Theory and Applications of Categories, Vol. 25, No. 13, 2011, pp. 342–367.

COVARIANT PRESHEAVES AND SUBALGEBRAS

ULRICH HÖHLE

Abstract. For small involutive and integral quantaloids Q it is shown that covariant presheaves on symmetric Q-categories are equivalent to certain subalgebras of a specific monad on the category of symmetric Q-categories. This construction is related to a weakening of the subobject classifier axiom which does not require the classification of all subalgebras, but only guarantees that classifiable subalgebras are uniquely classifiable. As an application the identification of closed left ideals of non-commutative C^∗-algebras with certain «open» subalgebras of freely generated algebras is given.

Introduction

Let Q be a small involutive quantaloid. Then Q induces an involution on the quantaloid of symmetric Q-categories and distributors. In particular the involute of every contravariant presheaf is covariant and vice versa. In this framework we ask the question whether there exists a concept of a weak subobject classifier in the sense that a subobject classified by a covariant presheaf is always uniquely classified. For this purpose we introduce a special kind of presheaves on symmetric Q-categories which we call weak singletons. As a first property we note that weak singletons form a non-idempotent monad.

Weak singletons appear already in the theory of metric spaces. If symmetric Qcategories are metric spaces, then maximal weak singletons coincide with extremal functions (cf. [11]). Further there is a close relationship between weak singletons and the type of singletons considered by H. Heymans (cf. [8]). In fact, if the Cauchy completion preserves the symmetry axiom (cf. [9], see also Proposition 3.1), then the monad associated with the Cauchy completion is a submonad of the weak singleton monad.

After this brief historical digression, we return to the problem of unique classification of subobjects. Let W denote the weak singleton monad. For every object a of the given involutive quantaloid Q there exists a W-algebra structure on the free cocompletion of the trivial Q-category a. If Q is integral, this W-algebra serves as a weak subobject classifier in the category of W-algebras. Under the assumption of the integrality of Q we show that classifiable subalgebras are uniquely classifiable (cf. Theorem 4.3). Moreover, the classifiable hull of every subalgebra exists (cf. Section 5). Since in general there exist more subalgebras than «characteristic morphisms» , this property might be of some

Received by the editors 2010-04-23 and, in revised form, 2011-07-06. Transmitted by Ieke Moerdijk. Published on 2011-07-14. 2000 Mathematics Subject Classification: 06F07, 18C15, 18D20, 18F20.

Key words and phrases: Involutive quantale, involutive quantaloid, symmetric Q-category, covariant presheaf, monad of weak singletons, classifiable subalgebra, closed left ideal.

© Ulrich Höhle, 2011. Permission to copy for private use granted. 342 importance for a non-commutative model theory based on integral and involutive, small quantaloids.

The previous theory has an immediate application to Q-enriched presheaves on symmetric Q-categories. Because of the universal property of free W-algebras every covariant presheaf on a symmetric Q-category X has a unique extension to a W-homomorphism on the free W-algebra generated by X. Then we conclude from Theorem 4.3 that covariant presheaves on symmetric Q-categories are equivalent to classifiable subalgebras of free W-algebras. Moreover there exists a functor from the category of W-algebras to Set^Q preserving monomorphisms. Hence covariant presheaves are not only subalgebras, but also traditional set-valued functors with domain Q.

As a simple application of the previous results we make a contribution to the problem of constructing a non-commutative topological space for spectra of non-commutative C^∗-algebras. Since Hilbert spaces occurring in the Gelfand-Naimark-Segal-construction depend usually on the respective pure states, it seems to be reasonable to choose an integral and involutive quantaloid as basis for the necessary considerations. Then on the set of all locally irreducible representations of a given unital, non-commutative C^∗-algebra (cf. Section 6) we introduce an appropriate structure of a symmetric Q-category. This approach leads to the Q-category I_{loc}. Then closed left ideals are identified with certain covariant presheaves on I_{loc}. Subsequently, based on the equivalence between covariant presheaves and classifiable subalgebras of free algebras we obtain that closed left ideals can be interpreted as «open» subalgebras of the free algebra generated by I_{loc}. In this sense free algebras of the weak singleton monad can be understood as non-commutative spaces of non-commutative C^∗-algebras.

1. Quantaloids

In order to fix notation we begin with some basic definitions and properties from the theory of quantaloids (cf. [23]). A small quantaloid is a small category Q provided with the following additional properties:

• each hom-set is a complete lattice,

• the composition · of morphisms preserves arbitrary joins in both variables.

Objects (resp. morphisms) of Q are denoted by small Roman (resp. Greek) letters. Further, we write Q(a, b) for hom-sets of the form hom(a, b).

By the special adjoint functor theorem, for every morphism a b�^λ both maps

λ · : Q(c, b) → Q(c, a) and · λ : Q(a, c) → Q(b, c)

have right adjoints λ ↘ and ↙ λ which are determined by

λ ↘ α = � � β ∈ Q(c, b) � � λ · β ≤ α�, β ↙ λ = � � γ ∈ Q(a, c) � � γ · λ ≤ β�.

It is easily seen that the following relations hold:

(λ ↘ α) · (α ↘ ν) ≤ λ ↘ ν and (β ↙ λ) · (λ ↙ ν) ≤ β ↙ ν.

Further, Q(a, a) is always a unital quantale. A quantaloid Q is integral if for all objects a of Q the unit 1_a is the universal upper bound in Q(a, a).

A quantaloid Q is called involutive iff there exists a contravariant functor j : Q → Q satisfying the following conditions (cf. [6, 23]):

(q1) j(a) = a (i.e. j(1_a) = 1_a) for all object a in Q .

(q2) j^2(α) = α for every morphism α in Q .

(q3) If α, β ∈ Q(a, b) with α ≤ β, then j(α) ≤ j(β).

In order to shorten the notation we write α^o for j(α). In any involutive quantaloid the operations ↘ and ↙ are mutually determined by each other (cf. Proposition 2.9 in [8]) — i.e.

(α ↘ β)^o = β^o ↙ α^o. (1.1)

With regard to the standing assumption in Section 4 we give here three examples of integral and involutive quantaloids which will be of some importance throughout this paper. We begin with a remark devoted to involutive quantales.

1.1. Remark. Let Q = (Q, ≤, & ) be an arbitrary quantale according to the terminology in [22]. In this context quantales are not necessarily unital (i.e. quantales are not the same as one-object quantaloids (cf. Example 1.2)). The left- and right implication in Q are determined by:

α ↙ β = � � γ ∈ Q � � γ & β ≤ α�, α ↘ β = � � γ ∈ Q � � α & γ ≤ β�.

An element α is a left-divisor of an element β iff β = α & (α ↘ β); and β is a right-divisor of α iff α = (α ↙ β) & β.

Further, a unital quantale Q is integral if the unit coincides with the universal upper bound in Q. A quantale Q is involutive if Q is provided with an order preserving involution^o s.t. (cf. [19, 21]): (α & β)^o = β^o & α^o.

An element α of an involutive quantale is symmetric if α^o = α. Obviously, the universal lower (resp. upper) bound ⊥ (resp. ⊤) is always symmetric. In the event that Q is unital, then also the unit is symmetric.

An important source of involutive and unital quantales are complete lattices L with a duality (resp. order reversing involution), that is, with a unary operation^′ satisfying the following conditions:

ℓ^{′′} = ℓ, � � i∈I ℓ_i

�_′ = � i∈I ℓ^′_i, ℓ ∈ L, {ℓ_i | i ∈ I} ⊆ L.

The details of this situation are as follows (cf. Example 4 and 5 in [21]). On the set Q(L) of all join preserving maps L L�^σ we define a partial ordering ≤ by:

σ_1 ≤ σ_2 ⇐⇒ ∀ ℓ ∈ L : σ_1(ℓ) ≤ σ_2(ℓ).

Then Q(L) = (Q(L), ≤, & ) is a unital quantale where & is determined by the usual composition of maps — i.e.

σ_1 & σ_2(ℓ) = σ_1(σ_2(ℓ)), ℓ ∈ L,

and the unit is given by the identity map id_L. Further, the order reversing involution on L induces a self-mapping σ −→ σ^o on Q(L) by σ^o(ℓ) = σ_∗(ℓ^′)^′, ℓ ∈ L where σ_∗ is the right adjoint of σ — i.e.

σ_∗(b) = � {ℓ ∈ L | s(ℓ) ≤ b}, b ∈ L.

Obviously, σ −→ σ^o is an order preserving involution on Q(L). Since adjoint situations can be composed, we obtain (σ_1 & σ_2)^o = σ^o_2 & σ^o_1. Hence Q(L) = (Q(L), ≤, & ,^o) is involutive and unital quantale.

If L has at least three elements, then Q(L) is never integral. Therefore our interest goes to the involutive and integral subquantale Q(L)_{id} of Q(L) whose support set is given by

Q(L)_{id} = {σ ∈ Q(L) | σ ≤ id_L}.

The answer to the question, whether Q(L)_{id} is commutative or not, depends on the structure of the underlying lattice. If (L,^′) is the ortho-lattice of all closed subspaces of a Hilbert space (see also Section 6), then Q(L)_{id} is commutative and is isomorphic to the power set of the set of all atoms of L. On the other hand, if (L,^′) is given by the real unit interval [0, 1] provided with the order reversing involution x → 1 − x, then it is easily seen that Q([0, 1])_{id} is non-commutative.

The following list of examples shows that there exist at least three different procedures of constructing integral and involutive quantaloids from quantales.

1.2. Example. Let Q be an integral and involutive quantale. Then Q induces an integral and involutive quantaloid as follows: The set of objects is a singleton — i.e. obj(Q) = {∗}, and the set of morphism is given by mor(Q) = Q(∗, ∗) = Q where the composition, the involution and the lattice structure on Q(∗, ∗) is determined by Q.

1.3. Example. Let Q be an arbitrary involutive quantale. Since Q is not necessarily unital, we need some more terminology. An element α ∈ Q is stable, if α is left- and right-divisor of α. Obviously, α is stable iff the relation

α & (α ↘ α) = α = (α ↙ α) & α (1.2) holds. Typical examples of stable elements are the following ones: every element in a unital quantale is stable. In non-unital quantales every idempotent element is stable.

After these preparations we can construct a small, involutive and integral quantaloid Q from Q as follows^1:

• The set of objects of Q is the set SH(Q) of all stable and symmetric elements of Q.

• For a, b ∈ SH(Q) the hom-set Q(a, b) consists of all λ ∈ Q satisfying the conditions:

λ ≤ a ∧ b, a is left divisor and b is right divisor of λ.

• For every triple (a, b, c) the composition law Q(a, b) × Q(b, c) Q(a, c)� is determined by:

λ_2 · λ_1 = λ_1 & (b ↘ λ_2), λ_1 ∈ Q(a, b), λ_2 ∈ Q(b, c),

where ↘ denotes the right implication in Q (cf. Remark 1.1).

• The partial ordering on Q(a, b) is inherited from Q. In particular, the universal upper bound in Q(a, a) coincides with a.

Because of a & ( � j∈J (a ↘ λ_j) = � j∈J λ_j = ( � j∈J (λ_j ↙ b)) & b

Q(a, b) is a complete lattice and joins are computed in Q. For (λ_1, λ_2) ∈ Q(a, b) × Q(b, c) the relation (λ_1 ↙ b) & λ_2 = λ_1 & (b ↘ λ_2) (1.3)

holds. Thus λ_2 · λ_1 ∈ Q(a, c) follows from (1.2), (1.3) and the stability of b. The associativity axiom is evident, and the universal upper bound in Q(a, a) is the unit in Q(a, a). Referring again to (1.3) it is easily seen that the composition preserves arbitrary joins in both variables. Hence Q is an integral quantaloid.

A contravariant endofunctor j on Q is determined by the involution^o on Q — i.e. j(λ) = λ^o, λ ∈ mor(Q). Thus Q is also an involutive quantaloid.

Finally, if Q is integral, then the universal upper bound ⊤ of Q plays also a special role in Q. For every object b of Q the hom-set Q(b, ⊤) is dominating — this means that the following relation holds:

Q(b, ⊤) = � a∈SH(Q)

Q(b, a). (1.4)

1Here we make use of a more set-theoretical language in the presentation of categorical axioms (see e.g. p. 4 in [3]).

1.4. Example. We maintain the notation from Example 1.3. Further, let Q be an involutive quantale which is not integral. Typical examples are involutive and unital quantales having left-sided elements which are not right-sided. In this framework the formula (1.4) is in general not valid — e.g. � a∈SH(Q)

Q(⊤, a) is not always a hom-set. This observation is a motivation to enlarge the quantaloid Q constructed in Example 1.3. We add a further object ω to Q and introduce the following additional hom-sets:

• Q(ω, a) = {λ ∈ Q | λ ≤ a, a is a right divisor of λ}, a ∈ SH(Q), • Q(a, ω) = {λ ∈ Q | λ ≤ a, a is a left divisor of λ}, a ∈ SH(Q), • Q(ω, ω) = {0, 1}.

The extension of the composition law is determined by:

• Q(ω, b) × Q(b, c) Q(ω, c)

� is defined by: λ_2 · λ_1 = λ_1 & (b ↘ λ_2),

• Q(a, b) × Q(b, ω) Q(a, ω)

� is defined by: λ_2 · λ_1 = λ_1 & (b ↘ λ_2),

• Q(a, ω) × Q(ω, c) Q(a, c)

� is defined by: λ_2 · λ_1 = ⊥,

• Q(ω, b) × Q(b, ω) Q(ω, ω)

� is defined by: λ_2 · λ_1 = 0, • 1 acts as unit in Q(ω, ω), and consequently 0 is the zero element in Q(ω, ω).

It is a matter of routine to check that the associativity and the identity axioms hold. Finally, the involution has the following extension: λ ∈ Q(ω, b) ∪ Q(b, ω), j(λ) = λ^o, j(1) = 1, j(0) = 0.

Hence the enlargement of Q by the addition of ω leads again to an integral and involutive quantaloid satisfying the following additional property: � a∈SH(Q)

Q(b, a) ⊆ Q(b, ω), b ∈ SH(Q).

2. Presheaves on symmetric Q-categories and the weak envelope

Let Q be a small quantaloid. A Q-category is a triple X = (X, e_X , d_X ) where X is a set, X obj(Q)

�^{eX} and X × X mor(Q)

�^{dX} are maps subjected to the following

axioms for all x, y, z ∈ X (cf. [2, 26]):

(Q1) d_X (x, y) ∈ Q(e_X (y), e_X (x)),

(Q2) 1_{eX (x)} ≤ d_X (x, x),

(Q3) d_X (x, y) · d_X (y, z) ≤ d_X (x, z).

A Q-category X is skeletal iff for all x, y ∈ X the following implication holds:

e_X (x) = e_X (y) and 1_{eX (x)} ≤ d_X (x, y) ∧ d_X (y, x) imply x = y.

A Q-functor X Y�^φ between Q-categories is a map X Y�^φ satisfying the following axioms for all x, y ∈ X:

(M1) e_X (x) = e_Y � φ(x) � , (M2) d_X (x, y) ≤ d_Y � φ(x), φ(y) � . Q-categories and Q-functors form a category Cat(Q) in an obvious way. It is not difficult to show that Cat(Q) is wellpowered, complete and cocomplete. Hence Cat(Q) is an (epi, extremal mono)-category. In particular, a Q-functor X Y�^φ is an extremal monomorphism iff φ is an injective map provided with the following property for all x_1, x_2 ∈ X:

(EM) d_X (x_1, x_2) = d_Y (φ(x_1), φ(x_2)). (Fully Faithfulness)

The terminal object 1 in Cat(Q) has the form (obj.Q, e_1, d_1) where e_1 = id_{objQ} and d_1(a, b) = � Q(b, a).

From now on, let Q be an involutive small quantaloid. With the involution on Q, it now makes sense to define a Q-category X to be symmetric when the following axiom holds (cf. [8]):

(Q4) d_X (x, y) = d_X (y, x)^o for all x, y ∈ X. (Symmetry)

The terminal object 1 in Cat(Q) is symmetric. Further, symmetric Q-categories form a full subcategory sCat(Q) of Cat(Q). It is easily seen that sCat(Q) is also wellpowered, complete and cocomplete. Moreover, sCat(Q) is a coreflective subcategory of Cat(Q), and the corresponding coreflector is given by the symmetrization of Q-categories (X, e_X , d_X ) — i.e. d_X is replaced by d^s_X defined by (cf. [9]):

d^s_X (x, y) = d_X (x, y) ∧ d_X (y, x)^o, x, y ∈ X.

Let a be an object of Q. In order to recall the concept of covariant presheaves of type a we first have to specify the Q-category S_a = (S_a, e_a, d_a) of «morphisms of type a» :

S_a = {λ ∈ mor(Q) | codom(λ) = a}, d_a(λ_1, λ_2) = λ_1 ↘ λ_2, e_a(λ) = dom(λ).

Obviously, S_a is the free cocompletion of the trivial Q-category a. Further, let X be an arbitrary Q-category. A Q-functor X S_a�^φ is called a covariant presheaf on X of type a ∈ Q (cf. [25]). A simple characterization of covariant presheaves can be given as follows: a map X mor(Q)

�^φ is a covariant presheaf on X of type a iff φ satisfies

the following conditions:

(P1) φ(x) ∈ Q(e_X (x), a) for all x ∈ X.

(P2) φ(x) · d_X (x, y) ≤ φ(y) for all x, y ∈ X. (Right Extensionality) Hence covariant presheaves on X of type a and distributors from X to the trivial Q-category a are equivalent concepts. It is not surprising that covariant presheaves on Q-categories constitute again a Q-category. Therefore let X be a Q-category and P_ℓ(X) be the set of all pairs (a, φ) where a is an object of Q and φ is a covariant presheaf on X of type a. We specify the following maps P_ℓ(X) obj(Q)�^{eℓ} and P_ℓ(X) × P_ℓ(X) mor(Q) :�^{dℓ}

e_ℓ(a, φ) = a, d_ℓ((a, φ), (b, ψ)) = � x∈X φ(x) ↙ ψ(x).

Then it is easily seen that P_ℓ(X) = (P_ℓ(X), e_ℓ, d_ℓ) is a Q-category and the (covariant) Yoneda embedding X P_ℓ(X)�^{ηX} (enriched in Q) has the form

η_X(x) = (e_X (x), ~x), where ~x(z) = d_X (x, z), x, z ∈ X.

It is well known that (η_X, P_ℓ(X)) is the free completion of X (cf. [25]) and the following important formula d_ℓ(a, φ), η_X(x)) = φ(x), x ∈ X, (2.1) holds for all covariant presheaves on X. In particular, S_a and P_ℓ(X) are skeletal.

In the following considerations we will introduce weak singletons of symmetric Qcategories as a special kind of covariant presheaves. For this purpose we choose a symmetric Q-category and consider the symmetrization P^s_ℓ (X) of P_ℓ(X). In particular, d^s_ℓ is given by:

d^s_ℓ ((a, φ), (b, ψ)) = � x∈X (φ(x) ↙ ψ(x)) ∧ (φ^0(x) ↘ ψ^0(x)), φ, ψ ∈ P_ℓ(X).

Since the relation (2.1) does not remain valid in P^s_ℓ (X), we are interested in the largest full sub-category of P^s_ℓ(X) satisfying (2.1). This approach leads to the full subcategory W(X) of P^s_ℓ(X) whose objects are all those covariant presheaves σ of type a satisfying the following condition for all x ∈ X:

d^s_ℓ ((a, σ), (e_X (x), ~x)) = σ(x) (2.2) Since X is symmetric, (2.2) is equivalent to σ(x) ≤ � z∈X σ^o(z) ↘ d_X (z, x). Thus we introduce the following terminology.

2.1. Definition. Let X be a symmetric Q-category. A covariant presheaf σ on X of type a is called a weak singleton of X of type a if σ satisfies the following condition for all x, y ∈ X:

(S1) σ^o(x) · σ(y) ≤ d_X (x, y). (Singleton Condition)

A weak singleton σ of X of type a is a singleton of X, if (σ, σ^o) is an adjoint pair of bimodules between a and X (cf. [8]) — this means in this context that σ fulfills the additional property :

(S2) 1_a ≤ � x∈X σ(x) · σ(x)^o.

2.2. Remark. (a) In any symmetric Q-category X for all x ∈ X the covariant presheaf η_X(x) is always a singleton of X.

(b) Let Q be an integral and involutive, small quantaloid. If σ is a weak singleton of X of type a, then for every κ ∈ Q(a, b) the pair κ · σ is again a weak singleton of X of type b. (c) In general there exist weak singletons which are not singletons.

On the set W_a(X) of all weak singletons on X of type a we introduce a partial ordering ⪯ by:

σ_1 ⪯ σ_2 ⇐⇒ ∀ x ∈ X : σ_1(x) ≤ σ_2(x).

A maximal element in (W_a(X), ⪯) is called a maximal weak singleton of type a. The axiom of choice guarantees the existence of maximal weak singletons. In the case of integral quantaloids we can give a characterization.

2.3. Proposition. Let Q be an integral quantaloid, and σ be a weak singleton of X of type a. Then the following assertions are equivalent:

(i) σ is maximal in (W_a(X), ⪯).

(ii) For all y ∈ X the following relation holds:

σ(y) = � x∈X σ^o(x) ↘ d_X (x, y).

Proof. The implication (ii) =⇒ (i) is obvious. Further, the singleton condition (S1) implies: σ(y) ≤ � x∈X σ^o(x) ↘ d_X (x, y).

In order to establish the inverse inequality, we fix y_0 ∈ Y and consider the following weak singleton σ of type a defined by:

σ(y) = σ(y) ∨ � � X∈X σ^o(x) ↘ d_X (x, y_0) � · d_X (y_0, y), y ∈ X.

In fact, because of the integrality of Q it is not difficult to show that (S1) holds. Then the relation � X∈X σ^o(x) ↘ d_X (x, y_0) ≤ σ(y_0) follows from the maximality of σ.

2.4. Example. (a) Let I be the real unit interval provided with the usual multiplication. Then I is an integral and commutative quantale with the identity map as involution. Further, let Q be the quantaloid induced by I in the sense of Example 1.2. Referring to F.W. Lawvere’s fundamental paper [14] it is easily seen that symmetric Q-categories X = (X, d_X , e_X ) are equivalent to pseudo-metric spaces (X, ϱ_X ). The correspondence between d_X and ϱ_X is given by − ln � d_X (x, y) � = ϱ_X (x, y), x, y ∈ X. Moreover, maximal weak singletons and extremal functions (cf. [11]) are equivalent concepts. (b) Let Ω be a frame. Then the quantaloid Q_Ω given by Ω in the sense of Example 1.3 is exactly the construction invented by R.F.C. Walters 1981 (cf. [26]). In particular the involution on Q_Ω coincides with the identity functor. In this context, symmetric Q_Ω-categories and Ω-sets (cf. [7]) are equivalent concepts. A weak singleton σ of type a is a singleton iff a coincides with the height of σ — i.e a = � x∈X σ(x).

Let X be a symmetric Q-category. The full subcategory of P^s_ℓ (X) whose objects are all weak singletons of X coincides with W(X). In particular, the underlying set W (X) of all weak singletons of X is given by:

W (X) = � a∈obj(Q)

{a} × W_a(X). (2.3)

In this context the symmetric Q-category W(X) is called the weak envelope of X.

Since X is symmetric, the Yoneda embedding η_X factors through W(X). Hence the formation of weak envelopes gives rise to a monad W on sCat(Q) whose clone-composition function ∘ is determined by:

X W(Y),

�^Φ Y W(Z),

�^Ψ X W(Z), � Ψ∘Φ Φ(x) = (e_X (x), σ_x), Ψ(x) = (e_Y (y), σ_y), Ψ ∘ Φ(x) = (e_X (x), ξ_x), x ∈ X, y ∈ Y,

ξ_x(z) = � y∈Y σ_x(y) · σ_y(z), z ∈ Z.

As usually the object function X −→ W(X) of W can be completed to an endofunctor W of sCat(Q). In particular, the action of W on Q-functors is given as follows:

X Y,

�^Φ W(Φ) = (η_Y · Φ) ∘ id_{W(X)}, W(Φ)(a, σ) = (a, τ) with

τ(y) = � x∈X σ(x) · d_Y (φ(x), y), (a, σ) ∈ W (X), y ∈ Y. (2.4)

Also for later purposes we quote the explicit form of the multiplication μ corresponding to W

μ_X = id_{W(X)} ∘ id_{W(W(X))}, μ_X(b, Σ) = (b, s), s(x) = � (a,σ)∈W (X)

Σ(a, σ) · σ(x). (2.5)

In the following considerations W is called the weak singleton monad.

3. Cauchy completion and the weak envelope of symmetric Q-categories

It is well known that the Cauchy completion of a symmetric Q-category is again symmetric iff for all objects a of Q every adjoint pair (τ, σ) between the trivial Q-category a and X is a singleton of X — i.e. τ = σ^o (cf. [2]). Moreover, we can find in [9] the following result. If Q is an involutive and integral quantaloid provided with the property:

for any object a_0 of Q and for any family � a_i a0,

�^{αi} a_0 a_i � i∈I �^{βi} of mor-

phisms of Q the following implication holds:

1_{a0} ≤ � i∈I α_i · β_i =⇒ 1_{a0} ≤ � i∈I (α_i ∧ β^0_i ) · (α^0_i ∧ β_i), (3.1)

then the symmetric completion of any symmetric Q-category coincides with its Cauchy completion (cf. Proof of Corollary 3.8 in [9]) — i.e. the Cauchy completion preserves the symmetry axiom. Even though (3.1) covers a large class of examples (cf. Section 4 in [9]), I conjecture that in the case of integral and involutive quantaloids (3.1) is not necessary for the preservation of symmetry under the Cauchy completion. In the next proposition we give now a necessary and sufficient condition for this property.

3.1. Proposition. Let Q be an integral and involutive quantaloid. Then the following assertions are equivalent:

(i) The Cauchy completion preserves the symmetry axiom of Q-categories.

(ii) For any family � a_i a0,

�^{αi} a_0 a_i � i∈I �^{βi} of morphisms in Q provided with the

properties

∀ i, j ∈ I : β_i · α_j · α^o_j ≤ α^o_i , β^o_i · β_i · α_j ≤ β^o_j , 1_{a0} ≤ � i∈I α_i · β_i (3.2)

the following relations hold:

1_{a0} ≤ � i∈I α_i · α^o_i and 1_{a0} ≤ � i∈I β^o_i · β_i. (3.3)

Proof. (a) ((i) =⇒ (ii)) Let � a_i a0,

�^{αi} a_0 a_i � i∈I �^{βi} be a family of morphisms in

Q satisfying (3.2). First we construct a symmetric Q-category as follows: I = (I, e_I , d_I ) where

e_I (i) = a_i, d_I (i, j) = (α_i ↘ α_j ) ∧ (β^o_i ↘ β^o_j ) ∧ (α^o_i ↙ α^o_j ) ∧ (β_i ↙ β_j ).

Secondly, we define a covariant (resp. contravariant) presheaf σ (resp. τ) on I of type a_0 by: σ(i) = α_i, τ(i) = β_i, i ∈ I.

Since Q is integral, we conclude from (3.2) that (σ, τ) forms an adjoint pair of bimodules between a_0 and I. Since the Cauchy completion preserves the symmetry axiom, we obtain τ = σ^o. Hence (3.3) holds.

(b) ((ii) =⇒ (i)) We choose an adjoint pair (σ, τ) of bimodules between a_0 and a symmetric Q-category X. Then we conclude from the symmetry axiom and the extensionality axioms that τ(x) · σ(y) ≤ (τ^o(x) ↘ τ^o(y)) ∧ (σ^o(x) ↙ σ^o(y))

holds for all x, y ∈ X. Hence the family � e_X (x) a0,�^{σ(x)} a0 eX (x) � x∈X � τ (x)

of mor-

phisms in Q satisfies (3.2). Now we invoke (ii) and obtain:

1_{a0} ≤ � y∈X σ(y) · σ^o(y) ≤ � x∈X τ(x) ↘ σ^o(x), 1_{a0} ≤ � x∈X τ^o(x) · τ(x) ≤ � y∈Y τ^o(y) ↙ σ(y).

Hence τ = σ^0 follows.

Now we turn to the question under which condition the monad associated with the Cauchy completion is a submonad of the weak singleton monad. We begin with a technical lemma.

3.2. Lemma. Let X be a symmetric Q-category. If (a_1, σ_1) and (a_2, σ_2) are singletons of X, then the following relation holds:

d^s_ℓ( � a_1, σ_1), (a_2, σ_2) � = � x∈X σ_1(x) · σ^o_2(x).

Proof. Because of the singleton condition (S1) and the right extensionality of σ_1 the relation � � x∈X σ_1(x) · σ^o_2 (x) � · σ_2(z) ≤ σ_1(z)

holds. Interchanging the role of σ_1 and σ_2 we obtain: � � x∈X σ_2(x) · σ^o_1(x) � · σ_1(z) ≤ σ_2(z).

Hence � x∈X σ_1(x) · σ^o_2(x) ≤ d^s_ℓ( � a_1, σ_1), (a_2, σ_2) �

follows. Now we assume that σ_1 is singleton and not only a weak singleton. Then we conclude from (S2):

d^s_ℓ ( � a_1, σ_1), (a_2, σ_2) � = 1_{a1} · d^s_ℓ( � a_1, σ_1), (a_2, σ_2) � ≤ � x∈X σ_1(x) · σ^o_1(x) · � σ^o_1(x) ↘ σ^o_2 (x) �

≤ � x∈X σ_1(x) · σ^o_2(x).

Hence the assertion is verified.

If the Cauchy completion preserves symmetry, then Lemma 3.2 shows that the Cauchy completion of X is a full subcategory of the weak envelope W(X) of X. In particular, the «clone-composition» function specified above factors through the Cauchy completion.

To sum up we have the following result.

3.3. Proposition. Let Q be an integral and involutive quantaloid. If the Cauchy completion preserves symmetry (i.e. the assertion (ii) in Proposition 3.1 holds), then the Cauchy completion can be restricted to sCat(Q) and the monad associated with the Cauchy completion is a submonad of the weak singleton monad.

4. Presheaves on symmetric Q-categories and W-subalgebras

We begin with the classification problem of presheaves on symmetric Q-categories. Classification Problem. For every object a ∈ Q let 1 S_a�^{ta} be the Q-functor defined by t_a(b) = � Q(b, a), b ∈ obj(Q). (4.1)

Since 1 is symmetric t_a can also be viewed as a Q-functor from 1 to the symmetrization S^s_a of S_a. Further, let X be a symmetric Q-category and φ be a covariant presheaf on X of type a . Then φ can also be considered as Q-functor from X to S^s_a. Since sCat(Q) is complete, we can form the pullback of t_a along φ in sCat(Q) — i.e. U 1

X S^s_a

�^!

� ι � t_a

�_φ

(4.2)

Hence the carrier set U of the subobject U X�^ι classified by φ is given by:

U = {x ∈ X | φ(x) = t_a(e_X (x))}

where ι denotes the inclusion map from U to X. On the other hand, the covariant presheaf ψ on X of type a defined by

g(x) = � u∈U t_a(e_X (u)) · d_X (u, x), x ∈ X

classifies also U X�^ι in the sense of (4.2). But, unfortunately this classification is not unique. In general, the presheaves φ and ψ are different. Simple counterexamples can be given among other things in the context of pseudo-metric spaces (cf. Example 2.4(a)).

The aim of the following considerations is to overcome the non-uniqueness of the classification in sCat(Q) where we might pay the price that not every subobject is classifiable.

We will show that in the case of integral and involutive, small quantaloids there exists a bijection between covariant presheaves on symmetric Q-categories and special subalgebras (cf. [15, 17]) in the sense of the weak singleton monad (cf. Section 2). For this purpose we exhibit a W-algebra structure on the symmetric Q-category S^s_a.

We fix an object a of Q and define a map ξ from W (S^s_a) to S_a as follows:

ξ(b, σ) = � � κ ∈ Q(b, a) | ∀ λ ∈ S_a : κ · σ(λ) ≤ λ � . (4.3)

Because of

ξ(b_1, σ_1) · d^s_ℓ � (b_1, σ_1), (b_2, σ_2) � · σ_2(λ) ≤ ξ(b_1, σ_1) · σ_1(λ) ≤ λ

the map ξ is a Q-functor W(S^s_a) S^s_a.�^ξ

In the next remark we explain the relationship between ξ and the free completion of the trivial Q-category a.

4.1. Remark. First we notice that S^s_a is not necessarily complete. But there exists a Q-functor S^s_a P_ℓ(a)

�^φ induced by the involution of the underlying quantaloid —

i.e. φ(λ) = λ^o, λ ∈ S_a. Moreover, the evaluation of covariant presheaves determines a distributor Θ from S^s_a to W(S^s_a) by:

Θ((b, σ), λ) = σ(λ), � (b, σ), λ � ∈ W (S^s_a) × S_a.

Then the Θ-weighted limit W(S^s_a) P_ℓ(a)�^ψ of φ has the following form:

ψ(b, σ) = � λ∈S_a

σ(λ) · λ^0, (b, σ) ∈ W (S^s_a).

In particular, ψ factors through φ. Hence we conclude from (S1) that ξ is the unique Q-functor satisfying the condition that φ · ξ coincides with the Θ-weighted limit of φ. 4.2. Proposition. The pair (S^s_a, ξ) is a W-algebra.

Proof. The relation η_X · ξ = id_X follows immediately from the definition of η_X and ξ. In order to verify the commutativity of the following diagram

W(W(S^s_a)) W(S^s_a)

W(S^s_a) S^s_a

� W(ξ)

� μ_Ss_a � ξ � ξ we choose a weak singleton (b, Σ) of W(S^s_a) and conclude from (2.2), (2.4) and (2.5):

μ_Ss_a (b, Σ)(z) ≤ [W(ξ)(b, Σ)](z), z ∈ X. (4.4)

Then the commutativity of the previous diagram follows from (4.4) and the following implication: � ∀ λ ∈ S_a : κ · μ_Ss_a (b, Σ)(λ) ≤ λ � =⇒ � ∀ λ ∈ S_a : κ · [W(ξ)(b, Σ)](λ) ≤ λ �

where κ ∈ Q(b, a). In fact, if κ · μ_Ss_a (b, Σ)(λ) ≤ λ, then the relations (2.5) and (4.3) imply: κ · Σ(c, σ) ≤ ξ(c, σ). Now we obtain:

κ · [W(ξ)(b, Σ)](λ) ≤ � (c,σ)∈W (S^s_a)

ξ(c, σ) · d^s_a(ξ(c, σ), λ) ≤ λ.

Hence the previous implication has been established.

Further, the Q-functor 1 S^s_a�^{ta} turns out to be W-homomorphism

(1, !_{W(1)}) (S^s_a, ξ).

�^{ta}

In fact, because of (4.1) the relation κ · σ(c) · d^s_a(t_a(c), λ) ≤ λ holds for all (b, σ) ∈ W (1) and for all κ ∈ Q(b, a).

Now we make the following

Standing Assumption. Q is always an integral and involutive, small quantaloid.

4.3. Theorem. Let (X, ϑ) be a T-algebra and (X, ϑ) (S^s_a, ξ)�^φ be a W-homomorphism. Further, let � (U, ζ), ι � be the subalgebra of (X, ϑ) determined by the following pullback diagram (U, ζ) (1, !_{W(1)})

(X, ϑ) (S^s_a, ξ) � ι �^{!U}

� t_a

�_φ

in the category of W-algebras. Then the following relation holds:

φ(x) = � u∈U t_a(e_X (u)) · d_X � ι(u), x � , x ∈ X. (4.5)

Proof. Since in the category of W-algebras pullbacks are computed at the level of sCat(Q) (cf. [17]), the carrier set U of the subalgebra (U, ζ) together with its embedding W-homomorphism ι is given by: U = � x ∈ X � � � φ(x) = ta(eX (x)) � , ι = inclusion map.

Then for all x ∈ X the inequality � u∈U t_a(e_X (u)) · d_X (u, x) ≤ φ(x) (4.6) follows from the right extensionality of φ. On the other hand, if we fix x_0 ∈ X, then we conclude from the standing assumption that σ with σ(x) = φ(x_0) · d_X (x_0, x), x ∈ X, is a weak singleton of X of type a (cf. Remark 2.2(b)). Referring again to the right extensionality axiom we obtain: [W(φ)(a, σ)](λ) = � x∈X φ(x_0) · d_X (x_0, x) · d^s_a(φ(x), λ) ≤ λ.

Since 1_a is the universal upper bound in Q(a, a), the relation ξ(W(φ)(a, σ)) = t_a(a) follows immediately from the definition of ξ. Now we invoke the property that φ is a W-homomorphism and obtain:

φ(ϑ(a, σ)) = t_a(a), e_X (ϑ(a, σ)) = a. (4.7) Hence ϑ(a, σ) ∈ U. Finally, we conclude from (2.2): φ(x_0) = σ(x_0) ≤ t_a(a) · d_X (ϑ(a, σ), x_0). (4.8) Thus (4.5) follows from (4.6), (4.7) and (4.8).

Theorem 4.3 suggests the following terminology: A subalgebra (U, ζ) (X, ϑ)�^ι is called t_a-classifiable iff there exists a W-homomorphism (X, ϑ) (S^s_a, ξ)�^φ s.t. the diagram (U, ζ) (1, !_{W(1)})

(X, ϑ) (S^s_a, ξ) � ι �^{!U}

� t_a

�_φ

is a pullback square. Then Theorem 4.3 implies that every t_a-classifiable subalgebra is uniquely t_a-classifiable.

As an application of the previous construction we describe those classifiable subalgebras which are classified by covariant presheaves. Because of the universal property of free W-algebras every covariant presheaf φ on a symmetric Q-category X of type a can uniquely be extended to a W-homomorphism (W(X), μ_X) (S^s_a, ξ).

�^{φ♯}

It is well known that φ^♯ is given by (cf. I.4.12 in [17]): φ^♯ = ξ · W(φ). Then the carrier set U of the t_a-classifiable subalgebra of (W(X), μ_X) classified by φ^♯ contains all weak singletons σ of X of type b with t_a(b) · σ(x) · d^s_a � φ(x), λ � ≤ λ.

In particular, U has the following form: U = � (b, σ) ∈ W (X) � � ∀ x ∈ X : ta(b) · σ(x) ≤ φ(x) � . (4.9)

4.4. Remark. (a) In the case of pseudo-metric spaces (X, ϱ_X ) (cf. Example 2.4(a)) it follows immediately from Theorem 4.3 and the subsequent considerations that every non-expansive map X [0, +∞]

�^f can be identified with the metric space of all non-

expansive functions X [0, +∞]

�^s provided with the following additional properties:

f(x) ≤ s(x), ϱ_X (x, y) ≤ s(x) + s(y), x, y ∈ X.

(b) Let Ω be a frame, and Q_Ω be the quantaloid induced by Ω in the sense of Example 1.3. If ⊤ denotes the universal upper bound in Ω, then (t_⊤, S^s_⊤) is the subobject classifier in the category CΩ-Set of complete Ω-sets (cf. [7]). Since in the case of Q_Ω the Cauchy completion preserves the symmetry axiom (cf. [26] or Proposition 3.1), the monad associated with the Cauchy completion is a submonad of W (cf. Proposition 3.3). Hence the W-algebra (S^s_⊤, ξ) and the W-homomorphism t_⊤ form a modification of (t_⊤, S^s_⊤). Moreover, the formula (4.5) in Theorem 4.3 can be seen as an enlargement of the construction provided by the subobject classifier axiom in CΩ-Set to the more general setting determined by the category of W-algebras.

The next proposition shows that every W-algebra gives rise to a set-valued functor with domain Q.

4.5. Proposition. Every W-algebra (X, ϑ) induces a functor Q Set�^F by:

F(a) = X_a = {x ∈ X | e_X (x) = a}, a ∈ obj(Q),

a b�^λ (in Q), X_a X_b,�^{F(λ)} F(λ)(x) = ϑ(b, λ · ~x).

Proof. It is easily seen that F preserves the respective identities. In order to show that F preserves also the composition, we fix x ∈ X_a and choose arrows a b c�^{λ1} �^{λ2} in Q. Then we introduce a weak singleton Σ of W(X) of type c as follows:

Σ(k, σ) = λ_2 · d^s_ℓ � (b, λ_1 · ~x), (k, σ) � , (k, σ) ∈ W (X).

Obviously, W(ϑ)(c, Σ) = (c, σ_0) has the form

σ_0(z) = � (k,σ)∈S(X)

λ_2 · d^s_ℓ � (b, λ_1 · ~x), (k, σ) � · d_X � ϑ(k, σ), z � , = λ_2 · d_X � ϑ(b, λ_1 · ~x), z � . Further, we obtain from (2.2): � (k,σ)∈S(X)

Σ(k, σ) · σ(z) = λ_2 · λ_1 · d_X (x, z) = (λ_2 · λ_1) · ~x(z), z ∈ X.

Then F(λ_2 · λ_1) = F(λ_2) ∘ F(λ_1) follows from ϑ · μ_X = ϑ · W(ϑ).

It is not difficult to see that the object function specified in Proposition 4.5 can be completed to a functor from the category of all W-algebras to Set^Q which obviously preserves monomorphisms. Hence covariant presheaves are not only subalgebras, but also set-valued functors on Q from which the given covariant presheaf can be reconstructed. In fact, if F is the set-valued functor on Q induced by the free W-algebra � W(X), μ_X � — i.e.

F(b) = {σ | (b, σ) ∈ W (X)}, b c�^λ , F(λ)(σ) = λ · σ,

and S be the subfunctor of F induced by the subalgebra (U, ζ) (W(X), μ_X)�^ι corresponding to a covariant presheaf φ on X of type a, then the W-homomorphism φ^♯ can be reconstructed from S in the following way. Since S is given by (cf. (4.9))

S(b) = � σ ∈ F(b) � � t_a(b) · σ ≤ φ�, b ∈ obj(Q),

the corresponding characteristic morphism F Ω�^χ has the form (cf. pp. 38-39 in [16]):

F(b) Ω(b),

�^{χb} χ_b(σ) = {λ ∈ mor(Q) | dom(λ) = b, λ · σ ∈ S(codom(λ)}, σ ∈ F(b)

where Ω is the subobject classifier in Set^Q. Then we reconstruct φ^♯ from χ as follows:

φ^♯(b, σ) = ξ(W(φ))(b, σ) = � λ∈χ_b(s)

t_a(codom(λ)) · λ, (b, σ) ∈ W (X).

5. Classifiable subalgebras

Let a be an object of the underlying quantaloid Q. Since not every subalgebra is t_a-classifiable (i.e. there exist more subalgebras than «characteristic morphisms»), it is important to show that the t_a-classifiable hull of subalgebras exists.

Since the maximal covariant presheaf φ_a on X of type a is the composition of e_X with t_a, it is easily seen that φ_a is always a W-homomorphism for any structure morphism W(X) X.�^ϑ Hence every W-algebra (X, ϑ) viewed as subalgebra of itself is trivially t_a-classifiable.

In the next step we show that the non empty intersection of t_a-classifiable subalgebras is again t_a-classifiable.

We begin with the internalization of the conjunction of type a. The product

(S^s_a, ξ) × (S^s_a, ξ) = (T_a, ζ)

of the W-algebra (S^s_a, ξ) with itself can be specified as follows. First we compute the product S^s_a × S^s_a = T_a in sCat(Q):

T_a = {(λ_1, λ_2) ∈ S_a × S_a | e_a(λ_1) = e_a(λ_2},

d_{Ta} � (λ_1, λ_2), (^λ_1, ^λ_2) � = d_a(λ_1, ^λ_1) ∧ d_a(λ_2, ^λ_2), e_{Ta} (λ_1, λ_2) = e_a(λ_1) (= e_a(λ_2)).

360 ULRICH HÖHLE Then the structure morphism ζ is given by ⟨ξ · W(π_1), ξ · W(π_2)⟩ where T_a S_a�^{πi} is the projection onto the i-th coordinate (i = 1, 2). Finally, we define a covariant presheaf f_∧ on S^s_a × S^s_a of type a as follows: f_∧(λ_1, λ_2) = λ_1 ∧ λ_2, (λ_1, λ_2) ∈ T_a.

Since for any weak singleton (b, σ) of T_a the implication

κ_1 · σ(λ_1, λ_2) ≤ λ_1, κ_2 · σ(λ_1, λ_2) ≤ λ_2 =⇒ (κ_1 ∧ κ_2) · σ(λ_1, λ_2) ≤ λ_1 ∧ λ_2. is obvious, it is easily seen that f_∧ is a W-homomorphism from (S^s_a, ξ) × (S^s_a, ξ) to (S^s_a, ξ). In particular, the diagram 1 (S^s_a, ξ)

1 (S^s_aξ) × (S^s_a, ξ)

� t_a � � ⟨t_a,t_a⟩

�_{f∧}

is a pullback square. Hence, by analogy to topos theory we call f_∧ the conjunction of type a in the category of W-algebras.

5.1. Theorem. The binary intersection of t_a-classifiable W-subalgebras is again t_a-classifiable. Proof. Let (U_i, ζ_i) (X, ϑ)

�^{ιi} be a t_a-classifiable W-subalgebra classified by a W-

homomorphism (X, ϑ) (S^s_a, ξ)

�^{φi} (i = 1, 2). Then we form the pullback square

(U_0, ζ_0) (U_2, ζ_2)

(U_1, ζ_1) (X, ϑ)

�

� � � � � � � � � � � ι_0 � ι_2

�_{ι1}

and observe that the outer rectangle of the following diagram (U_0, ζ_0) (X, ϑ)

1 (S^s_a, ξ) × (S^s_a, ξ)

1 (S^s_a, ξ)

� ι_0

� ! � ⟨φ_1,φ_2⟩ � ⟨t_a,t_a⟩

� � f_∧ � t_a

is also a pullback square.

Since the category of W-algebras is complete, the previous proof holds also for any non empty family of t_a-classifiable W-subalgebras. Just for the record we state:

5.2. Corollary. The non empty intersection of t_a-classifiable W-subalgebras is again t_a-classifiable.

We can summarize the previous results in the following statement:

For any subalgebra (V, ζ) of (X, ϑ) the t_a-classifiable hull of (V, ζ) exists and coincides with the intersection of all t_a-classifiable subalgebras of (X, ϑ) containing (V, ζ).

We hope that the previous result might play a significant role in the development of a non-commutative model theory.

6. An application to the spectrum of C^∗-algebras

We begin with a concretization of Example 1.4. For this purpose let H be a Hilbert space, and M_H be the complete lattice of all closed, linear subspaces ℓ of H provided with the ortho-complement^⊥ as order reversing involution. In particular 1 (0) denotes the universal upper (lower) bound in M_H. Now we consider the involutive and unital quantale Q(M_H) induced by (M_H,^⊥) in the sense of Remark 1.1. Since the universal upper bound in Q(M_H) has the form:

⊤(ℓ) = � 1 : ℓ ≠ 0, 0 : ℓ = 0,

we can give a simple description of left- and right-sided elements in Q(M_H). An element σ ∈ Q(M_H) is left-sided iff there exists b ∈ M_H s.t. for all ℓ ∈ M_H:

σ(ℓ) = � 1 : ℓ ≰ b, 0 : ℓ ≤ b.

An element σ ∈ Q(M_H) is right-sided iff there exists a ∈ M_H s.t. for all ℓ ∈ M_H:

σ(ℓ) = � a : ℓ ≠ ⊥, ⊥ : ℓ = 0.

Obviously, the subquantale of all two-sided elements coincides with {⊥, ⊤} — i.e. Q(M_H) is simple.

In order to avoid superfluous information we wish that the semigroup operation is only determined by the multiplication of right-sided elements with left-sided ones. Hence we replace & by the semigroup operation ⊙ defined by

σ_1 ⊙ σ_2 = σ_1 & ⊤ & σ_2

Again we obtain an involutive and simple quantale Q(H) = (Q(M_H), ⊙, ≤,^o). Even though Q(H) is not unital, the universal upper bound is still extensive — i.e.

σ ≤ (⊤ ⊙ σ) ∧ (σ ⊙ ⊤).

Moreover, stable and symmetric elements in Q(H) have a simple form. The details are as follows: since ⊙ coincides with & on all left-sided (resp. right-sided) elements, the subquantale of all left-sided (resp. right-sided) elements is idempotent. Hence ⊙ fulfills the following properties:

(σ_1 ⊙ σ_2) ⊙ (σ_3 ⊙ σ_4) = (σ_1 ⊙ σ_3) ⊙ (σ_2 ⊙ σ_4), (6.1) σ_1 ⊙ σ_1 ⊙ σ_2 = σ_1 ⊙ σ_2 = σ_1 ⊙ σ_2 ⊙ σ_2. (6.2)

Property (6.1) means bi-symmetry, while (6.2) is a kind of generalized idempotency of ⊙. An important corollary from these properties is the fact that σ ∈ Q(H) is stable (cf. Example 1.3) iff σ is idempotent w.r.t. ⊙. Hence σ is stable and symmetric in Q(H) iff there exists a ∈ M_H s.t. σ has the following form for all ℓ ∈ M_H:

σ(ℓ) = σ_a(ℓ) = � a : ℓ ≰ a^⊥, 0 : ℓ ≤ a^⊥.

(6.3)

Finally, with every pair (a, b) ∈ M_H × M_H we associate an element σ^a_b of Q(M_H) defined by:

σ^a_b (ℓ) = � a : ℓ ≰ b, 0 : ℓ ≤ b. (6.4)

The product w.r.t. ⊙ has always the form described in (6.4). In fact, if σ_1(⊤) = a and b = � {ℓ ∈ M_H | σ_2(ℓ) = 0}, then σ_1 ⊙ σ_2 = σ^a_b . Also the following relations hold:

σ_a = σ^a⊥ , � σ^a_b

�_o = σ^{b⊥}_a⊥ , ⊤ = σ^1_0 .

After these preparations we consider the involutive and integral quantaloid Q_H induced by Q(M_H) in the sense of Example 1.4. It is not difficult to see that the set of objects and hom-sets have the form:

• obj(Q_H) = {σ_a | a ∈ M_H}^· � {ω}.

• Q_H(σ_a, σ_b) = � {⊥, σ_a}, a = b, {⊥}, a ≠ b.

• Q_H(ω, σ_a) = {σ^b_{a⊥} | b ≤ a}, Q_H(σ_a, ω) = {σ^a_b | a^⊥ ≤ b}, Q_H(ω, ω) = {0, 1}.

• The partial ordering on the hom-sets is inherited from Q(M_H).

As special properties of the composition in Q_H we first note that all hom-sets Q_H(α, α) are isomorphic to the Boolean algebra 2. Hence Q_H can be viewed as the quantisation of 2. Furthermore, in the case of b ≠ c it is remarkable to see that Q_H(b, c) has the structure of an idempotent quantale. Of course, the multiplication in Q_H(b, c) is induced by ⊙ and is compatible with the composition in the following sense:

(σ_1 ⊙ σ_2) · τ = (σ_1 · τ) ⊙ (σ_2 · τ), (σ_1, σ_2) ∈ Q_H(β, γ), τ ∈ Q_H(α, β), β ≠ γ (6.5)

where we have made use of (6.1) and (6.2).

Now we turn to spectra of unital C^∗-algebras which are understood as the quantale of all closed left-ideals (see also [22]). Further, we agree with the conception that irreducible representations play the role of «points» for non-commutative C^∗-algebras (cf. pp. 14 in [1]). By means of the Gelfand-Neumark-Segal-construction every pure state ϱ of a C^∗-algebra A induces an irreducible representation (H_ϱ, ϑ_ϱ) of A (cf. [12]). In contrast to the commutative setting it is interesting to note that in the case of non-commutative C^∗-algebras the Hilbert space dimension of the underlying Hilbert space H_ϱ depends on the pure state ϱ and might possibly vary. In order to overcome this obstacle and to choose an underlying Hilbert space which is independent from the respective pure states, we first recall some terminology from [10].

6.1. Remark. Let P(A) be the set of all pure states of a unital C^∗-algebra A. With every pure state ϱ we associated the irreducible representation (H_ϱ, ϑ_ϱ) given by the Gelfand- Naimark-Segal-construction.

(a) A Hilbert space H is admissible for A iff for every pure state ϱ ∈ P(A) there exists an isometry Hϱ H.�^{Φϱ} It is easily seen that for every C^∗-algebra an admissible Hilbert space exists.

(b) A representation (H, ϑ) of A is called locally irreducible iff H is admissible for A and there exists a pure state ϱ of A and an isometry Hϱ H�^{Φϱ} s.t. for all a ∈ A the following relation holds:

π(a) = Φ_ϱ ∘ ϑ_ϱ(a) ∘ Φ^∗_ϱ, a ∈ A (6.6)

where H Hϱ�^Φ ∗ ϱ denotes the adjoint operator corresponding to Φ_ϱ.

In the following considerations we fix a unital C^∗-algebra A. Then we choose an admissible Hilbert space H for A and consider the involutive and unital quantale Q(M_H) — the Hilbert quantale associated with H (cf. Remark 1.1, [20]). Further, let sp(A) be the spectrum of A, and L(H) be the C^∗-algebra of all bounded linear operators on H. From [10] we quote the following result.

6.2. Theorem. Let A L(H)�^ϑ be a ∗-homomorphism s.t. (H, ϑ) is a locally irredu-

cible representation of A. Then ϑ induces a quantale homomorphism σ(A) Q(M_H)�^{hϑ} defined by

[h_ϑ(I)](ℓ) = top. closure(lin. hull{ϑ(a)(x) | a ∈ I, x ∈ ℓ}), I ∈ sp(A), ℓ ∈ M_H. (6.7)

Moreover h_ϑ fulfills the following properties:

(i) h_ϑ(A) is an idempotent and symmetric element of Q(M_H).

(ii) h_ϑ(I_1 · I_2) = h_ϑ(I_1) & ⊤ & h_ϑ(I_2) where I_1, I_2 ∈ sp(A).

Further, let X_A be the set of all ∗-homomorphisms A L(H)�^ϑ s.t. (H, ϑ) is a locally irreducible representation of A. We conclude from Theorem 6.2 that every element ϑ ∈ X_A induces a quantale homomorphism h_ϑ from sp(A) to Q(H) s.t. h_ϑ(A) is symmetric and stable in the sense of Q(H). Hence there exists a map X_A obj(Q_H)�^e determined by e(ϑ) = h_ϑ(A), ϑ ∈ X_A. (6.8)

Moreover, every closed left-ideal I of A induces a map X_A mor(Q_H)�^{fI} satisfying the following property

f_I (ϑ) = h_ϑ(I) ∈ Q_H(e(ϑ), ω), ϑ ∈ X_A. (6.9)

Now we provide (X_A, e) with the structure of a symmetric Q_H-category and define a map X_A × X_A mor(Q_H)

�^d by:

d(ϑ_1, ϑ_2) = � � σ ∈ Q_H � e_0(ϑ_2), e_0(ϑ_1) � � � ∀I ∈ sp(A) :

f_I (ϑ_1) · σ ≤ f_I (ϑ_2), σ · f_I (ϑ_2)^o ≤ f_I (ϑ_1)^o �

Then I_{loc} = (X_A, e, d) is a symmetric Q_H-category, and every map f_I is a covariant presheaf on I_{loc} of type ω.

Further, the correspondence I −→ f_I is injective, because every closed left-ideal is an intersection of maximal left-ideals and every maximal left-ideal can be identified with a pure state (cf. 10.2.10 in [13]). If we make use of the quantale structure on Q_H(e(ϑ), ω) induced by ⊙ (see above), then the property (ii) of Theorem 6.2 means: f_{I1·I2} = f_{I1} ⊙ f_{I2} . Hence the spectrum of A is isomorphic to {f_I | I ∈ sp(A)} — a result which is closely related to Proposition 4 in [4] (see also Remark (ii) in [24]).

If we now speculate and view closed left-ideals I (resp. f_I ) as «open subsets» of a non-commutative topological space (cf. [5, 18]), then the problem arises that all f_I are covariant presheaves (in particular Q_H-functors) and not Q_H-subcategories. Because of the methods in Section 4 we can solve this problem. First, we extend the covariant presheaf f_I to a W-homomorphism f^♯_I on the free W-algebra (W(I_{loc}), μ_{Iloc} ). Secondly, we identify f^♯_I with a specific subalgebra of (W(I_{loc}), μ_{Iloc} ) whose carrier set is determined by formula (4.9). Hence (W(I_{loc}), μ_{Iloc} ) is the non-commutative space of the C^∗-algebra A. In particular, «open subsets» corresponding to closed left-ideals of A are certain subalgebras of (W(I_{loc}), μ_{Iloc} ).

Acknowledgement. I am very grateful to the referee for his helpful suggestions and his reference to [9].

References

[1] W. Arveson, An Invitation to C^∗-Algebras, Graduate Texts in Mathematics 39 (Springer-Verlag, New York, Heidelberg, Berlin 1976).

[2] R. Betti and A. Carboni, Cauchy-completion and the associated sheaf, Cah. Topol.

Géom. Différ. Catég. 23 (1982), 243–256.

[3] F. Borceux, Handbook of Categorical Algebra 1, Basic Category Theory (Cambridge University Press 1994).

[4] F. Borceux, J. Rosicky and G. van den Bossche, Quantales and C^∗-algebras, J. London Math. Soc 40 (1989), 398–404.

[5] M. E. Coniglio and F. Miraglia, Non-commutative topology and quantales, Studia Logica 65 (2000), 223–236.

[6] M.S. Calenko, V.B. Gisin and D.A. Raikov, Ordered Categories with Involution, Dissertationes Mathematicae 227 (Polish Scientific Publishers, Warszawa 1984).

[7] M.P. Fourman and D.S. Scott, Sheaves and logic, in : M.P Fourman, C.J. Mulvey and D.S. Scott (Eds.), Applications of Sheaves , Lecture Notes in Mathematics, vol. 753, Springer-Verlag, Berlin Heidelberg, New York, 1979, pp. 302–401.

[8] H. Heymans, Q-∗-Categories, Appl. Categ. Structures 17 (2009), 1–28.

[9] H. Heymans and I. Stubbe, Symmetry and Cauchy completion of quantaloid-enriched categories, Theory Appl. Categ. 25 (2011), 276–294.

[10] U. Höhle and T. Kubiak, A non-commutative and non-idempotent theory of quantale sets, Fuzzy Sets and Systems 166 (2011), 1–43.

[11] I. R. Isbell, Six theorems about injective metric spaces, Commentarii Mathem. Helvet.

39 (1964-1965), 65–76.

[12] R.V. Kadison and J.R. Ringrose, Fundamentals of the Theory of Operator Algebras, Vol. I Elementary Theory, Graduate Studies in Mathematics Vol. 15 (American Mathematical Society, Providence 1997).

[13] R.V. Kadison and J.R. Ringrose, Fundamentals of the Theory of Operator Algebras, Vol. II, Graduate Studies in Mathematics Vol. 16 (American Mathematical Society, Providence 1997).

[14] F.W. Lawvere, Metric spaces, generalized logic and closed categories, Rend. Sem.

Mat. Fis. Milano 43 (1973), 134–166. (Reprints in Theory and Applications of Categories, No. 1, 2002, pp. 1-37).

[15] S. Mac Lane, Categories for the Working Mathematician, second edition, Springer- Verlag, New York, Berlin, Heidelberg, 1998.

[16] S. Mac Lane and I. Moerdijk, Sheaves in Geometry and Logic, Springer-Verlag, New York, Berlin, Heidelberg, 1992.

[17] E. G. Manes, Algebraic Theories, Springer-Verlag, New York, Heidelberg, Berlin, 1976.

[18] C. J. Mulvey, & , Suppl. Rend. Circ. Mat. Palermo Ser. II, 12 (1986), 99–104.

[19] C. J. Mulvey, J. W. Pelletier, A quantisation of the calculus of relations, in: Category Theory 1991, CMS Conference Proceedings, Vol. 13, AMS, Providence, RI, 1992, pp. 345–360.

[20] C. J. Mulvey and J. W. Pelletier, On the quantisation of points, J. Pure Appl. Algebra 159 (2001), 231–295.

[21] J. W. Pelletier, J. Rosický, Simple involutive quantales, J. Algebra 195 (1997), 367– 386.

[22] K. I. Rosenthal, Quantales and Their Applications, Pitman Research Notes in Mathematics 234 (Longman Scientific & Technical, Harlow 1990).

[23] K. I. Rosenthal, The Theory of Quantaloids, Pitman Research Notes in Mathematics 348 (Longman Scientific & Technical, Harlow 1996).

[24] J. Rosicky, Characterizing spatial quantales, Algebra Universalis 34 (1995), 175–178.

[25] I. Stubbe, Categorical structures enriched in a quantaloid: Categories, distributions and functors, Theory Appl. Categ. 14 (2005), 1–45.

[26] R.F.C. Walters, Sheaves and Cauchy-complete categories, Cah. Topol. Géom. Différ.

Catég. 22 (1981), 283–286.

Fachbereich C Mathematik und Naturwissenschaften, Bergische Universität, Gaußstraße 20, D-42097 Wuppertal, Germany

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/25/13/25-13.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin_seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Glasgow, Tom.Leinster@glasgow.ac.uk Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca