Theory and Applications of Categories, Vol. 4, No. 2, 1998, pp. 37–46.

PROTOMODULARITY, DESCENT, AND SEMIDIRECT PRODUCTS

D. BOURN AND G. JANELIDZE

Transmitted by Peter Johnstone

ABSTRACT. Using descent theory we give various forms of short five-lemma in protomodular categories, known in the case of exact protomodular categories. We also describe the situation where the notion of a semidirect product can be defined categorically.

Introduction

Protomodular categories were introduced in [B1]; they are closely related to the modular categories in the sense of A. Carboni [C], the Mal’tsev categories in the sense of A. Carboni, J. Lambek and M.C. Pedicchio [CLP] and the naturally Mal’tsev categories in the sense of P.T. Johnstone [Jo] — the precise relationship (modular ⇒ naturally Mal’tsev ⇒ (provided it has a zero object) protomodular, and protomodular ⇒ Mal’tsev) is described in [B1] and [B2].

The protomodular categories are convenient for Nonabelian Homological Algebra : an exact category with zero object is protomodular if and only if it satisfies the “short five-lemma”.

This note is based on two new observations on protomodular categories : 1^∘. Using descent theory one can generalize various forms of the short five-lemma to non-exact categories, which again give conditions equivalent to protomodularity.

2^∘. The pullback functor p^∗ : P t(B) → P t(E) associated with a morphism p : E → B in many important cases is monadic — not just conservative as required in the definition of a protomodular category. This has an important application : we obtain a categorical notion of a semidirect product which generalizes the algebraic semidirect products (although we consider below only the example of groups).

There are four sections :

1. General protomodular categories gives various conditions equivalent to protomodularity in a very general situation where only the existence of pullbacks is required.

2. Pointed protomodular categories gives further equivalent conditions under the existence of a zero object.

3. Monadicity of p^∗ : P t(B) → P t(E) and semidirect products describes the situation where semidirect products can be defined categorically.

4. Semidirect product of groups : we briefly show how can we obtain the classical semidirect product of groups as a special case.

Received by the editors 1998 March 4. Published on 1998 April 9.

1991 Mathematics Subject Classification: 18G50,20J05,18C10.

cfl D. Bourn and G. Janelidze 1998. Permission to copy for private use granted. 37

The terminology and simple facts from descent theory which we freely use in the first two sections can be found in [JaT1] and [JaT2].

1. General protomodular categories

Let C be a category with pullbacks and P t : C^{op} → Cat the pseudofunctor of pointed

objects. Recall that for an object C in C , P t(C) is the category of triples (A, α, β) consisting of an object A in C and morphisms α : A → C, β : C → A with αβ = 1_C .

We will also use the pseudofunctors C → (C ↓ C) and C → (C ⇓ C) (again from

C^{op} to Cat ), where (C ↓ C) is the usual comma category (= slice category) over C, and (C ⇓ C) its full subcategory with objects all pairs (A, α) in which α : A → C is an

effective descent morphism, i.e. the pullback functor (C ↓ C) → (C ↓ A) is monadic.

For a given morphism p : E → B in C it is convenient to write p^∗ for each of the three pullback functors (C ↓ B) −→ (C ↓ E), (C ⇓ B) −→ (C ⇓ E), P t(B) −→ P t(E). 1.1. Definition. [B1] A category C is said to be protomodular if the functor p^∗ : P t(B) → P t(E) reflects isomorphisms for every morphism p : E → B in C .

Recall ([B1], [B2]) that among the examples of protomodular categories are the varieties of weakly associative Mal’tsev algebras (i.e. the varieties which have a ternary operator p with p(x, x, z) = z, p(x, z, z) = x, p(p(x, y, z), z, y) = x), in particular groups, rings, etc., the category of Heyting algebras, the dual of any elementary topos, and in particular the dual of the category of sets.

Consider a commutative diagram in C of the form A f -_A′^{f ′} -_A′′ (1) B α

?_g -_{B′}

α^′

?_g′ -_{B′′}

α^{′′}

?

in which A f -_A′_{and A}^{f ′f} -_A′′ (2) B α

?

g

-_B′?

α^′ B α

?

g^′g

-_B′′?

α^{′′} are pullbacks. Then we will say that (1) is a pullback cancellation diagram. If the right hand square in (1) is also a pullback, then we say that the diagram (1) admits cancellation.

1.2. Theorem. Let C be a category with pullbacks. The following conditions are equivalent :

(a) C is protomodular;

(b) the functor p^∗ : (C ⇓ B) → (C ⇓ E) reflects isomorphisms for every morphism p : E → B in C ;

(c) every pullback cancellation diagram (1) in C , in which α^′ is a regular epimorphism in (C ↓ B^{′′}) and α^{′′} an effective descent morphism, admits cancellation;

(d) the same as (c), but α^′ is required to be regular epimorphism in C ; (e) the same as (c), but the diagram (1) is required to be split, i.e. there exist morphisms β : B → A, β^′ : B^′ → A, β^{′′} : B^{′′} → A^{′′} with αβ = 1_B, α^′β^′ = 1_B0 , α^{′′}β^{′′} = 1_B00 ;

(f) the same as (c), but g^′ is required to be an isomorphism; (g) the same as (d), but g^′ is required to be an isomorphism; (h) the same as (e), but g^′ is required to be an isomorphism.

Proof. Since

(i) every morphism in (C ↓ B^{′′}) which is a regular epimorphism in C , is also a regular epimorphism in (C ↓ B^{′′});

(ii) every split epimorphism is an effective descent morphism, the implications

(c) =⇒ (d) =⇒ (e) (b) ⇓ ⇓ ⇓ ⇓ (f) =⇒ (g) =⇒ (h) ⇐⇒ (a)

are trivial. Moreover, (a) ⇔ (e) by [B1, Proposition 7], and (b) ⇔ (f) can be shown with the same arguments using the fact that every effective descent morphism A^′ → B^′ is a regular epimorphism in (C ↓ B^′).

Therefore we need to prove only (e) ⇒ (c). For a given diagram (1) as in (c) consider the diagram

A×_BA f × f- A^′×_B0 A^′ f^′ × f^′- A^{′′}×_B00 A^{′′}

A pr_1

?

f

-_A′?

pr_1

f^′

-_A′′

pr_1

?

this diagram is split, and so its right hand square is a pullback by (e). Therefore

A^′×_B0 A^′ - A^′

A^{′′}×_B00 A^{′′} f^′ × f^′

? -
    - A^{′′}

      ?

f^′

is an internal discrete (op)fibration, and since α^{′′} is an effective descent morphism, it corresponds to a unique (up to an isomorphism) object in (C ↓ B^{′′}). Furthermore, since α^′ is a regular epimorphism in (C ↓ B^{′′}), that unique object is (B^′, g^′), and so the right hand square in (1) is a pullback as desired.

2. Pointed protomodular categories

A category C with pullbacks is said to be pointed if it has a zero objet 0. In such a category every morphism α : A → B has a kernel κ : K → A which can be defined as a morphism for which the diagram K κ -_A

0

? -_B?

α

is a pullback.

Let us recall the following well known

2.1. Lemma. Let K κ -_A^α -_B (3) K^′ k

?

κ^′ - A^′ f

?

α^′ - B^′ g

?

be a commutative diagram in a pointed category C ,in which the right hand square is a pullback, κ is a kernel of α, and κ^′ is a kernel of α^′. Then k is an isomorphism.

It is convenient to have a special name for a commutative diagram (3) in which κ is a kernel of α, κ^′ is a kernel of α^′, and k is an isomorphism; we will call it a kernel isomorphism diagram.

2.2. Remark. (a) Let

K -_0 1 K κ -_A κ

?_α -_B?

2 3 K^′ k

?

κ^′ - A^′ f

?

α^′ - B^′ g

?

be a commutative diagram in which κ is a kernel of α and κ^′ is a kernel of α^′. Then the squares 2 and 3 form a kernel isomorphism diagram if and only if the squares 1 and 3 form a pullback cancellation diagram — which simply means that fκ is a kernel of α^′.

(b) Let i_B : 0 → B be the unique morphism from 0 to B ∈ C . If C is pointed, then it is protomodular if and only if the functor i^∗_B : P t(B) → P t(0) ≃ C reflects isomorphisms for every object B in C . This follows from the fact for every p : E → B in C , we have pi_E = i_B and therefore i^∗_B ≃ i^∗_Ep^∗.

(c) Let us recall [B1] that if C is pointed and protomodular, then a morphism α : A → B is a monomorphism if and only if i_A : 0 → A is a kernel of α.

(d) Let us also recall that in a pointed exact category the short five lemma says that in every kernel isomorphism diagram (3), in which α and α^′ are regular epimorphisms and g is an isomorphism, f also is an isomorphism. This lemma holds for example for groups, but not for monoids.

2.3. Theorem. Let C be a pointed category (with pullbacks, as above). The following conditions are equivalent :

(a) C is protomodular;

(b) the functor i^∗_B : (C ⇓ B) → (C ⇓ O) ≃ C reflects isomorphisms for every objet B

in C ;_{(c) in every kernel isomorphism diagram (3) in which α is a regular epimorphism in} (C ↓ B^′) and α^′ is an effective descent morphism, the right hand square is a pullback;

(d) the same as (c), but α is required to be a regular epimorphism in C ; (e) the same as (c), but the right hand square in (3) is required to be split, i.e. there exist β : B → A, β^′ : B^′ → A^′ with αβ = 1_B , α^′β^′ = 1_B0 .

(f) (“generalized short five lemma”) in every kernel isomorphism diagram (3), in which α is a regular epimorphism in (C ↓ B^′), α^′ is an effective descent morphism, and g is an isomorphism, f also is an isomorphism;

(g) the same as (f), but α is required to be a regular epimorphism in C ; (h) (“split short five lemma”) the same as (f), but the right hand square in (3) is required to be split as in (e).

Proof. Just as in the proof of theorem 1.2, it is easy to see that the condition (h) follows from any other condition above. On the other hand the remark 2.2(a) tells us that any of these conditions follow from the corresponding conditions in Theorem 1.2. Therefore it suffices to show that (h) implies protomodularity, but this immediately follows from the remark 2.2(b).

2.4. Corollary. Let C be a pointed category. The following conditions are equivalent :

(a) C is protomodular;

(b) in every kernel isomorphism diagram (3) in which α and α^′ are effective descent morphisms and g is an isomorphism, f also is an isomorphism;

(c) in every kernel isomorphism diagram (3) in which α and α^′ are split epimorphisms and g is an isomorphism, f also is an isomorphism.

3. Monadicity of p� : P t(B) ! P t(E) and semidirect products

In this section C denotes an arbitrary category; we do not even assume that C has pullbacks.

3.1. Definition. (a) A diagram D q -_A (4) E ϵ

6

 ?

δ

p

-_B

β

6

 ?

α

is said to be a split commutative square if αβ = 1_B , δϵ = 1_E , αq = pδ and qϵ = βp;

(b) a split commutative square (4) is said to be a split pullback, if for every split commutative square of the form D^′ q^′ - A

E ϵ^′

6

 ?

δ^′ p -_B β

6

 ?

α

there exists a unique morphism d : D^′ → D with δd = δ^′, dϵ^′ = ϵ and qd = q^′;

(c) we say that C has split pullbacks if for every morphism p : E → B in C and every (A, α, β) ∈ P t(B) there exists a split pullback of the form (4);

(d) dually, a split commutative square (4) is said to be a split pushout if for every split commutative square of the form D q^′ - A^′

E ϵ

6

 ?

δ

p

-_B

β^′

6

 ?

α^′

there exists a unique morphism a : A → A^′ with α^′a = α, aβ = β^′ and aq = q^′;

(e) we say that C has split pushouts if for every morphism p : E → B in C and every (D, δ, ϵ) ∈ P t(E) there exists a split pushout of the form (4).

Note that the pullbacks of split epimorphisms are split pullbacks, but the existence of split pullbacks does not imply the existence of pullbacks of split epimorphisms.

For example, if C is the category generated by the graph

A œ^β_α -_B

and the identity αβ = 1_B, then C has split pullbacks one of which is not obtained as an ordinary pullback — this is A βα -_A

A 1_A

6

 ?

1_A

α -_B β

6

 ?

α

However the existence of split pullbacks allows us to define a functor p^∗ : P t(B) → P t(E), (5) for every p : E → B in C , and it can be considered as a generalization of the ordinary pullback functor p^∗ considered in the previous sections.

Note also, that the functors (5) have left adjoints (for all p) if and only if C has split pushouts.

3.2. Definition. A category C with split pullbacks is said to be a category with semidirect products if, for every morphism p : E → B in C , the functor (5) has a left adjoint and is monadic.

Let T^p be the monad on P t(E) corresponding to the (monadic) functor (5). Given a T^p-algebra (X, ξ), we define the semidirect product (X, ξ) o (B, p) to be the object in P t(B) corresponding to (X, ξ) under the category equivalence P t(B) ∼ P t(E)^{T p}. In particular, if C is a pointed category and p = i_B : 0 → B, we could write T^p = T^B and (X, ξ) o (B, i_B) = (X, ξ) o B. (6)

Note that in this case P t(E) = P t(0) can be identified with C , and so X is just an object in C .

3.3. Example. If C is additive, then T^B is just the identity monad on C and we can write (X, ξ) o B = X o B. In fact in this case X o B = X ⊕ B, i.e. X o B is the direct sum of X and B.

As we will see in the next section, the ordinary semidirect product of groups is a special case of (6), and so the category of groups is a category with semidirect products. The same is true for all algebraic protomodular categories, as follows from

3.4. Theorem. (a) If C is an exact protomodular category, then it has coequalizers of reflexive pairs and the pullback functor p^∗ : P t(B) → P t(E) preserves such coequalizers for every morphism p : E → B in C ;

(b) an exact category is a category with semidirect products if and only if it is protomodular and has pushouts of split monomorphisms.

Proof. (a) : Since C is exact, it has the coequalizers of equivalence relations preserved by the pullback functors. Since the pullbacks and coequalizers in P t(B) and P t(E) (which exist in C ) are “calculated as in C ”, we conclude that P t(B) and P t(E) have coequalizers of equivalence relations and the functor p^∗ preserves them. On the other hand every reflexive pair can be replaced by a reflexive relation (as C is exact) with the same coequalizers, and this passage from the reflexive pairs to the reflexive relations is also preserved by the pullback functors. After that it suffices to recall [B2] that every protomodular category is a Mal’tsev category, and therefore every reflexive relation in C is an equivalence relation.

(b) : If we know that p^∗ has a left adjoint, then its monadicity follows from (a) and the “reflexive form” of Beck’s Monadicity Theorem. The existence of a left adjoint for each p^∗ is equivalent to the existence of split pushouts, and, since the ground category C has all pullbacks, it is easy to show that the split pushouts are just the pushouts of split monomorphisms — provided all split pushouts exist.

4. Semidirect product of groups

Let G be a group. Recall that a G-group is a pair (X, m) consisting of a group X and a map m : G × X → X written as (g, x) → gx, such that 1x = x, g^′(gx) = (g^′g)x, g(xx^′) = (gx)(gx^′) for every x, x^′ ∈ X and g, g^′ ∈ G. In the category of groups there is a category equivalence P t(G) ∼ G-groups — it carries an object (A, α, β) of P t(G) to the pair (X, m) in which X = Ker α = {a ∈ A | α(a) = 1} and m : G × X → X is defined by (g, x) → β(g)xβ(g)^{−1} — and conversely, a G-group (X, m) corresponds to the classical semidirect product (1, g) (X, m) o G (x, g)

g

6

G

6
 ?_g?

Moreover, it is easy to see that the functor i^∗_G : P t(G) → P t(0) considered in section 2 above, corresponds to the forgetful functor from the category of G-groups to the category of groups. Therefore T^G-algebras (see section 3) are the same as the G-groups - since the category of groups is a pointed exact protomodular category with pushouts. Explicitly T^G(X) = the kernel of G ∗ X → G g → g (g ∈ G), x → 1 (x ∈ X), where G ∗ X is the free product (=categorical coproduct) of the groups G and X - and a T^G-algebra (X, ξ) corresponds to the G-group (X, m) in which gx = m(g, x) is defined as gx = ξ(g, x, g^{−1}). Accordingly, the classical semidirect product of groups is a special case of the categorical one introduced in the previous section.

The same is true for more general semidirect products considered for example in [O].

References

[B1] D. Bourn, Normalization equivalence, kernel equivalence and affine categories, Springer Lecture Notes Math. 1488, 1991, pp. 43–62.

[B2] D. Bourn, Mal’cev categories and fibrations of pointed objects, Applied Categorical Structures 4, 1996, pp. 307–327.

[C] A. Carboni, Categories of affine spaces, Journal of Pure and Applied Algebra 61, 1989, pp. 243–250.

[CLP] A. Carboni, J. Lambek and M.C. Pedicchio, Diagram chasing in Mal’cev categories, Journal of Pure and Applied Algebra 69, 1991, pp. 271–284.

[JaT1] G. Janelidze and W. Tholen, Facets of Descent, I, Applied Categorial Structures 2, 1994, pp 245–281.

[JaT2] G. Janelidze and W. Tholen, Facets of Descent, II, Applied Categorial Structures, to appear.

[Jo] P.T. Johnstone, Affine categories and naturally Mal’cev categories, Journal of Pure and Applied Algebra 61, 1989, pp. 251–256.

[O] G. Orzech, Obstruction theory in algebraic categories, I, Journal of Pure and Applied Algebra 2, 1972, pp. 287–314.

Université du Littoral, 1, quai Freycinet, BP 5526, 59379 Dunkerque, France

Mathematical Institute of the Georgian Academy of Science, 1 Alexidze str., 380093 Tbilisi, Georgia Email: bourn@lma.univ-littoral.fr and gjanel@imath.acnet.ge

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/1998/n2/n2.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi and Postscript format. Details will be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LATEX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp from ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@math.mcgill.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università della Calabria: carboni@unical.it P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk G. Max Kelly, University of Sydney: kelly m@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@mi.aau.dk F. William Lawvere, State University of New York at Buffalo: wlawverer@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mscs.dal.ca Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@charlie.math.unc.edu Ross Street, Macquarie University: street@macadam.mpce.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Sydney: walters b@maths.usyd.edu.au R. J. Wood, Dalhousie University: rjwood@mscs.dal.ca