Theory and Applications of Categories, Vol. 23, No. 7, 2010, pp. 136–149.

STRONGLY SEPARABLE MORPHISMS IN GENERAL CATEGORIES

Dedicated to Dominique Bourn on the occasion of his sixtieth birthday

G. JANELIDZE AND W. THOLEN

Abstract. We clarify the relationship between separable and covering morphisms in general categories by introducing and studying an intermediate class of morphisms that we call strongly separable.

1. Introduction

The so-called separable Galois theory of commutative rings is closely related to Grothendieck’s Galois theory of coverings of schemes in algebraic geometry. In fact, both of them are special cases of the purely-categorical Galois theory, the details of which are explained in [BJ] and [J2], with many references to the relevant literature on Galois theory (see especially [AG], [CHR], [Janusz], [G], [DI], [VZ1], [VZ2], and [M]). We recall here in particular the following fundamental notion:

1.1. Definition.

(a) Let R be a commutative ring. A commutative R-algebra S is said to be separable if it is projective as an S ⊗_R S-module.

(b) A commutative separable R-algebra is said to be strongly separable if it is projective as an R-module.

(All rings and algebras in this paper are supposed to be with 1; many authors also require 1 ≠ 0, but it is better not to do so.)

It is known that a commutative separable R-algebra is strongly separable if, and only if, the structure homomorphism R → S, considered as a morphism S → R of the corresponding affine schemes, is a covering morphism. In other words, the projectivity condition of Definition 1.1(b), which becomes trivial in the classical case of fields, is exactly what one needs to add to the definition of separable algebra in order to make

The first author is partially supported by the South African NRF and the second by the Natural Sciences and Engineering Research Council of Canada.

Received by the editors 2009-07-31 and, in revised form, 2009-11-01. Published on 2010-02-01 in the Bourn Festschrift.

2000 Mathematics Subject Classification: 18A32, 18A40, 13B05, 14H30, 54C10, 57M10. Key words and phrases: separable morphism, strongly separable morphism, separated morphism, compact morphism, covering morphism, factorization system, effective descent morphism, Galois theory, lextensive category.

© G. Janelidze and W. Tholen, 2010. Permission to copy for private use granted. 136 it equivalent to the definition of covering morphism (of affine schemes). Now, Definition 1.1(a) has a straightforward categorical reformulation, first introduced and studied in [CJ] for lextensive categories, and then in [JT1] for arbitrary categories equipped with an admissible Galois structure, or simply with an endofunctor satisfying suitable mild conditions. Furthermore, the categorical notion of covering (see e.g. [J2] and references there) plays a central role in categorical Galois theory. Therefore it is natural to search for a purely-categorical condition which, when added to the definition of separable morphism, will again make it equivalent to the definition of covering morphism — which in fact was done in [CJ] in the special case of lextensive categories.

The purpose of the present paper is to present such a condition. More precisely, we introduce a notion of strongly separable morphism and prove the following (see Theorems 4.3 and 4.5):

• A strongly separable morphism is a covering if and only if it satisfies a certain pullback-stability condition (which partly generalizes Theorem 25 of [CJ]);

• In the context of [CJ] and in the presence of a suitable Galois structure, a covering morphism is always strongly separable. This statement uses the corresponding separabililty result from [CJ] and cannot be extended to the general context, since we gave an example of a non-separable covering in [JT1].

Unfortunately we do not know if our categorical notion of strongly separable fully agrees with Definition 1.1(b). We could avoid this uncertainty by adding the abovementioned pullback-stability condition to our definition of a strongly separable morphism, but that does not seem to be a good idea, particularly because the definition chosen here yields the desirable “equation”

strongly separable = F-separated + F-compact (Proposition 3.2),

in the sense of [T] for a suitable F. Still, the above-mentioned additional condition is itself “Galois-theoretic”, which is less visible in the special case already considered in [CJ], but becomes clearly motivated by the results of [CJKP] and [JK] in the general case we consider here.

The conclusion seems to be that, although the algebraic and categorical definitions of separable and covering morphisms agree, the algebraic and categorical ways to compare them may differ. Note, however, that the categorical approach uses effective descent morphisms, and, hence, suggests (see e.g. [JT2]) that “projective as R-module” be replaced by “makes R → S a pure monomorphism of R-modules” in Definition 1.1(b).

2. Separable = separated

Let (I, H, η, ε) : C → X be a fixed adjunction between categories with finite limits, B an object in C and (I^B , H^B, η^B, ε^B) : (C ↓ B) → (X ↓ I(B)) the induced adjunction, in which I^B (A, α) = (I(A), I(α)) and H^B(X, φ) = (B ×_{HI(B)} H(X), pr_1). We will always assume that the adjunction (I, H, η, ε) is admissible in the sense of categorical Galois theory (see [J1, BJ, J2], and references there), which calls for the co-units ε^B : I^B H^B → 1_{(X↓I(B))} to be isomorphisms, for every object B; for simplicity, we will also assume that ε : IH → 1_X itself is an isomorphism, in fact the identity transformation on a full subcategory X in C, with H : X → C the inclusion functor. In particular, we will write

H^B(X, φ) = (B ×_{I(B)} X, pr_1). (2.1)

Accordingly, it is convenient to identify the composite HI with I, and consider (I, η) as a pointed endofunctor of C, but we note that many of the definitions and results below can be formulated for more general pointed endofunctors of C as in [JT1]. We also note that our assumptions may be expressed equivalently by saying that (X is a full reflective subcategory in C and) the reflection I : C → X is semi-left-exact in the sense of C. Cassidy, M. Hébert, and G.M. Kelly [CHK].

Let us recall (see, for example, [J2]):

2.1. Definition. A morphism α : A → B (or an object (A, α) in (C ↓ B)) in C is said to be

(a) a trivial covering (of B), if it satisfies the following equivalent conditions:

(i) the morphism η^B_{(A,α)} : (A, α) → H^BI^B(A, α) is an isomorphism,

(ii) (A, α) ∼= H^B(X, φ) for some φ : X → I(B), (iii) the diagram

A^{ηA} � α � I(A)

I(α) � B_{ηB} � I(B)

(2.2)

is a pullback;

(b) a covering, if there exists an effective descent morphism p : E → B such that (A, α) is split over (E, p), i.e. the image of (A, α) under the pullback functor p^∗ : (C ↓ B) → (C ↓ E) is a trivial covering of E;

(c) separable, if the diagonal Δ_α = ⟨1_A, 1_A⟩ : A → A ×_B A is a trivial covering.

The separable morphisms here are the same as the T -separable morphisms in the sense of [JT1], where T = HI; this notion of separability is essentially far more general than the separability in the sense of [CJ] (see Example 2.5). (The preservation of the terminal object by T required in [JT1] is equivalent to the same property of I; we circumvented this condition here by requiring not only the local co-units ε^B but also ε itself to be isomorphisms.) From the results of [JT1] we obtain:

2.2. Proposition. The class of separable morphisms in C contains all monomorphisms and all trivial coverings; it is closed under composition and all limits in the arrow category of C, and it is left cancelable (i.e. βα separable implies α separable), and hence pullback stable.

The following observation is not mentioned in [JT1] explicitly, but can be deduced from the results there:

2.3. Proposition. If α : A → B is a split monomorphism, then it is a trivial covering if and only if it can be presented as the equalizer of two parallel morphisms into an object in X.

Proof. Presenting α as the equalizer of two parallel morphisms into an object X is the same as presenting it as a pullback of the form A � α � X Δ_X =⟨1_X ,1_X ⟩ � B � X × X

(2.3)

Since every morphism in X is a trivial covering, and the class of trivial coverings is obviously pullback stable, the possibility of such a presentation (with X in X) implies that α is a trivial covering. Conversely, if α is a trivial covering, then it is a pullback of I(α), which is a regular monomorphism in X (because α was supposed to be a split monomorphism, and hence so is I(α)). And since every regular monomorphism in X has a presentation as needed, it now suffices to just compose the two pullbacks in the diagram A � � I(A) � � X � B � I(B) � X × X .

2.4. Corollary. A morphism α : A → B is separable if and only if it is separated, i.e. there exists an equalizer diagram of the form

A^{Δα}� A ×B A � X (2.4)

with X in X.

Let us also recall some important examples of separable morphisms:

2.5. Example. A morphism α : A → B in a lextensive category C is called separable (=decidable) in [CJ] if the diagonal Δ_α : A → A ×_B A is a coproduct injection. This definition does not involve X and hence is not exactly a special case of the present one. However there are (at least) two reasonable contexts where they agree and apply for many geometric applications :

(a) Let C = Fam(A) be the category of families (=“free coproduct completion”) of objects in a category A such that C has pullbacks, and A has a terminal object. Since the category of sets can be identified with Fam(1), and Fam(−) is a 2-functor, the adjunction A → 1 induces an admissible adjunction C → Sets (see [BJ] or [J2] for details). It is then easy to see that the separable morphisms in the sense of our definition above are the same as the separable morphisms in C in the sense of [CJ]. In particular C could be any locally connected (=molecular) topos; then the separable morphisms are precisely the decidable ones in the topos-theoretic sense.

(b) The same can be said about finite families and finite sets. The notion of locally connected topos is then also to be replaced with its appropriate finite version, which for instance will include all toposes with finite hom-sets.

2.6. Example. Let R be a commutative ring and S a commutative R-algebra (both with 1 preserved by the structure homomorphism R → S). The following conditions are well-known to be equivalent (see e.g. [DI]):

(a) S is a separable R-algebra (see Definition 1.1);

(b) the multiplication map μ_S : S ⊗_R S → S is a split epimorphism of S ⊗_R S-modules;

(c) there exists an idempotent e in S ⊗_R S with μ_S (e) = 1;

(d) μ_S : S ⊗_R S → S is a product projection in the category of (commutative) rings;

(e) the structure homomorphism R → S considered as a morphism S → R in the opposite category of commutative rings, is separable in the sense of [CJ].

Let C be a full subcategory of the opposite category (Comm-R-alg)^{op} of commutative R-algebras (with 1) satisfying the following conditions:

(i) it is closed under pullbacks in (Comm-R-alg)^{op};

(ii) the set of idempotents in any S in C is finite;

(iii) if S ∼= S_1 × S_2 in Comm-R-alg, then S is in C if and only if so are S_1 and S_2.

When R is connected, i.e. has no non-trivial idempotents, we can use Example 2.5(b) to construct an adjunction C → Finite Sets, and a morphism α : A → B in C will be separable if and only if A is a separable B-algebra. In particular we could take R to be a field and C the opposite category of commutative R-algebras (with 1 again) that are finite-dimensional as vector spaces over R. Recall that an R-algebra S would then be separable if and only if it is a finite product of finite separable field extensions of R.

2.7. Example. Let C be an elementary topos, j a Lawvere-Tierney topology on C, X = shv_j (C) the corresponding category of internal sheaves, H : X → C the inclusion functor, I : C → X the sheafification functor, and A an object in C. Then the following conditions are equivalent:

(a) A → 1 is a separable morphism;

(b) A is an internal separated presheaf in the topos-theoretic sense.

3. Strongly separable morphisms

Let (I, H, η, ε) : C → X be as in Section 2. Since it is a semi-left-exact reflection in the sense of [CHK], it produces a corresponding reflective factorization system (E, M) in C. As it was later observed in [CJKP] and in [JK], this construction from [CHK] plays an important role in Galois theory; in particular, M coincides with the class of trivial covering morphisms. At the moment we just need to recall that for a morphism α : A → B in C, the canonical factorization α = m_αe_α is given by the commutative diagram A

α � � � � � � � � � �_e α � � � �_{ηA} � � � � � �

B ×_{I(B)} I(A)_{pr2} �

m_α=pr_1 � I(A)

I(α) � B_{ηB} � I(B)

(3.1)

We can now introduce the following definition:

3.1. Definition. A morphism α : A → B in C is said to be strongly separable if it is separable and, for every pullback α^′ of α, the morphism e_α′ is an effective descent morphism.

In order to describe the basic properties of the class of strongly separable morphisms, it is convenient to introduce operators Sep, St, Loc, −#X as follows: if F is a class of morphisms in C, then

• St(F) is the stabilization of F, i.e. the class of all morphisms in C each pullback of which is in F; in [T] this class is denoted by c(F) and its elements are called F-compact morphisms.

• Sep(F) is the class of F-separable (=F-separated) morphisms, i.e. those morphisms α : A → B in C for which Δ_α : A → A ×_B A is in St(F); in [T] this class is denoted by d(F) and its elements are also called F-separated morphisms.

• Loc(F) is the localization of F, i.e. the class of all morphisms in C some pullback of which along an effective descent morphism is in F.

• F#X is the class of morphisms in C which are in F up to X, i.e. the class of those α’s which have e_α in F.

We will apply these operators to the following two classes, each of which contains all isomorphisms, is closed under composition, and is pullback stable:

• TrivCov(C), the class of trivial coverings in C; • EffDes(C), the class of effective descent morphisms in C. According to this notation we have • St(TrivCov(C)) = TrivCov(C) and St(EffDes(C)) = EffDes(C); • Sep(TrivCov(C)) is the class of separable morphisms in C;

• Sep(TrivCov(C)) ∩ St(EffDes(C)#X) is the class of strongly separable morphisms in C; • Loc(TrivCov(C)) is the class of covering morphisms in C.

Note also that, since a monomorphism is an effective descent morphism if and only if it is an isomorphism, we have Sep(TrivCov(C)) = Sep(EffDes(C)#X), and we deduce: 3.2. Proposition. A morphism in C is strongly separable if and only if it is EffDes(C)#Xseparated and EffDes(C)#X-compact in the sense of [T].

It is easy to show that the class EffDes(C)#X is closed under composition (and of course contains all isomorphisms), and so we can use various results of section 3 of [T] on F-separated and F-compact morphisms for F = EffDes(C)#X. In particular, we obtain: 3.3. Proposition. The class of strongly separable morphisms in C contains all isomorphisms and all trivial coverings, is closed under composition and pullback stable, and has the following cancellation property: if βα is strongly separable and β separable then α is separable.

It can also be proved that if βα is strongly separable, β separable, and I(α) an effective descent morphism (in C), then β is strongly separable.

4. Locally stable factorization and main theorems

Let (E, M) be the factorization system on C used above; that is E = {e_α | α : A → B in C} = {α | I(α) is an isomorphism}, M = {m_α | α : A → B in C} = TrivCov(C).

Note that according to the notation above, E#X is the class of all morphisms in C, and M#X = M.

4.1. Definition. We say that a morphism α : A → B in C has (a) a stable factorization if it belongs to St(E)#X, i.e. if not just e_α itself but every pullback of it is in E;

(b) a locally stable factorization if it belongs to Loc(St(E)#X), i.e. there exists an effective descent morphism p : E → B in C such that the pullback pr_1 : E ×_B A → E of α along p has a stable factorization.

As shown in [CJKP], the (Purely inseparable, Separable) factorization for finite-dimensional field extensions and the (Monotone, Light) factorization for continuous maps of compact Hausdorff spaces are instances of factorization systems of the form (St(E), Loc(M)); the existence theorem for those factorization systems proved in [CJKP] can be formulated as follows:

4.2. Theorem. The following conditions are equivalent: (a) (St(E), Loc(M)) is a factorization system; (b) every morphism in C has a locally stable factorization.

In the next section we will prove a number of technical results in order to deduce: 4.3. Theorem. A strongly separable morphism is (a) a trivial covering if and only if it has a stable factorization; (b) a covering if and only if it has a locally stable factorization.

In particular, we obtain:

4.4. Corollary. If the equivalent conditions of Theorem 4.2 hold, then every strongly separable morphism in C is a covering.

An example of a non-separable covering morphism is given in [JT1]; however, in Section 6 we will prove:

4.5. Theorem. In the situation considered in Example 2.5, every covering morphism is strongly separable.

5. Proof of Theorem 4.3

5.1. Lemma. In a commutative diagram of the form D_e δ � � � � q �

δ �

A e_α � � � � α � D^{′ q′} �

m_δ � � � A^′

m_α � � � E_p � B

(5.1) with m_δ and q^′ jointly monic, the following implication holds for any pair d_1, d_2 of parallel morphisms with codomain D:

(δd_1 = δd_2 and η_Aqd_1 = η_Aqd_2) ⇒ (η_Dd_1 = η_Dd_2).

Proof. As we see from diagram (3.1), for every pair v_1, v_2 of parallel morphisms with codomain A we have (αv_1 = αv_2 and η_Av_1 = η_Av_2) ⇔ (e_αv_1 = e_αv_2); similarly we have (δd_1 = δd_2 and η_Dd_1 = η_Dd_2) ⇔ (e_δd_1 = e_δd_2). After that we observe:

(i) since αq = pδ, the equality δd_1 = δd_2 implies the equality αqd_1 = αqd_2; (ii) therefore assuming δd_1 = δd_2 and η_Aqd_1 = η_Aqd_2, we obtain e_αqd_1 = e_αqd_2; (iii) since q^′e_δ = e_αq, this also gives q^′e_δd_1 = q^′e_δd_2;

(iv) moreover, since δ = m_δe_δ and m_δ and q^′ are jointly monic, (iii) tells us that our assumption implies e_δd_1 = e_δd_2;

(v) since e_δd_1 = e_δd_2 implies η_Dd_1 = η_Dd_2, this completes the proof.

5.2. Lemma. If α : A → B is separable and has a stable factorization, then it is dissonant, i.e. e_α is a monomorphism.

Proof. Given a_1, a_2 : T → A with e_αa_1 = e_αa_2, consider the diagrams T^{ai} �

⟨a_i ,1_T ⟩ � A^{ηA} �

Δ_α � I(A)

I(Δ_α) � A ×_B T_{1A×ai}� A ×_B A_{ηA×B A}� I(A ×_B A) ,

(5.2)

where A ×_B T is the pullback of α and αa_i(i = 1, 2). If we knew that η_{A×B A}(1_A × a_1) = η_{A×B A}(1_A × a_2), (5.3) then, since both squares in (5.2) are pullbacks, we could conclude that ⟨a_1, 1_T ⟩ and ⟨a_2, 1_T ⟩ represent the same subobject of A ×_B T and so a_1 = a_2 as desired. Therefore we only need to prove (5.3). But this follows from Lemma 5.1 applied to

• E = A; • p = α;

• D = A ×_B A with δ and q the pullback projections; • d_i = 1_A × a_i : A ×_B T → A ×_B A (i = 1, 2), where δd_1 = δd_2 becomes trivial and η_Aqd_1 = η_Aqd_2 follows from our assumption e_αa_1 = e_αa_2; the fact that m_δ and q^′ are jointly monic follows from the stability of the factorization α = m_αe_α.

Now we are ready to complete the proof of Theorem 4.3:

Since St(E) contains all isomorphisms, every trivial covering has a stable factorization and every covering has a locally stable factorization. That is, the “only if” parts of 4.3(a) and 4.3(b) are trivial.

If α is strongly separable, then e_α is an effective descent morphism, and so it is an isomorphism if (and only if) it is a monomorphism. Therefore 4.3(a) follows from Lemma 5.2. On the other hand since the class of strongly separable morphisms is pullback stable, 4.3(b) immediately follows from 4.3(a).

5.3. Remark. Let us say that α has a weakly stable factorization , if for every morphism α^′ obtained from α by pulling back along any morphism p (with the same codomain), the canonical morphism from the domain of m_α′ to the domain of the pullback of m_α along p is a monomorphism. As we see from the proof above, whose main ingredient was the assumption that m_δ and q^′ are jointly monic in Lemma 5.1, we could extend the statement of 4.3(a) by: “and if and only if it has a weakly stable factorization”. The same is of course true for 4.3(b) with the obvious notion of locally weakly stable factorization.

6. Four lemmas on effective descent morphisms in lextensive categories

In this section we assume that C is (infinitary) lextensive, i.e. it admits finite limits and arbitrary (small) coproducts, and for every family (C_λ)_{λ∈Λ} of objects in C the coproduct functor ∑ : ∏ λ∈Λ (C ↓ C_λ) → (C ↓ ∑ λ∈Λ C_λ) (6.1)

is a category equivalence.

6.1. Lemma. Let p_λ : E_λ → B_λ (λ ∈ Λ) be a family of morphisms in C. The morphism ∑ λ∈Λ p_λ : ∑ λ∈Λ E_λ → ∑ λ∈Λ B_λ is an effective descent morphism if and only if so are all the p_λ.

Proof. Just use the equivalence (6.1).

6.2. Lemma. Let p_λ : E_λ → B_λ (λ ∈ Λ) be a family of morphisms in C. If at least one p_λ is an effective descent morphism then the induced morphism ∑ λ∈Λ E_λ → B is also an effective descent morphism.

Proof. Choose an index μ ∈ Λ for which p_μ is an effective descent morphism, and let q_λ : E_λ → B_λ (λ ∈ Λ) be the family of morphisms in which q_μ = p_μ and q_λ : E_λ → B_λ is the identity morphism of E_λ for all λ ≠ μ. Then ∑ λ∈Λ E_λ → B is the composite of ∑ λ∈Λ q_λ : ∑ λ∈Λ E_λ → ∑ λ∈Λ B_λ, which is an effective descent morphism by Lemma 6.1, and the split epimorphism ∑ λ∈Λ B_λ → B induced by the identity morphism of B_μ = B and all p_λ : B_λ = E_λ → B (λ ≠ μ). Therefore ∑ λ∈Λ E_λ → B itself is an effective descent morphism.

6.3. Lemma. Let p_λ : E_λ → B (λ = 1, 2) be two morphisms making the induced morphism p : E_1 +E_2 → B an effective descent morphism. If B is connected (=indecomposable into a non-trivial coproduct) and E_1 ≠ 0 ≠ E_2, then E_1 ×_B E_2 ≠ 0.

Proof. It is easy to see that if E_1 ×_B E_2 = 0, then each of the coproduct injections E_λ → E_1 + E_2 determines a descent datum over p. Therefore, in that case, descending along p would give a coproduct decomposition for B which is non-trivial since E_1 ≠ 0 ≠ E_2.

6.4. Lemma. Let D_1 + D_2^q �

δ_1+δ_2 � A α � E_1 + E_{2 p} � B

(6.2)

be a pullback diagram, in which p and δ_1 are effective descent morphisms, B is connected, and E_1 ≠ 0 ≠ E_2. Then D_2 ≠ 0.

Proof. Consider the composite p(in_1)(pr_1) = p(in_2)(pr_2) of the pullback projection pr_λ : E_1 ×_B E_2 → E_λ, coproduct injection in_λ : E_λ → E_1 + E_2, and p (λ = 1, 2), and let α^′ be the pullback of α along that composite. Then:

(i) since α^′ can be considered as the pullback of δ_1, it is an effective descent morphism;

(ii) since E_1 ×_B E_2 ≠ 0 by Lemma 6.3, we conclude that α^′ has a non-zero domain;

(iii) since α^′ can also be considered as the pullback of δ_2, this gives D_2 ≠ 0.

7. Proof of Theorem 4.5

In this section C = Fam(A), X = Sets, and I and H are as in Example 2.5(a). In particular C is lextensive.

It is convenient to display the objects of C as A = (A_i)_{i∈I(A)} (as e.g. in [BJ]); note that a morphism α : A → B in C is uniquely determined by the map I(α) and the family (α_i : A_i → B_{I(α)(i)})_{i∈I(A)} (which can be any map from I(A) to I(B) and any family of morphisms A_i → B_{I(α)(i)} defined for all i ∈ I(A)). In this notation the factorization α = m_αe_α displays as

(A_i)_{i∈I(A)}^{eα}−→ (B_{I(α)(i)})_{i∈I(A)}^{mα}−−→ (B_i)_{i∈I(B)}, (7.1)

I(e_α) = 1_{I(A)}, (e_α)_i = α_i, I(m_α) = I(α), (m_α)_i = 1_{BI(α)(i)} ,

and we have

E = {α | I(α) is a bijection}, M = {α | each α_i is an isomorphism}. (7.2)

Lemma 6.1 gives:

7.1. Corollary. For any morphism α in C the following conditions are equivalent:

(a) e_α is an effective descent morphism;

(b) each α_i (i ∈ I(A)) considered as a morphism in C is an effective descent morphism.

7.2. Proposition. Let D^q � δ � A α � E_p � B

(7.3)

be a pullback diagram with p an effective descent morphism. Then:

(a) if e_δ is an effective descent morphism then so is e_α;

(b) if δ is separable then so is α;

(c) if δ is strongly separable then so is α.

Proof. (a): The equivalence (6.1) and Corollary 7.1 tell us that without loss of generality we can assume that A and B are connected (i.e. I(A) and I(B) are one-element sets), and then we have to prove that α itself is an effective descent morphism. As shown in [JST] (originally in [ST], but under an additional assumption), the class of effective descent morphisms is closed under composition, is pullback stable, and has the strong right cancellation property. So, since p and (therefore also) q are effective descent morphisms, it suffices to prove that so is δ. On the other hand, since e_δ is an effective descent morphism, so is each δ_i (i ∈ I(D)), and then, as easily follows from Lemmas 6.1 and 6.2, it suffices to show that I(δ) is surjective.

Let X be the image of I(δ) and Y its complement in I(E). We rewrite the diagram (7.3) as the diagram (6.2) with:

• D_1 = D,

• D_2 = 0,

• E_1 = (E_x)_{x∈X} ,

• E_2 = (E_y)_{y∈Y} ,

• δ_1 the same as δ but considered as a morphism from D_1 = D to E_1,

• δ_2 = the unique morphism from 0 to E_2.

Since D_2 = 0 together with E_1 ≠ 0 ≠ E_2 would contradict Lemma 6.4, we conclude that either E_1 or E_2 is 0, i.e. is the empty family. However, if E_1 were 0, then so would be also D, which is not the case since q is an effective descent morphism and A is connected. Thus E_2 = 0, and therefore I(δ) is surjective, as desired.

(b) follows from the results of [CJ], and (c) follows from (a) and (b).

Since every trivial covering morphism is strongly separable, Theorem 4.5 immediately follows from the assertion (c) of Proposition 7.2.

References

[AG] M. Auslander and O. Goldman, The Brauer group of a commutative ring, Trans.

AMS 97, 1960, 367–409

[BJ] F. Borceux and G. Janelidze, Galois Theories, Cambridge Studies in Advanced Mathematics 72, Cambridge University Press, 2001

[CJ] A. Carboni and G. Janelidze, Decidable (=separable) objects and morphisms in lextensive categories, Journal of Pure and Applied Algebra 110, 1996, 219–240

[CJKP] A. Carboni, G. Janelidze, G. M. Kelly, and R. Paré, On localization and stabilization of factorization systems, Applied Categorical Structures 5, 1997, 1–58

[CHK] C. Cassidy, M. Hébert, and G. M. Kelly, Reflective subcategories, localizations, and factorization systems, Journal of Australian Mathematical Society (Series A), 1985, 287–329

[CHR] S. U. Chase, D. K. Harrison, and A. Rosenberg, Galois theory and cohomology of commutative rings, Mem. AMS 52, 1965, 15–33

[DI] F. R. DeMeyer and E. Ingraham, Separable algebras over a commutative ring, Lecture Notes in Math. 181, Springer 1971

[G] A. Grothendieck, Revêtements étales et groupe fondamental, SGA 1, exposé V, Lecture Notes in Math. 224, Springer 1971

[J1] G. Janelidze, Precategories and Galois theory, Lecture Notes in Math. 1488, Springer, 1991, 157–173

[J2] G. Janelidze, Categorical Galois theory: revision and some recent developments, in:

Galois Connections and Applications, Mathematics and Its Applications 565, Kluwer Academic Publishers B.V., 2004, 139–171

[JK] G. Janelidze and G. M. Kelly, The reflectiveness of covering morphisms in algebra and geometry, Theory and Applications of Categories 3, 1997, 132–159

[JST] G. Janelidze, M. Sobral, and W. Tholen, Beyond Barr exactness: effective descent morphisms, in: Categorical Foundations; Special Topics in Order, Topology, Algebra, and Sheaf Theory, Edited by M. C. Pedicchio and W. Tholen, Cambridge University Press, 2004, 359–405

[JT1] G. Janelidze and W. Tholen, Functorial factorization, well-pointedness and separability, Journal of Pure and Applied Algebra 142, 1999, 99–130

[JT2] G. Janelidze and W. Tholen, Facets of Descent III: Monadic descent for rings and algebras, Applied Categorical Structures 12, Nos 5–6, 2004, 461–467

[Janusz] G. J. Janusz, Separable algebras over commutative rings, Trans. AMS 122, 1966, 461–479

[M] A. R. Magid, The separable Galois theory of commutative rings, Marcel Dekker, 1974

[ST] M. Sobral and W. Tholen, Effective descent morphisms and effective equivalence relations, Canadian Math. Soc. Conference Proceedings 13, 1992, 421–433

[T] W. Tholen, A categorical guide to separation, compactness and perfectness, Homology, Homotopy, Appl. 1, 1999, 147–161

[VZ1] O. Villamayor and D. Zelinsky, Galois theory for rings with finitely many idempotents, Nagoya Math. Journal 27, 1966, 721–731

[VZ2] O. Villamayor and D. Zelinsky, Galois theory with infinitely many idempotents, Nagoya Math. Journal 35, 1969, 83–98

Department of Mathematics and Applied Mathematics, University of Cape Town Rondebosch 7701, Cape Town, South Africa Department of Mathematics and Statistics, York University 4700 Keele St., Toronto, Ontario M3J 1P3, Canada Email: George.Janelidze@uct.ac.za

tholen@mathstat.yorku.ca

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/23/7/23-07.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors.

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown (at) btinternet.com Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva, Cuill Inc.: valeria@cuill.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, University of Western Sydney: s.lack@uws.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Tom Leinster, University of Glasgow, T.Leinster@maths.gla.ac.uk Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca