaving the easy verification to the reader.

4.1. Lemma. If T = (T, m, i) and S = (S, n, j) are 2-monads on K, then the category 2-Mnd(K)(T, S) of monad morphisms and monad modifications is isomorphic to the following category Sact(T, S) of “S-compatible actions of T on S”: an object of Sact(T, S) is an action u : T S → S, of T on the 2-functor S, for which n : S^2 → S is a strict T -morphism (S^2, uS) → (S, u); and a morphism θ : u → v of Sact(T, S) is a modification θ : u → v for which (1_S , θ) is a lax T -morphism (S, v) → (S, u) rendering commutative

(S^2, vS) //^{(1S2 ,θS)} fflffl (n,1n.vS) (S^2, uS) fflffl (n,1n.uS ) (S, v) //_{(1S,θ)} (S, u) . The isomorphism Z : 2-Mnd(K)(T, S) → Sact(T, S) sends f : T → S to the composite

T S //^{fS} SS //^n S

and similarly sends χ : f → g : T → S to n.fχ; its inverse sends u : T S → S to the composite u.T j : T → S and similarly sends θ : u → v to θ.T j : u.T j → v.T j.

Following [6], we call a functor U : A → C pseudomonic if it is faithful and if, moreover, it is full on isomorphisms: the latter means that any invertible h : UA → UA^′ in C is Ug for some (necessarily unique) g : A → A^′ in A, which by an easy argument must itself be invertible. This notion is representable, in the sense that a functor U : A → C is pseudomonic if and only if [B, U] : [B, A] → [B, C] is so for every category B; accordingly we define an arrow U : A → C in a 2-category K to be pseudomonic if the functor K(B, U) : K(B, A) → K(B, C) is so for each B ∈ K; and we then say that U is pseudoepic in K if it is pseudomonic in K^{op}.

We shall write 1 for the identity 2-monad on K; it is initial in the 2-category 2-Mnd(K), since the “unit law” forces any monad morphism 1 → T = (T, m, i) to be i, and any monad modification i → i : 1 → T to be the identity.

Recall that we have used 2 above for the free category on the graph (u : 0 → 1), sometimes seen as a 2-category. Inverting u here gives the quotient I = (v : 0 → 1), which some call “the free-living isomorphism”; besides the identities of 0 and 1, it has two morphisms v and v^{−1}. Finally let 2 denote the set {0, 1}, seen as a discrete category; note that we have inclusion functors ι : 2 → Iand κ : 2 → 2.

4.2. Theorem. For a 2-monad T on a 2-category K admitting products, inserters, and equifiers, the following conditions — of which (viii) is property-likeness — are equivalent:

(i) (IEL)^′;

(ii) (IEM)^′;

(iii) (IEC)^′;

(iv) (IEL) with naturality, in the sense of Lemma 3.5;

(v) (IEM) with naturality;

(vi) (IEC) with naturality;

(vii) (IEL) ∧ (AUL);

(viii) (IEM) ∧ (AUM);

(ix) (IEC) ∧ (AUC);

(x) (IEM) ∧ (AUL);

(xi) (IEM) ∧ (AUC);

(xii) for any 2-monad S = (S, n, j) on K, and any monad morphisms f : T → S and g : T → S, there is exactly one invertible monad modification χ : f → g;

(xiii) for any 2-monad S = (S, m, j) on K, and any monad morphisms f : T → S and g : T → S, there is exactly one monad modification χ : f → g;

(xiv) i : 1 → T is pseudoepic in 2-Mnd(K).

If moreover the 2-category 2-Mnd(K) admits the tensor products c · T when c is 2, 2, or

I as above, then the following conditions are also equivalent to those appearing above:

(xv) the monad morphism ι · T : 2 · T → I· T is invertible;

(xvi) the monad morphism κ · T : 2 · T → 2 · T is invertible.

Proof. We may omit consideration of conditions (iii), (vi), (ix), and (xi), since they are the duals of (i), (iv), (vii), and (x) respectively, while (ii), (v), (viii), (xii), (xiii), and (xiv) are self-dual as regards the sense of 2-cells.

First we prove the equivalence of (i), (iv), (vii), (x), (xii), and (xiii). (i) ⇒ (xiii). The monad morphisms f and g give rise as in Lemma 4.1 to actions u : T S → S and v : T S → S such that n : S^2 → S is both a strict T -morphism (S^2, uS) → (S, u) and a strict T -morphism (S^2, vS) → (S, v). Now (IEL)^′ with C = K gives a unique modification θ : u → v for which (1_S , θ) : (S, v) → (S, u) is a lax T - morphism; whence also (1_S2 , θS) : (S^2, vS) → (S^2, uS) is a lax T -morphism. Moreover, by Remark 3.6, (IEL)^′ further ensures that (n, 1)(1, θS) = (1, θ)(n, 1) : (S^2, vS) → (S, uS); and so we conclude from Lemma 4.1 that there is a unique monad modification χ : f → g, namely θ.T j.

(xiii) ⇒ (xii). Immediate.

(xii) ⇒ (x). Taking S in (xii) to be ⟨A, A⟩ and applying Lemma 2.1 gives (IEM). As for (AUL), to show that there is at most one f̄ for which (f, f̄) : (A, a) → (B, b) is a lax T -morphism is by Lemma 2.2 to show that there is at most one monad morphism γ : T → {f, f}_l with ∂_0γ = α and ∂_1γ = β. If γ_0 and γ_1 are two such, then (xii) with S = {f, f}_l gives a unique invertible monad modification χ : γ_0 → γ_1. Now ∂_0χ is an invertible monad modification from α to α, and so by (xii) must be the identity; in the same way ∂_1χ is the identity. Now the “morphism part” of Lemma 2.2 ensures that χ is an identity, whence γ_0 = γ_1 as required.

(x) ⇒ (vii). Immediate from Proposition 3.2.

(vii) ⇒ (iv). In the notation of Lemma 3.5, (f, 1)(1, θ) and (1, ϕ)(f, 1) are both lax T -morphisms from (A, a_1) → (B, b_2), with the same underlying morphism f : A → B; so they coincide by (AUL).

(iv) ⇒ (i). Part of Lemma 3.5.

This completes the proof of the equivalence of (i), (iv), (vii), (x), (xii), and (xiii). Next we prove the equivalence of (ii), (v), (viii), (x), and (xii).

(ii) ⇒ (xii). One repeats the proof of (i) ⇒ (xiii), while noting that θ.T j is invertible if θ is so.

(xii) ⇒ (x). Proved above.

(x) ⇒ (viii). Immediate since (AUL) implies (AUM). (viii) ⇒ (v). Proved just like (vii) ⇒ (iv). (v) ⇒ (ii). Part of Lemma 3.5.

Finally (xiv) is equivalent to (xiii) because 1 is initial in 2-Mnd(K), while (xv) and (xvi) are restatements of (xii) and (xiii) in the presence of the given tensor products. 4.3. Remark.

(a) Conditions (vii), (viii), and (ix) say precisely that the forgetful functors (U_l)_0, U_0, and (U_c)_0 are pseudomonic.

(b) We could have added further equivalent conditions (IEL) ∧ (AUM), (IEC) ∧ (AUM), (IEL)∧(AUC), (IEC)∧(AUL), so that property-likeness is equivalent to any condition of the form (IEZ) ∧ (AUW). The equivalence of all these further conditions is a straightforward consequence of the theorem and the results of Section 3.

(c) Condition (xiii) implies that the property-likes are closed in 2-Mnd(K) under arbitrary colimits (including weighted ones). Moreover it follows from (xiv) that S is property-like when T is so if q : T → S is pseudo-epimorphic in 2-Mnd(K); so that in particular the property-likes are closed in 2-Mnd(K) under co-fully-faithful quotients in the sense of the Introduction.

Before leaving this section, we record the following consequence of Theorem 4.2: 4.4. Corollary. Under the hypotheses of Theorem 4.2, there are implications (AEM) ⇒ (AEL) and (AEM) ⇒ (AEC).

Proof. In Section 3 we saw that (AEM) implied (IEM) and (AUM), which is to say that (AEM) implies property-likeness. So from the theorem above it follows that (AEM) implies (AUL). Now the “existence part” of (AEL) is already implied by the “existence part” of (AEM), while the “uniqueness part” of (AEL) is just (AUL). Thus (AEM) implies (AEL); and similarly (AEM) implies (AEC).

5. Fully property-like 2-monads

As we saw in the Introduction, a 2-monad T on K may or may not enjoy the property that every 2-cell between lax T -morphisms is a T -transformation; which is equally to say that the 2-functor U_l : T -Alg_l → K is full on 2-cells, or locally full (in the sense that each functor T -Alg_l((A, a), (B, b)) → K(A, B) is full); we now name this property (2L). Similarly we may say that T satisfies (2M) when U : T -Alg → K is locally full, and that T satisfies (2C) when U_c : T -Alg_c → K is locally full. Trivially we have

(2L) =⇒ (2M) ⇐= (2C).

The following proposition uses a transport of structure argument similar to that in Lemma 3.1.

5.1. Proposition. Condition (AUL) is equivalent to the condition that U_l : T -Alg_l → K be full on invertible 2-cells; similarly (AUM) and (AUC) are just the conditions that U and U_c be full on invertible 2-cells. Thus (2Z) implies (AUZ), for Z=L, M, or C.

Proof. We prove that U_l : T -Alg_l → K is full on invertible 2-cells if and only if T satisfies (AUL); the other results are similar. If U_l : T -Alg_l → K is full on invertible 2-cells, and if (f, f̄_1) : (A, a) → (B, b) and (f, f̄_2) : (A, a) → (B, b) are lax T -morphisms, then by assumption the invertible 2-cell 1_f : f → f must be a T -transformation (f, f̄_1) → (f, f̄_2), which means precisely that f̄_1 = f̄_2, giving (AUL). Conversely, if T satisfies (AUL), let (f, f̄) : (A, a) → (B, b) and (g, ḡ) : (A, a) → (B, b) be lax T -morphisms and let ρ : f → g be an invertible 2-cell; then defining f̌ to be the composite T A //^a T g � T f œœ ˙˙ +3T ρ ˙˙ +3^¯g A f � g œœ ˙˙ +3ρ�^1

T B //_b B

gives a lax T -morphism (f, f̌) : (A, a) → (B, b), so that by (AUL) we have f̄ = f̌; thus ρ is a T -transformation.

It was noted in the Introduction that the 2-monad on Cat whose algebras are categories with finite coproducts satisfies condition (2L); however:

5.2. Proposition. Even a property-like 2-monad may fail to satisfy (2M); a fortiori it may fail to satisfy (2L).

Proof. Write Cart for the 2-category of (small) categories with pullbacks, pullbackpreserving functors, and cartesian natural transformations; by this last we mean those natural transformations for which the naturality squares are pullbacks. Write 2-Cat for the 2-category of (small) 2-categories, 2-functors, and 2-natural transformations. We shall describe a 2-functor Cart //^{(−)} 0 2-Cat.

If A is a category with pullbacks, then A^′ is the 2-category whose underlying category is A, and in which a 2-cell α : f → g : A → B is a subobject of A on which f and g coincide. Vertical composition of 2-cells is given by intersection of subobjects, while for α as above and 1-cells h : B → C and k : D → A, the composite hα is the same subobject of A as α, while the composite αk is the pullback k^∗α. If now C is another category with pullbacks, and F : A → C preserves pullbacks, then F^′ is defined as the 2-functor with underlying functor F , which acts on 2-cells as F acts on the corresponding subobjects; of course F preserves monics since it preserves pullbacks. Finally the components ϕA : F A → GA of a cartesian natural transformation between pullback-preserving functors F and G constitute the components ϕ^′A of a 2-natural transformation ϕ^′ : F^′ → G^′. It is easy to verify that these constructions do indeed give a 2-functor from Cart to 2-Cat, and as such take each monad (T, m, i) in Cart to a monad (T^′, m^′, i^′) in 2-Cat. A T^′-algebra is just a T -algebra and a T^′-morphism is just a T -morphism — all T^′-morphisms are strict, since A^′ has no non-identity invertible 2-cells. A T^′-transformation between T^′-morphisms f and g from (A, a) to (B, b) is a subobject j : J → A for which there is a pullback T J //^{T j} fflffl T A fflffl a J //_j A. Now take A to be the category Sgrp of semigroups, and T = (T, m, i) to be the monad on Sgrp whose algebras are the monoids, as in the penultimate paragraph of the Introduction. Since Sgrp has pullbacks preserved by T , while m and i are cartesian natural transformations (as was observed in [19, Section 5]), we have as above the 2-monad (T^′, m^′, i^′) on Sgrp^′. This is property-like in the strong sense that T^′-algebra structure on a given object is actually unique, as is T^′-morphism structure. On the other hand, not all 2-cells are T^′-transformations; for if A is any monoid, we have the 2-cell ρ : 1_A → 1_A : A → A given by the subsemigroup j : J → A, where j is the inclusion of the empty semigroup J; and this is not a T -transformation since there is no morphism from T J(= 1) to J(= 0). Thus this T^′ is property-like without satisfying (2M).

5.3. Definition. We shall say that a 2-monad is fully property-like if it is property-like and moreover satisfies (2L) and (2C), and so also (2M).

5.4. Remark. As foreshadowed in the Introduction, we shall prove in Section 6 below that the lax-idempotent 2-monads are fully property-like. We give no special name to the property-like 2-monads satisfying only (2M), since we know of no such that fails to satisfy (2L).

5.5. Remark. When K is complete, it follows from Lemma 2.6 that T satisfies (2L) if and only if, for each ρ : f → g : A → B in K, every monad morphism δ : T → (f|g)_l factorizes through the strong monomorphism ν = ν_ρ : [ρ, ρ]_l → (f|g)_l of 2-Mnd(K). We conclude that, if (α_i : T_i → S) is a jointly-epimorphic family in 2-Mnd(K) with each T_i satisfying (2L), then S satisfies (2L); in particular, the 2-monads satisfying (2L) are closed in 2-Mnd(K) under (conical) colimits and (merely epimorphic) quotients. Similarly, by duality, for the 2-monads satisfying (2C); and also, by Remark 2.7, for those satisfying (2M). Using Remark 4.3(c), we conclude that, for a complete K, the fully property-like 2-monads are closed in 2-Mnd(K) under (conical) colimits and co-fully-faithful quotients.

The following result, although an immediate consequence of Proposition 5.1, is worth stating because many important structures (see [5]) are monadic not over Cat but only over Cat_g, the full sub-2-category of Cat with the same objects and arrows, but in which all non-invertible 2-cells have been discarded.

5.6. Proposition. If K is a 2-category in which every 2-cell is invertible, then for 2-monads on K, the following conditions are equivalent: (AUL), (AUM), (AUC), (2L), (2M), (2C); thus in particular every property-like 2-monad on such a K is fully propertylike.

6. Lax-idempotent 2-monads

We establish in this section various properties of those 2-monads T on K that satisfy the condition (AEL); as we said in the Introduction, such a 2-monad will be said to be lax-idempotent, while a 2-monad satisfying (AEC) will be said to be colax-idempotent.

First recall from Section 3 that (AEL) ⇒ (AUL) ⇒ (AUM) and that (using Proposition 3.2) (AEL) ⇒ (IEL) ⇒ (IEM); that is to say:

6.1. Proposition. Every lax-idempotent 2-monad (and dually every colax-idempotent 2-monad) is property-like.

Recall that, in any 2-category K, we can speak of an adjunction η, ϵ : f ⊣ u : A → B; here u : A → B and f : B → A are morphisms in K, while the unit η : 1 → uf and the counit ϵ : fu → 1 are 2-cells satisfying the “triangular equations” uϵ.ηu = 1 and ϵf.fη = 1; for the elementary theory of such adjunctions, see for instance [21]. We shall be concerned below with the special case of an adjunction in K with identity counit, obtained by requiring ϵ above to be an identity. To give such an adjunction η, 1 : f ⊣ u : A → B is to give morphisms u : A → B and f : B → A with fu = 1, along with a 2-cell η : 1 → uf satisfying ηu = 1_u and fη = 1_f . Note that, given f and u with fu = 1, such an η is unique if it exists: for if we also have ζ : 1 → uf with ζu = 1 and fζ = 1, the commutativity of

1 //^η fflffl ζ uf fflffl ufζ uf //_{ηuf} ufuf gives η = ζ since ufζ and ηuf, like fζ and ηu, are identities.

6.2. Theorem. For a 2-monad T = (T, m, i) on K, the following are equivalent:

(i) T is lax-idempotent — that is, T satisfies (AEL);

(ii) T satisfies (AEL)^′;

(iii) in the 2-category [K, K], there is a modification λ : 1 → iT.m : T^2 → T^2 giving an adjunction with identity counit λ, 1 : m ⊣ iT : T → T^2;

(iv) in the 2-category [K, K], there is a modification δ : T i → iT : T → T^2 satisfying δi = 1 and mδ = 1;

(v) for each T -algebra (A, a) there is a 2-cell θ_{(A,a)} : 1 → iA.a : T A → T A in K giving in K an adjunction with identity counit θ_{(A,a)}, 1 : a ⊣ iA : A → T A.

Proof. (i) ⇒ (ii). By Lemma 3.3.

(ii) ⇒ (iii). We have the T -algebras of domain K given by (T, m) and (T^2, mT ), and we have the 2-natural iT : T → T^2. By (AEL)^′ there is a unique modification λ : mT.T iT → iT.m such that (iT, λ) : (T, m) → (T^2, mT ) is a lax T -morphism. However mT.T iT , like m.T i, is an identity; so that λ has the form 1 → iT.m. Of the two coherence conditions of the Introduction satisfied by the lax T -morphism (iT, λ), the first (or unit) condition is the assertion λ.iT = 1. Finally, the composite of the lax T -morphism (iT, λ) : (T, m) → (T^2, mT ) and the strict T -morphism (m, 1) : (T^2, mT ) → (T, m) has the form (m.iT, mλ). Since m.iT = 1, the uniqueness assertion of (AEL)^′ gives mλ = 1, completing the proof that we have an adjuntion λ, 1 : m ⊣ iT : T → T^2.

(iii) ⇒ (iv). Given λ, 1 : m ⊣ iT : T → T^2, composing λ : 1 → iT.m : T^2 → T^2 with T i : T → T^2 gives a modification δ = λ.T i : T i → iT.m.T i = iT . Moreover mδ = 1 since mλ = 1; while T i.i = iT.i by the naturality of i, whence δi = λ.T i.i = λ.iT.i, which is 1 since λ.iT = 1.

(iv) ⇒ (v). Given a T -algebra (A, a), define a 2-cell θ_{(A,a)} : 1 → iA.a : T A → T A to be the composite of T a : T^2A → T A with δA : T iA → iT A : T A → T^2A; since T a.T iA = 1 because a.iA = 1, and since T a.iT A = iA.a by the naturality of i, the 2-cell θ_{(A,a)} = T a.δA is indeed of the form 1 → iA.a. Moreover θ_{(A,a)}.iA = T a.δA.iA is the identity 1 since δi = 1; while aθ_{(A,a)} = a.T a.δA = a.mA.δA is the identity 1 since m.δA = 1. (v) ⇒ (i). For convenience, let us abbreviate the unit θ_{(A,a)} of the adjunction in (v) to θ_a. Consider T -algebras (A, a) and (B, b), together with a morphism f : A → B in K. To give a 2-cell f̄ : b.T f → f.a is, in view of the adjunction θ_a, 1 : a ⊣ iA, equally to give a 2-cell ϕ : b.T f.iA → f, these being connected by the equations ϕ = f̄.iA and f̄ = (ϕa)(b.T f.θ_a). Since naturality of i gives b.T f.iA = b.iB.f = f, the 2-cell ϕ has the form f → f. If (f, f̄) is to be a lax T -morphism from (A, a) to (B, b), the “unit” coherence condition requires f̄ .iA = 1; so we are forced to take ϕ = 1, with f̄ = b.T f.θ_a as the only possibility. It remains to show that this choice does give a lax T -morphism (f, f̄) : (A, a) → (B, b); that is, we are to verify the remaining coherence condition

T^2A //^{T a} fflffl T 2f ˙˙ +3 T f̄ T A //^a fflffl T f ˙˙ +3^¯f A fflffl f T^2A //^{mA} fflffl T 2f T A //^a fflffl T f ˙˙ +3^¯f A fflffl f = T^2B //_{T b} T B //_b B T^2B //_{mB} T B //_b B

Since a.mA = a.T a and b.mB = b.T b, this is a matter of proving equal the pair of 2-cells α, β : b.T b.T^2f → f.a.T a, where α is the pasting composite on the left above and β that on the right.

However these correspond, under the adjunction T θ_a, 1 : T a ⊣ T iA : T A → T^2A, to 2-cells ᾱ, β̄ : b.T b.T^2f.T iA → f.a, where ᾱ = α.T iA and β̄ = β.T iA; so that it suffices to prove that ᾱ = β̄. Since T a.T iA = 1 and T f̄.T iA = T (f̄.iA) = T 1_f = 1_{T f} , the 2-cell ᾱ reduces to f̄ : b.T f → f.a; and since mA.T iA = 1, the 2-cell β̄ reduces to the same. This completes the proof.

From the equivalence of (i) and (v) in this theorem, along with the proof above of (v) ⇒ (i), we record for later reference the following:

6.3. Corollary. If (A, a) is a T -algebra where T is lax-idempotent, we have in K an adjunction θ_a, 1 : a ⊣ iA; and if (B, b) is another T -algebra, the unique lax T -morphism (f, f̄) : (A, a) → (B, b) has f̄ = b.T f.θ_a. We can now prove:

6.4. Proposition. (AEL) =⇒ (2L)

Proof. Let (A, a) and (B, b) be T -algebras where T satisfies (AEL), let (f, f̄), (g, ḡ) : (A, a) → (B, b) be lax T -morphisms, and let ρ : f → g be any 2-cell in K. Since f̄ = b.T f.θ_a and ḡ = b.T g.θ_a, the condition for ρ to be a T -transformation reduces to the equality

T A //^1 ææ a 55 55 55 55 T A T f ** T g 44 ØØ ØØ ff´T ρ T B

ææ b 55 55 55 55 = T A //^1 ææ a 55 55 55 55 T A //^{T f} T B œœ b 88 88 88 88 ØØ ØØ ff´ θ^a

ØØ ØØ ff´ θ^a A

DD i_A � � � � // g B

DD i_B � � � � // 1 B A

DD i_A � � � � f (( g 66 ØØ ØØ ff´ ρ B

DD i_B � � � � // 1 B ;

which holds by 2-naturality of i : 1 → T .

Thus (AEL) implies (2L), and so for a lax-idempotent 2-monad we have not just that (U_l)_0 : (T -Alg_l)_0 → K_0 is fully faithful, but that U_l : T -Alg_l → K is fully faithful as a 2-functor. Of course since (2L) implies (2M), so (AEL) implies (2M); on the other hand, to see that (AEL) implies (2C) we need first a result about the colax morphisms for a 2-monad satisfying (AEL).

6.5. Lemma. If T is a lax-idempotent 2-monad and (f, f̃) : (A, a) → (B, b) is a colax T -morphism, then f̃ is invertible, and so (f, f̃^{−1}) is in fact a T -morphism.

Proof. We show that f̃ is inverse to the f̄ of Corollary 6.3. The composite f̄ .iA is an identity because (f, f̄) is a lax T -morphism, while f̃ .iA is an identity because (f, f̃) is a colax T -morphism; so that (f̄f̃).iA is an identity. Because of the adjunction θ_a, 1 : a ⊣ iA, however, composition with iA provides a bijection between 2-cells ϕ : f.a → f.a and 2-cells ϕ.iA : f → f; so that f̄ f̃ = 1 because (f̄f̃ ).iA = 1 = 1.iA

It remains to show that f̃f̄ : b.T f → b.T f is an identity. However b.T f : (T A, mA) → (B, b) is a strict T -morphism, so that f̃f̄ is a T -transformation by Proposition 6.4. By the 2-dimensional aspect of the free-algebra property of T A, such a T -transformation is determined by its composite with iA; thus since (f̃ f̄).iA is an identity as above, so too is f̃f̄ . 6.6. Corollary. (AEL) =⇒ (2C)

It now follows, using Corollary 4.4, that any of the conditions (AEZ) will imply each of (2L), (2M), and (2C). In particular, combining part of this with Proposition 6.1, we have:

6.7. Proposition. Lax-idempotent 2-monads and colax-idempotent 2-monads are all fully property-like.

6.8. Remark. In this section we have given a characterization of those 2-monads for which “structure is adjoint to unit” in terms of lax morphisms between strict algebras. Another characterization is obtained if we replace T -Alg_l by the 2-category Ps-T -Alg_l of pseudo-T -algebras, lax morphisms, and T -transformations, and ask that the forgetful functor to K be fully faithful.

Various authors have considered less strict notions of monad, and contemplated appropriate conditions involving an adjunction between structure and unit as here. In [22], Kock considered a 2-functor T : K → K and 2-natural transformations m : T^2 → T and i : 1 → T satisfying the unit conditions strictly, but with m being associative only up to coherent isomorphism; in [27], Street considered the general bicategorical notion of “monad” on a bicategory, calling them “doctrines”; in [25], Marmolejo considered (the formal theory of) pseudo-monads. All three authors had notions of a “monad with structure adjoint to unit” in a suitable sense, and in all three cases the monads in question could equally well have been characterized in terms of existence and uniqueness of lax-morphism structure.

The equivalence of (iii), (iv), and (v) in Theorem 6.2 has been proved in the less strict contexts mentioned above, as has Proposition 6.4. The equivalence of (i) and (ii) with the other conditions in Theorem 6.2 seems to be new, as do Lemma 6.5 and Corollary 6.6.

In Corollary 4.4 we saw that (AEM) implies (AEL) and (AEC), and thus their conjunction (AEL) ∧ (AEC). We shall now show the converse.

6.9. Proposition. For a 2-monad T = (T, m, i), the following are equivalent:

(i) T satisfies (AEM) (in which case one might call T pseudo-idempotent);

(ii) there is an isomorphism λ : iT.m ∼= 1 giving an adjoint equivalence (λ, 1 : m ⊣ iT ) :

T ≃ T^2;

(iii) (AEL) ∧ (AEC).

Proof. One sees that (ii) follows from (i) by observing that if T satisfies not just (AEL) but (AEM) then the λ of Theorem 6.2(iii) is invertible. That (ii) implies (iii) follows from Theorem 6.2. Thus it remains only to show that (iii) implies (i). But by Lemma 6.5, if T satisfies (AEL) then any colax T -morphism is in fact a T -morphism, and the result follows.

We are now ready to form an expanded version of the diagram of implications given at the end of Section 3, assuming now that the 2-category K has products, inserters, and equifiers. We include in it the conditions (2Z) involving T -transformations, and also those “primed” conditions which do not coincide with their “unprimed” counterparts:

(AEL) (J JJJ JJJ JJ JJJ JJJ JJJ

ff´

(AEM) !)K KKK KKK KK KKK KKK KKK ks +3

ff´

(AEC) !)J JJJ JJJ JJ JJJ JJJ JJJ

ff´ (2L) +3

ff´

(2M)

ff´

(2C) ks

ff´ (IEL)^′ (J JJJ JJJ J JJJ JJJ JJ

ff´ ks +3 (IEM)^′

!)K KKK KKK KK KKK KKK KKK

ff´ ks +3 (IEC)^′

(J JJJ JJJ JJ JJJ JJJ JJJ

ff´ (AUL) +3

ff´

(AUM)

ff´

(AUC) ks

ff´ (IEL) +3 (J JJJ JJJ JJ JJJ JJJ JJJ (IEM) !)K KKK KKK KK KKK KKK KKK (IEC) ks

!)J JJJ JJJ JJ JJJ JJJ JJJ (IUL) +3 (IUM) (IUC) ks Also proved, but not appearing in the diagram, are the equivalences: (IYL) ⇐⇒ (IYC) (IEM) ∧ (IUZ) ⇐⇒ (IEZ) (IEZ) ∧ (AUW) ⇐⇒ (IEV)^′ (AEL) ∧ (AEC) ⇐⇒ (AEM).

6.10. Remark. In the case of a 2-category K with no non-invertible 2-cells, we have (AUM) ⇐⇒ (2M) by Proposition 5.6, and these conditions reduce to only five: (AEM), (IEM)^′, (AUM), (IEM), and (IUM).

7. The case of ordinary monads

Among the 2-categories are those for which the only 2-cells are identities; such 2-categories are called locally discrete, and one usually identifies these locally-discrete 2-categories with mere categories. To give a 2-monad on a locally-discrete 2-category is just to give a monad on the corresponding category; and thus all that has gone before can be applied to ordinary monads by considering the case where K is locally discrete. For the rest of this section, therefore, K will be an ordinary category, viewed as a locally-discrete 2-category.

Because there are no non-identity 2-cells in K, the 2-categories of algebras T -Alg_l, T -Alg, and T -Alg_c for a monad T all coincide with T -Alg_s, which is just the Eilenberg- Moore category K^T for the monad T . It follows that, for each X and Y, the conditions (XYL), (XYM), and (XYC) are equivalent. Because the forgetful functor U : T -Alg → K is faithful, the conditions (XUZ) are all vacuous; of course the conditions (2Z) are vacuous, and so we are left with only two distinct conditions, (IEM) and (AEM), which we now investigate.

The condition that an ordinary monad be property-like is just (IEM), since (AUM) is vacuous; interpreting Lemma 3.1 in the current context of a locally-discrete K, we see that the ordinary monad T is property-like if and only if there is at most one T -action a : T A → A on any given object A of K. To interpret Theorem 4.2 we first note that a locally-discrete 2-category is flexibly complete if and only if the corresponding category is complete.

7.1. Theorem. For a monad T on a complete category K, the following conditions are equivalent:

(i) T is property-like;

(ii) U : T -Alg → K is injective on objects;

(iii) U : T -Alg → K is pseudomonic;

(iv) i : 1 → T is an epimorphism in Mnd(K) ;

(v) the identities 1 : T → T and 1 : T → T exhibit T as the coproduct T +T in Mnd(K);

(vi) if S is any monad on K, then there is at most one monad morphism from T to S;

(vii) if A : C → K is a functor with arbitrary domain, then there is at most one T -action on A.

We now turn to the monads which satisfy (AEM), equivalent to (AEL) and (AEC). As the only adjunctions in an ordinary category are isomorphisms, it follows from Theorem 6.2 that a lax-idempotent 2-monad on a locally-discrete 2-category is just an idempotent monad on the corresponding ordinary category.

7.2. Proposition. The following conditions on a monad (T, m, i) are equivalent:

(i) T is idempotent, meaning that m is invertible; (ii) iT is invertible; (iii) T i is invertible;

(iv) m and iT are mutually inverse; (v) m and T i are mutually inverse; (vi) T i = iT ; (vii) a : T A → A is a T -action precisely when it is inverse to i_A; (viii) U : T -Alg → K is full; (ix) U : T -Alg → K is fully faithful;

(x) for all natural transformations f : A → B : C → K and all T -actions a : T A → A and b : T B → B, the transformation f is a T -morphism from (A, a) to (B, b).

Proof. Most of these equivalences are immediate consequences of Theorem 6.2; but in any case they are well known, except perhaps for (i) ⇔ (x) — which is just the fact that (AEM) ⇔ (AEM)^′.

7.3. Remark. Observe that the natural analogue in the “lax situation” of each of the conditions (iv), (vi), (ix), and (x) is a condition on a 2-monad equivalent to its being lax-idempotent, and appearing in Theorem 6.2; thus (iv) above corresponds to (iii) in Theorem 6.2, while (vi), (ix), and (x) above correspond, respectively, to (iv), (i), and (ii) in Theorem 6.2. Condition (vii) above corresponds to a slight modification of condition (v) of Theorem 6.2, involving pseudo T -algebras rather than strict ones. 7.4. Remark. As pointed out in the Introduction, every idempotent monad is of course property-like, but the converse is false, U : Mon → Sgrp providing a counter-example.

When K = Set however, the two conditions are equivalent.

7.5. Proposition. If the monad (T, m, i) on Set is property-like then it is idempotent. Proof. Let A and B be sets bearing T -actions and f : A → B a function. We shall show that f is a T -morphism. We may suppose A to be non-empty, for otherwise the result is trivial.

First suppose that f is a monomorphism (which of course we can think of as being a subset inclusion) and that the complement of A in B is not a single point. Then f is an equalizer in Set of the identity 1_B and some bijection k : B → B. Now as T is property-like, U : T -Alg → K is pseudomonic, and so both 1_B and k are T -morphisms, and so f too is a T -morphism, since U creates equalizers.

If f is a monomorphism, and the complement of the non-empty A is a single point, we may factorize f as

�_f f � : A → B × B followed by a projection π : B × B → B. Now B × B bears the product T -action, and π is a T -morphism; whence f will be a T -morphism if and only if

�_f f � is one. But now

�_f f � is monic, and the image has complement not equal to 1; and so we can apply the argument given above.

Finally suppose f is an arbitrary function A → B. Factorize f as the monomorphism �_{1A} f � : A → A × B followed by the projection π_B : A × B → B. Once again A × B bears the product T -action and π_B is a T -morphism, while

�_{1A} f � , being monic, is a T -morphism by the previous two paragraphs; so f is itself a T -morphism.

Thus U is full, and so T is idempotent.

In fact the idempotent monads on Set are of limited interest, insofar as (to within isomorphism) they are only three: the identity monad, the constant monad at 1, and the monad whose algebras are 0 and 1.

8. On the coreflectiveness of certain classes of monads and 2-monads

Let F be a family of morphisms in a category A, which we suppose for simplicity to be finitely complete. An object X of A is said to be coorthogonal to F if A(X, f) : A(X, M_f ) → A(X, N_f ) is invertible for each f : M_f → N_f in F; and we shall further say that X is weakly coorthogonal to F if each A(X, f) is monomorphic. Clearly the full subcategory F^⊥ of A given by the objects coorthogonal to F is closed in A under any colimits that exist in A, while the full subcategory F^♭ given by the objects weakly coorthogonal to F is closed in A not only under colimits but “under all jointly-epimorphic families”: by which we mean that, if the family G = (g : X_g → Y ) is jointly epimorphic with each X_g ∈ F^♭, then Y ∈ F^♭. Equally clearly, the full subcategory F^⊥ is itself closed under jointly-epimorphic families if each f ∈ F is a strong monomorphism; while if each f ∈ F is merely monomorphic, F^⊥ is closed under those families (g : X_g → Y ) that are jointly strongly-epimorphic: a notion equivalent, in the presence of finite limits, to being jointly extremal-epimorphic in the sense that there is no proper subobject of Y through which every g factorizes.

Although the following results are so well known as to be essentially folklore, it is not easy to point to these precise statements in print:

8.1. Lemma. Let A be a category with finite limits. (a) If A admits all intersections — even large ones, if need be — of strong subobjects, then a full subcategory B is coreflective with each counit ϵA : P A → A a strong monomorphism if and only if it is closed under jointly-epimorphic families. (b) If A admits arbitrary intersections of subobjects, then a full subcategory B is coreflective with each counit ϵA : P A → A a monomorphism if and only if it is closed under jointly strongly-epimorphic families.

Proof. We can largely consider the two cases together. For the “only if” part, consider a family G = (g : X_g → Y ) with each X_g ∈ B; then g is uniquely of the form ϵY.h_g, where h_g : X_g → P Y . If G is jointly epimorphic [resp. jointly strongly-epimorphic], then ϵY is epimorphic [resp. strongly-epimorphic], and hence is invertible, since it is strongly monomorphic [resp. monomorphic]; thus Y ∈ B. As for the “if” part, consider for any given A ∈ A the family G = (g : B_g → A) of all morphisms g with codomain A and with domain B_g lying in B. Let ϵA : P A → A be the intersection of all the strong subobjects [resp. subobjects] of A through which each g ∈ G factorizes, say as g = iA.h_g. Then the family H = (h_g)_{g∈G} is jointly epimorphic; for if x, y : P A → C satisfy xh_g = yh_g for all g ∈ G, then every h_g factorizes through the equalizer z : D → P A of x and y, which by the definition of P A must be invertible, giving x = y. Moreover, in case (b), the family H is jointly strongly-epimorphic, since it factorizes through no proper subobject of P A. In both cases, therefore, we have P A ∈ B, and clearly ϵA : P A → A is the coreflection.

When the category A in the considerations above is replaced by a 2-category, we are concerned with the coreflectiveness of B not merely as a category but as a 2-category: for B ∈ B we want ϵA to induce an isomorphism B(B, P A) ∼= A(B, A) of categories, and not just an isomorphism B_0(B, P A) ∼= A_0(B, A) of sets. In fact one can give a 2- categorical version of everything above, wherein coorthogonality now requires an isomorphism A(X, f) : A(X, M_f ) → A(X, N_f ) of categories, the meaning of “jointly-epimorphic family” is extended to include a 2-cell clause, and the concept of strong monomorphism is understood in a 2-categorical sense. It is not, however, worth our while here to develop these 2-categorical extensions in the abstract: for in our applications it is simple to give an ad hoc argument justifying the isomorphism B(B, P A) ∼= A(B, A), after having established (by Lemma 8.1 or otherwise) the simpler merely-categorical bijection B_0(B, P A) ∼= A_0(B, A).

There is one point, however, that is worth making here. A morphism f : A → B in a 2-category A should be called “monomorphic in A” if each A(C, f) : A(C, A) → A(C, B) is a monomorphism of categories; that is, if composition with f is injective both for morphisms and for 2-cells. This certainly implies that f is monomorphic in the underlying category A_0, but in general it is stronger. Since, however, A(C, f) is monomorphic in Cat if and only if Cat_0(2, A(C, f)) is monomorphic in Set, and since this is A_0(2 · C, f) if the tensor product 2 · C exists, it follows that the two senses of “monomorphism” coincide if A admits the tensor products 2 · C. They also coincide — and this is the case we need below — when the 2-category A admits pullbacks; for f is monomorphic in A [resp. in A_0] if and only if the square A //^1

fflffl^1 A fflffl f A //_f B

is a pullback in A [resp. in A_0], and these last statements coincide if pullbacks in A exist.

We intend to apply the results above when A is the ordinary category (2-Mnd(K))_0 for a 2-category K. Observe first that the 2-category [K, K] admits all limits — including weighted ones — that exist in K, these being formed pointwise. We shall suppose henceforth that K admits all finite limits (in the sense of [17]); recall that it therefore admits inserters and equifiers, as well as the cotensor product A2 for A ∈ K. So [K, K] too is finitely complete in this sense; and in particular f : T → S is monomorphic in [K, K] — the meaning of “monomorphic” now being unambiguous — if and only if each fA : T A → SA is monomorphic in K. Next, it is easy to see that the forgetful 2-functor V : 2-Mnd(K) = Mon[K, K] → [K, K] creates whatever limits exist in [K, K] — again including weighted ones. So 2-Mnd(K) is finitely complete, and in particular V preserves and reflects monomorphisms. Since, however, there is no simple description of the strong monomorphisms in (2-Mnd(K))_0, we shall suppose in our applications of Lemma 8.1 that K admits all intersections of subobjects; so that (2-Mnd(K))_0 does so too by the above, and a fortiori admits all intersections of strong subobjects.

Let us begin with the simple case of ordinary monads T on an ordinary category K, where we have the following results involving direct applications of Lemma 8.1. In this case, of course, 2-Mnd(K) reduces to the mere category Mnd(K) of monads and monad morphisms — there being no 2-cells but identities.

8.2. Theorem. Let the category K be complete and admit all intersections of subobjects. Then the full subcategory of property-like monads is coreflective in Mnd(K), as is the full subcategory of idempotent monads. In each case, the counit of the coreflection is a strong monomorphism.

Proof. We saw in Theorem 7.1 that T is property-like precisely when i : 1 → T is epimorphic in Mnd(K); since such T are clearly closed in Mnd(K) under jointly-epimorphic families, the first result follows from either (a) or (b) of Lemma 8.1 — but using (a) gives the result on the counit. As for idempotent monads, we have since K is complete the existence of ⟨A, A⟩, and the iso-comma object {f, f} here reduces to a pullback ⟨A, A⟩ && ⟨A,f ⟩ NNN NN {f, f} 99 ∂0 r rrr r %% ∂0_1 LL LLL ⟨A, B⟩ . ⟨B, B⟩ 88 ⟨f,B⟩ qqqq qq

Clearly T is idempotent if and only if it is, for each f : A → B in K, coorthogonal to the strong monomorphism ϕ_f : {f, f} → ⟨A, A⟩ × ⟨B, B⟩ having for its components ∂^′_0 and ∂^′_1. Since such T are closed in Mnd(K) under jointly-epimorphic families, the result again follows by Lemma 8.1(a).

8.3. Remark. That the idempotent monads here are coreflective is well known, having first been proved by Fakir [12]. Although the argument above needs completeness of K to construct the ⟨A, A⟩, another proof may be given using the results of Day [8], which needs only finite completeness along with all intersections of strong monomorphisms.

We return now to our more general situation of 2-monads on a 2-category K, and suppose now that K is complete. In the notation of Section 2, to say that T satisfies (AEL) is to say that, for each morphism f : A → B of K, the 2-monad T is coorthogonal in (2-Mnd(K))_0 to the morphism σ_f : {f, f}_l → ⟨A, A⟩ × ⟨B, B⟩ whose components are ∂_0 and ∂_1. Similarly, to say that T satisfies (IEL) is to say that it is coorthogonal to σ_f for each invertible f; to say that T satisfies (AUL) is to say that it is weakly coorthogonal to each σ_f ; and to say that T satisfies (IUL) is to say that it is weakly coorthogonal to those σ_f with f invertible. There are precisely analogous results wherein L is replaced by M and {f, f}_l by {f, f}; and still others with L replaced by C. Moreover, we saw in Remark 5.5 that T satisfies (2L) if and only if it is coorthogonal to the strong monomorphism ν_ρ for each ρ : f → g : A → B in K, with similar results for (2M) and (2C). It follows that the 2-monads T satisfying any one or more of our twelve conditions (XYZ) and our three conditions (2Z) are closed in (2-Mnd(K))_0 under colimits; while those T satisfying one or more of the six conditions (XUZ) and the three conditions (2Z) are moreover closed in (2-Mnd(K))_0 under jointly-epimorphic families.

It is in fact the case that any 2-monad T satisfying one of our fifteen conditions “does so in a 2-categorical sense”. We illustrate by the case (IEL), leaving the other cases to the reader. Let T then have the property that, for each isomorphism f : A → B in K, each monad morphism δ : T → ⟨A, A⟩ × ⟨B, B⟩ factorizes uniquely through σ_f : {f, f}_l → ⟨A, A⟩ × ⟨B, B⟩; that is, there is a unique γ : T → {f, f}_l with ∂_0γ = α and ∂_1γ = β, where α and β are the componenets of δ. Consider now a monad modification ζ : δ_1 → δ_2; it corresponds by Lemma 2.1 to 2-cells ξ : a_1 → a_2 and η : b_1 → b_2 for which (1, ξ) : (A, a_2) → (A, a_1) and (1, η) : (B, b_2) → (B, b_1) are lax T -morphisms. A monad modification χ : γ_1 → γ_2, however, corresponds by Lemma 2.2 to such a pair ξ, η satisfying the further condition (f, f̄_1)(1, ξ) = (1, η)(f, f̄_2). But this condition is automatically satisfied, since T satisfies (IEL); for each of f1 and 1f is the isomorphism f. In other words, if T is such that 2-Mnd(K)(T, σ_f) : 2-Mnd(K)(T, {f, f}_l) → 2-Mnd(K)(T, ⟨A, A⟩× ⟨B, B⟩) is a bijection on objects for each invertible f, then in fact 2-Mnd(K)(T, σ_f) is an isomorphism of categories. Similarly, when it is injective on objects, as in the case of (IUL), it is in fact a monomorphism of categories; and so on.

If 2-Mnd(K) admitted the tensor product 2 · T , this last observation would assert that the 2-monads satisfying (IEL) are closed under the operation 2 · ( ); and similarly for each of the other fourteen conditions. In the cases (XUZ) and (2Z), where the closedness under jointly-epimorphic families leads by Lemma 8.1, when K is complete, to coreflectiveness in (2-Mnd(K))_0, we could then appeal to Theorem 4.85 of [16] to deduce the coreflectiveness of such T in 2-Mnd(K). This approach fails as it stands, since we know nothing about the existence in 2-Mnd(K) of 2 · T for a general T ; but in the following proof we overcome this difficulty by “imagining a proof using 2 · T ” and then eliminating the occurrences of 2 · T by using 2-cells θ : g → h : T → S in place of morphisms f : 2 · T → S. 8.4. Proposition. Let K be complete and admit all intersections of subobjects, and let B be the full sub-2-category of 2-Mnd(K) given by those T satisfying some subset of the nine conditions given by the (AUZ) and the (2Z). Then B is coreflective in 2-Mnd(K), with the counit a strong monomorphism.

Proof. B consists either of the objects B coorthogonal to a family (j : X_j → Y_j) of strong monomorphisms, or else of the objects weakly coorthogonal to an unrestricted family (j : X_j → Y_j). In either case one easily sees — using the observation above whereby B ∈ B “satisfies the condition in the 2-categorical sense” — that, given a family (α_i : g_i → h_i : B_i → C) of 2-cells in 2-Mnd(K) with each B_i ∈ B, which is “jointly epimorphic” in the sense that there is no strong subobject z : D → C of C through which each α_i : g_i → h_i factorizes as zα^′_i : zg^′_i → zh^′_i, we must have C ∈ B. That being so, we construct the coreflection P A of A by considering the family of all 2-cells of the form α : g → h : B → A with B ∈ B, and taking for ϵ : P A → A the smallest strong subobject of A through which each α : g → h factorizes.

We have been unable to go further without more restrictive conditions on the 2- category K. We shall henceforth suppose it to be locally finitely presentable as a 2- category, in the sense of Kelly [17]; this covers such important 2-categories as Cat, Cat_g, [A, Cat], and [A, Cat_g], for a small category A, as well as the 2-category Lex[T , Cat] of models for a “2-limit theory” T . Even for such a K, we cannot establish the coreflectiveness in 2-Mnd(K) of the property-like 2-monads, or of the fully property-like ones, or of the lax-idempotent ones: one problem is that little is known of colimits colim_iT_i (see Section 29 of [15]) in 2-Mnd(K), except in the case where each T_i has some rank. We do have positive results, however, when we replace 2-Mnd(K) by its full sub-2-category 2-Mnd_α(K) given by the 2-monads of rank α — the most important case of which is the full sub-2-category 2-Mnd_{fin}(K) given by the finitary 2-monads. Recall here that, for a regular cardinal α, an endo-2-functor T (or a 2-monad (T, m, i)) is said to have rank α (or, in a more modern terminology, to be α-accessible) when T preserves α-filtered colimits; and to be finitary when it has rank ω, the first infinite cardinal — that is, when it preserves filtered colimits. In fact we shall set out our arguments below just for this important case of finitary 2-monads, leaving to the reader the straightforward extension to 2-monads of some given rank α.

Recall from [17] that an object c of K is said to be finitely presentable when K(c, −) : K → Cat is finitary. The full sub-2-category K_f of K given by the finitely-presentable objects is small and finitely cocomplete, and we recover K as Lex[K^{op}_f , Cat], the full sub-2- category of [K^{op}_f , Cat] given by those presheaves that preserve “finite 2-categorical limits” in the sense of [17, Section 4]. For such a 2-category K, it was shown in [17] that the underlying ordinary category K_0 is locally finitely presentable in the classical sense, with (K_0)_f = (K_f )_0, and with equivalences K_0 ≃ [K^{op}_{0f} , Set] ≃ [K^{op}_f , Cat]_0.

Central to our considerations below are the following results of [17, Prop. 7.6]. Write Fin[K, K] for the full sub-2-category of [K, K] given by the finitary endo-2-functors. An endo-2-functor T of K is finitary precisely when it is the left Kan extension (in the 2- categorical sense) of its restriction to K_f ; indeed restriction along the inclusion J : K_f → K induces an equivalence of 2-categories Fin[K, K] → [K_f , K], an inverse of which sends P : K_f → K to its left Kan extension Lan_J P . Since K_f is small and K is locally finitely presentable, the 2-category [K_f , K] is itself locally finitely presentable by [17, Example 3.4]; accordingly the equivalent 2-category Fin[K, K] is locally finitely presentable (and thus much better behaved than [K, K], which is not even locally small).

Since the finitary endo-2-functors of K are closed under composition, the 2-category Fin[K, K] has a monoidal structure with the composition as its tensor product. Under the equivalence above, this induces a monoidal structure ([K_f , K], ∘, J) on [K_f , K]. Writing M for the 2-category 2-Mnd_{fin}(K) = MonFin[K, K] of finitary 2-monads on K, we have an equivalence M ≃ Mon[K_f , K] of monoidal 2-categories. The first step towards our further results is given by:

8.5. Proposition. When K is locally finitely presentable, the full sub-2-category M = 2-Mnd_{fin}(K) of 2-Mnd(K) consisting of the finitary 2-monads is coreflective in 2-Mnd(K). Moreover M is itself a locally finitely presentable 2-category.

Proof. The inclusion Lan_J : [K_f , K] → [K, K] preserves to within isomorphism the “tensor products”, by the very definition of the tensor product ∘ on [K_f , K]. It follows easily that the right adjoint ( )J : [K, K] → [K_f , K] has the structure of a monoidal functor, with a canonical comparison T J ∘ SJ → T SJ. In these circumstances the adjunction Lan_J ⊣ ( )J : [K, K] → [K_f , K] passes to the monoids to give an adjunction L ⊣ R : Mon[K, K] → Mon[K_f , K]; and the L here, modulo the equivalence M ≃ Mon[K_f , K], is the inclusion of M in 2-Mnd(K); so that M is indeed coreflective. Now consider the forgetful 2-functor V : Mon[K_f , K] → [K_f , K]. This is easily seen to create all limits (including weighted ones), and so in particular to create the cotensor products T 2. By [16, Thm 4.85], therefore, V will have a left adjoint if its underlying ordinary functor V_0 does so — that is, if free monoids exist in the ordinary sense; and in fact they do exist, by [15, Thm 23.3]. It then follows easily that V is monadic, using the Beck criterion (which works perfectly well in the context of enriched categories); the details of this argument for the monadicity of V (actually of V_0) are given in [20, Section 4]. In that same section of [20] it is shown that V is finitary; thus the 2-monad M = V G, where G is the left adjoint of V , is finitary. We conclude that M ≃ Mon[K_f , K] is further equivalent to the Eilenberg-Moore 2-category [K_f , K]^M for a finitary 2-monad M. However A^M is locally finitely presentable when A is so if the 2-monad M has some rank: for the argument in the ordinary-category case, given in [13, Satz 10.3], applies unchanged in the enriched context.

8.6. Remark. We shall need the following observation: given locally finitely presentable categories M and N , along with left-adjoint functors P, Q : M → N and a 2-cell α : P → Q, consider the inverter in CAT of α, namely the full subcategory P of M given by those objects M ∈ M for which α_M is invertible. Then P is coreflective in M, and is itself locally presentable (although not necessarily locally finitely presentable). Although first proved as Proposition 3.14 of Bird’s thesis [3], which remains unpublished, this result can also be seen as a special case of [24, Thm 5.16], or of [1, Thm 2.77].

8.7. Theorem. Let K be a locally finitely presentable 2-category, and let M again denote the sub-2-category 2-Mnd_{fin}(K) of 2-Mnd(K) given by the finitary 2-monads on K. Define full sub-2-categories L ⊂ F ⊂ P ⊂ M as follows: P consists of the finitary 2-monads on K that are property-like, F consists of those that are fully property-like, and L of those that are lax-idempotent. Then each of L, F, and P is coreflective in M and hence (by Proposition 8.5) coreflective in 2-Mnd(K); and moreover P is itself locally presentable.

Proof. We first consider P. By Theorem 4.2, a 2-monad T in M lies in P if and only if, for any monad morphisms f, g : T → S, there is a unique monad modification χ : f → g. Write j_S : S^′ → S for the coreflection of 2-Mnd(K) in M given by Proposition 8.5. Then to give f, g : T → S is just to give f^′, g^′ : T → S^′ with f = jf^′ and g = jg^′; while to give χ : f → g is just to give χ^′ : f^′ → g^′ with χ = jχ^′. It follows that T ∈ M lies in P if and only if, for each S ∈ M, we have the property that each pair f, g : T → S in M admits a unique χ : f → g in M. Since M is locally finitely presentable by Proposition 8.5 and hence cocomplete as a 2-category, it admits the tensor products 2 · T and 2 · T ; so that the truth of the condition for each S ∈ M becomes, as in (xvi) of Theorem 4.2, the invertibility of κ · T : 2 · T → 2 · T . That is to say, P is the inverter of κ · ( ) : 2 · ( ) → 2 · ( ); and now Remark 8.6 gives the coreflectiveness of P_0 in M_0. The assertion about 2-cells that would enrich this to the coreflectiveness of P in M is in fact trivial, precisely because each P(T, S)(f, g) with T ∈ P is a singleton; so it is indeed the case that P is coreflective in M and hence in 2-Mnd(K).

When we turn to F and to L, it is again the case — since these are contained in P— that the 2-dimensional aspect of the coreflection is trivial; so that it suffices to establish the coreflectiveness in P_0 of F_0 and of L_0. Now F_0 consists of those objects T of P_0 that satisfy (2L) and (2C): which by Remark 5.5 are those T in P_0 that are coorthogonal in (2-Mnd(K))_0 to the strong monomorphisms ν_ρ (for (2L)) along with further strong monomorphisms ν̄_ρ (for (2C)). Equally, therefore, F_0 consists of those T in P_0 that are coorthogonal in P_0 to the coreflections in P_0 of the ν_ρ and the ν̄_ρ; but these coreflections — let us call them ν^∗_ρ and ν̄^∗_ρ — are strong monomorphisms in P_0, since right adjoints preserve strong monomorphisms. Since the locally presentable category P_0 is complete and well-powered, it certainly admits all intersections of subobjects; so that we may use Lemma 8.1 to conclude that F_0 is coreflective in P_0.

It remains to show that L_0 is coreflective in P_0. Since the lax-idempotent 2-monads are those satisfying (AEL), L_0 consists by our remarks above of those T in P_0 that are coorthogonal in (2-Mnd(K))_0 to each σ : {f, f}_l → ⟨A, A⟩ × ⟨B, B⟩. So L_0 is equally the full subcategory of P_0 given by the objects coorthogonal to the σ^∗_f , where σ^∗_f is the coreflection into P_0 of the arrow σ_f of 2-Mnd(K). The desired coreflectiveness of L_0 in P_0 now follows by Lemma 8.1, if we show that each σ^∗_f is monomorphic. Equivalently, we must show for a property-like T that every monad morphism δ : T → ⟨A, A⟩ × ⟨B, B⟩ (say with components α and β) is of the form σ_f γ for at most one monad morphism γ : T → {f, f}_l. This, in turn, is the statement that, for given T -actions a : T A → A and b : T B → B, and a given f : A → B, there is at most one 2-cell f̄ for which (f, f̄) is a lax T -morphism (A, a) → (B, b); or equivalently the statement (AUL), which is true of a property-like T by Theorem 4.2. This finally completes the proof.

8.8. Remark. As we observed earlier there is, for each regular cardinal α, an analogue of Theorem 8.7 with 2-Mnd_{fin}(K) replaced by the 2-category 2-Mnd_α(K) whose objects are the endo-2-functors of rank α. This raises various questions to which we have so far found no answer, such as: does the coreflection of 2-Mnd_α(K) into the property-likes carry finitary 2-monads into finitary ones? Perhaps the simplest questions of this kind concern the coreflections of Theorem 8.2: does the coreflection of an ordinary monad into the property-likes, or into the idempotents, preserve finitariness?

References

[1] J. Adámek and J. Rosický, Locally Presentable and Accessible Categories, Number 189 in LMS Lecture Notes in Mathematics, Cambridge University Press, Cambridge, 1994.

[2] J. Bénabou, Introduction to Bicategories, Reports of the Midwest Category Seminar, number 47 in Lecture Notes in Mathematics, pp. 1–75, Springer-Verlag, 1967.

[3] G.J. Bird, Limits in 2-categories of locally presentable categories, Ph.D thesis, University of Sydney, 1984.

[4] G.J. Bird, G.M. Kelly, A.J. Power, and R.H. Street, Flexible limits for 2-categories, J. Pure and Appl. Algebra, 61:1–27, 1989.

[5] R. Blackwell, G.M. Kelly, and A.J. Power, Two-dimensional monad theory, J. Pure and Appl.

Algebra, 59:1–41, 1989.

[6] A. Carboni, S. Johnson, R.H. Street, and D. Verity, Modulated bicategories, J. Pure and Appl.

Algebra, 94:229–282, 1994.

[7] A. Carboni, S.G. Lack, and R.F.C. Walters, Introduction to extensive and distributive categories, J. Pure and Appl. Algebra, 84:145–158, 1993.

[8] B.J. Day, On adjoint-functor factorization, Sydney Category Seminar, number 420 in Lecture Notes in Mathematics, pp. 1–19, Springer-Verlag, 1974.

[9] E.J. Dubuc, Kan Extensions in Enriched Category Theory, number 145 in Lecture Notes in Mathematics, Springer-Verlag, 1974.

[10] E.J. Dubuc and G.M. Kelly, A presentation of topoi as algebraic relative to categories or graphs, J. Algebra, 81:420–433, 1983.

[11] S. Eilenberg and G.M. Kelly, Closed categories, In Proceedings of the Conference on Categorical Algebra at La Jolla, pp. 421–562. Springer-Verlag, 1966.

[12] S. Fakir, Monade idempotente associée à une monade, C.R. Acad. Sci. Paris 270:99–101, 1970.

[13] P. Gabriel and F. Ulmer, Lokal-Präsentierbare Kategorien, number 221 in Lecture Notes in Mathematics, Springer-Verlag, 1971.

[14] G.M. Kelly, Coherence theorems for lax algebras and for distributive laws, In Sydney Category Seminar, number 420 in Lecture Notes in Mathematics, pp. 281–375, Springer-Verlag, 1974.

[15] G.M. Kelly, A unified treatment of transfinite constructions for free algebras, free monoids, colimits, associated sheaves, and so on, Bull. Austral. Math. Soc., 22:1–83, 1980.

[16] G.M. Kelly, Basic Concepts of Enriched Category Theory, Number 64 in LMS Lecture Notes in Mathematics, Cambridge University Press, Cambridge, 1982.

[17] G.M. Kelly, Structures defined by finite limits in the enriched context I, Cahiers de Topologie et Géometrie Differentielle, XXIII:3–42, 1982.

[18] G.M. Kelly, Elementary observations on 2-categorical limits, Bull. Austral. Math. Soc., 39:301– 317, 1989.

[19] G.M. Kelly, On clubs and data-type constructors, in Applications of Categories to Computer Science (Proc. LMS Symposium, Durham 1991), pp. 249–261, Cambridge Univ. Press, 1992.

[20] G.M. Kelly and A. J. Power, Adjunctions whose counits are coequalizers, and presentations of finitary enriched monads, J. Pure and Appl. Algebra, 89:163–179, 1993.

[21] G.M. Kelly and R.H. Street, Review of the elements of 2-categories, In Sydney Category Seminar, number 420 in Lecture Notes in Mathematics, pp. 75–103, Springer-Verlag, 1974.

[22] A. Kock, Monads for which structures are adjoint to units, J. Pure and Appl. Algebra, 104:41–59, 1993.

[23] F.W. Lawvere, Functorial semantics of algebraic theories, Proc. Nat. Acad. Sci. U.S.A., 50:869– 872, 1963.

[24] M. Makkai and R. Paré, Accessible Categories: The Foundations of Categorical Model Theory, Contemporary Mathematics 104, AMS, Providence, 1989.

[25] F. Marmolejo, Monads whose structure forms a fully faithful adjoint string, Theory and Applications of Categories, 3:23–44, 1997.

[26] R.H. Street, The formal theory of monads, J. Pure and Appl. Algebra, 2:149–168, 1972.

[27] R.H. Street, Fibrations in bicategories, Cahiers de Topologie et Géometrie Differentielle, XXI- 2:111–160, 1980.

[28] V. Zöberlein, Doktrinen auf 2-Kategorien, PhD thesis, University of Düsseldorf, 1974.

School of Mathematics and Statistics University of Sydney Sydney NSW 2006 AUSTRALIA Email: kelly m@maths.usyd.edu.au

stevel@maths.usyd.edu.au

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/1997/n9/n9.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi and Postscript format. Details will be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LATEX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp from ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@triples.math.mcgill.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università della Calabria: carboni@unical.it P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk G. Max Kelly, University of Sydney: kelly m@maths.su.oz.au Anders Kock, University of Aarhus: kock@mi.aau.dk F. William Lawvere, State University of New York at Buffalo: wlawverer@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@cs.dal.ca Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@charlie.math.unc.edu Ross Street, Macquarie University: street@macadam.mpce.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Sydney: walters b@maths.su.oz.au R. J. Wood, Dalhousie University: rjwood@cs.da.ca