Theory and Applications of Categories, Vol. 5, No. 6, pp. 148–162.

CONVERGENCE IN EXPONENTIABLE SPACES

CLAUDIO PISANI

Transmitted by F. William Lawvere

ABSTRACT. Exponentiable spaces are characterized in terms of convergence. More precisely, we prove that a relation R : UX ⇀ X between ultrafilters and elements of a set X is the convergence relation for a quasi-locally-compact (that is, exponentiable) topology on X if and only if the following conditions are satisfied:

1. id ⊆ R ∘ η 2. R ∘ UR = R ∘ μ where η : X → UX and μ : U(UX) → UX are the unit and the multiplication of the ultrafilter monad, and U : Rel → Rel extends the ultrafilter functor U : Set → Set to the category of sets and relations. (U, η, μ) fails to be a monad on Rel only because η is not a strict natural transformation. So, exponentiable spaces are the lax (with respect to the unit law) algebras for a lax monad on Rel . Strict algebras are exponentiable and T_1 spaces.

1. Introduction

In [4] it was implicitly proved that a topological space is exponentiable if and only if its lattice of open sets is a continuous lattice [6, 8], so fixing an important topological property. This property, often called quasi-local-compactness though other names have been used, is a slight generalization of local compactness (meaning that every point has a basis of compact neighborhoods) and for sober spaces coincides with it.

In the present paper we give a further characterization of quasi-local-compactness in terms of ultrafilter convergence. The key idea is the following. Consider the typical space which is not locally compact, Q ⊆ R, and a sequence x_n in R \ Q converging to x ∈ Q. Next, for every n, consider a sequence x^n_m in Q converging to x_n. So we have a sequence of sequences in Q that “globally converges” to x, but such that there exists no sequence converging to x and to which it “converges” (this sequence ought to be x_n, which is not in Q). Then we may try to capture local compactness by requiring, for a topological space X, that such a sequence always exists. Using ultrafilters in place of sequences, this condition may be restated as:

∀ Ξ x μΞ Lim x ⇒ ∃ ξ ( Ξ ULim ξ , ξ Lim x ) (1)

Received by the editors 1999 March 7 and, in revised form, 1999 April 19. Published on 1999 May 17.

1991 Mathematics Subject Classification: Primary 54A20, 54D45; Secondary 18C15. Key words and phrases: exponentiable spaces, quasi-local-compactness, convergence, ultrafilter monad, lax monads and algebras, continuous lattices.

© Claudio Pisani 1999. Permission to copy for private use granted. 148 where ξ ∈ UX is an ultrafilter on X; Ξ ∈ U(UX) is an ultrafilter on the set of ultrafilters; Lim : UX ⇀ X is the convergence relation in X; μ : U(UX) → UX, the multiplication of the ultrafilter monad, is used to formalize “global convergence” (in terms of nets, μx^n_m is a net which converges to x if, for any neighborhood A of x, every net x^n_m with n sufficiently big is eventually in A [9]); and ULim : U(UX) ⇀ UX, defined in section 4, formalizes “convergence” of a sequence of sequences to a sequence (in terms of nets, x^n_m “converges” to y_k if, for any k_0, every net x^n_m with n sufficiently big converges to a point y_k with k ≥ k_0).

In section 8 we prove that condition (1) is exactly quasi-local-compactness (theorem 8.2).

Now we give an outline of the contents of the other sections. In section 2 we fix notations and recall the definition of the filter and the ultrafilter monads [3, 10, 13]. In section 3 we recall the Extension-Exclusion Lemma (EEL), one form of the Prime Ideal Theorem [12] (we give directly the version for prime filters in PX, that is ultrafilters). This lemma is used in a systematic way throughout the paper. In section 4 another important tool is presented (see the discussion above): we define a functor U : Rel → Rel that extends the usual ultrafilter functor U : Set → Set.

Next, after briefly recalling some equivalent definitions of pretopological space in section 5, we devote section 6 to find a characterization of convergence in a topological space (theorems 6.9 and 6.10). Namely, we show that a relation Lim : UX ⇀ X is the ultrafilter convergence relation for a topology on X if and only if the reverse of implication (1)

∀ Ξ ξ x Ξ ULim ξ , ξ Lim x ⇒ μΞ Lim x (2)

holds, together with convergence of “constant sequences” (principal ultrafilters). Intuitively, condition (2) states that if a sequence of sequences “converges” to a sequence that converges to a point, then it “globally converges” itself to that point (to see why this holds in a topological space, just consider an open neighborhood of the point). This theorem (that has a predecessor in the characterization of net convergence in a topological space [9]) was first proved in [1], although our proof is entirely independent from that one. Furthermore, there is an important difference in the definition of U : Rel → Rel. Even if the two definitions can be proved to be equivalent, ours seems to be more handy. In particular, it allows us to prove strict functoriality (proposition 4.3) and its direct generalization to filters gives a parallel characterization of filter convergence in a topological space (theorem 6.10), so avoiding the Axiom of Choice.

The proof of the main theorem in section 8 is preceded by a brief account of quasilocally-compact spaces in section 7.

In the conclusions we briefly discuss some possible developments of this work, especially regarding connections with the theory of monads and continuous lattices.

Finally, a word on the proofs. They have often the form of a chain of equivalent formulae, written one above the other, the formulae themselves being manipulated either by application of the (EEL) or using pure logic (or, if you prefer, 2-enriched category theory).

2. Basic definitions

If X is a set, we write FX for the set of filters on X, and UX for the subset of ultrafilters. We use Greek letters, φ, ψ and χ, to denote filters; ξ, υ and ζ will usually denote ultrafilters.

Given a function f : X → Y , one defines Ff : FX → FY and Uf : UX → UY by φ → {B ⊆ Y : f^{−1}B ∈ φ} so obtaining two functors F : Set → Set and U : Set → Set.

One can also define e : PX → P(FX) and e : PX → P(UX) by φ ∈ eA ⇔ A ∈ φ No confusion should arise from using the same symbol for two different maps. The choice of the name is due to the fact that it may be seen as an evaluation map. Note that the second map is a Boolean algebra homomorphism.

Finally, one defines η : X → FX and η : X → UX by x → {A ⊆ X : x ∈ A} and μ : F(FX) → FX and μ : U(UX) → UX by Φ → {A ⊆ X : eA ∈ Φ} or, equivalently, by Φ → [_{U ∈Φ} “_{φ∈U φ} Recall that η and μ are (the components at X of) the unit and the multiplication for the filter monad and the ultrafilter monad [3, 10, 13]. Again, the context should clear up the ambiguity due to conflicting terminology.

3. The Extension-Exclusion Lemma

The main tool to be used in the present work for proving theorems is the well-known Extension-Exclusion Lemma:

3.1. Lemma. [EEL] Let A and B be two families of subsets of X such that A is filtered and B is directed. Then there exists an ultrafilter ξ that extends A (that is, A ⊆ ξ) and excludes B (that is, ξ ∩ B = ∅) if and only if ∀ A B A ∈ A , B ∈ B ⇒ A ⊈ B The (EEL) actually holds in an arbitrary distributive lattice and in that form it is equivalent to the Prime Ideal Theorem [12]. While the proof of the (EEL) depends on the Axiom of Choice, the following formally similar proposition has a trivial proof: 3.2. Lemma. [eel] Let A and B be two families of subsets of X and let A be filtered. Then there exists a filter that extends A and excludes B if and only if ∀ A B A ∈ A , B ∈ B ⇒ A ⊈ B This lemma will allow us to save space and time in section 6, where analogous results will be proved both for filters and ultrafilters. Indeed, many proofs worked out for ultrafilters are also valid for filters, provided that the (eel) is used in place of the (EEL).

We shall also use the following form of the (EEL), which states that ultrafilters are dense in filters:

3.3. Proposition. For any two filters φ, ψ ∈ FX the following are equivalent: 1. φ ⊆ ψ 2. ∀ ξ ∈ UX ψ ⊆ ξ ⇒ φ ⊆ ξ The proof can be given as a chain of equivalent formulae: ∀ ξ ψ ⊆ ξ ⇒ φ ⊆ ξ ∀ ξ ψ ⊆ ξ ⇒ ∀ A ( A ∈ φ ⇒ A ∈ ξ ) ∀ A ξ ψ ⊆ ξ , A ∈ φ ⇒ A ∈ ξ ∀ A ξ ψ ⊆ ξ , A ∉ ξ ⇒ A ∉ φ ∀ A ∃ ξ ( ψ ⊆ ξ , A ∉ ξ ) ⇒ A ∉ φ ∀ A ∀ B ( B ∈ ψ ⇒ B ⊈ A ) ⇒ A ∉ φ (EEL) ∀ A A ∉ ψ ⇒ A ∉ φ φ ⊆ ψ

3.4. Corollary. Every filter is the intersection of the ultrafilters that extend it.

4. Filters and relations

Let Rel be the category of sets and relations. In the following we consider the set FX of filters on X ordered “geometrically” by φ ≤ ψ ⇔ ψ ⊆ φ 4.1. Definition. A relation R : X ⇀ Y between two ordered sets is compatible if it is a 2-bimodule, that is if ∀ x, x^′ ∈ X ∀ y, y^′ ∈ Y x^′ ≤ x , xR y , y ≤ y^′ ⇒ x^′R y^′

The composition of two compatible relations is also compatible, while the order relation on X is a compatible relation which acts as the identity. We denote by Rel^∗ the category of ordered sets and compatible relations.

4.2. Definition. If R : X ⇀ Y is a relation, UR : UX ⇀ UY is the relation defined by ξ UR υ ⇔ ∀ B ( B ∈ υ ⇒ R^{op}B ∈ ξ ) where R^{op}B = { x ∈ X : ∃ y ( y ∈ B , xR y ) }. In the same way we define a compatible relation FR : FX ⇀ FY . 4.3. Proposition. The correspondence R → UR defines a functor U : Rel → Rel which extends the ultrafilter functor U : Set → Set.

Since we are restricting ourselves to ultrafilters, it is easy to see that U extends the ultrafilter functor of section 2 and preserves identities. As for composition: ξ (US ∘ UR) ζ ∃ υ ( ξ UR υ , υ US ζ ) ∃ υ ( ∀ B ( B ∈ υ ⇒ R^{op}B ∈ ξ ) , ∀ C ( C ∈ ζ ⇒ S^{op}C ∈ υ ) ) ∃ υ ( ∀ B ( R^{op}B ∉ ξ ⇒ B ∉ υ ) , ∀ C ( C ∈ ζ ⇒ S^{op}C ∈ υ ) ) ∀ B C R^{op}B ∉ ξ , C ∈ ζ ⇒ S^{op}C ⊈ B (EEL) ∀ C C ∈ ζ ⇒ ∀ B ( R^{op}B ∉ ξ ⇒ S^{op}C ⊈ B )

∀ C C ∈ ζ ⇒ ∀ B ( S^{op}C ⊆ B ⇒ R^{op}B ∈ ξ ) ∀ C C ∈ ζ ⇒ R^{op}(S^{op}C) ∈ ξ ∀ C C ∈ ζ ⇒ (S ∘ R)^{op}C ∈ ξ ξ U(S ∘ R) ζ The application of the (EEL) in the above proof is justified by the following facts, which will be used also in subsequent applications:

1. If F : PX → PY is a monotone map and φ is a filter on X (respectively, an ideal) then {F A : A ∈ φ} is filtered (respectively, directed).

2. If ξ is an ultrafilter on X, then {A ∈ PX : A ∉ ξ} is an ideal. 3. If F : PX → PY preserves finite intersections (respectively, finite unions) and φ is a filter on Y (respectively, an ideal) then {A : F A ∈ φ} is a filter on X (respectively, an ideal).

Using the (eel) in place of the (EEL) in the above proof, we easily obtain 4.4. Proposition. The correspondence R → FR defines a functor F : Rel → Rel^∗.

5. Pretopological spaces

Pretopological spaces are obtained by weakening the axioms for topology. They can be presented in several ways.

5.1. Definition. [pretopology via interior operator] A pretopological space is a set X with a map Int : PX → PX such that ∀ A, B ⊆ X

1. A ⊆ B ⇒ Int A ⊆ Int B 2. Int X = X 3. Int(A ∩ B) = Int A ∩ Int B 4. Int A ⊆ A 5.2. Definition. [pretopology via neighborhoods] A pretopological space is a set X with a map N : X → FX such that ∀ x Nx ⊆ ηx.

5.3. Definition. [pretopology via filter convergence] A pretopological space is a set X with a relation lim : FX ⇀ X such that

1. it is a compatible relation 2. ∀ x “

ψ lim x

ψ lim x 3. ∀ x ηx lim x The first two conditions condense to: ∀ φ x “ ψ lim x ψ ⊆ φ ⇒ φ lim x

5.4. Definition. [pretopology via ultrafilter convergence] A pretopological space is a set X with a relation Lim : UX ⇀ X such that

1. ∀ ξ x “

υ Lim x υ ⊆ ξ ⇒ ξ Lim x 2. ∀ x ηx Lim x It is easy to see that definitions 5.1 and 5.2 are equivalent, a bijective correspondence being given by transposition: A ∈ Nx ⇔ x ∈ Int A while φ lim x ⇔ Nx ⊆ φ and Nx = “

ψ lim x ψ give an equivalence between definitions 5.2 and 5.3, and similarly ξ Lim x ⇔ Nx ⊆ ξ and Nx = “

υ Lim x υ give an equivalence between definitions 5.2 and 5.4, as a consequence of corollary 3.3.

The following propositions will be used in the next section (we omit the simple proofs): 5.5. Proposition. The first condition of definition 5.4 is equivalent to ∀ ξ x ∀ A ( ∀ υ ( υ Lim x ⇒ A ∈ υ ) ⇒ A ∈ ξ ) ⇒ ξ Lim x 5.6. Proposition. The first two conditions of definition 5.3 are equivalent to ∀ φ x ∀ A ( ∀ ψ ( ψ lim x ⇒ A ∈ ψ ) ⇒ A ∈ φ ) ⇒ φ lim x Before going on, it is useful to extend from points to filters the notion of neighborhood filter in a pretopological space:

5.7. Definition. If φ is a filter in a pretopological space, the filter Nφ is defined by A ∈ Nφ ⇔ Int A ∈ φ Coherently, we write φ lim ψ for Nψ ⊆ φ, and similarly, if ξ is an ultrafilter we write ξ Lim ψ for Nψ ⊆ ξ.

6. Convergence and topological spaces

Now we want to find conditions on a relation R : UX ⇀ X (or R : FX ⇀ X) that force it to be the convergence relation for a topology on X. Recall that a topological space may be seen as a pretopological space X (defined via interior) such that ∀ A ⊆ X Int A ⊆ Int(Int A) (that is, as a left exact comonad on PX).

6.1. Proposition. A pretopological space Lim : UX ⇀ X is a topological space if and only if ∀ ξ υ x ξ Lim υ , υ Lim x ⇒ ξ Lim x Proof :

∀ A Int A ⊆ Int(Int A) ∀ A x x ∈ Int A ⇒ x ∈ Int(Int A) ∀ A x A ∈ Nx ⇒ Int A ∈ Nx ∀ A x A ∈ Nx ⇒ ∀ υ ( Nx ⊆ υ ⇒ Int A ∈ υ ) (EEL) ∀ A x A ∈ Nx ⇒ ∀ υ ( υ Lim x ⇒ A ∈ Nυ ) ∀ A υ x A ∈ Nx , υ Lim x ⇒ A ∈ Nυ ∀ υ x υ Lim x ⇒ ∀ A ( A ∈ Nx ⇒ A ∈ Nυ ) ∀ υ x υ Lim x ⇒ Nx ⊆ Nυ ∀ υ x υ Lim x ⇒ ∀ ξ ( Nυ ⊆ ξ ⇒ Nx ⊆ ξ ) (EEL) ∀ υ x υ Lim x ⇒ ∀ ξ ( ξ Lim υ ⇒ ξ Lim x ) ∀ ξ υ x ξ Lim υ , υ Lim x ⇒ ξ Lim x The same proof clearly works for filters in place of ultrafilters:

6.2. Proposition. A pretopological space lim : FX ⇀ X is a topological space if and only if ∀ φ ψ x φ lim ψ , ψ lim x ⇒ φ lim x The next step is to reduce convergence between filters to convergence between filters and points:

6.3. Lemma. In a pretopological space ξ Lim υ if and only if ∀ A B Lim^{op} B ⊆ eA , B ∈ υ ⇒ A ∈ ξ Proof : ξ Lim υ Nυ ⊆ ξ ∀ A A ∈ Nυ ⇒ A ∈ ξ ∀ A Int A ∈ υ ⇒ A ∈ ξ ∀ A ∃ B ( B ⊆ Int A , B ∈ υ ) ⇒ A ∈ ξ ∀ A B B ⊆ Int A , B ∈ υ ⇒ A ∈ ξ ∀ A B ∀ z ( z ∈ B ⇒ z ∈ Int A ) , B ∈ υ ⇒ A ∈ ξ ∀ A B ∀ z ( z ∈ B ⇒ A ∈ Nz ) , B ∈ υ ⇒ A ∈ ξ ∀ A B ∀ z ( z ∈ B ⇒ ∀ ζ ( Nz ⊆ ζ ⇒ A ∈ ζ ) ) , B ∈ υ ⇒ A ∈ ξ (EEL) ∀ A B ∀ ζ z ( z ∈ B , ζ Lim z ⇒ A ∈ ζ ) , B ∈ υ ⇒ A ∈ ξ ∀ A B ∀ ζ ( ∃ z ( z ∈ B , ζ Lim z ) ⇒ A ∈ ζ ) , B ∈ υ ⇒ A ∈ ξ ∀ A B ∀ ζ ( ζ ∈ Lim^{op} B ⇒ ζ ∈ eA ) , B ∈ υ ⇒ A ∈ ξ ∀ A B Lim^{op} B ⊆ eA , B ∈ υ ⇒ A ∈ ξ Once again, we have also proved 6.4. Lemma. In a pretopological space φ lim ψ if and only if ∀ A B lim^{op} B ⊆ eA , B ∈ ψ ⇒ A ∈ φ Combining lemma 6.3 and proposition 6.1 we obtain

6.5. Corollary. A pretopological space Lim : UX ⇀ X is a topological space if and only if ∀ ξ υ x ∀ A B ( Lim^{op} B ⊆ eA , B ∈ υ ⇒ A ∈ ξ ) , υ Lim x ⇒ ξ Lim x Similarly, from lemma 6.4 and proposition 6.2 we get 6.6. Corollary. A pretopological space lim : FX ⇀ X is a topological space if and only if ∀ φ ψ x ∀ A B ( lim^{op} B ⊆ eA , B ∈ ψ ⇒ A ∈ φ ) , ψ lim x ⇒ φ lim x We are now in a position to prove 6.7. Proposition. A relation R : UX ⇀ X is the ultrafilter convergence relation for a topology on X if and only if 1. ∀ x ηx R x 2. ∀ ξ υ x ∀ A B ( R^{op}B ⊆ eA , B ∈ υ ⇒ A ∈ ξ ) , υR x ⇒ ξR x In one direction, this is an immediate consequence of corollary 6.5. In the other, substituting υ with ηx in the second condition and using the first one, we get ∀ ξ x ∀ A B ( R^{op}B ⊆ eA , x ∈ B ⇒ A ∈ ξ ) ⇒ ξR x ∀ ξ x ∀ A ( ∃ B ( R^{op}B ⊆ eA , x ∈ B ) ⇒ A ∈ ξ ) ⇒ ξR x ∀ ξ x ∀ A ( R^{op}{x} ⊆ eA ⇒ A ∈ ξ ) ⇒ ξR x ∀ ξ x ∀ A ( ∀ υ ( υR x ⇒ A ∈ υ ) ⇒ A ∈ ξ ) ⇒ ξR x which is the condition of proposition 5.5. Thus R is the convergence relation for a pretopological space and the assertion follows again from corollary 6.5.

Similarly, from proposition 5.6 and corollary 6.6 we obtain 6.8. Proposition. A relation R : FX ⇀ X is the filter convergence relation for a topology on X if and only if 1. ∀ x ηx R x 2. ∀ φ ψ x ∀ A B ( R^{op}B ⊆ eA , B ∈ ψ ⇒ A ∈ φ ) , ψR x ⇒ φR x So we have succeeded in characterizing those relations that are the convergence relations for a topology, but the second condition we have obtained appears cumbersome. We now show how it can be formulated in a more compact way.

6.9. Theorem. [Barr] A relation R : UX ⇀ X is the ultrafilter convergence relation for a topology on X if and only if

1. id ⊆ R ∘ η 2. R ∘ UR ⊆ R ∘ μ It is immediate to see that the first condition is equivalent to the first condition of proposition 6.7. So, let us analyze the second condition (we denote elements of U(UX) by uppercase Greek letters): R ∘ UR ⊆ R ∘ μ ∀ Ξ x Ξ (R ∘ UR) x ⇒ Ξ (R ∘ μ) x ∀ Ξ υ x Ξ UR υ , υR x ⇒ μΞ R x ∀ Ξ υ x Ξ UR υ , υR x ⇒ ∀ ξ ( μΞ ⊆ ξ ⇒ ξR x ) (because μΞ and ξ are ultrafilters) ∀ Ξ ξ υ x Ξ UR υ , υR x , μΞ ⊆ ξ ⇒ ξR x ∀ ξ υ x ∃ Ξ ( Ξ UR υ , μΞ ⊆ ξ ) , υR x ⇒ ξR x ∀ ξ υ x ∃ Ξ ( ∀ B ( B ∈ υ ⇒ R^{op}B ∈ Ξ ) , ∀ A ( A ∈ μΞ ⇒ A ∈ ξ ) ) , υR x ⇒ ξR x ∀ ξ υ x ∃ Ξ ( ∀ B ( B ∈ υ ⇒ R^{op}B ∈ Ξ ) , ∀ A ( A ∉ ξ ⇒ eA ∉ Ξ ) ) , υR x ⇒ ξR x ∀ ξ υ x ∀ A B ( B ∈ υ , A ∉ ξ ⇒ R^{op}B ⊈ eA ) , υR x ⇒ ξR x (EEL) ∀ ξ υ x ∀ A B ( R^{op}B ⊆ eA , B ∈ υ ⇒ A ∈ ξ ) , υR x ⇒ ξR x and this is exactly the second condition of proposition 6.7, so the theorem is proved.

Now, this proof is also valid for filters in place of ultrafilters, except for the passage explicitly marked. We easily overcome the inconvenient by assuming R to be a compatible relation:

6.10. Theorem. A compatible relation R : FX ⇀ X is the filter convergence relation for a topology on X if and only if

1. id ⊆ R ∘ η 2. R ∘ FR ⊆ R ∘ μ

Note that Manes’ theorem [10, 8], which identifies compact Hausdorff topological spaces with the algebras for the ultrafilter monad, follows as a corollary from theorem 6.9. Indeed, by a well-known application of the (EEL), compact Hausdorff spaces are characterized by the fact that the ultrafilter convergence relation is a function, and inclusion between functions reduces to equality. But then the conditions of theorem 6.9 become the defining conditions for monad algebras.

7. Quasi-locally-compact spaces

As mentioned in the introduction, quasi-locally-compact spaces can be characterized in several ways.

7.1. Definition. A topological space X is quasi-locally-compact if for every point x ∈ X and for every neighborhood U of x, there exists a neighborhood V of x which is relatively compact in U (that is, every open cover of U has finitely many members which cover V ).

Using the (EEL), it is not difficult to prove that V is relatively compact in U if and only if every ultrafilter ξ “in” V (that is, V ∈ ξ) converges to a point in U.

It is easy to see that

7.2. Proposition. A topological space is quasi-locally-compact if and only if its lattice of open sets is a continuous lattice.

The following theorem, that was implicitly proved in [4], shows that this property of local compactness is what is needed for the existence of well-behaved function spaces (see [7] for an overview on these arguments):

7.3. Theorem. A topological space X is quasi-locally-compact if and only if it is an exponentiable object in the category Top of topological spaces and continuous maps.

Furthermore, one can prove [6, 8]:

7.4. Theorem. A quasi-locally-compact and sober space is locally compact, that is, every point has a basis of compact neighborhoods.

Now we are going to give a further characterization of quasi-locally-compact spaces.

8. The reverse inclusions

Let us analyze what it means for a topological space to satisfy also the reverse inclusions of those of theorem 6.9. The proof of the following proposition is an easy exercise:

8.1. Proposition. A topological space is T_1 if and only if

Lim ∘ η ⊆ id

Now we turn to the main result of this paper:

8.2. Theorem. A topological space is quasi-locally-compact if and only if Lim ∘ μ ⊆ Lim ∘ ULim As usual, the proof is given by a chain of equivalent formulae: Lim ∘ μ ⊆ Lim ∘ ULim ∀ Ξ x Ξ (Lim ∘ μ) x ⇒ Ξ (Lim ∘ ULim) x ∀ Ξ x μΞ Lim x ⇒ ∃ υ ( Ξ ULim υ , υ Lim x ) ∀ Ξ x μΞ Lim x ⇒ ∃ υ ( ∀ A ( A ∈ υ ⇒ Lim^{op} A ∈ Ξ ) , Nx ⊆ υ ) ∀ Ξ x μΞ Lim x ⇒ ∃ υ ( ∀ A ( Lim^{op} A ∉ Ξ ⇒ A ∉ υ ) , ∀ C ( C ∈ Nx ⇒ C ∈ υ ) ) ∀ Ξ x μΞ Lim x ⇒ ∀ A C ( Lim^{op} A ∉ Ξ , C ∈ Nx ⇒ C ⊈ A ) (EEL) ∀ Ξ x μΞ Lim x ⇒ ∀ A ( Lim^{op} A ∉ Ξ ⇒ ∀ C ( C ∈ Nx ⇒ C ⊈ A ) ) ∀ Ξ x μΞ Lim x ⇒ ∀ A ( Lim^{op} A ∉ Ξ ⇒ A ∉ Nx ) ∀ Ξ x A μΞ Lim x , Lim^{op} A ∉ Ξ ⇒ A ∉ Nx ∀ x A ∃ Ξ ( μΞ Lim x , Lim^{op} A ∉ Ξ ) ⇒ A ∉ Nx ∀ x A ∃ Ξ ( Nx ⊆ μΞ , Lim^{op} A ∉ Ξ ) ⇒ A ∉ Nx ∀ x A ∃ Ξ ( ∀ B ( B ∈ Nx ⇒ B ∈ μΞ ) , Lim^{op} A ∉ Ξ ) ⇒ A ∉ Nx ∀ x A ∃ Ξ ( ∀ B ( B ∈ Nx ⇒ eB ∈ Ξ ) , Lim^{op} A ∉ Ξ ) ⇒ A ∉ Nx ∀ x A ∀ B ( B ∈ Nx ⇒ eB ⊈ Lim^{op} A ) ⇒ A ∉ Nx (EEL) ∀ x A A ∈ Nx ⇒ ∃ B ( B ∈ Nx , eB ⊆ Lim^{op} A ) ∀ x A A ∈ Nx ⇒ ∃ B ( B ∈ Nx , ∀ ξ ( ξ ∈ eB ⇒ ξ ∈ Lim^{op} A ) ) ∀ x A A ∈ Nx ⇒ ∃ B ( B ∈ Nx , ∀ ξ ( B ∈ ξ ⇒ ⇒ ∃ y ( y ∈ A , ξ Lim y ) ) ) and this is exactly quasi-local-compactness, as observed after definition 7.1.

Combining theorems 6.9 and 8.2 and proposition 8.1 we obtain

8.3. Corollary. A relation R : UX ⇀ X is the ultrafilter convergence relation for a quasi-locally-compact topology on X if and only if

1. id ⊆ R ∘ η 2. R ∘ UR = R ∘ μ The first condition holds with equality if and only if the topology is T_1.

9. Conclusions

In this work a new relationship has been proved to exist between local compactness and ultrafilter convergence. This result can lend itself to interesting developments. In particular, the evident connections with the theory of monads, which have not been explicitly considered in the present paper, will be analyzed in a work in preparation. We anticipate some results obtained in this direction.

Using the functor defined in section 4, the ultrafilter monad on Set can be extended to a lax monad on Rel (in fact, strictness fails only because the unit is no more a strict natural transformation). Then corollary 8.3 may be rephrased by saying that lax (with respect to the unit law) algebras for this monad are exactly quasi-locally-compact topological spaces. It is interesting to analyze strict morphisms for these algebras: using the same techniques adopted in this paper, one can prove that such morphisms are relations that are continuous and proper [2].

On the other hand, it was proved in [3] (see also [13]) that continuous lattices are the algebras for the filter monad (on Set), and that morphisms of algebras are the maps preserving arbitrary meets and directed joins. The category of continuous locales [8] and that of distributive continuous lattices then have the same objects but different morphisms. The interesting fact is that while the category of quasi-locally-compact spaces and continuous maps is “very similar” to the first one, the category of quasi-locally-compact spaces and algebra morphisms (continuous and proper relations) turns out to be “very similar” to the second one.

Moreover, by restricting to the category of sets and partial functions, we rediscover the equivalence between the category of locally compact Hausdorff spaces with continuous and proper partial maps and the category of pointed compact Hausdorff spaces [5]. Indeed, both are equivalent to the algebras for the ultrafilter monad on the category of pointed sets.

In conclusion, it seems that the techniques used in this paper can be an effective tool for studying topological properties. Furthermore, many proofs are likely to have a meaning not only for preorders (2-enriched categories) but also for ordinary categories.

Acknowledgements

The author is grateful to the supervisor of his Ph.D. Thesis [11], professor G. Meloni, who has stimulated the present research and given an important contribution of ideas and criticisms.

References

[1] M. Barr, Relational algebras, in: S. Mac Lane, ed., Reports of the Midwest Category Seminar IV, Lecture Notes in Mathematics, Vol. 137 (Springer, Berlin, 1970) 39-55.

[2] N. Bourbaki, Topologie Générale (Hermann, Paris, 1965).

[3] A. Day, Filter monads, continuous lattices and closure systems, Canadian J. Math.

27 (1975) 50-59.

[4] B.J. Day and G.M. Kelly, On topological quotient maps preserved by pullbacks or products, Proc. Camb. Phil. Soc. 67 (1970) 553-558.

[5] P. Freyd and A. Scedrov, Categories, Allegories (North Holland, 1990). [6] G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove and D.S. Scott, A Compendium of Continuous Lattices (Springer, Berlin, 1980).

[7] J. Isbell, General function spaces, products and continuous lattices, Math. Proc.

Camb. Phil. Soc. 100 (1986) 193-205.

[8] P.T. Johnstone, Stone Spaces (Cambridge University Press, 1981). [9] J.L. Kelley, General Topology (Van Nostrand, Princeton, 1955). [10] E.G. Manes, Algebraic Theories (Springer, Berlin, 1976). [11] C. Pisani, Ph.D. Thesis, University of Milano, 1996. [12] M. D. Potter, Sets, an introduction (Clarendon Press, Oxford, 1990). [13] O. Wyler, Algebraic Theories of Continuous Lattices, in: B. Banaschewski and R.- E. Hoffmann, eds., Continuous Lattices, Lecture Notes in Mathematics, Vol. 871 (Springer, Berlin, 1981) 390-413.

via Gioberti 86 10128 Torino, Italy Email: pisani@ch.unito.it

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/1999/n6/n6.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as they

are published. Full text of published articles is available in .dvi and Postscript format. Details will be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LaTEX is the preferred

flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp from

ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive details

by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@barrs.org Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: carboni@fis.unico.it P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mscs.dal.ca Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@charlie.math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Sydney: walters b@maths.usyd.edu.au R. J. Wood, Dalhousie University: rjwood@mscs.dal.ca