Theory and Applications of Categories, Vol. 22, No. 12, 2009, pp. 313–320.

WEAK DISTRIBUTIVE LAWS

ROSS STREET

Abstract. Distributive laws between monads (triples) were defined by Jon Beck in the 1960s; see [1]. They were generalized to monads in 2-categories and noticed to be monads in a 2-category of monads; see [2]. Mixed distributive laws are comonads in the 2-category of monads [3]; if the comonad has a right adjoint monad, the mate of a mixed distributive law is an ordinary distributive law. Particular cases are the entwining operators between algebras and coalgebras; for example, see [4]. Motivated by work on weak entwining operators (see [5] and [6]), we define and study a weak notion of distributive law for monads. In particular, each weak distributive law determines a wreath product monad (in the terminology of [7]); this gives an advantage over the mixed case.

1. Introduction

Distributive laws between monads (triples) were defined by Jon Beck [1] in the 1960s. In [2] they were generalized to monads in 2-categories and were noticed to be monads in a 2-category of monads. The 2-categories can easily be replaced by bicategories. Mixed distributive laws are comonads in the bicategory of monads. Entwining structures between a coalgebra and an algebra were introduced in [8] and [9]. At the level of entwining structures ψ : C ⊗ A → A ⊗ C between a comonoid C and a monoid A in a monoidal category C (as in [4] for example), the concept is the same as a mixed distributive law. On the one hand, the monoidal category C can be regarded as the endohom category of a one-object bicategory so that C is a comonad and A is a monad in that bicategory, while ψ is a mixed distributive law. On the other hand, we obtain an ordinary comonad G = C ⊗ − and a monad T = A ⊗ − on the category C, and ψ ⊗ − is a mixed distributive law GT → T G.

Any mixed distributive law ψ : GT → T G for which the comonad G has a right adjoint monad S (which it always does qua profunctor) is the mate [10] of a distributive law λ : T S → ST between two monads. The advantage of this is that we obtain a composite monad ST .

With the introduction of weak entwining operators (see [5] and [6]), the subject of the present paper is naturally to look at the counterpart in terms of comonads and monads. The weakening here has to do with the compatibility of ψ with the comonad’s counit and monad’s unit. The main result is to obtain a new monad S ∘_λ T from a weak distributive

Received by the editors 2009-03-25 and, in revised form, 2009-06-09. Transmitted by Jiri Rosicky. Published on 2009-06-15. 2000 Mathematics Subject Classification: 18C15; 18D10; 18D05. Key words and phrases: monad; triple; distributive law; weak bialgebra. © Ross Street, 2009. Permission to copy for private use granted. 313 law λ : T S → ST by splitting a certain idempotent κ on the composite ST .

In my talk on weak distributive laws in the Australian Category Seminar on 21 January 2009, I mentioned that there seemed to be two popular uses for the adjective “weak”. One comes from the literature on higher categories where a “weak 2-category” means a “bicategory”. I must take some blame for this use because, in [11], it was linked to the use by Freyd of the term “weak limit” (existence without uniqueness). The other use, which is the sense intended in this paper, comes from the quantum groups literature: see [12], [13]. The weakening here is to do with units (identity cells). In the talk, I speculated as to whether there was a connection between the two uses. Before the end of January, I had the basic form of this paper typed. A month later Steve Lack, expecting there to be some connection to my work, drew my attention to the posting [14] by Gabriella Böhm in which a “weak” version of the EM construction in [7] was developed. Gabriella, Steve and the author followed this with a sequence of interesting emails. The weak distributive laws here are a special kind of weak wreath in the sense of [14]; and Theorem 4.1 can be extracted from Proposition 3.7 of [14]. Finally, however, also in our communications, the sense in which the two uses of “weak” are related is emerging; publication of this will undoubtedly follow soon.

2. Weak distributive laws

For any monad T on a category A, we write μ : T T → T and η : 1 → T for the multiplication and unit.

Let S and T be monads on a category A (however, we could take them to be monads on an object A of any bicategory).

2.1. Definition. A weak distributive law of T over S is a natural transformation (2- cell) λ : T S → ST satisfying the following three conditions.

T T S^{μS}−→ T S^λ−→ ST = T T S^{T λ}−→ T ST^{λT}−→ ST T^{Sμ}−→ ST (1)

T SS^{Sμ}−→ T S^λ−→ ST = T SS^{λS}−→ ST S^{Sλ}−→ SST^{μT}−→ ST (2)

ST^{ηST}−→ T ST^{λT}−→ ST T^{Sμ}−→ ST = ST^{ST η}−→ ST S^{Sλ}−→ SST^{μT}−→ ST (3)

2.2. Proposition. Equation 3 is equivalent to the following two conditions:

S^{ηS}−→ T S^λ−→ ST = S^{Sηη}−→ ST S^{Sλ}−→ SST^{μT}−→ ST (4)

T^{T η}−→ T S^λ−→ ST = T^{ηηT}−→ T ST^{λT}−→ ST T^{Sμ}−→ ST. (5)

Proof. Given equation 3, we have

μT.Sλ.Sηη = Sμ.λT.ηST.ηS = Sμ.λT.T Sη.ηS = Sμ.ST η.λ.ηS = λ.ηS.

This proves equation 4, while equation 5 is dual. Conversely, given the equations of the Proposition,

Sμ.λT.ηST = Sμ. μT T.SλT.SηηT = μT.SSμ.SλT.SηηT = μT.Sλ.ST η.

Recall from [1] that a distributive law of T over S is a 2-cell λ : T S → ST satisfying equations 1 and 2 and the following two unit conditions:

S^{ηS}−→ T S^λ−→ ST = S^{Sη}−→ ST (6) T^{T η}−→ T S^λ−→ ST = T^{ηT}−→ ST. (7)

These clearly imply equations 4 and 5

We define the endomorphism κ : ST → ST to be either side of equation 3. This is an identity in the non-weak case.

2.3. Proposition. The endomorphism κ is idempotent and satisfies the following two conditions:

κ.λ = λ (8) μμ.SλT.κκ = κ.μμ.SλT. (9)

Proof. While string diagrams are a better way to prove this, here are some equations (using only monad properties and equations 1 and 2):

κ.κ = Sμ.λT.ηST.Sμ.λT.ηST = Sμ.ST μ.λT T.ηST T.λT.ηST = Sμ.SμT.λT T.T λT.ηT ST.ηST = Sμ.λT. ηST = κ , κ.λ = Sμ.λT.ηST.λ = Sμ.λT.T λ.ηT S = λ.μS.ηT S = λ, and μμ.SλT.κκ = Sμ.μμT.SλT T.SμST T.λT λT.ηST ηST = = Sμ.μμT.SSμT T.SλT T T.ST λT T.λT λT.ηST ηST = Sμ.SμT.λT T.T μT μ.T SλT T.T ST λT.ηST ηST = Sμ.λT.ηST.μμ.SλT.SμST. ST ηST = κ.μμ.SλT.

Define a multiplication on ST to be the composite μ = ( ST ST^{SλT}−→ SST T^{μμ}−→ ST ) . The usual calculation as with a distributive law using equations 1 and 2 shows that this multiplication is associative. However, in the weak case we do not have a monad ST since 1^{ηη}−→ ST is not generally a unit.

Assume the idempotent κ splits in A (or in the category of endomorphisms of A when we are in a bicategory). We have κ = ( ST^υ−→ K^ι−→ ST ) and ( K^ι−→ ST^υ−→ K ) = 1_K .

Now we obtain candidates for a multiplication and unit on K : A → A defined as follows: μ = ( KK^{ιι}−→ ST ST^μ−→ ST^υ−→ K ) and η = ( 1^{ηη}−→ ST^υ−→ K ) . 2.4. Theorem. With this multiplication and unit, K is a monad. Proof. By equation 9, the idempotent κ preserves the associative multiplication on ST so the splitting K has an induced associative multiplication as defined above. It remains to show that η is the unit.

μ.Kη = υ.μμ.SλT.ιι.Kι.Kηη = υ.μμ.SλT.ι ST.KSμ.KλT.Kηηη = υ.μμ.SλT.ι ST.KλT.Kηη = υ.μT.Sλ .SμT.ι ST.Kηη = υ.μT.Sλ .ST η.ι = υ.κ.ι = 1_K .

Similarly, μ.ηK = 1_K .

2.5. Definition. Following [7], we call K the wreath product of T over S with respect to λ; the notation is K = S ∘_λ T .

2.6. Lemma. The following three equations hold:

ST ST^{υυ}−→ KK^μ−→ K = ST ST^{SλT}−→ SST T^{μμ}−→ ST^υ−→ K; (10) KK^{ιι}−→ ST ST^{SλT}−→ SST T^{μμ}−→ ST^κ−→ ST = KK^{ιι}−→ ST ST^{SλT}−→ SST T^{μμ}−→ ST ; (11) K^ι−→ ST^{SηηT}−→ SST T^{μμ}−→ ST^υ−→ K = K^{1K}−→ K. (12)

Proof. This is fairly easy in light of Proposition 2.3.

3. Weak mixed distributive laws

For any comonad G on A, we write δ : G → GG and ε : G → 1 for the comultiplication and counit. Let T be a monad on A.

3.1. Definition. A weak (mixed) distributive law of a monad T over a comonad G is a 2-cell ψ : GT → T G satisfying the following four conditions in which ξ = (G^{Gη}−→ GT^ψ−→ T G^{T ε}−→ T ).

GT T^{Gμ}−→ GT^ψ−→ T G = GT T^{ψT}−→ T GT^{T ψ}−→ T T G^{μG}−→ T G (13)

GT^ψ−→ T G^{T δ}−→ T GG = GT^{δT}−→ GGT^{Gψ}−→ GT G^{ψG}−→ T GG (14)

G^{Gη}−→ GT^ψ−→ T G = G^δ−→ GG^{ξG}−→ T G (15)

GT^ψ−→ T G^{T ε}−→ T = GT^{ξT}−→ T T^μ−→ T (16)

3.2. Proposition. For a weak mixed distributive law ψ : GT → T G, the following two composites are idempotents. ρ = ( T G^{T Gη}−→ T GT^{T ψ}−→ T T G^{μG}−→ T G ) (17) σ = ( GT^{δT}−→ GGT^{Gψ}−→ GT G^{GT ε}−→ GT ) (18)

Moreover, ψ is a morphism of idempotents; that is,

ψσ = ψ = ρψ. (19)

Proof. Apart from monad properties, proving the composite 17 idempotent only requires equation 13. Similarly, apart from comonad properties, proving the composite 18 idempotent only requires equation 14.

Recall [15] that if we have a right adjoint G ⊣ S to G with counit α : GS → 1 and unit β : 1 → SG then S becomes a monad, the right adjoint monad of G, with multiplication and unit μ = ( SS^{βSS}−→ SGSS^{SδSS}−→ SGGSS^{SGαS}−→ SGS^{Sα}−→ S ) and η = ( 1^β−→ SG^{Sε}−→ S ) . Moreover, each 2-cell ψ : GT → T G has a mate λ : T S → ST (in the sense of [10]) defined as the composite

T S^{βT S}−→ SGT S^{SψS}−→ ST GS^{ST α}−→ ST.

3.3. Proposition. Suppose G is a comonad with a right adjoint monad S and suppose T is any monad. A 2-cell ψ : GT → T G is a weak mixed distributive law if and only if its mate λ : T S → ST is a weak distributive law.

Proof. This is an exercise in the calculus of mates. One sees (easily using string diagrams!) that equation 1 is equivalent to equation 13, equation 2 is equivalent to equation 14, equation 4 is equivalent to equation 15, and equation 5 is equivalent to equation 16.

4. Modules

For a weak distributive law λ : T S → ST of monad T over monad S, a (T, S, λ)- module is a triple (A, a_T , a_S ) where a_T : T A → A is a T -algebra and a_S : SA → A is an S-algebra in the sense of Eilenberg-Moore [15] such that

T SA^{T aS}−→ T A^{aT}−→ A = T SA^{λA}−→ ST A^{SaT}−→ SA^{aS}−→ A. (20)

A module morphism f : (A, a_T , a_S ) → (B, b_T , b_S ) is a morphism f : A → B in A which is both a morphism of T -algebras and S-algebras. We write A^{(T,S,λ)} for the category of (T, S, λ)-modules.

4.1. Theorem. There is an isomorphism of categories

A^{S∘λT} ∼= A^{(T,S,λ)}

over A where the left-hand side is the category of Eilenberg-Moore algebras for the monad of Theorem 2.4.

Proof. Put K = S ∘_λ T . Each (T, S, λ)-module (A, a_T , a_S ) defines a K-algebra (A, a) where a = ( KA^{ιA}−→ ST A^{SaT}−→ SA^{aS}−→ A ) . (21)

On the other hand, each K-algebra (A, a) defines a (T, S, λ)-module (A, a_T , a_S ) defined by a_T = ( T A^{ηT A}−→ ST A^{υA}−→ KA^a−→ A ) , (22)

a_S = ( SA^{SηA}−→ ST A^{υA}−→ KA^a−→ A ) . (23)

The details of the proof are fairly straightforward given Lemma 2.6; to be truthful, I wrote them using string diagrams.

5. Entwining operators

Recall that a monoidal category C can be regarded as the endohom category of a single object bicategory. Monads and comonads in the bicategory amount to monoids and comonoids (sometimes called algebras and coalgebras) in C. Therefore Definitions 2.1 and 3.1 become definitions of weak entwining operators between monoids and between a comonoid and a monoid. However, a weak entwining operator λ : A ⊗ B −→ B ⊗ A between monoids A and B or ψ : C ⊗ A −→ A ⊗ C between a comonoid C and a monoid A deliver weak distributive laws λ⊗− or ψ ⊗− between the monads and comonads A⊗−, B ⊗ −, and C ⊗ −.

6. Examples

Consider a braided right-closed monoidal category C. We write X^A for the right internal hom; so C(A ⊗ X, Y ) ∼= C(X, Y^A). Let A be a monoid and let C be a comonoid in C. Let T = A ⊗ − : C → C be the monad on C induced by the monoid structure on A. Let S = (−)^A : C → C be the monad on C induced by the comonoid structure on A. By Proposition 3.3, a weak distributive law λ : T S → ST is equivalent to a weak mixed distributive law ψ : GT → T G where G is the comonad G = C ⊗ − : C → C induced by the comonoid structure on C. Put ψ_X : C ⊗ A ⊗ X → A ⊗ C ⊗ X equal to c_{C,A} ⊗ X : C ⊗ A ⊗ X → A ⊗ C ⊗ X where c_{X,Y} : X ⊗ Y → Y ⊗ X is the braiding on C. It is easy to see that we obtain a distributive law.

Let A be a weak bimonoid (in the sense of [16]) in the braided right-closed monoidal category C. Let T = A ⊗ − : C → C be the monad on C induced by the monoid structure on A. Let S = (−)^A : C → C be the monad on C induced by the comonoid structure on A. Let G be the comonad G = A ⊗ − : C → C induced by the comonoid structure on A.

6.1. Proposition. For a weak bimonoid A, a weak mixed distributive law of the monad T = A ⊗ − over the comonad G = A ⊗ − is defined by tensoring on the left with the composite A ⊗ A^{1⊗δ}−→ A ⊗ A ⊗ A^{cA,A⊗1}−→ A ⊗ A ⊗ A^{1⊗μ}−→ A ⊗ A.

Proof. We freely use the defining and derived equations of [16]. Notice that Equations 13 and 14 for a weak mixed distributive law follow easily from property (b) of a weak bimonoid as in Definition 1.1 of [16]. Notice that the morphism ξ of Definition 3.1 is nothing other than the “target morphism” t of [16]. Then we can use the properties (4) and (2) of t in Figure 2 of [16] to prove our Equations 15 and 16.

In light of Theorem 4.7 of [5] and Proposition 5.8 of [14], by also looking at tensoring with A on the right, it is presumably possible to characterize weak bimonoids in terms of weak distributive laws.

References

[1] Beck, J. M. (1969). Distributive laws. Lecture Notes in Mathematics (Springer, Berlin), 80, 119–140. www.tac.mta.ca/tac/reprints/articles/18/tr18abs.html

[2] Street, R. (1972). The formal theory of monads. Journal of Pure and Applied Algebra, 2, 149–168.

[3] Street, R. (1996). Categorical structures . In M. Hazewinkel (Ed.), Handbook of Algebra, Volume 1 (pp. 529–577). Amsterdam: Elsevier Science.

[4] Hobst, D., & Pareigis, B. (2001). Double quantum groups. Journal of Algebra, 242(2), 460–494.

[5] Caenepeel, S., & de Groot, E. (2000). Modules over weak entwining structures.

Contemporary Mathematics (American Mathematical Society), 206, 31–54.

[6] Alonso Álvarez, J. N., Fernández Vilaboa, J. M., & Gonzåalez Rodríguez, R. (2009).

Weak braided bialgebras and weak entwining structures. Bulletin of the Australian Mathematical Society; to appear 2009

[7] Lack, S., & Street, R. (2002). The formal theory of monads II. Journal of Pure and Applied Algebra, 175, 243–265.

[8] Brzezinski, T. (1999). On modules associated to coalgebra Galois extensions. Journal of Algebra, 215, 290–317.

[9] Brzezinski, T., & Hajac, P. M. (1999). Coalgebra extensions and algebra coextensions of Galois type. Communications in Algebra, 27(3), 1347–1367.

[10] Kelly, G. M., & Street, R. (1974). Review of the elements of 2-categories. Lecture Notes in Mathematics (Springer, Berlin), 420, 75–103.

[11] Street, R. (1987). The algebra of oriented simplexes. Journal of Pure and Applied Algebra, 49, 283–335.

[12] Szlachányi, K. (1997). Weak Hopf algebras. In S. Doplicher et al. (Eds.), Operator Algebras and Quantum Field Theory (Rome, 1996), (pp. 621–632). Cambridge, MA: International Press.

[13] Böhm, G., & Szlachányi, K. (1996). A coassociative C*-quantum group with nonintegral dimensions. Letters in Mathematical Physics, 38(4), 437–456.

[14] Böhm, G., The weak theory of monads. Retrieved 24 February 2009 from http://arxiv.org/abs/0902.4192

[15] Eilenberg, S., & Moore, G. (1965). Adjoint functors and triples. Illinois Journal of Mathematics, 9, 381–398.

[16] Pastro, C., & Street, R. (2009). Weak Hopf monoids in braided monoidal categories.

Algebra and Number Theory, 3(2), 149–207. http://arxiv.org/abs/0801.4067

Macquarie University, NSW 2109, Australia

Email: street@math.mq.edu.au

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/22/12/22-12.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor. Gavin Seal, McGill University: gavin_seal@fastmail.fm Transmitting editors.

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown (at) btinternet.com Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Cuill Inc.: valeria@cuill.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Tom Leinster, University of Glasgow, T.Leinster@maths.gla.ac.uk Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca